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Abstract

Weak gravitational lensing is responsible for the sheagind magnification of the im-
ages of high-redshift sources due to the presence of imtignyenatter. The distortions are
due to fluctuations in the gravitational potential, and dreatly related to the distribution
of matter and to the geometry and dynamics of the Universe. @éasequence, weak grav-
itational lensing offers unique possibilities for probitige Dark Matter and Dark Energy
in the Universe. In this review, we summarise the theorkéind observational state of the
subject, focussing on the statistical aspects of weakrignsind consider the prospects for
weak lensing surveys in the future.

Weak gravitational lensing surveys are complementary tb palaxy surveys and cos-
mic microwave background (CMB) observations as they prbbeihbiased non-linear mat-
ter power spectrum at modest redshifts. Most of the cosnmabgarameters are accurately
estimated from CMB and large-scale galaxy surveys, so thgsfof attention is shifting to
understanding the nature of Dark Matter and Dark Energy.H@rtheoretical side, recent
advances in the use of 3D information of the sources fromgrhetric redshifts promise
greater statistical power, and these are further enhangdticbuse of statistics beyond
two-point quantities such as the power spectrum. The usB afifdrmation also alleviates
difficulties arising from physical effects such as the mgic alignment of galaxies, which
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can mimic weak lensing to some extent. On the observatiadal s the next few years
weak lensing surveys such as CFHTLS, VST-KIDS and Pan-ST3\RRd the planned
Dark Energy Survey, will provide the first weak lensing sywveovering very large sky
areas and depth. In the long run even more ambitious progesnsoch as DUNE, the Su-
pernova Anisotropy Probe (SNAP) and Large-aperture Syn&uirvey Telescope (LSST)
are planned. Weak lensing of diffuse components such ashti2&hd 21cm emission can
also provide valuable cosmological information. Finallg consider the prospects for joint
analysis with other probes, such as (1) the CMB to probe badkgl cosmology (2) galaxy
surveys to probe large-scale bias and (3) Sunyaev-Zeld®ticveys to study small-scale
baryonic physics, and consider the lensing effect on cosgidl supernova observations.
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1 Introduction and notations

Gravitational lensing refers to the deflection of light régsn distant sources by the grav-
itational force arising from massive bodies present aldwgline of sight. Such an effect
was already raised by Newton in 1704 and computed by Cavemdasuind 1784. As is
well known, General Relativity put lensing on a firm thearatifooting, and yields twice
the Newtonian value for the deflection anglel(71). The ageserof this prediction with
the deflection of light from distant stars by the Sun measdrgithg the solar eclipse of
1919 (70) was a great success for Einstein’s theory and btdbgneral Relativity to the
general attention. The eclipse was necessary to allow otetéut stars with a line of sight
which comes close to the Sun.

In a similar fashion, light rays emitted by a distant galaxy deflected by the matter dis-
tribution along the line of sight toward the observer. Thisates a distortion of the image
of this galaxy, which is both sheared and amplified (or atéed). It is possible to dis-
tinguish two fields of study which make use of these grawtal lensing effects. First,
strong-lensing studies correspond to strongly non-lipegturbations (which can lead to
multiple images of distant objects) produced by highly fioear massive objects (e.g.
clusters of galaxies). In this case, the analysis of th@dish of the images of background
sources can be used to extract some information on the pieper the well-identified
foreground lens (e.g. its mass). Second, cosmic shear,ak gravitational lensing not as-
sociated with a particular intervening lens, correspondlé small distortion (of the order
of 1%) of the images of distant galaxies by all density fluttares along typical lines of
sight. Then, one does not use gravitational lensing to olbkes characteristics of a single
massive object but tries to derive the statistical propsmif the density field as well as the
geometrical properties of the Universe (as described bgdkeological parameters, such
as the mean density or the curvature). To this order, one oteajghe mean shear over a
rather large region on the sky (a few arcfmor more) from the ellipticities of many galax-
ies (one hundred or more). Indeed, since galaxies are notlgxspherical one needs to
average over many galaxies and cross-correlate theinaasetlipticity in order to extract
a meaningful signal. Putting together many such obsemstime obtains a large survey
(a few to many thousands of square degrees) which may havatracaie geometry (as
observational constraints may produce many holes). Thepeldforming various statisti-
cal measures one can derive from such observations somgasotsson the cosmological
parameters as well as on the statistical properties of theitydield over scales between a
few arcmin to one degree, see for instance Refs. (197; 19@117299] 191; 244).

Traditionally, the study of large scale structures has lmkere by analyzing galaxy cata-
logues. However, this method is plagued by the problem ofgddexy bias (i.e. the dis-
tribution of light may not exactly follow the distributiorf mmass). The advantage of weak
lensing is its ability to probe directly the matter disttilon, through the gravitational po-
tential, which is much more easily related to theory. In thiey, one does not need to
involve less well-understood processes like galaxy orfstanation.



In the last few years many studies have managed to detecobogical shear in random
patches of the sky (6; 7; 39;194;/95; 112; 111;/143; 154] 1828; 222; 297; 298; 309).
While early studies were primarily concerned with the diteoof a non-zero weak lensing
signal, present weak lensing studies are already puttingtcaints on cosmological param-
eters such as the matter density param@tgand the amplitudeg of the power-spectrum
of matter density fluctuations. These works also help tqkitameter degeneracies when
used along with other cosmological probes such as CosmimMave Background (CMB)
observations. In combination with galaxy redshift survéysy can be used to study the
bias associated with various galaxies which will be usefulgalaxy formation scenarios
thereby providing much needed clues to the galaxy formgirocesses. For cosmologi-
cal purposes, perhaps most exciting is the possibilityvlegtk lensing will determine the
properties of the dominant contributor to the Universe’srgg budget: Dark Energy. In-
deed, the recent acceleration of the Universe detectedtiiermagnitude-redshift relation
of supernovae (SNela) occurs at too late redshifts to begorbly the CMB fluctuations.
On the other hand, weak lensing surveys offer a detailedgpobthe dynamics of the Uni-
verse at low redshiftg < 3. Thus weak lensing is among the best independent techmique
to confirm this acceleration and to analyze in greater dethé equation of state of this
dark energy component which may open a window on new physigerd the standard
model (such as extra dimensions).

In this review we describe the recent progress that has beele @nd various prospects
of future weak lensing surveys. We first describe in Sedtidhe2basic elements of the
deflection of light rays by gravity and the various obsergatdssociated with cosmolog-
ical weak gravitational lensing. In Sectibh 3 we review thpant statistics of these ob-
servables (power-spectra and 2-point correlations) amgithblem of mass reconstruction
from observed shear maps. Next, we explain in Section 4 hevktiowledge of the red-
shift of background sources can be used to improve contramtheoretical cosmological
models or to perform fully 3-dimensional analysis (3D weatkding). Then, we describe in
SectiorLb how to extract further information from weak legssurveys by studying higher-
order correlations which can tighten the constraints ommdsgical parameters or provide
some information on non-Gaussianities associated withlimear dynamics or primordial
physics. We turn to the determination of weak lensing shegrsifrom actual observations
of galaxy images and to the correction techniques which baea devised to this order in
Sectior 6. In Sectidn 7 we discuss the numerical simulatidrish are essential to compare
theoretical predictions with observational data. We dbsdn Sectiori B how weak lens-
ing surveys can also be performed at other wavelengths tleandammon optical range,
using for instance the 21cm emission of first generationggaiaxies as distant sources.
We present in greater detail the weak lensing distortiomef@MB radiation in Section 9.
In Sectior 1D we also discuss how weak lensing can be combiness-correlated with
other data sets, such as the CMB or galaxy surveys, to hekireamcosmological models
or derive some information on the matter distribution (engss-to-light relationships). Fi-
nally, we conclude in Sectidn [L1. To help the reader, we als®ig Tables 153 below our
notations for most coordinate systems and variables usidsineview.



Table 1
Notation for cosmological variables

total matter density in units of critical densityQp,

reduced cosmological constant
reduced dark energy density

mean comoving density of the Universe
Hubble constant at present time

Hubble constant atf)resent time in units
of 100 km.s*.Mpc~

rms linear density contrast in a sphere
of radius &~ Mpc

Qn
Qde

ol

Ho

Os

Table 2
Notation for coordinates

metric

speed of light

scale factor

comoving radial coordinate
comoving angular diameter distance

comoving position in 3D real space

comoving wavenumber in 3D Fourier space

bend angle

deflection angle

image position on the sky
flat-sky angle

2D angular wavenumber

o5 = c2dt? — a2(t)[dx2 4 D 2(d6? + sirf0 dd?)]

C
a
X, r
D
X,r, (X, 20)
K, (kj, k1), (K, €/D)
a
36
B
(81,82)
U, (b, by), ({1, £2)




Table 3
Notation for fields and weak-lensing variables

gravitational potential O]
lensing potential Q
shear matrix W
amplification matrix a
weak-lensing convergence K
complex weak-lensing shear Y=Y1+1Y2
shear pseudo-vector V= V18+ Y28,
tangential component of shear Vi, Vi
cross component of shear Vs
weak-lensing magnification vl
angular filter radius O
smoothed convergence, smoothed shear K,Y
weak-lensing aperture mass Map

3D matter density power spectrum P(k)

2D convergence power spectrum P(¢)
2D shear power spectrum P,(¢)
two-point correlation 13

3D density contrast bispectrum B(Kq, ko, ks3)
2D convergence bispectrum Bk (¢1,02,03)
probability distribution function of the smoothed convemnge P (K)




2 Weak Lensing Theory
2.1 Deflection of light rays

We briefly describe here the basic idea behind weak gramitatilensing as we present a
simple heuristic derivation of the first-order result foe theflection of light rays by gravity.
For a rigorous derivation using General Relativity the s¥azhn consult references (152;
17;232; 252).

We assume in the following that deflections angles are snoathat we only consider
first-order terms. This is sufficient for most applicatiorismeak lensing since by defini-
tion the latter corresponds to the case of small perturbatad light rays by the large-
scale structures of the universe. Let us consider within theian theory the deflection
of a photon with velocity that passes through a small region of space where the gravita
tional potentiakb is non-zero. The acceleration perpendicular to the unpgetltrajectory,
V, = —0, @, yields a small transverse velocily = — [ dt[], ®. This gives a deflection
angled =V, /c=— [dl0, ®/c?for a constant velocityv| = c. As is well-known, General
Relativity simply yields this Newtonian result multiplidry a factor two. This deflection
changes the observed position on the sky of the radiatiorceday a small angléé. For
an extended source (e.g. a galaxy) this also leads to bothgaification and a shear of
the image of the source from which one can extract some irdtbam on the gravitational
potential®. If the deflection takes place within a small distance it cartdken as instan-
taneous which corresponds to the thin lens approximat®im(geometrical optics) as dis-
played in Fig[l. Besides, in cosmology transverse distaaoe related to angles through
the comoving angular diameter distarzegiven by:

CcSink <|1— Qm— Qa|Y?Hg x/c)
@ p—
) Holl— Om— QA2

(2.1)

where sig means the hyperbolic sine, sinh,(f— Qn — Qa) > 0, or sine if(1—Qm —
Qp) < 0;if (1—Qm—Qa) =0, thend (X) = X (case of a flat Universe). The radial co-
moving distance measured by a light ray which travels from a source at retishif the
observer az = 0 is given by:

X—i/z dZ
HoJo \/Qa+(1—Qm—Qn)(1+2)2+Qm(1+2)3

(2.2)

whereZ is the redshift along the line of sight. Note thlxaneasures both a spatial coordinate
distance and a travel time. Here we also introduced the HubtdnstantHgy and the cos-
mological parameter®y, (matter density parameter) afj (dark energy in the form of
a cosmological constant). Therefore, the source appea/moved in the source plane
over a comoving distance (xs)éé = —D(Xs— X)0 as can be seen from Fig. 1, whete
and &8 are 2D vectors in the plane perpendicular to the unpertuligbtiray. Summing
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source plane

lens plane

observer plane

Fig. 1. Deflection of light rays from a distant source at comgwadial distance(s by a gravita-
tional potential fluctuationb at distanceq. For a thin lens the deflection by the anglés taken as
instantaneous. This changes the observed position of tireesby the angl@0, from the intrinsic
source directiords to the image directio®, on the sky.

up the deflections arising from all potential gradients lestwthe observer and the source
gives the total shift on the sky:

— —=

2 (¥ D(Xs—X)

2 ) X e 0, d(x), (2.3)

wherebs is the intrinsic position of the source on the sky dhds the observed position.
However, generally we do not know the true position of thersebut only the position of
the observed image. Thus the observable quantities areeditplacementd themselves
but the distortions induced by these deflections. They arengat lowest order by the
symmetric shear matrij; (146;.17; 137) which we define as:

_ 038 _ 2 X D(X)D(Xs—X)
005 c Jo D (Xs)

it ®(X); (2.4)

Eq.(Z3) follows from eq(Z]3) if we note that a change oflard for the unperturbed
light ray corresponds to a transverse distaﬂc{g)d@ in the lens plane where the gravita-
tional potentiakb produces the gravitational lensing. The reasoning predaiiove clearly
shows that Ed.(214) uses the weak lensing approximatiedéhivatived];J;P(x) of the
gravitational potential are computed along the unperaitb&gectory of the photon. This
assumes that the components of the shear tensor are sm#iebdensity fluctuationd
can be large (146). We can also express the shear Mijirir terms of a lensing potential

(p(é;xs) (also called the deflection potential) as:

Wij =g with @B;xs) = C—22 /0 " dax % o, 0(X)8). (2.5

The expression (2.5) is formally divergent because of thra &' (x) nearx = 0, but this
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only affects the monopole term which does not contributééoshear matrixj; (indeed
derivatives with respect to angles yield powergoés in Eql(2.4)). Therefore, we may set
the constant term to zero so thp@) is well defined. Eq.(2]5) clearly shows how the weak
lensing distortions are related to the gravitational pt#tiprojected onto the sky and can
be fully described at this order by the 2D lensing poterqt@éb. Thus, in this approximation
lensing by the 3D matter distribution from the observer ®rédshiftzs of the source plane
is equivalent to a thin lens plane with the same deflectioamtalcp(é). However, from the
dependence ap(é;xs) on the redshifizg of the source plane we can recover the 3D matter
distribution as discussed below in Section 4. Note that Weaging effects grow with the
redshift of the source as the line of sight is more extendesvever, since distant galaxies
are fainter and more difficult to observe weak lensing susvaeginly probe redshiftg ~ 1.

On the other hand, this range of redshifts of order unity igreft interest to probe the dark
energy component of the Universe. Next, one can also int@tlhie amplification matrix
4 of image flux densities which is simply given by the ratio okige areas, that is by the
Jacobian:

ﬁl:a—_ef’:(aij—i—wij)_lz 1=x—w ¥2 , (2.6)
06, Y2 1Kty

which defines theonvergenc& and thecomplex sheay = y; +iy.. At linear order the
convergence gives the magnification of the sourcg-agdet()]~* ~ 1+ 2k. The shear
describes the area-preserving distortion of amplituderghw|y| and of direction given by
its phase, see also Section|6.1 and Eig. 15. In general thixnmatlso contains an anti-
symmetric part associated with a rotation of the image bsttéim vanishes at linear order
as can be seen from Hq.(R.4). From Eql(2.6) the convergenoe the shear components
Y1, Y2, can be written at linear order in terms of the shear tensor as

K Wi1+Woo Wi —Wao

> Y=Vi+iy2 with y; = 5 Yo = W12 (2.7)

On the other hand, the gravitational potent#®||s related to the fluctuations of the density
contrastp, by Poisson’s equation:

D2¢:ngH§(1+z)6 with §(x) = ——~—, (2.8)

wherep is the mean density of the universe. Note that since the cgexmeek and the
shear componentg can be expressed in terms of the scalar lensing poteptiady are
not independent. For instance, one can check from the fir¢PEy and EqL(2]7) that we
havek 1 = y11+ Y22 (149). This allows one to derive consistency relationsséatl by
weak lensing distortions (e.d. (242)) and deviations fromse relations in the observed
shear fields can be used to estimate the observational msystematics. Of course such
relations also imply interrelations between correlationdtions, see (244) and Sectidn 3
below. For a rigorous derivation of Eqs.(R.4)-(2.7) onedse® compute the paths of light
rays (null geodesics) through the perturbed metric of dpaeeusing General Relativity
(152). An alternative approach is to follow the distortidnie cross-section of an infinites-
imal light beam|(225; 32; 252; 17). Both methods give back#seilts [(2.4){(2]7) obtained
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in a heuristic manner above.

2.2 Convergence, shear and aperture mass

Thanks to the radial integration ovein (2.4) gradients of the gravitational potential along
the radial direction give a negligible contribution as camga with transverse fluctuations
(146;.137; 170) since positive and negative fluctuationsebalong the line of sight. In
other words, the radial integration selects Fourier radiadies of ordefk | ~ H/c (inverse

of cosmological distances over which the effective lensiegghtvi(x) varies, see ed.(2.1.0)
below) whereas transverse modes are of ofklgr~ 1/2 6> k|| wherefs < 1 is the
typical angular scale (a few arcmin) probed by the weakihgnsbservable. Therefore,
within this small-angle approximation the 2D Laplacian/lj2associated witlk can be
expressed in terms of the 3D Laplacian [2.8) at each poimtgatbe line of sight. This
yields for the convergence along a given line of sight upsto

3QmHED (X)D (Xs—X)
262D (Xs)

(29~ [ dxwix X500 with wix, o) = (1+2. @9

Thus the convergenceg, can be expressed very simply as a function of the density; fiel
it is merely an average of the local density contrast alorgglithe of sight. Therefore,
weak lensing observations allow one to measure the projetasity fieldk on the sky
(note that by looking at sources located at different refttsbne may also probe the radial
direction). In practice the sources have a broad redstsiftidution which needs to be taken
into account. Thus, the quantity of interest is actually:

Xmax

<= " dzsn(ze)K (26) = L axi0seo with wix) = [ T 2 n(ze) WX X9), (2.10)

wheren(z) is the mean redshift distribution of the sources (e.g. danormalized to
unity andznax is the depth of the survey. EQ.(2110) neglects the discifégets due to the
finite number of galaxies, which can be obtained by taking adcount the discrete nature
of the distributionn(zs). This gives corrections of order/M to higher-order moments of
weak-lensing observables, whétes the number of galaxies within the field of interest. In
practiceN is much larger than unity (for a circular window of radius tram we expect
N > 100 for the SNAP mission) therefore it is usually sufficiemttork with Eq.(2.1D).

In order to measure weak-lensing observables sush@sthe sheay one measures for
instance the brightness or the shape of galaxies locatesh@r® given directio® on the
sky. Therefore, one is led to consider weak-lensing quastgmoothed over a non-zero
angular radiufs around the directio®. More generally, one can define any smoothed
weak-lensing quantity () from its angular filtetJx (AB) by:

X (8) — / A8’ Uy (8 — B)k(8) = / dx W / A8’ Uy (8 — 8)3(x, 8), (2.11)
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where® is the angular vector in the plane perpendicular to the lingight (we restrict
ourselves to small angular windows) and is the two-dimensional vector of transverse
coordinates. Thus, it is customary to define the smoothedergance by a top-hat, of
angular radiu®s but this quantity is not very convenient for practical pusese since it is
easier to measure the ellipticity of galaxies (related toghear) than their magnification
(related tok). This leads one to consider compensated filtdyg, with polar symmetry

which define the “aperture-masbf,p, that is with [ déUMap(é) = 0. ThenMgp can be ex-
pressed in terms of the tangential compongnf the shear (234) so that it is not necessary
to build a full convergence map from observations:

Map(8) = [ 68UN,(18 ~BK(E) = [ dBQuyy(l ~BIn®)  @12)

where we introduce (234):

2 8
QMap(e) = _UMap(e) + @/0 de’ e/UMap(e/)' (213)

Besides, the aperture-mass provides a useful separativmedr®E and B modes, as dis-
cussed below in Sectidn 3.3.

For analytical and data analysis purposes it is often usefabrk in Fourier space. Thus,
we write for the 3D matter density contragix) and the 2D lensing potentig(0):

—

5(x) = / (zcjgse‘k-xa(k) and (@) — / (Zn)zeiz'écp(é), (2.14)

where we use a flat-sky approximation for 2D fields. This i§icienht for most weak lensing
purposes where we consider angular scales of the orderdfQLarcmin, but we shall
describe in Sectidn 4.5 the more general expansion overisphgarmonics. From Eq.(2.5)
and Poisson’s equation (2.8) we obtain:

. dk, ‘
of) = -2 / dx W(X) / Z—T‘['e*'k”x kzg)l(x>4 5 (kw (X iX) : (2.15)

wherek; is the component parallel to the line of sight of the 3D wawehark = (ku,h),

with k, = /D, andd(k;) is the matter density contrast in Fourier space at redsft
The weight{x) along the line of sight was defined in Egs.(2[9)-(2.10). Tlem Eq.[2.7)
we obtain for the convergenee

~ - A dky . /
)= 202+ g~ [ox 2 [ 2—]T|e"kl><6<k|,%;x> e

In the last expression we used as for EqJ(2.9) Limber’s apprationk? ~ ki as the inte-
gration along the line of sight associated with the progttn the sky suppresses radial

14



modes as compared with transverse wavenumberskjle< k). In a similar fashion, we
obtain from Eq[(2.]7) for the complex shear

N P L2200y o L
V(0) = =5 (it 2 Q0) = “—5 k(D) = €2k(0), (2.17)
X T y

wherea is the polar angle of the wavenumbés (¢x,ty). This expression clearly shows
that the complex shearis a spin-2 field: it transforms as— ye'2¥ under a rotation of
transverse coordinates axis of angleThis comes from the fact that an ellipse transforms
into itself through a rotation of 180 degrees and so does ltearswhich measures the
area-preserving distortion, see Higl 15.

For smoothed weak-lensing observableas defined in EJ.{Z.11) we obtain:

— = — —

(7) =W (—789)K(7) with W (78s) — / dBe0uy (8), (2.18)

where we introduced the Fourier transfowR of the real-space filtddy of angular scale
Bs. This gives for the convergence and the shear smoothed wai+bat of angular radius
Bs:

B
where J; igthe Bessel function of the first kind of order 1. In real sp#us gives back
(with 8 =|8)|):

W (85) = W (08s) = W (¢05) €2, (2.19)

O(6—865)
02

where® is the Heaviside function and is the polar angle of the angular vectrNote

that Eq[(2.2D) clearly shows that the smoothed convergenaa average of the density

contrast over the cone of angular rad@iswvhereas the smoothed shear can be written as
an average of the density contrast outside of this cone.

Ue(B) = —~ d? (2.20)

One drawback of the shear components is that they are evenitipsa(their sign can be
changed through a rotation of axis, see [Eq.(2.17)), hermtetttird-order moment vanishes
by symmetry and one must measure the fourth-order mor{rﬁht(i.e. the kurtosis) in
order to probe the deviations from Gaussianity. Therefoiemore convenient to use the
aperture-mass defined in Eq.(2.12) which can be derived fh@shear but is not even, so
that deviations from Gaussianity can be detected througkhihd-order momen(d\/l§p>. A
simple example is provided by the pair of filters (234):

= O(Bs—0) 8%\ /1 @2
UMap(e) - Tg 9 (1— e—g) (é - e—g) , (221)
and: 2404062
! - 4 S
Wit (£6s) = 87 (2.22)
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2.3 Approximations

The derivation of Eq.(2]4) does not assume that the densitjuthtionsd are small but it
assumes that deflection angli#sare small so that the relative deflectiéy of neighboring
light rays can be computed from the gravitational potemgiatlients along the unperturbed
trajectory (Born approximation). This may not be a good agpnation for individual
light beams, but in cosmological weak-lensing studies iclemed in this review one is
only interested in the statistical properties of the gatighal lensing distortions. Since
the statistical properties of the tidal fiefel; are, to an excellent approximation, identical
along the perturbed and unperturbed paths, the use &f Bpi¢2vell-justified to compute
statistical quantities such as the correlation functidrtb@ shear field (146; 22).

Apart from the higher-order corrections to the Born apprmadion discussed above (multi-
ple lens couplings), other higher-order terms are prodbgettie observational procedure.
Indeed, in Eq[(2.10) we neglected the fluctuations of thexgatlistributionn(zs) which
can be coupled to the matter density fluctuations along tieedf sight. This source-lens
correlation effect is more important as the overlappingdretween the distributions of
sources and lenses increases. On the other hand, sourdy easiations themselves can
lead to spurious small-scale power (as the average distarice sources can vary with the
direction on the sky). Using analytical methods Ref. (24 that both these effects are
negligible for the skewness and kurtosis of the converg@naeided the source redshift
dispersion is less than aboutl8. These source clustering effects were further discussed
in (93) who found that numerical simulations agree well wsmi-analytical estimates
and that the amplitude of such effects strongly depends emnetishift distribution of the
sources. A recent study of the source-lens clustering (is#)g numerical simulations cou-
pled to realistic semi-analytical models for the distribntof galaxies, finds that this effect
can bias the estimation ol by 2%— 5%. Therefore, accurate photometric redshifts will
be needed for future missions such as SNAP or LSST to handleftact.
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3 Statistics of 2D Cosmic Shear

For statistical analysis of cosmic shear, it is most comnmuase 2-point quantities, i.e.
those which are quadratic in the shear, and calculatedréiteal or harmonic space. For
this Section, we will restrict the discussion to 2D fields,emdhwe consider the statistics
of the shear pattern on the sky only, and not in 3D. The shddnfidl be treated as a 3D
field in Sectiorl #. Examples of real-space 2-point stasiie the average shear variance
and various shear correlation functions. In general thexeadvantages for cosmological
parameter estimation in using harmonic-space statisticeir correlation properties are
more convenient, but for surveys with complicated geomsetrgh as happens with removal
of bright stars and artifacts, there can be practical adwpa# to using real-space measures,
as they can be easier to estimate. All the 2-point statistiosbe related to the underlying
3D matter power spectrum via the (2D) convergence powettspaé (¢), and inspection

of the relationship between the two point statistic (/) can be instructive, as it shows
which wavenumbers are picked out by each statistic. In génarnarrow window irv
space may be desirable if the power spectrum is to be estimate

3.1 Convergence and shear power spectra

We define the power spectR{k) of the 3D matter density contrast aRd(¢) of the 2D
convergence as:

(8(k1)3(k2)) = (2m)33p (k1 + k2)P(ky) (3.1)
and:
(K(01)K (lo)) = (21)28p (f1+ l2)Pc (£1). (3.2)

The Dirac function®p express statistical homogeneity whereas statisticalbipgtimplies

that P(k) and P« () only depend ork = |k| and ¢ = |£|. In Eq.[3.2) we used a flat-sky
approximation which is sufficient for most weak-lensing pses. We shall discuss in
Section 4 the expansion over spherical harmonics (insteathoe waves as in EQ.(3.2))
which is necessary for instance for full-sky studies. Them Eqs.[2.16)f(2.17) we obtain:

P(l) =R(0) = 31*Py(0) 33)
and:
XWX o
0= [ (i) o4

Thus this expression gives the 2D convergence power spedtrterms of the 3D matter
power spectruni(k; x) integrated along the line of sight, using Limber’s approaiion.
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3.2 2-point statistics in real space

As an example of a real-space 2-point statistic, considestiear variancedefined as
the variance of the average shgavaluated in circular patches of varying radfssThe
averaging is a convolution, so the power is multiplied (sge.B2.18)[(2.119)):

de 432(465)

(1y?) —EPK(E)W, (3.5)

wherel, is a Bessel function of order.

Theshear correlation functionsan either be defined with reference to the coordinate axes,
& (6) = (vi(8)y; (&' +9)) (3.6)

wherei, j = 1,2 and the averaging is done over pairs of galaxies separgizaighed — |§\.
By parity &12 = 0, and by isotropy11 and &z, are functions only of6|. The correlation
function of the complex shear is

2 .
Whe= / (‘;Tf R(6)d"S 37

Kdﬁ ewecoszbdq)

= _KPK(£>JO(€9>

Alternatively, the shears may be referred to axes orieratiegédntially {) and at 45 degrees
to the radius %), defined with respect to each pair of galaxies used in theagireg. The
rotationsy — y = ye~2¥ wherey is the position angle of the pair, give tangential and cross
components of the rotated shearas —y; — iy., where the components have correlation
functionsé;; andg . . respectively. Itis common to define a pair of correlations

§+(0) =&t £ &, (3.8)

which can be related to the convergence power spectrum by(146))

£4(0)= [ 5-IP(0)%(18)
£ (0)= | 5 tR(0)%(0) (3.9)

Finally, let us consider the class of statistics referredsaperture masseassociated with
compensated filteysvhich we defined in equation (2]12). This alloMgp to be related to
the tangential shear (234) as in equation (2.12). SeverafofUy,, have been suggested,
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Fig. 2. Kernel functions for the two-point statistics dissead in this Sectiorz.= ¢0s. The thin solid
line peaking az = 0 is corresponds with the shear variance, the thick solalifiihe aperture mass,
with filter given in equation[(2.21), the short dashed linthiskernel forg . and the long dashed to
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which trade locality in real space with locality ihspace. Ref. (237) considers the filter
Uwm,, of equation[(2.21) which cuts off at some sc#le,From equation (2.22) this gives a
two-point statistic 2000
(o1 57635 (¢
M50 = [ Seer(e) TR,
Other forms have been suggested (60), which are broadealispace, but pick up a nar-
rower range of power for a giverf. As we have seen, all of these two-point statistics can
be written as integrals ovérof the convergence power spectré(¢) multiplied by some
kernel function, since weak-lensing distortions can beresged in terms of the lensing

potentialg, see Eqd.(215) and (2]16).

If one wants to estimate the matter power spectrum, thee #mersome advantages in hav-
ing a narrow kernel function, but the uncertainty princiglen demands that the filtering

is broad on the sky. This can lead to practical difficultiesl@aling with holes, edges etc.

Filter functions for the 2-point statistics mentioned hare shown in Fid.12.

(3.10)

3.3 E/B decomposition

Weak gravitational lensing does not produce the full ranfjocally linear distortions
possible. These are characterised by translation, ratadiation and shear, with six free
parameters. Translation is not readily observable, bukvemsing is specified by three
parameters rather than the four remaining degrees of frequeymitted by local affine
transformations. This restriction is manifested in a nunabevays: for example, the trans-
formation of angles involves ax22 matrix which is symmetric, so not completely general,
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Fig. 3. lllustrative E and B modes: the E modes show what igebgul around overdensities (left)
and underdensities (right). The B mode patterns should @sebn (from van Waerbeke & Mellier
2003).

see equatior_(2.6). Alternatively, a general spin-weigfiel2l can be written in terms of
second derivatives of eomplexpotential, whereas the lensing potential is real. As ndtice
below equation[(2]8) and in equatidn (3.25), this also ieglhat there are many other
consistency relations which have to hold if lensing is resiae for the observed shear
field. In practice the observed ellipticity field may not sétithe expected relations, if it is
contaminated by distortions not associated with weak ihgnsihe most obvious of these
is optical distortions of the telescope system, but cowd atvolve physical effects such
as intrinsic alignment of galaxy ellipticities, which wellrdonsider in Sectiohl4.

A convenient way to characterise the distortions is via E2Bainposition, where the shear
field is described in terms of an ‘E-mode’, which is allowedvgak lensing, and a ‘B-
mode’, which is not. These terms are borrowed from similaodgpositions in polarisation
fields. In fact weak lensing can generate B-modes, but theyxgpected to be very small
(240), so the existence of a significant B-mode in the obskestear pattern is indicative
of some non-lensing contamination. lllustrative examples- and B-modes are shown in
Fig[3 (from (299)). The easiest way to introduce a B-modeherattically is to make the
lensing potential complex:

0= +i@s. (3.11)
There are various ways to determine whether a B-mode ismireSeneat way is to gen-
eralise the aperture mass to a compex= Map+iM |, where the real part picks up the E
modes, and the imaginary part the B modes. Alternativedf thcan be used (60; 241):

Pec(l) =Tt | BB [30((8)5-(8) + u(£8)E(8) (3.12)

where the+ power spectra refer to E and B mode powers. In principle tiglires the
correlation functions to be known over all scales from @otovariants of this!(60) allow
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the E/B-mode correlation functions to be written in termsrégrals ofé_. over a finite
range:

£c(6)= 5 [£(6) +€,(9) (3.13)
£(8) =3¢ (6) ~£.(8)].
where o 48 5 48
£.(0)=5:(0)+4 [ TE.(9)-1202 [ E.(9) (3.14)

This avoids the need to know the correlation functions ogdascales, but needs the ob-
served correlation functions to be extrapolated to smalles; this was one of the ap-
proaches taken in the analysis of the CFHTLS datal (117).dDlffes with estimating the
correlation functions on small scales have led others tiepte extrapolate to large scales,
such as in the analysis of the GEMS (101) and William Hersdag¢h (185). Note that
without full sky coverage, the decomposition into E and B e®ts ambiguous, although
for scales much smaller than the survey it is not an issue.

3.4 Estimators and their covariance

The most common estimate of the cosmic shear comes from niregsioe ellipticities of
individual galaxies. We will consider the practicalitiesSectiori 6. For weak gravitational
lensing, these estimates are very noisy, since the galasi@spopulation have intrinsic
ellipticities es with a dispersion of about.®, whereas the typical cosmic shear is around
y~ 0.01. Therefore, one needs a large nuniiyerf galaxies to decrease the noises/+/N
associated with these intrinsic ellipticities (hence oeeds to observe the more numerous
faint galaxies). The observed ellipticity is related to ghear by|(233)

_ e—2g+¢g%
= 1-?—2Rdge)

(3.15)

whereg = y/(1—K) is the reduced shear. Here we defined the elliptie#gych that for an
elliptical image of axis ratio < 1 we have:

1-r?
14?2

€] (3.16)

Other definitions are also used in the literature sucl&as- (1—r)/(1+r), seel(244). To
linear order iny or k, we obtain from Eq.(3.15):

e~ es+ 2y, (3.17)
with a small correction term when averageds therefore dominated by the intrinsic ellip-

ticity, and many source galaxies are needed to get a robleturement of cosmic shear.
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This results in estimators of averaged quantities, sucheaawerage shear in an aperture,
or a weighted average in the caseMp. Any analysis of these gquantities needs to take
account of their noise properties, and more generally iir twvariance properties. We
will look only at a couple of examples here; a more detailestaésion of covariance of
estimators, including non-linear cumulants, appears@2)2

3.4.1 Linear estimators

Perhaps the simplest average statistic to use is the av@ohdg galaxy ellipticities in a
2D aperture on the sky:
=— A
Y= Z > (3.18)

The covariance of two of these estimatwsandy[g is

N M
TB) = g . 3, (65 20) 6y 21) 319)
I=1)=

where the apertures haieandM galaxies respectively. If we assume (almost certainly
incorrectly; see Sectidn 4.7) that the source elliptisiteee uncorrelated with each other,
and with the shear, then for distinct apertures the estinmgin unbiased estimator of the
shear correlation function averaged over the pair sepastif the apertures overlap, then
this is not the case. For example, in the shear variance pegrtugies are the same, and

N N 2
(V) = ,\TZZZ (S v, (3.20)

which is dominated by the presence of the intrinsic elliptizariance,o? = (|eg|?) ~
0.3 —0.4%. The average shear therefore has a variancg 04N. If we use the (quadratic)
shear variance itself as a statistic, then it is estimateohbiting the diagonal terms:

V| = % S eej. (3.21)

For aperture masses (equatién (2.12), the intrinsic eitptdistribution leads to a shot
noise term from the finite number of galaxies. Again we sifgghe discussion here by
neglecting correlations of source ellipticities. The shoise can be calculated by the stan-
dard method (212) of dividing the integration solid angkicellsi of sizeA%6; containing
n; = 0 or 1 galaxy: .
Map =~ ZAZGi N Q(|6i|) (esi/2+ Vi)t (3.22)
I

Squaring and taking the ensemble average, noting(taesjt) = 0%6” /2,n? =n;, and
rewriting as a continuous integral gives

(M2)gy= 22 / d20Q2([8). (3.23)



Shot noise terms for other statistics are calculated inlamfiashion. In addition to the
covariance from shot noise, there can be signal covaridocexample from samples of
different depths in the same area of sky; both samples agetaff by the lensing by the
common low-redshift foreground structure (203).

3.4.2 Quadratic estimators

We have already seen how to estimate in an unbiased way the wance. The shear
correlation functions can similarly be estimated:

2, (0) = 2% (eitejt-i-eixejx)

(3.24)

where thew; are arbitrary weights, and the sum extends over all pair®wofce galaxies
with separations close & Only in the absence of intrinsic correlatiorig; ejt & . €jx) =
023ij + 4% (|6 — 8, are these estimators unbiased. The variance of the ¢fyarand

of the aperture-mas(st\/lgp) can also be obtained from the shear correlation functioss (a
may be seen for instance from Eq.(3.10)). This avoids thd t@elace circular apertures
on the sky which is hampered by the gaps and holes encouritesedual weak lensing
surveys.

As with any quadratic quantity, the covariance of thesarestirs depends on the 4-point
function of the source ellipticities and the shear. Theggressions can be evaluated if
the shear field is assumed to be Gaussian, but the expredsrotiis (and the squared
aperture mass covariance) are too cumbersome to be giversioghe reader is directed to
(241). At small angular scales (belewl0'), which are sensitive to the non-linear regime of
gravitational clustering, the fields can no longer be apipnaxed as Gaussian and one must
use numerical simulations to calibrate the non-Gaussiatribotions to the covariane, as
described in (258).

In harmonic space, the convergence power spectrum may ineagst from eithei_ . or
&_ (or both), using Eq[(3]9). From the orthonormality of thesBa functions,

Pc(l) = /0 wdﬂeii(ﬂ) Jo.4(£8) (3.25)

where the 04 correspond to the-/— cases. In practic&,. () is not known for allg, and
the integral is truncated on both small and large scales G#m lead to inaccuracies in
the estimation oPx (/) (seel(241)). An alternative method is to parametRgé) in band-
powers, and to use parameter estimation techniques toagstitirom the shear correlation
functions (123; 38).
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3.4.3 2-point statistics measurement

Since the first measurements of weak lensing by large saaietstes|(295;/6; 309; 154),
all ideas discussed above have been put in practice on realflgure 4 shows the mea-
surement of shear top-hat variance as function of scalee®woups performed a E/B sep-
aration, which lead to a more accurate measurement of @sgstematics. Table 4 shows
all measurements of the mass power spectogno date. It is interesting to note, except
for COMBO-17 (101), none of the measurements are using asaoadshift distribution
obtained from the data, they all use the Hubble Deep Fields efferent prescriptions
regarding galaxy weighing. (300) have shown that the HubDlelep Field photometric red-
shift distribution can lead to a source mean redshift erfer @0% due to cosmic variance.
The relative tension between different measureggiin Table[4 comes in part from this
problem, and also from an uncertainty regarding how to tileatesidual systematics, the
B-mode, in the cosmic shear signal. Recently, (133) havaselthe largest photomet-
ric redshift catalogue, obtained from the CFHTLS-DEEP datse most recent 2-point
statitics analysis involves the combination of this phodtme redshift sample with the
largest weak lensing surveys described in Table 4. In thadyars the relative tension is
gone and points towards a value of the power spectrum naati@inog = 0.75+ 0.05 if
one considers all possible issues with uncertainties irstliece redshift distribution (20).
From Tablé # and Figurid 4 one can say that the amplitude of Vesaling by large scale
structure was successfully measured and the main undgrtamains the source redshift
distribution. The systematics due to the Point Spread kamcbrrection (see Sectidn 6)
seems to be much better understood than a few years ago, aycpneanising techniques
have been proposed to solve it. The proper calibration ofdglshift distribution is likely
to remain the major limitation for the use of weak lensingiiegision cosmology.
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Fig. 4. Compilation of most of the shear measurements list@dble 4. The vertical axis is the shear
top-hat variance multiplied by the angular scale in arcri@suThe horizontal axis is the radius of
the smoothing window in arcminutes. The positioning aldmg y-axis is only approximate given
that the different surveys have a slightly different sousmshift distribution. The RCS result (mean
source redshift of ®) was rescaled to a mean source redshift of one.
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Table 4

Reported constraints on the power spectrum normalizatighfor Q,, = 0.3 for a flat Universe, obtained from a given “statistic” (frd289) and
extended). “CosVar” tells us whether or not the cosmic vexgahas been included, “E/B” tells us whether or not a moderdeosition has been
used in the likelihood analysig; andl™ are the priors used for the different surveys identified WiiH.

ID 03 (Q=0.3) Statistic Field Miim CosVar E/B Zs r

Maoli et al. 01 103+ 0.05 V) VLT+CTIO+WHT+CFHT - no no - 0.21

Van Waerbeke etal. 01 .8+0.11  (y?),&(r), (MZ) CFHT 8 sq.deg. 1=24.5 no  no (yes) 1.1 0.21
Rhodes et al. 01 01928 &(r) HST 0.05 sq.deg. 1=26 yes no 0.9-1.1 0.25
Hoekstra et al. 02 81+0.08 8] CFHT+CTIO 24 sqg.deg. R=24 yes no 0.55 0.21
Bacon et al. 03 ®7+0.13 &(r) Keck+WHT 1.6 sqg.deg. R=25 yes no 0.7-0.9 0.21
Réfrégier et al. 02 04+0.17 8] HST 0.36 sqg.deg. 1=23.5 yes no 0.8-1.0 0.21
Van Waerbeke etal. 02 . 94+0.12 (Ma2p> CFHT 12 sq.deg. 1=24.5 yes yes 0.78-1.08 0.1-0.4
Hoekstra et al. 02 0189  (¥),&(r), (MZ)  CFHT+CTIO 53 sq.deg. R=24 yes yes  0.54-0.66 0.05-0.5
Brown et al. 03 074+0.09 y?), &(r) COMBO17 1.25 sq.deg. R=25.5 yes no (yes) 0.8-0.9 -
Hamana et al. 03 (20)0.697332 (M2, &(r) Subaru 2.1 sg.deg. R=26 yes yes 0.8-1.4 0.1-0.4
Jarvis et al. 03 (20)0.71315 (YD), &(r), (M2) CTIO 75 sq.deg. R=23 yes yes 0.66 0.15-0.5
Rhodes et al. 04 .02+0.16 y?), &(r) STIS 0.25 sq.deg. (1) =248 yes no 1.0t 0.1 -
Heymans et al. 05 .68+0.13 y?), &(r) GEMS 0.3 sq.deg. (meos) = 25.6 yes no(yes) ~1 -
Massey et al. 05 .02+0.15 ), &(r) WHT 4 sq.deg. R=25.8 yes yes ~0.8 -

Van Waerbeke etal. 05 .8+0.07 y?), &(r) CFHT 12 sq.deg. 1=24.5 yes no (yes) @90.1 0.1-0.3
Heitterscheidt et al. 06 .8+0.1 y?), &(r) GaBoDS 13 sq.deg. R=[21.5,24.5] yes yes ~0.78 he[0.630.77
Semboloni et al. 06 00+0.14 <M§p>, &(r) CFHTLS-DEEP 2.3 sq.deg. i=25.5 yes yes ~1 r=Qh
Hoekstra et al. 06 85+0.06 (y?),&(r), <M§p> CFHTLS-WIDE 22 sq.deg. i=24.5 yes yes 8.1 r=Qh




3.5 Mass Reconstruction

The problem of mass reconstruction is a central topic in weagking. Historically this is
because the early measurements of weak gravitationahlgngere obtained in clusters
of galaxies, and this led to the very first maps of dark ma@ér|73). These maps were
the very first demonstrations that we cosleethe dark side of the Universe without any
assumption regarding the light-mass relation, which, afrse, was a major breakthrough
in our exploration of the Universe. Reconstructing masssngjalso the only way to per-
form a complete comparison of the dark matter distributmthe Universe as seen in other
wavelengths. For these reasons, mass reconstructioripatsof the shear measurement
process. A recent example of the power of mass reconstrustshown by théullet clus-
ter (47;.34), which clearly indicates the presence of dark matta location different from
where most of the baryons are. This is a clear demonstrdiainat least for the extreme
cases where light and baryons do not trace the mass, weakdaashe only method that
can probe the matter distribution.

A mass map is a convergeneemap (projected mass), which can be reconstructed from
the shear field;:

K= % (0+05)9 ; y1= % (03—05) @ ; y2=0x0y®, (3.26)
where@ is the projected gravitational potential (146), see EQS){&2.7). Assuming that
the reduced shear and shear are equal to first approximegiam,~ y; (which is true only
in the weak lensing regime wheyl < 1 andk < 1), (147) have shown that the Fourier
transform of the smoothed convergemgé) can be obtained from the Fourier transform of
the smoothed shear mgfY):

. GG+ _
- . . 27
0 == 2+ 21ty (3.27)

This follows from Eql(2.1]7) if smoothing is a mere convatutias in EqL(2.11) which writes
in Fourier space as a mere product, see[EQ.(2.18). Thisorekatplicitly shows that mass
reconstruction must be performed with a given smoothinglaim otherwise the variance
of the mass map becomes infinite (147). Indeed, the randasmgaitrinsic ellipticitieses;
introduce a white noise which gives a largelivergence when we transform back to real
space for the variang@?)¢. The Fourier transform method is a fastogN process, but the
non-linear regiong ~ y; ~ 1 are not accurately reconstructed. A likelihood recorsion
method works in the intermediate and strong lensing regi(hés A x2 function of the
reduced sheay; is minimised by finding the best gravitational potengglcalculated on a
gridij:

2
giP*- 0% ") } . (3.28)

xzzzl

]
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Fig. 5. Left: simulated noise-free map. Field-of-view is 49 square degrees in LCDM cosmology.
Right: reconstructed field with realistic noise level (give details). Van Waerbek al. (1999) have
shown that two and three-point statistics can be accuratelggsured from such mass reconstruc-
tions.

The shot noise of the reconstructed mass map depends on teehsng window, the in-
trinsic ellipticity of the galaxies and the number densitgalaxies@h). The two methods
outlined above provide an accurate description of the sbisenit was show3) that
two and three-points statistics can be measured accurfabatyreconstructed mass maps
using these methods (see Figure 5). Important for clustsirig, the non-linear version of
(@) has been developed 51), dn_d_k233) have developateanative which also con-
serves the statistical properties of the noise. The adgardba reconstruction method that
leaves intact the shot noise is that a statistical analysiseeanass map is relatively straight-
forward (e.g. the peak statistics 38)). Mass recorsitrn has proven to be reasonably
successful in blind cluster search :[48; 78) A raljichfferent approach in map
making consists in reducing the noise in order to identig/highest signal-to-noise peaks.
Such an approach has been developedﬂ (@@ 184). Mogathe @) proposed
a wavelet approach, where the size of the smoothing kerrggdtimized as a function of
the local noise amplitude. An application of this method lbe COSMOS data for cluster
detection is shown i 7).

Mass maps are essential for some specific cosmologicakstsdch as morphology anal-
ysis like Minkowski functionals and Euler characterist ) and for global statistics
(Probability distribution function of the convergencey. ). The reconstruction pro-
cesses is non local, and this is why it is difficult to have afgmrcontrol of the error

propagation and systematics in thenaps. In particular, note that one can only reconstruct
the convergence up to a constarkg, since Eq[(3.27) is undetermined o 0. Indeed,

a constant matter surface density in the lens plane doeseatecany shear (since it se-
lects no prefered direction) but it leads to a non-zero @nstonvergence (which may
only be eliminated if we observe a wide-enough field wherenkean convergence should
vanish, or use complementary information such as numbentsauhich are affected by
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the associated magnification). This is the well-known neie=et degeneracy. The aperture
mass statisticap (148;1237) introduced in E{.(2.112) has been invented toreaflocality

of the mass reconstruction, therefore it might provide #erahtive to the inversion prob-
lem, although it is not yet clear that it can achieve a sidoatoise as good as top-hat or
gaussian smoothing windows.

The aperture mass statistic can also be used to providesatb&stimates of the power

spectruml(15), galaxy biasing (292; 228), high order siati$237| 296), and peak statistics
(99).
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4 3D Weak Lensing

4.1 Whatis 3D weak lensing?

The way in which weak lensing surveys have been analysedtéoh@s been to look for

correlations of shapes of galaxies on the sky; this can be dwan if there is no distance
information available for individual sources. Howeveryvas have seen, the interpretation
of observed correlations depends on where the imaged galare: the more distant they
are, the greater the correlation of the images. One therefeeds to know the statistical
distribution of the source galaxies, and ignorance of thislead to relatively large errors
in recovered parameters. In order to rectify this, mostifensurveys obtain multi-colour

photometry of the sources, from which one can estimate tedghifts. These ‘photometric
redshifts’ are not as accurate as spectroscopic redshiftghe typical depth of survey

required by lensing surveys makes spectroscopy an impahaption for large numbers

of sources. 3D weak lensing uses the distance informatiandividual sources, rather

than just thalistributionof distances. If one has an estimate of the distance to eacheso

galaxy, then one can utilise this information and invesédansing in three dimensions.
Essentially one has an estimate of the shear field at a nurhbesooete locations in 3D.

There are several ways 3D information can be used: one isctms¢ruct the 3D grav-
itational potential or the overdensity field from 3D lensidgta. We will look at this in
Section4.2. The second is to exploit the additional statispower of 3D information,
firstly by dividing the sources into a number of shells basedstimated redshifts. One
then essentially performs a standard lensing analysis on glaell, but exploits the ex-
tra information from cross-correlations between shellisBort of analysis is commonly
referred to as tomography, and we explore this in Se¢tidnaha in Section 4/4, where
one uses ratios of shears behind clusters of galaxies.lf;inak can perform a fully-3D
analysis of the estimated shear field. Each approach hagrittsmNe cover 3D statistical
analysis in Section 4.5. At the end of Section 4.7, we ingesé how photometric redshifts
can remove a potentially important physical systemateititrinsic alignment of galaxies,
which could be wrongly interpreted as a shear signal. Rin@llSectiori 4.B, we consider a
potentially very important systematic error arising frowoarelation between cosmic shear
and the intrinsic alignment of foreground galaxies, whiohld arise if the latter responds
to the local tidal gravitational field which is partly respilie for the shear.

4.2 3D potential and mass reconstruction

As we have already seen, it is possible to reconstruct tHacudensity of a lens system by
analysing the shear pattern of galaxies in the backgroundn#&resting question is then
whether the reconstruction can be done in three dimensvwamsn distance information

is available for the sources. It is probably self-evideait ttnass distributions can loen-
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strainedby the shear pattern, but the more interesting possibditiiat one may be able to
determinghe 3D mass density in an essentially non-parametric way thee shear data.

The ideal(280) is that the shear pattern is derivable fronteth&ing potentiap(r ), which
is dependent on the gravitational potentidl ) through the integral equation

(p(r):éfordr’ (r—l,—%) o(r') (4.1)

where the integral is understood to be along a radial pathBthrn approximation), and
a flat Universe is assumed in equatién [(4.1). In this Sectienmark with spherical co-
ordinates (we do not use the flat-sky approximation excegravbxplicitely noticed) and
we noter = rf the position on the line of sight in the directidin at the comoving radial
distancer (which we also noteg( in Section 2). The gravitational potential is related to
the density field via Poisson’s equatidn (2.8). There arepvablems to solve here; one
is to constructp from the lensing data, the second is to invert equafiod (41i¢ second
problem is straightforward: the solution is
?d[,0
d(r) = > ar {r arcp(r)} 4.2)

From this and Poisson’s equatiaiR® = (3/2)H2Qmd/a(t), we can reconstruct the mass

overdensity field
_alt)et 0[50
o(r) = 3H§QmD {ar {r arcp(r)}}. (4.3)

The construction ofp is more tricky, as it is not directly observable, but must beéneated
from the shear field. This reconstruction of the lensing pi&é suffers from a similar
ambiguity to the mass-sheet degeneracy for simple lensesed how, we first note that
the complex shear fieldis the second derivative of the lensing potential (Eql§2.7)

y(r) = B (aa—;—aa—;)H%J @(r). (4.4)

As a consequence, since the lensing potential is real, tith&®g is ambiguous up to the
addition of any fieldf (r) for which

0%f(r) 0%f(r) 0%f(r) _

M oy oxay 0 (4.5)
Since@ must be real, the general solution to this is
f(r) =F(r)+G(r)x+H(r)y+P(r) ¢ +y?) (4.6)

whereF, G, H andP are arbitrary functions of = |r|. Assuming these functions vary
smoothly withr, only the last of these survives at a significant level to tlessndensity
(since the 3D Laplaciafl? in Eq.(4.3) is dominated by the 2D Laplaciag-+ 65 as for
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Eq.(2.9)), and it corresponds to a sheet of overdensity

da(t)c® 9 {rziP(r)}

or

= 4.7
3HZQmr2 or (4.7

There are a couple of ways to deal with this problem. For aoresdy large survey, one
can assume that the potential and its derivatives are zeavenage, at eaah or that the
overdensity has average value zero. For further detaids(&e Note that the relationship
between the overdensity field and the lensing potential iseat one, so if one chooses a
discrete binning of the quantities, one can use standagddialgebra methods to attempt
an inversion, subject to some constraints such as minigtsie expected reconstruction
errors. With prior knowledge of the signal properties, thithe Wiener filter. See (128) for
further details of this approach.

4.3 Tomography

In the case where one has distance information for indiVisluarces, it makes sense to em-
ploy the information for statistical studies. A natural caeiof action is to divide the survey

into slices at different distances, and perform a study efstiear pattern on each slice. In
order to use the information effectively, it is necessariotik at cross-correlations of the

shear fields in the slices, as well as correlations withiresice (119). This procedure is

usually referred to as tomography, although the term doese®m entirely appropriate.

We start by considering the average shear in a shell, whichagacterised by a probability
distribution for the source redshifts= z(r), p(z). We also take the opportunity to introduce
the more complicateddthderivative (@) on the curved sky, which is required if the survey
does not subtend a small angle on the sky (41). We shall nahake use of this much in
this review, but it is included for completeness. The shedhné second edth derivative of
the lensing potential ,

Vr) = 5300(r) ~ 2 (3,-+i0y20(r) (4.8)

where the last equality holds in the flat-sky limit. If we aage the shear in a shell, giving
equal weight to each galaxy, then the average shear can tbenwri terms of an effective
lensing potential

@er(®) = | dzp2)e) (4.9)

where the integral is at fixefl, and p(z) is zero outside the slice (we ignore errors in
distance estimates such as photometric redshifts; these loe incorporated with a suitable
modification top(z)). In terms of the gravitational potential, the effectivadeng potential

is

@i(®) = [ drorg) (4.10)
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where reversal of the order of integration gives the lensifigiency to be

g(r) = /Z ::) dZ p(Z) (3 _ 3) , (4.11)

rr

whereZ = Z(r’) and we assume flat space. If we perform a spherical harmamrisform
of the effective potentials for slicesnd j, then the cross power spectrum can be related to
the power spectrum of the gravitational potenBa(k) via a version of Limber’s equation:

(B@r) = CF¥ SeBm (4.12)
where
2 2 oo (i)r (j)r
cgj"i}:<?) [ ar SO gy iy (4.13)

is the cross power spectrum of the lensing potentials. Tétealgument irPy allows for
evolution of the power spectrum with time, or equivalentistance. The power spectra of
the convergence and shear are relategf{b by (120)

(2(+1)?
cziﬁ-:i( 2 ) c (4.14)
w _1(+2)! g
G40 —2) T

The sensitivity of the cross power spectra to cosmologieahmeters is through various
effects, as in 2D lensing: the shape of the linear gravitalipotential power spectrum is
dependent on some parameters, as is its nonlinear evglitiaddition thez(r) relation
probes cosmology. The reader is referred to standard cogioal texts for more details of
the dependence of the distance-redshift relation on camyiwal parameters.

Ref.(119) illustrates the power and limitation of tomodrgpwith two shells (Figl 6). As
expected, the deeper shell (2) has a larger lensing powetrapethan the nearby shell (1),
but it is no surprise to find that the power spectra from slatscorrelated, since the light
from both passes through some common material. Thus onegdde$rom tomography,
but, depending on what one wants to measure, the gains mapynat be very much.
For example, tomography adds rather little to the accurd¢lhieoamplitude of the power
spectrum, but far more to studies of dark energy propei@es. also needs to worry about
systematic effects, as leakage of galaxies from one shatidther, through noisy or biased
photometric redshifts, can degrade the accuracy of pasrestimation (132; 175). Figure
[7] shows the first tentative of tomographic measurement ysiogometric redshift on the
CFHTLS deep data.
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Fig. 6. The power spectra of two slices, their cross powettsipa, and their correlation coefficient.
The galaxy population is split into two bins across a med&tshiftznegqian= 1. From Hu (1999).
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Fig. 7. Tomographic shear measurement on the CFHTLS-demp Gemboloni et al 2006). Yellow
lines show thet1c contours around high and low redshift lensed galaxies. Tled firiangles and
circles show the E-mode and the empty symbols the B-mode.

4.4 The Shear Ratio test

The shear contributed by the general large-scale struiusgically about 1%, but the
shear behind a cluster of galaxies can far exceed this. Asyalvthe shear of a background
source is dependent on its redshift, and on cosmology, batal the mass distribution in

34



the cluster. This can be difficult to model, so it is attraetig consider methods which are
decoupled from the details of the mass distribution of thustelr. Various methods have
been proposed (139;30; 315). The method currently reagpiti@ most attention is simply
to take ratios of average tangential shear in differenthiidslices for sources behind the
cluster.

The amplitude of the induced tangential shear is dependetti@source redshift, and
on cosmology via the angular diameter distance-redshiftiom o [x(z)] by (281):

>fD X(zs) —X(2)]
D [X(Zs)]

wherey; . is the shear which a galaxy at infinite distance would expegeand which
characterises the strength of the distortions induced éylister, at redshif. Evidently,
we can neatly eliminate the cluster details by taking ratidangential shears, for pairs of
shells in source redshift:

: (4.15)

Wt(2) = yt(z= oo

_ Wi _ 2IX()]?[x(@) —x(2)] (4.16)

- wi 2X@)]2[X(z) -Xx(2)]

In reality, the light from the more distant shell passestigtoan extra pathlength of clumpy
matter, so suffers an additional source of shear. This carebated as a noise term (281).
This approach is attractive in that it probes cosmologyugiathe distance-redshift relation
alone, being (at least to good approximation) independetiteogrowth rate of the fluc-
tuations. Its dependence on cosmological parametersnftine rather simpler, as many
parameters (such as the amplitude of matter fluctuations)od@ffect the ratio except
through minor side-effects. More significantly, it can bedign conjunction with lensing
methods which probe both the distance-redshift relatiahthe growth-rate of structure.
Such a dual approach can in principle distinguish betweemtegsence-type dark energy
models and modifications of Einstein gravity. This pos#iparises because the effect on
global properties (e.gz(x)) is different from the effect on perturbed quantities (elge
growth rate of the power spectrum) in the two cases. The nleftfag a signal-to-noise
which is limited by the finite number of clusters which are sias enough to have mea-
surable tangential shear. In an all-sky survey, the bullhefsignal would come from the
10° — 10° clusters above a mass limit of ¥,

Rij

4.5 Full 3D analysis of the shear field

An alternative approach to take is to recognise that, witht@metric redshift estimates
for individual sources, the data one is working with is a veoysy 3D shear field, which

is sampled at a number of discrete locations, and for whomoaitetions are somewhat
imprecisely known. It makes some sense, therefore, to dgfaltihe data one has, and to
compare the statistics of the discrete 3D field with theoattpredictions. This was the
approach ofl(97; 41; 98). It should yield smaller statidteaors than tomography, as it
avoids the binning process which loses information.
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In common with many other methods, one has to make a decidiether to analyse the
data in configuration space or in the spectral domain. Thadorusually studied via cor-
relation functions, is advantageous for complex surveyngtades, where the convolution
with a complex window function implicit in spectral methosavoided. However, the
more readily computed correlation properties of a speatralysis are a definite advantage
for Bayesian parameter estimation, and we follow that aggindhere.

The natural expansion of a 3D scalar field which is derivedhfie potential is in terms

of products of spherical harmonics and spherical Bessettitoms, j,(kr)Y;"(8,¢), using

the spherical coordinatds, 0,¢). Such products, characterised by 3 spectral parameters
(k,¢,m), are eigenfunctions of the Laplace operator, thus makiagrif easy to relate the
expansion coefficients of the density field to that of the ptiéé (essentially via-k? from

the 02 operator). Similarly, the 3D expansion of the lensing ptigén

ol =12 [ ol ik Y10.0), (4.17)

where the prefactor and the factoradire introduced for convenience. The expansion of the
complex shear field is most naturally made in terms of spifghte2 spherical harmonics
oYM and spherical Bessel functions, since 30 3@, andd aY" O Y™

y(r) = \/% ; / dkyumk jo(kr) 2Y™(8, ). (4.18)

The choice of the expansion becomes clear when we see theb¢fffecients of the shear
field are related very simply to those of the lensing poténtia

1 [(t+2)

> 7(5_2)! Prm(K). (4.19)

Yem(K) =

The relation of thep,,(k) coefficients to the expansion of the density field is readime
puted, but more complicated as the lensing potential is ghwed integral of the gravi-
tational potential. The details will not be given here, belfevant effects such as photo-
metric redshift errors, nonlinear evolution of the poweedpum, and the discreteness of
the sampling are easily included. The reader is referretid¢mtiginal papers for details
(97;141;,99).

In this way the correlation properties of tig,(k) coefficients can be related to an integral
over the power spectrum, involving tlzér) relation, so cosmological parameters can be
estimated via standard Bayesian methods from the coeffici€tearly, this method probes
the dark energy via both the growth rate and#tre relation. The method has recently been
applied for the first time, to the COMBO-17 survey(161).
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4.6 Parameter forecasts from 3D lensing methods

In this Section we summarise some of the forecasts for casgial parameter estimation
from 3D weak lensing. We concentrate on the statisticaresdnich should be achievable
with the shear ratio test and with the 3D power spectrum tigci®@s. Tomography should
be similar to the latter. We show results from 3D weak lensitupe, as well as in com-
bination with other experiments. These include CMB, supesnand baryon oscillation
studies. The methods generally differ in the parametersiwthiey constrain well, but also
in terms of the degeneracies inherent in the techniqueaguWsore than one technique can
be very effective at lifting the degeneracies, and very eteudeterminations of cosmo-
logical parameters, in particular dark energy propertiesy be achievable with 3D cosmic
shear surveys covering thousands of square degrees of shgdian source redshifts of
order unity.

The figure$ B andl9 show the accuracy which might be achievidbdanumber of surveys
designed to measure cosmological parameters. We coneeh&ge on the capabilities of
each method, and the methods in combination, to constraimaink energy equation of
state, and its evolution, parametrised by (46)

w(a) = p—EZ =Wp+Wa(l—a) (4.20)

where the behaviour as a function of scale faetis, in the absence of a compelling theory,
assumed to have this simple form. The constant valte—1 would arise if the dark energy
behaviour was actually a cosmological constant.

The assumed experiments are: a 5-band 3D weak lensing sanadysed either with the
shear ratio test, or with the spectral method, coveringd®@dtjuare degrees to a median
redshift of 0.7, similar to the capabilities of a groundlthden-class survey with a several
square degree field; the Planck CMB experiment (14-montkiom$; a spectroscopic sur-
vey to measure baryon oscillations (BAO) in the galaxy nigitever spectrum, assuming
constant bias, and covering 2000 square degrees to a megpmaf unity, and a smaller
z= 3 survey of 300 square degrees, similar to WFMOS capalsiltreSubaru; a survey of
2000 Type la supernovae = 1.5, similar to SNAP’s design capabilities.

We see that the experiments in combination are much morerfdvilean individually, as
some of the degeneracies are lifted. Note that the combixeerienents appear to have
rather smaller error bars than is suggested by the singlererent constraints. This is
because the combined ellipse is the projection of the prtaafugeveral multi-dimensional
likelihood surfaces, which intersect in a small volume.d€Hrojection of the intersection
of two surfaces is not the same as the intersection of thegion of two surfaces). The
figures show that errors of a few percent wg are potentially achievable, or, with this
parametrisation, an error @f at a ‘pivot’ redshift ofz~ 0.4 of under 0.02. This error is
essentially the minor axis of the error ellipses.
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Fig. 8. The accuracy expected from the combination of erpemis dedicated to studying dark
energy properties. The equation of state of dark energysignasd to vary with scale facteras
w(a) = wp+W,(1—a), and the figures show the 1-sigma, 2-parameter regions éagxperiments
individually and in combination. The supernova study fitls plot, the thin diagonal band is Planck,
the near-vertical band is BAO, and the ellipse is the 3D fepgiower spectrum method. The small
ellipse is the expected accuracy from the combined expeatsnErom Heavens et al. (2006).

4.7 Intrinsic alignments

The main signature of weak lensing is a small alignment ofiteges, at the level of a
correlation of ellipticities of~ 10~4. One might be concerned that physical processes might
also induce an alignment of the galaxies themselves. Thelgesffect is immediately
apparent if one considers that the shear is often estimetadthe ellipticity of a galaxy,
which includes the intrinsic ellipticity of the soureg:

e~ es+2y. (4.21)

A useful statistic to consider is the shear correlation fiomg which would normally be
estimated from the ellipticity correlation function:

(e€) = A(WY') + (esgs) +4(ye"). (4.22)
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Fig. 9. As in Fig[8, but with the shear ratio test as the lem&xperiment. Supernovae fill the plot,
Planck is the thin diagonal band, BAO the near-vertical bamd the shear ratio is the remaining
45 degree band. The combination of all experiments is in émére. From Taylor et al. (2006)

This equation is schematic, referring either to galaxigassted by some angle on the sky,
or by a 3D separation in the case of a 3D analysis. The first iethe cosmic signal one
wishes to use; the second term is thiginsic alignmentsignal, and the third is thehear-
intrinsic alignmensignal, which we will consider later. Until recently, bottese additional
terms were assumed to be zero. The hope was that even gallpgegogether on the line
of sight would typically be at such large physical separstithat physical processes which
could correlate the orientations would be absent. Howéelensing signal is very small,
so the assumption that intrinsic alignment effects are@effily small needs to be tested.
For the intrinsic alignment signal, this was first done in aeseof papers by a number of
groups in 2000-1.(96; 61; 59; 42), and the answer is that tleetahay not be negligible,
and is expected to be strongly dependent on the depth of tiieysrhis is easy to see,
since at fixed angular separation, galaxies in a shallowesuwill be physically closer
together in space, and hence more likely to experienceititedactions which might align
the galaxies. In addition to this, the shallower the surteg,smaller the lensing signal.
In a pioneering study, the alignments of nearby galaxieh@&3uperCOSMOS survey
were investigated (38). This survey is so shallow (medidsh#t ~ 0.1) that the expected
lensing signal is tiny. A non-zero alignment was found, vilhagrees with at least some of
the theoretical estimates of the effect. The main excepsidime numerical study of (145),
which predicts a contamination so high that it could donereaten deep surveys. For deep
surveys, the consensus is that the effect is expected tdloer mall, but if one wants to
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use weak lensing as a probe of subtle effects such as thesafffesitering the equation of
state of dark energy, then one cannot ignore it. There aengaBly two options - either
one tries to calculate the intrinsic alignment signal anoksct it, or one tries to remove
it altogether. The former approach is not practical, abgaigh there is some agreement as
to the general level of the contamination, the details at@ocurately enough known. The
latter approach is becoming possible, as lensing surveysav obtaining estimates of the
distance to each galaxy, via photometric redshifts (spectpic redshifts are difficult to
obtain, because one needs a rather deep sample, with medistmift at least 0.6 or so,
and large numbers, to reduce shot noise due to the randomtairans of ellipticities).
With photometric redshifts, one can downweight or compyetemove physically close
galaxies from the pair statistics (such as the shear ctioelnction) (100; 159). Thus one
removes a systematic error in favour of a slightly increasatistical error. The analysis in
(101) explicitly removed close pairs and shows that it caddoee very successfully.

4.8 Shear-Intrinsic alignment correlation

The cross term{ye*) was neglected entirely until it was pointed out(108) thatdts not
necessarily zero. The idea here is that the local tidal taaenal field contributes to the
shear of background images, and if it also influenced thatai®n of a galaxy locally, then
it could induce correlations between foreground galaxies l@ackground galaxies, even
though they may be physically separated by gigaparsecstdimn is more problematic for
cosmic shear studies, because it is not amenable to theesgaofitions which work well
for the intrinsic alignment signal. It is conceivable thaisteffect is the limiting systematic
effect in cosmic shear studies, as it seems necessary lgdiuahodel it and remove it.
Studies of the SDSS (179) measured a significant signal inagedestatistic, for very
luminous galaxies, and a study of N-body simulations sujgpidhe view that the effect was
likely to be non-negligible, at the level of up to 10% of thesooc shear signal. On a more
positive note, it seems (108; 160; 103) that the term scaittsseurce and lens angular
diameter distances in proportion to the lensing efficiemdy;) 2 (Xs— X1)/2 (Xs). This

is reasonable, and also very useful, as it makes the paiaai&n of the shear-intrinsic
alignment much more straightforward. One can either uselies (160) or parametrise
the contamination as a single function of separation, andjimaise over these nuisance
parameters in the estimation of cosmological parameters.
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5 Non-Gaussianities

The two-point statistics discussed in Secfion 3 can be usedrstrain cosmological pa-
rameters. However, since they can be expressed in termg abthvergence powe (¢)
they mainly depend on the same combination of parametetss, Flom Eql(2.9) we can
expect(k?) ~ GgQﬁ1 if we neglect the dependence on cosmology of comoving distgn
whereag is the normalization of the linear power-spectrum. A moneeftd analysis|(22)
actually gives the scaling of EQ.(10.1). In order to liftshldegeneracy between the pa-
rameterd), andog one can combine weak lensing observations with other casyiuall
probes such as the CMB, as we shall discuss in Selction 10e@isnformation as seen
in Sectiori 4 (e.g. Eq.(4.16)). An alternative procedure isansider higher-order moments
of weak lensing observables. Indeed, even if the initiaditions are Gaussian, since the
dynamics is non-linear non-Gaussianities develop andamtn-linear regime the density
field becomes strongly non-Gaussian (this is an unstableysglitating expanding sys-
tem). This can be seen from the constraids= 0 andd > —1 (because the matter density
p is positive) which imply that in the highly non-linear regingd?) > 1) the probability
distribution of the density contradtmust be far from Gaussian. Since weak gravitational
lensing effects arise from the matter distribution (se€Z4q)) high-order correlation func-
tions of both the 3D density field and weak-lensing obsee&hble non-zero and could be
used to extract additional information.

5.1 Bispectrum and three-point functions

The three-point correlation function is the lowest-ordetistics which can be used to
detect non-Gaussianity. In Fourier space it is called tepdmtrum which is defined as:

(8(k1)3(K2)8(k3)) = (2m)38p (K1 + K2 + k3)B(Kq, ko, ks) (5.1)

for the 3D matter density contrast, where the Dirac factsults from statistical homo-
geneity. Isotropy also implies th&ks, ko, k3) only depends on the length of the three
wavenumberki, ko, k3 or alternatively on two lengthk;, ko and the anglexi> between
both vectors. A key feature of the bispectrum {5.1) is thathim large-scale limit its de-
pendence on the normalization of the power-spectrum caadierfzed out (22). Indeed,
at large scales where the density contrast is much sma#aruhity and quasi-linear per-
turbation theory is valid one can expand the density coné®a perturbative series of the
form:

5(k,2) =8V (k,2) + 3@ (k,2) + ... (5.2)
whered@ is of orderq over the initial density field¥ ) is simply the linear density contrast
0L). Then, substituting into the three-point function we alnta

(3(k1)8(k2)3(k3)) = (8 (k1)3' (k2)3 (k3)) + (8@ (k1)8Y (k)3 (k3))
L 2)8 (k3) + (8 (k1)8M (k)8 (K3) + ... (5.3)

—~
>
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where the dots stand for terms of ordéf!)® and beyond. For Gaussian initial conditions
the first term vanishes whereas the three other terms arderf(@% )* so that the quantity:

B(ky, ko, k3)
(k2)P(ks) + P(kq)P(ks) + P(k1)P(kz)

is independent of the normalization of the linear densitw@ospectrunP_ (k) at large
scales. In this manner one can separate the dependenzg foom the dependence on
other cosmological parameters. Using the small-anglecxpation theZ—space three-
point correlation of the convergence reads (27):

Q(ky, ko, k3) = 3 (5.4)

(K(EL)K(E2)K(C3)) = (2m)%p (F1+ L2+ U3)By ({1, 2, L3), (5.5)
with: e
B Bt b 0
Bk (¢1,02,(3) —/dXﬂB<5,575) . (5.6)

Then, as in Ed.(514) one can consider ratios sudB@é, (2, 3) / (P«(l12)P«(13) + ..) to lift

the degeneracy between the paramefxfsandog (22). Using tomography (i.e. redshift
binning of the sources) also helps to constrain cosmolbparameters such as the equation
of state of the dark energy component, as studied in Ref))(2Vé display their results
in Fig.[10 which shows that bispectrum tomography can im@marameter constraints
significantly, typically by a factor of three, compared tstjpower spectrum tomography.

In practice, most of the angular range probed by weak lersingeys is actually in the tran-
sition domain from the linear to highly non-linear regimfsif 10 down to ). Therefore,
it is important to have a reliable prediction for these nyildhd highly non-linear scales,
once the cosmology and the initial conditions are specifséace there is no rigorous an-
alytical framework to fully describe this regime numerisahulations play a key role to
obtain the non-linear evolution of the matter power spentand of higher-order statis-
tics (209; 266). Based on these simulation results and acalynsight it is possible to
build analytical models which can describe the low order rants of weak lensing ob-
servables such as the bispectrim (296). Using a halo modeisasibed in Appendix Al3,
Refs. (274, 275) investigated the real-space three-panelation of the convergence
(K(B1)K(B2)k(B3)). They studied its dependence on the triangle geon{6rny,, 63) and
on the parameters of the halo model (274) and compared thedefons with numerical
simulations|(275).

As seen earlier it is more convenient for observational pseg to consider the shear rather
than the convergence since it is the former which is directBasured (in fact what is
actually measured is the reduced shgdd — k) which can be approximated kyin the
weak-lensing regime, (233)). However, sifyas a 2-component field there are many ways
to combine shear triplets. Here we defined the shear spire2téy’ asy = y18, + Y-8,
whereg, 8, are the 2D basis vectors using the flat sky approximation hvisie/alid for
small angles (let us recall thais not truly a vector since its components change a&gos

and sir{2y) under a rotation o) of coordinate axis, as seen from KEq.(2.17)). Besides, one
must take care not to define statistics which depend on theebbthe coordinate system.
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Fig. 10. Projected 68% confidence level constraints in tharpater space og4e, Wo, W, and
og from the lensing power spectrum and the bispectrum in twaehifidbins, as indicated. The
coefficientswg andw;, parameterize the equation of state of the dark energy coemponhe results
shown are obtained assuming priorsmorph? andh expected from the Planck mission. The sky
coverage and number density are taken tdsgg= 0.1 andng = 100 arcmin?, and angular modes
50< 1 <3000 are used. From Takada & Jain (2004).

A possible approach is to consider scalar quantities sutheagperture mad#lap which

can be expressed both in terms of the convergence or shetw. fitdwever, this may not
be optimal from a signal-to-noise perspective since thegiration over the window radius
Bs may dilute the cosmological signal as contributions froiangle configurations where
the shear three-point function is positive or negative camlycancel out. Moreover, the
additional information contained in the detailed angulendvior of the shear three-point
correlation can be useful to constrain cosmology and laogde structures. Therefore, it is
interesting to build estimators designed for the high-ooderelations of the shear field.

One strategy investigated in REI(Z?) is to study the meaarqhatterﬁ/(é) around a pair

of points6y, B, through the quantityyz6)) = ([y(61).y(62)]y(6)). This study, based on an-
alytical results (using the behavior of the density threeypcorrelation in the quasi-linear
regime and its simplest extension to smaller scales) ancericah simulations, shows that
this mean shear is almost uniform, and perpendiculé{;_tpover an elliptic area that covers
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Fig. 11. Results for the VIRMOS-DESCART survey for the twarpaorrelation function (left) and
the reduced three point function (right). The solid linehngtror bars shows the raw results, when
both theE andB contributions to the two-point correlation functions ameluded. The dot-dashed
line with error bars corresponds to measurements whereathtgilmution of theB mode has been
subtracted out from the two-point correlation functiont(bat from¢&z there is no known way to do
it). These measurements are compared to results obtain€dik, OCDM andACDM simulations
(dashed, dotted and dot-dashed lines respectively). FremeaBdeau et al. (2002).

the segmen®1, which joins both points. This suggests to measure the agastiy3(6))
over this ellipse so as to avoid cancellations. In this mal2) managed to obtain from
the VIRMOS-DESCART Lensing Survey the first detection of t@@aussianities in a weak
lensing survey. We display their results in Figl 11 whichvesithat the amplitude and shape
of the signal agree with theoretical predictions from nuoersimulations. Although the
measures are still too noisy to provide useful constrainte@smology they show such
weak-lensing observations to be a very promising tool. Gnadthner hand, (28) also ob-
tained explicit analytical expressions for the shear tp@at correlations from the one-
halo term which appears within halo models (when all pointsassumed to lie within the
same dark matter halo, see AppendixIA.3) and recovered therpahown by numerical
simulations. These results may serve as a guideline to bpiidnized estimators for the
shear three-point correlations.

A more systematic approach presented in (243) is to look &unal components which
transform in a simple way through rotations. Thus, to harnb&e three point function
(y(61)y(82)y(83)) one first defines the “centec’of the three direction8y, 8,, 63 on the sky

(c may be taken for instance as the centroid, the circumcenteemrthocenter of the tri-
angle). Next, at each point one defirygsas the component of the shear along the direction
that separates and6; andy, as the component along this direction rotated by. #om
these tangential and cross components one introduces thgl@osheay© =y, + iy,

and the “natural components” are defined as the four comglsbmations:

rO =@y B2)y%(B3)), W = (YOyoy),
@) = (fOYOry), T = (yoyeyer). 57
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Clearly thel ) only depend on the geometry of the triangle but to avoid amiti&s and
miscalculations one must ensure that the points are alvednyeddd in the same direction
(e.g. counterclockwise, (244)). Each of thé$ is invariant only under special rotations
but the important feature is that, under a general rotatlendifferentr () do not mix but
are simply multiplied by a phase factor. Note however thafturl () are not independent
as they arise from the same matter distribution and threst-ptatistics are fully described
by the projected matter bispectrum (245). On the other hsunth interrelations provide a
redundancy which might be used to detect noise sources ordg@sno

An alternative method to study the shear three-point fonas to divide the possible com-
binations into even and odd quantities through parity fiansations (312). For instance,
one chooses for the center of the triangle the barycente(8; + 6, + 63) /3 and defines

again the tangential and cross components of the sheandy,, from the direction that

separates and 6 and from this direction rotated by 45Clearly this rotation changes
direction under a parity transformation so tlyat— —y. (sincey is a spin-2 field, see

Eq.(2.17), and the relative rotation is<45°> = 90°) whereasy, — y.. Therefore, we ob-

tain four parity-even three-point correlation§ v Vi), (Vi YxYx )y (YxYYx)s (YxYxY+),

and four parity-odd three-point correlation®x YV« Yx s (Yx YVt )s (Vi Vx Vi) (Y4Y1Yx ). AS
a consequence, for some symmetric configurations some odtidas must vanish (273).

In particular, for equilateral triangles all odd functioremish. This property assumes that
the shear results only from weak-lensing (which only presdke modes), whereas source
galaxy clustering, intrinsic alignments and observatiowase can produce both andB
modes (see Sectiohk 3 ddd 4). The advantage of this prodedhed by focusing on even
functions one avoids to dilute the signal by combining thevestors with parts which con-
tain no weak-lensing information (odd functions for symnuetl triangle geometries). Be-
sides, the parity-odd functions can be used to monitor theerar to estimate the contribu-
tion associated with higher-order effects beyond the Bppr@imation, source clustering
or intrinsic alignments. Ref. (312) used a halo model (segefpixA.3) to investigate the
behavior of these three-point correlations as a functicghetriangle geometry. Ref. (275)
found that the halo model agrees well with numerical simoitest at scales- 1’ and could
be used to obtain predictions for shear statistics in oméfttdegeneracies in cosmolog-
ical parameters. We display their results in Figl 12 whidoahows that odd functions
are smaller than even ones and vanish for symmetric geaselirhey also note that fu-
ture weak-lensing observations may be able to constraipdhemeters of the halo model
such as the mean halo density profile and halo mass functiothéother hand, using ray-
tracing simulations Ref. (273) also evaluated the sigoaidise taking into account the
noise associated with galaxy intrinsic ellipticities. YHeund that a deep lensing survey of
area 10 degshould be sufficient to detect a non-zero signal but an ateureasure would
require an area exceeding 100 éleg
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Fig. 12. The eight shear 3-point correlation functions FeACDM model against triangle config-

urations (U is the angle between the two sides of lengthndr). The upper and lower plots show
the results for the parity-even and -odd functions, re$gelgt Note that range on the y-axis for the
right panel is about two times smaller than in the left pamik solid curves show the halo model
predictions for the eight shear 3-point correlation fuoiei, while the symbols are the simulation
results as indicated. From Takada & Jain (2003).

5.2 Cumulants and probability distributions

A simpler quantity than the three-point functions discdssleove is provided by the third-
order cumulantX3) of smoothed weak-lensing observables (2.11) such as thetbet
convergence or the aperture-maddap. In the quasi-linear regime where a perturbative
approach is valid (with Gaussian initial conditions) one sae from Eq<.(5.3)-(5.6) that
the skewnes%") = (k%) /(k?)? of the smoothed convergence is independent of the mat-
ter density power spectrum normalizatiog (the same property is clearly valid for other
observables likéap which are linear over the matter density field). Thereforentea-
suring the second- and third-order moments of the convesgen of the aperture mass
at large angular scales one can obtain a constraif®2,g1(22). Indeed, from Ed.(2.9) we
see thak ~ Qp, (neglecting the dependence of cosmological distances Q) hence
we can expect a strong dependencelhy of the skewness aé") ~ Q1. A numeri-
cal study shows indeed that for sources at redshift 1 the skewness scales roughly

as %K) ~ Q08 (22). Alternatively, from the skewness of weak lensing oskles one
can derive the skewness of the matter density field in theatinegime and check that
the scenario of the growth of large-scale structures thiayrgvitational instability from
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initial Gaussian conditions is valid. In order to increabe tnformation content which
can be extracted from low-order cumulants one can conselegrglized moments such as
(Map(Bs1)Map(Bs2)Map(B8s3)) which cross-correlate the aperture-makg,(6si) associated
with three different filter radiBg, 8 and6s3. Then, the amplitude of such cumulants can
be used to constrain cosmological parameters whereas peadence on the angular ra-
dius or the angular separation of the various filters helpstraining the properties of the
large-scale density field (203; 158). For instance, onemoduce correlation coefficients
I'ngs SUch as:

. XPX)e
pas <>le+q+s> g/(p+q+s) <>22p+q+s> g/ (p+a+s) <>Z3p+q+s>§/(p+q+s)

(5.8)

whereX; is the aperture-mass or the convergence smoothed overGscétee source red-
shift distributionsnj(zs) may also be different). These correlation coefficients dles¢he
information associated with three-point cumulaf¥§X5'X$)c which goes beyond the one-
point cumulantgXP).. We show in Fig[_IB the predictions of an analytical modeleldas
on a hierarchicahnsatz(Appendix[A.2) for the aperture-mass statistics, appliedhe
planned SNAP survey (left panel) and compared with numiesioaulations (right panel).
The behavior of these correlation coefficients can be usetistaziminate between mod-
els of the density field (203) and to check that the observed@aussianities arise from
non-linear gravitational clustering. On the other hand,l#it panel in Figl_II3 also shows
how the aperture-mass is correlated between differentlangcales. This correlation de-
creases faster than for the smoothed convergence or thetsedoghear because the filter
Wi, (£6s) is more narrow thaiy in Fourier space, see F(g. 2. This is actually useful if one
intends to derive constraints on cosmology from weak lensurveys since it means that
the errors associated with sufficiently different scaleswarcorrelated. This also holds for
the two-point moments discussed in Sectibn 3 and for highgéer moments. Of course, the
power-spectruni (¢) and higher-order generalization such as the bispedBi(fi, 2, (3)
are even less correlated and contain all the relevant irdtbam.

In practice, because of the numerous holes within the siuaxesy one first computes shear
three-point correlations by summing over galaxy tripletd aext Writes<M§p> as an inte-
gral over these three-point correlations (using the faatNhyy can be written in terms of
the sheay), see for instance (144). Applying this method to the VIRMDESCART data

Ref. (213) were able to deteﬁ&Ma") and to infer an upper bourd,, < 0.5 by comparison
with simulations. Next, one could measure higher order nramef weak lensing observ-
ables. Note that for the shear components odd order momanishvby symmetry so that
one needs to consider the fourth-order moment to go beyandatiance (273). However,
higher order moments are increasingly noisy (291) so thia&st not been possible to go
beyond the skewness yet.

In order to compare observations with theory one needs towserical simulations or to

build analytical models which can describe the low order raots of weak lensing observ-
ables or their full probability distribution, as describ@dAppendix[A. This can be done
through a hierarchicalnsatzwhere all higher-order density correlations are expregsed
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Fig. 13. Left panel:the correlatory1; of the aperture-mass for the full wide SNAP survey is plotted
as a function of smoothing angbg; for a fixed pair of(6¢, 6s). The pair(6s,6s) for each curve

is indicated in the plot. Error bars denote the & scatter around the mean, associated with galaxy
intrinsic ellipticities and cosmic variancRight panelithe three-point correlation coefficient ; of

the aperture-mass as a function of smoothing aBgléor a fixed pair of(6«,0s). The three source
redshifts are equaky = zo = zg = 1. The solid curve is the analytical model (Al 19) while solid
points with error-bars are measurements from simulati¢a. d&om Munshi & Valageas (2005b).

terms of the two-point correlation (13; 291). Then, the ptabty distribution of weak lens-
ing observables can be directly written in terms of the pbdiig distribution of the matter
density (Appendik A.R). In some cases the mere existendeofalationship allows one to
discriminate between analytical models for the densitylfighich are very similar (201).
Alternatively, one can use a halo model (Apperdix]A.3) whtee matter distribution is
described as a collection of halas (52) and the low order nrmbsnef weak lensing ob-
servables can be derived by averaging over the statistitteesé halos (274; 275). On the
other hand, one can use weak lensing to constrain halo giregpand to detect substruc-
tures (66). For the particular case of the smoothed conmeegthe probability distribution
function (PDF)? (k) can be expressed in terms of the PBE) of the 3D matter density
contrast within some simple approximations, see[Eql(A.f)s allows one to apply to the
convergence simple models which were originally devisedtie 3D density field such
as the lognormal model (278) or more elaborate ones (287%; 135 For more complex
weak-lensing observables such as the aperture-mass fheianations can no longer be
used and one needs an explicit model of the density comak{see AppendixIA) to derive
their cumulants or their PDF. We display in Higl 14 the resalitained from a hierarchical
ansatzfor the aperture-mass, for the skewness (left panel) andPEie of an estimator
of Mgp (291). In such calculations one must take into account theenassociated with
the intrinsic ellipticities of galaxies and the cosmic eate. However, the left panel of
Fig.[14 shows that despite these sources of noise futureywsisuch as SNAP should be
able to constrain cosmological parameters at a level of X0% such low-order moments,
whereas the right panel shows that the tails of the PIDM,p) should allow one to extract
information beyond low-order moments.
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Fig. 14. Left panel:The skewnes§y = (M3,)/(MZ)? of the aperture-mass (solid curve), for the
SNAP survey. The central error bars show the @ dispersion due to galaxy intrinsic ellipticities
and cosmic variance. The smaller error bars which are $lightfted to the left show the dispersion
obtained by neglecting non-Gaussian contributions to tbgetdsion whereas the smaller error bars
which are slightly shifted to the right show the dispersitmained from the estimator built from the
cumulant rather than the moment. We also show the effect P& ibcrease of), (lower dotted
curve), of a 10% increase of (central dot-dashed curve) and of a 10% decrease of theiftegdsh
(upper dashed curveRight panel:The pdfe (M) for the estimatoM associated with the aperture—
massMap. Note that the Gaussian noise introduced by intrinsic @diipes makesr (M) closer to
the Gaussian than the actual pelfMap) which only takes into account gravitational lensing. The
solid line shows the theoretical prediction, the dashed inthe Gaussian and the dotted line is
the Edgeworth expansion up to the first non-Gaussian temrsftewness). The error bars show the
1— o dispersion. From Valageas, Munshi & Barber (2005).

5.3 Primordial non-Gaussianities

So far we have discussed the non-Gaussianities associdtedne non-linearity of the
gravitational dynamics, assuming Gaussian initial cood#. However, results from future
surveys can also be very useful in constraining primordaad-@aussianity predicted by
some early universe theories (276). On the other hand, gkset theories of gravity can
have very different predictions regarding gravity-inddiceon-Gaussianities as compared
to General Relativity, which can also be probed using futiata. A joint analysis of power
spectrum and bispectrum from weak lensing surveys will jpi®a very powerful way to
constrain, not only cosmological parameters, but earlyarse theories and alternative
theories of gravitation, see also (229). Thus, a recent @&k has studied the possibil-
ity of constraining higher-dimensional gravity from cosnshear three-point correlation
function.
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6 Data Reduction from Weak Lensing Surveys
6.1 Shape measurement

Weak lensing by large scale structures induces a cohergnhant of galaxy shapes across
large angular distances. A crucial step for its measurensetite accurate estimation of
galaxy shapes, free of biases and systematics. A commomxaption is to describe
galaxies as simple elliptical objects, for which the quadta of the light distribution is a
fair estimate of the shegrIf we call f(é) the 2-dimensional light distribution of the galaxy
image, then the quadrupole momént is defined in its simplest form as:

o _ 1 9009 TE)(6-8)(6; &) 61)
/ deide; f(8)

whereb; is the centroid of the light distribution. The ellipticity = (e, e2) of the galaxy
is given by (using the same definition as in Seclion 3.4 with. By15)1(3.117)):

Q11— Q2. 2Qun )
Q11+ Q22 Q11+ Q2 /

When galaxies are not lensed (in the source plane), theiageellipticity is zerag) =0
from the assumption of isotropy. Lensed galaxies exhibiaegrage non-zero distortion
o = (&) over the coherence scale of the lensing potegtiaécause the shegrstretches
galaxy shapes locally in the same direction. The distorigogiven by Eql(6.2), where
Q is the quadrupole moment of the galaxy ima@e The relation between the source
quadrupoleQ® andQ' depends on the magnification matrix(see Sectiohl2):

(6.2)

(e1,82) = (

Q' =21Q%1, (6.3)

1-k—y1 -
- o (6.4)
Y2 1-K+wn

The matrixa of Eq.(6.4) describes the mapping between the source angeipianes.
The source galaxy surface brightnd$$0) is stretched along the eigen axisf and the
observed galaxy light distribution becomes:

where

£(8) = [1+(y1—|)ij e,-ai} £S(8) (6.5)

Figure[15 shows what is happening to the shape of a galaxyeimw#ak lensing regime.
The quantities of interest can be listed as follows (see Séstior 2):

e Convergence

o Distortion|5|=&=1

a’+b?
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Fig. 15. Schematic representation of a lensed galaxy. Isdhece plane, the galaxy is circular and
has radiugRy. Convergence stretches its average radiusRg/(1— k), and the sheay distort the
galaxy along some ang[& a andb are the semi-major and semi-minor axis respectively.
o Shearly|=2-F

. . -1 2 -1
e Magnificationu= [det2)] ™ = [(1—K)?—y?]

The convergence and magnification cannot be easily meabealise we do not know
the size of galaxies in the source plane. Therefore, we foouke shear (and the related
aperture-mashlyp, see Eql(2.12)) as estimators of weak lensing effects. Mexee would
like to point out that magnification has been measured safidgson SLOAN from the
excess of distant quasars around foreground galaxies §%6this technique could poten-
tially be a powerful probe of cosmology in the future. Thetalison offers the advantage
that we know statistically its value in the source plane, (@ = 0, meaning that source
galaxies are randomly aligned (but see Sections 4.7 ahd 4.8)

6.2 Point Spread Function correction

One cannot easily measure the distortdrior two reasons: the optics of the telescope
induce geometrical distortions that can be misinterpreted weak lensing signal if not
carefully corrected: the stars, which provide a picturehef Point Spread Function (PSF)
of the telescope’s aperture, have complicated, elongdtedes. The second problem is
that the weak lensing signal is better measured on distdaxiga. Indeed, since the line
of sight is more extended weak lensing effects have a greadgnitude, see EQ.(2.4).
However, these distant galaxies are small and faint, andkheoise for these objects is
large. Consequently, a naive estimation of the quadruRgl&om Eq.[6.1) is essentially a
measure of sky noise.

Refs.(150; 173) showed that one can overcome both problgri} f@ducing the noise at
the edge of the galaxy using a gaussian filter, 2) expredseeftect of the PSF convolution
analytically as a perturbation expansion, and use thedid+ term to correct the galaxy
shapes. The KSB methad (150) can be summarized as folloevshiterved eIIipticity.qObs

is the sum of three terms, the first is the intrinsic ellipy'ceﬂ'“ of the galaxy before lensing
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and before convolution with the PSfﬁ:?t is unobservable, but the isotropy of space implies
<qi”t) = 0. The second term describes the galaxy shape response tasatr@pic PSF
(which depends on a measurable quantity called the smearizadbility tensorﬂsj'm), and
the last term describes the response to the isotropic PSER{\@hpends on the “preseeing”
shear polarizability?Y, also measurable). Therefore the observed ellipticitpbess

obs e%nt Psm Pin 7 (6.6)

wherey; is the shear we want to measure gridis the stellar ellipticity estimated at the
galaxy position.PS™ p* andPY can all be estimated from the image (see (150) for the
details). Some refinements should be included when shapemeasured on space data
(109;1218), but they do not change the philosophy of the nektivnich remains a first-
order perturbative approach. The estimatiorpdfat the galaxy position is done by first
measuringd* on the stars and then interpolating its value assuming axslecaer polyno-
mial variation across the CCDs. This is a crucial step simc@accurate model could lead
to significantB modes in the signal (298), fortunately various models haenlproposed
to account for non-polynomial variations (114). Ref. (148% shown that we can perform
a singular value decomposition method of the PSF variatgwéen individual exposures
in order to improve the correction. This would be a partidylaseful approach for lensing
surveys planning to observe the same part of the sky hundfdoses (LSST, ALPACA).

The ultimate accuracy of galaxy shape correction is stillidewopen question. Whether
or not there is a fundamental limit in the measurement ofxyathapes is a particularly

critical issue for the design of future gravitational lengssurveys (see Sectién 6.3). KSB
has been historically the first shape measurement methdkingoand for that reason it

has been tested intensively, but its accuracy is not expéctbe better than 5-10% (72).

Clearly this is not enough for precision cosmology whichksesub-percent precision on
shape measurement.

Many post-KSB techniques have been developed over the pasgdars in order to im-
prove upon the original KSB approach, most of them are beitensively tested only now
(102;188). A quick summary of these methods follows. Thelee@an obtain the details
by looking at the original papers or the description giver{lif2). Ref. (163) proposed
to model the PSF and the galaxies by a sum of Gaussians ofetiffevidths. The pre-
seeing galaxy shape is recovered by?aninimisation between the galaxy model and the
measured profile. (153) extended the original KSB by prgperbdelling the PSF with

a realistic kernel, dropping the assumption of a Gaussiafil@r The PSF is then circu-
larized prior to measuring the galaxy shapes (the cirad#ion technique is also used by
(265)). A radically different approach consists in projegtthe shapes (galaxies and stars)
on a basis of orthogonal functions (29; 220;/221). The efiéconvolution and shear can
be expressed analytically on the basis functions and thgigsolof the preseeing galaxy
shape can be found by a straightforward matrix inversions Técthnique turns out to be
important not only for shape measurement, but also for sitmg realistic galaxy profiles.

It also offers in principle a total control of the differemogesses changing the shape of a
galaxy (shear, amplification, PSF, etc...). Mathematycalbalaxy with profilef (é) can be

52



decomposed over a set of basis functiBgs ) (6;B) as

f (é) = Z f(nl,ng) B(nl,ng) (él B)? (67)

(ng,m2)

where 3 is a scaling parameter adjusted to the size of the galaxy we t@aanalyse,
fininp) = fn are called the shapelets coefficients, &y ,,) could be any family of poly-
nomial functions fulfilling our favorite recurrence relai (orthogonality, orthonormality,
etc...). Although the description is given here for a castesoordinate system, the same
formalism can be developed for any coordinate system batited for galaxy shape anal-
ysis (see (186) for a derivation using polar coordinatelsg donvolution of a lensed galaxy
f(8) with a stellar profileg(8) produces a galaxy with profile(8) such that its shapelets
coefficients are:

hn = chml fmol = Z Pam fm, (6.8)
m, m

whereC andP = Cg are matrices that can be measured on the data. The presadang g
profile can be formally obtained from the matrix inversibn= P~1h. (29) developed a
similar method but they also perform a circularization of ®SF like in |(265) prior to
the measurement of the pre-seeing galaxy shape. (164) ipdenranted a version of the
shapelet technique based on ideas developed in (163) whkrdas and PSF are decom-
posed on a fixed set of simple profiles. Currently, there ardifferent shape measurement
techniques, and several implementations of KSB, corredipgrto more than a dozen of
different pipelines. This clearly demonstrates the ricgsnef the topic, but one should en-
sure that they all lead to the same shear measurement. A csopaf the performances of
all these techniques is shown|in (106), but the authors fmxlien analytical galaxy profiles
instead of real, noisy, profiles. They found that KSB wasgening the best, which is sur-
prising given the number of approximations involved. The&hTEsting Program STEP
(102; 18d)_£| has been setup in order to systematically perform intenesats of shape mea-
surement methods. Its goal is to test the different pipslmesimulated and real data sets
and to find the ultimate limit of shape measurement from spadeground based images.

(102) measured the difference between the measured ghi&&and the true sheaf™®
on a large number of simulated images with very different Bigtulating various optical
defects of the telescope. The chosen parametrization was:

VRSV = QO e (6.9

whereg, mandc; are measured from different realizations of image qualtyK anisotropy
and seeing size). Figurel16 shows the r.m.s. of these paen#tshows the main result
from STEP, indicating that shape measurement accuracytlisnihe few percent range,
at least one order of magnitude above the required accuocadytiure experiments such
as SNAP and LSST. This figure also shows that KSB is performengarkably well, in
agreement with (106), and the newer methods are potenghedliy more powerful.

1 http:/iwww.physics.ubc.calheymans
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Fig. 16. From Heymans et al. (2006), plot showing the calibnabiasm, PSF residual and non—
linearity (q) for different pipelines (see Heymans et al. 2006 for a coteqlist of references and
detailed description of the methods).

Among all the methods, the very attractive feature of thgelws lies in the fact that each
transformation experienced by a galaxy (PSF, shear, cgermee, etc...) can be expressed
as a simple set of operators acting linearly on the set ofslfasictions describing the
galaxy. A general transformation of the galaxy shape istioee a linear process which can
formally be solved in one pass to provide the pre-seeingeshBpe shapelets, or similar
approaches (29), provide in principle a perfect descniptibthe galaxy shapes. Is it the
ultimate method with the best possible accuracy? In the Wesading regime for instance,
the quadrupole of the light distribution fully describes gheay, a two-components spin-
weight 2 object, and it is unnecessary to measure the deffaitee galaxy shape. In that
case, the shapelets might appear like overkill, and ligitire number of basis functions is
appropriate (164). The solution of the shape measuremebtgm is a trade-off between
an accurate description of the galaxy morphology (i.e.>gasructures) and an unbiased
measure of the second order moments: we want to describaldveygshape with enough,
but not too many, details. This optimal trade-off dependshenweak lensing information
we want to extract from the galaxy distortion. For instarinehe weak lensing regime,
it is assumed that the shear does not vary across the galakyha quadrupole of the
light distribution is then a complete description of thedieny effect. This is equivalent
to saying that the centroid of a lensed galaxy is the lensattad of the source galaxy.
Mathematically, this means that

(és— éSC) ~ 7 (é' _ é'C> , (6.10)

where8S and8' are the angular position of a galaxy source and image rasphctand
65C and6'C are the centroid position of the source and image respéctizg.(6.3) is a
direct consequence of this approximation. It obviouslyaksedown near the critical line
where the determinant of the amplification matraixs zero and the magnification is infi-
nite. The source galaxy is then strongly distorted and tatiwnal arcs are observed (75).
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In the intermediate regime where source galaxies are nilidlprted and have an arc-like
shape, weak lensing is just an approximation, and the gpatiwf the light distribution
is not enough to quantify the lensing effect. A higher-ordiescription of the galaxy shape
becomes necessary (86). Refs.(€7; 9; 189) developed theytbéflexionwhich is a de-
scription of the next order of shear measurements, the olgtom that case, EQ.(6.110) is
not valid and should be replaced by:

1
0 = 4i;8; +§Dijk9iej, (6.11)

whereDjjx = dk4ij is given by:

—2Y11—Y22 —Y21 Y21  —Y21
Dij1= ; Dij2= : (6.12)
—Y2,1 —Y2.2 —Y21 2Y12— Y21

Higher orders of galaxy shapes are a probe of higher orderatiges of the gravitational

lensing potential (239). This is therefore particularlyewant for lensing by cluster of
galaxies and space quality images, because the latter iswtdd for an accurate mea-
surement of galaxy shapes beyond the quadrupole. The natiorebetween the source
and image galaxy profile is given by

(8) = {1+ {(x 1), +%Dijkejek} ai} 15(8), (6.13)

which replaces Ed.(6.5). The flexion terms can be conveyiexpressed in terms of
shapelet operators (87). The practical utility of flexiors Imat been demonstrated yet, but
progress is being made to show whether or not it is measurahie the development of
CCD detectors in space it is likely that flexion could provigeeful lensing information

©).

Lots of progress has been made in the measurement of galapgshkince the original KSB
paper in 1995. The most recent shape measurement methgds{ids that the one per-
cent accuracy goal has not yet been reached, and most ofdhienefv consists of showing
that this goal can be met in order to perform high precisisnumogy with weak lensing;
this is the primary goal of the STEP project. With the deveiept of these techniques and
improving image quality, it becomes possible to measurédrigrder shear effects such
as the octopole. Shapelets or a similar method are pantigwiseful to extract high-order
morphology information, while KSB is enough for percentgiséon shear measurement
(102;/188).

The shapelets can also be used to generate realistic imbgakwies, which is important
for testing shape measurement methods. Here one uses iagraét toteacha galaxy

image simulator how to generate a realistic combinatiorhapslet coefficients in order
to reproduce statistically real data sets. One such galexylation is shown in Figure 17.

55



Fig. 17. Simulating galaxies with shapelets: top-left isatagy from the Hubble Ultra Deep Field
and the other panels show its simulated image using the gtepéthny,x = 5,10, 30.

Ref.(189) for instance simulated galaxies using the sledégelhose distribution has been
trained using the Hubble Ultra Deep Field.

6.3 Statistical and Systematic Errors

In this Section, we consider the potential sources of ermat systematics in the shear
measurement, not the error caused by intrinsic alignmet Gection 417) and selection
biases correlated with the shear orientation and ampli{Ldé). The latter was shown to
be negligiblel(102).

A complete description of galaxy shape is certainly not ssagy for most weak lensing

applications. According to (102), the main limitation inesin measurement comes from
the calibration of the shear amplitude: the PSF anisotrspglatively easy to correct, but
the isotropic correction due to the seeing is still not aataito better than a few percent
(see Figuré_16). An additive error should also be considasduggested by Figure]16.
Ref.(132) has shown that, in order not to degrade signific#imt cosmological parameters
estimation from future weak lensing experiments (SNAP a88T), the additive error has
to be less then I, which is one order of magnitude better than what can be aetiie

today (see Figurle 16). It is still unclear how to estimateitijgact of the additive error for

realistic surveys, since the redshift, color and morphphigpendence might be quite com-
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Fig. 18. Two sources of error: statistical noise and cosraitamce. The curves show the diagonal
part of the covariance matrix for either source of noisemadised by the fiducial model shear
variance. The thick solid lines show various levels of nplitative errors from 0.01 to 0.001.

plicated and are not yet well understood. The multipliGa(ive. calibration) error of the
order of one percent does not seem to degrade dramaticallyomological parameters
constraints|(132), but this is because the cosmologicatcaints come from the largest
scales, where the error budget is dominated by cosmic @&iand not by the multiplica-
tive error (300). Figure 18 shows that a large multiplica#vror degrades significantly the
weak lensing signal at angular scales less than 10 arcrsinatel has no effect at scales
20 arcminutes and above. Therefore a complete scientifioluadensing survey is also
dependent on our ability to reduce the multiplicative emoit only the additive error. With
the STEP effort(102; 188) and the large amount of ground padesbased data available
from current weak lensing surveys, the shape measurenserd vgill probably be solved
within the next 2 or 3 years. The major source of error for wiesising survey will then
become our ability to estimate the photometric redshiftdefsource galaxies (300). This
is a powerful technique, but the redshift error is large aftenothere are multiple redshift
solutions due to spectral features not covered by the selterfsfi This is clearly shown
in (133), where photometric redshift degeneracies arewdft the 5 filters ugriz of the
MEGACAM camera. Ref.(132) has shown that the requiremerghaftometric redshift
precision is tight if we want to achieve tomography: for argte the average redshift needs
to be accurate to better than 1%. A large number of filtersenagptical and near infrared
coverage would then be necessary. Refl(161) finds that tjuereenents are less severe for
3D weak lensing (see Sectibh 4).
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7 Simulations

In order to obtain good signal-to-noise for estimates ofrmmegical parameters, it is nec-
essary to probe many different scales, including smalkescahere linear or second-order
perturbation theory is not valid. As we have no exact anedytilescription of matter clus-
tering at small or intermediate scales, numerical N-bodyutation techniques are em-
ployed to study gravitational clustering in an expandingkgaound. Numerical techniques
typically use ray-tracing techniques through N-body seiohs to study weak lensing of
background sources. Other methods include line-of-sigtegration of shear. Although
often only limited by computational power, numerical teicfues too depend on various
approximations which can only be verified by consistencgkb@against analytical results.

Simulating (strong) lensing by individual objects can pdewaluable information regard-
ing background cosmology through the statistics of arcs, esg. (284, 204) for early
studies. Simulating weak lensing surveys on the other haoblegs inhomogeneous mat-
ter distribution by large scale structure in the UniversarlfEattempts to simulate weak
gravitational lensing by inhomogeneous dark matter distion was initiated by various
authors in the early 1990s. These studies include (231;18E2|5; 17; 32). However the
most detailed studies in this direction started emerginthkeylate 1990s! (304) following
up previous work done by (302; 303) presented a detailegsisaif lensing by large scale
structure. On a slightly larger angular scale this studyexésnded and complemented later
by the work done by (137) who constructed shear and conveegaaps using ray-tracing
simulations. With ever increasing computational powerttfpacal size of the sky which
can be simulated using ray tracing experiments has inaleager the years and recent
studies can now focus even on scales comparable to tens edeghile still resolving
smaller angular scales well. These numerical developniawis also stimulated improved
analytical modelling of weak lensing using perturbativeht@ques at larger angular scales
and halo-based models or the hierarcharadatzat small angular scales.

7.1 Ray tracing

In case of experiments involving ray-tracing simulatiomse combines several large-scale
boxes obtained from cosmological N-body simulations tddoailarge simulated volume
from the observer up to the source plane at redghifthen, the dark-matter particle dis-
tributions whithin each box are projected on successivedingensional planes up to the
redshift of the source. Typically up to 30 such planes areleyeg to sample the matter
density to a source redshift af ~ 1 and 16 rays are propagated through the N-body data
volume. The computation of the derivatives of the grawitadil potential in each of these
lens planes is performed using FFTs. This provides the gkeaaor at each plane which
allows to follow the deflection of the light rays from one ptato the next. The Jacobian
matrix 2 of the mapping from source to the image plane determinesigmdbservables
such as the convergenkand the shear componenisy., see EqL(Z2]6). Such an algorithm
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Fig. 19. The blue elongated dis nuageekground galaxies. The dark mat-
ter filaments from numerical simulations which were usedmuiate the survey are also plotted to
show alignments of ellipticites of observed galaxies witlderlying filamentary structures (Figure
courtesy: Stephane Colombi and Yannick Mellier).

is also known as the multiple-lens algorithm (see e.9. (2&2nore detailed discussions).

Various numerical artefacts that determine the resolutf@ray-tracing simulation include
the spatial and mass resolution of the underlying N-bodykition through which the ray
tracing experiments are being performed as well as the di@eagrid which is used to
compute the intermediate projected densities and thetgtmnal potential. The finite size
of the simulation boxes on the other hand determines thesa@ngular scales to which
we can reliably use the results from ray-tracing simulaiddepending on the size of the
simulation box and source redshift one can typically cartsta few degree square patches
of the sky. To improve the statistics, the N-body simulatiax is rotated and ray tracing
experiments repeated, to generate additional weak leskypatches.

Studies using ray tracing simulations were initiated \by7)13 hey used a 256adaptive
P3M simulation outputs from Virgo to perform the ray-tracirigisilations. The lens plane
grid used to compute the potential and its derivatives frioenprojected matter distribution
had a resolution of 2048Depending on a specific cosmology these studies generataid w
lensing maps of a few degrees, with resolution down to sabvamutes. Recent ray tracing
simulation using multiplane techniques include the onesqmted in (92)

7.2 Line-of-sight integration

Ref.(58) pointed out that several problems can arise in Waang studies from the use of
the multiple-plane approach described in the previous@gatspecially when the sources
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are distributed at relatively high redshifts. In partieuthe projection of the matter distribu-
tion onto successive 2D planes orthogonal to the mean lisigbf clearly approximates all
angular diameter distances by a constant within a giverhiftdisterval. This may lead to
significant errors if these intervals are too large. Thus,(B&) introduced a 3D algorithm
which computes the second derivatives of the gravitatipagntial®(x) within the full 3D
volume using FFTs. Then, light rays are followed within tizev®lume and deflections are
taken into account along the 3D grid using the local denestiof the gravitational poten-
tial and the local angular distances, which allows to dettieJacobian matrix between
source and observer planes (for more detailed discussseng=3] 10; 11)). The variance
of the cosmic shear obtained from this algorithm was contpaith analytical predictions
and other simulations in (12). More detailed comparisomeapin (13; 291; 201) where a
good agreement was found with a whole range of analyticaligtiens.

It should be noted that ray-tracing simulations and lineight integrations still remain
costly options to simulate a reasonable portion of the ski wairly low resolution. This
limits the number of independent realizations which canibrigted. However, to probe
the small angular scales where non-linear gravity has rext bederstood analytically yet,
simulations are the only reliable option against which ahlgtical predictions are tested
regularly.
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8 Weak Lensing at other wavelengths

Current weak lensing surveys mostly rely on statisticadigtsiof ellipticities of background
galaxies at optical wavelengths. However various authave ltonsidered the possibility
of weak lensing studies in other wavebands, both for indiaidadio or IR sources at high
redshift and for the fluctuations in the integrated diffusession from unresolved sources
(55;/214). It was pointed out that future facilities at radiavelengths will even start com-
peting with space-based optical observations which argddby their ability to resolve
the shape of distant sources and their small field of viewidradrveys by the proposed
Square Kilometre Array (SKA) will be able to make huge pragran this direction by re-
solving orders of magnitude more sources (238). In addtbaesolved individual sources
it was also suggested that integrated diffuse emission thenfirst stars and protogalaxies
at high redshift £, = 15— 30) as well as 21cm emission by neutral intergalactic medium
can provide useful arenas for weak lensing studies. It walizezl that such programmes
could be very useful in bridging the gap between weak lensurgeys based on optical
studies of nearby galaxies at a redshift of a few and weakrigretudies of the CMB at
a redshift ofzs = 1100. Nevertheless separating galactic contamination msmological
signal remains a difficult task.

8.1 Weak lensing studies in Radio and near IR

Future radio facilities, such as the proposed Sk avill be superior to current radio ob-
servatories by orders of magnitude, particularly in itsdfief view, and in sensitivity. In
addition, the higher resolution achieved by SKA will plat@ia much better position than
the present generation of radio telescopes. Surveys usiAgniill push radio astronomy
in a position where the number density of radio sources wilcbmparable to that of the
optical sky (where the number density of useable galaxies3§ arcmin? up to a red-
shift of order unity, for ground-based surveys). This isgole thanks to the fact that SKA
will be able to observe 100 times fainter objects than culyexchievable; the radio sky at
present is almost literally empty. For effective weak legsstudies the number densityf
sources as well as the mean redshift of soufzgsshould be as high as possible. However
predictions about these faint radio sources and t{zgirandn is currently less certain. If
the dominant population consists of normal or star-forngatpxies the average redshift
would be roughly unity. Additional populations of sourc@sanake the redshift distribu-
tion less certain. Another complexity in the whole scen&ithat we do not know to any
accuracy the shape distribution (i.e. the valuegfof the faint radio sources. Ideally one
would hope for near-spherical sources with no intrinsipadities acting as source objects,
i.e. with o; as low as possible. If the radio sources in SKA are dominayetbbe-jet type
objects, therog can be very high, whereas normal galaxies have relativelgidvalues.
The field of view (FOV) for SKA will be large and clearly the PSHI be controllable;

2 http://www.skatelescope.org/
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this makes it comparable or probably better than the pragsrgration of optical surveys.
As discussed above, seeing provides a fundamental lionitdtir optical telescopes: as
they become fainter, the source galaxies tend to becoméegrtad. This limits the num-
ber density of sources for which the ellipticity can be meadueliably. A situation where
point sources dominate resolved source number countseadimpresent in some of the
deepest space-based images available to date. ThesesitiotuHubble Deep Fields North
and South and recent images from the Advanced Camera foex@a(#CS) on the Hubble
Space Telescope (HST). Clearly the space-based imagesiahet@atter compared to their
ground-based counterparts, but the FOV of such obsengsdimited. Radio observations
using future facilities could be highly productive as theyld combine high measurable
source density and large FOV. However, these conclusiolhsi@pend to some extent on
the intrinsic properties of the sources, and further asghatesources are not too elongated
and that the average redshift distribution of these souscest too shallow.

8.2 Possibility of 21cm weak lensing studies

Usually background objects can be broken down to individoakces at optical and infra-
red wavelengths, but the emission of 21cm radiation! (24&;283; 134; 77) from neutral
gas prior to reionization, and the CMB, provide examplesrolytdiffuse backgrounds
(211;/271| 263; 126).

At high redshifts, typically beyond current large-scaleveys, the unresolved point sources
become more dominant. At a source redshifzo&= 15— 30, first generations of stars
and protogalaxies start to appear according to currentryhefogalaxy formation. These
point-like objects provide a perfect background for weatslag studies due to the large
distances that light rays need to travel from these objectedch us. Though detection
of these objects is beyond present observational techpalog spatial fluctuations in the
integrated diffuse background emission can be poteniistyresting for lensing studies if
we assume the most optimistic emission models.

The analytical formalism for weak lensing studies of diffusackgrounds has recently
been established (55). Borrowing techniques from studiegeak lensing of the CMB,
this shows that a perturbative approach - typically empdaygestudy CMB lensing - will
still be valid for diffuse background studies. This is désphe fact that unlike the CMB
there is considerable power at small angular scales duesttath of damping tail. This
indicates that a perturbative series has a comparatively gbnvergence rate and a larger
number of terms need to be included for realistic calcutetio

In contrast to CMB lensing studies (310; 19; 90;125; 10 wieak lensing studies based
on diffuse components suffer from the fact that the lensinglification to the power spec-

trum is minor at arc-minute angular scales and the lensifagrimation that one can extract
from low-redshift diffuse background is significantly lited. This is related to the pres-
ence of significant structure in CMB power spectra, as sigahiby the acoustics peaks,
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Fig. 20. In the left panel convergence power spectra fohiéids = 9 are plotted. The dotted line on
the left corresponds to noise level expected from PAST/LRhere as the dotted line on the right
corresponds to noise level expected from second geneBA&T+ and the SKA. Measurement
errors and accuracy of various surveys in estimating maptteer spectra are compared on the right
panel. Solid line corresponds to the matter power specttum®as in left figure. Dot-dashed line
corresponds to power spectrum of patchy reionization wikiiaa factorb = 4 for more details).
Dashed lines correspond to noise levels expected for PASBarond generation PAST+. Dotted
line corresponds to fractional accuracy of power spectrsiimation per logarithmit bins. (Figure
Courtesy Ue Li-Pen)

which is lacking in the case of diffuse background studidse Ppresence of a damping
tail in the CMB means that the convolution associated withkvensing effects transfers
some power from larger angular scales to smaller anguldesea the arc-minute range,
which makes it most easily detectable. Use of polarizatdormation in CMB also carries
much richer lensing information as compared to unpolardiffidse background studies.
Moreover, at the last scattering surface where the CMB teatpee and polarization fluc-
tuations are generated they follow a Gaussian pattern. [Emsing due to the intervening
mass distribution imprints a non-Gaussian footprint wiuah be effectively used to extract
cosmological information (23; 157). There have been exterstudies in this direction us-
ing higher-order moment-based techniques (seele.qg. B#¥ontrast the non-Gaussianity
generated by weak lensing in diffuse backgrounds such &lttra background is unlikely
to be detected in near future. Nevertheless if possible 2deak lensing studies can extend
the reconstruction of the integrated matter power spectruinto redshifts of 15 to 30, and
will bridge the gap between current and upcoming galaxyihgnstudies and the CMB.

8.3 Using resolved mini-halos for weak lensing studies

Concentrating on mini-halos that will contribute to the @llbackground radiation, (214)
found that instruments such as PAST, LOFAR would tremengaonprove our knowledge
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of some key cosmological parameters. Before reionizatiwost of the baryonic matter in
the Universe is in the form of neutral hydrogen. The first gedional bound objects are
the collapsed virialized dark matter mini-halos where ttgsitral hydrogen resides. These
mini-halos (17/7; 134; 135) provide a fluctuating backgrowiiti a characteristic scale that
can be used for weak lensing studies.

For weak lensing studies, one would like to have a backgrairadhigh source redshift
that also exhibits structures at small scales. Clearly M8 Gatisfies the first criterium but
it is smooth at small scales. It was pointed out that the Usivat the epoch of reionisation
might be the most natural place to look for applications oékvEensing studies. Clearly
not only it is at a very high redshift, but also it emits bright the hydrogen hyperfine
transition line and has structures on many scales rangiomg $everal arcminutes to under
a milliarcseconds. Experiments which will target theseipalar redshifts and wavelengths
are being planned, including some that are already undeggmnstruction, e.g. PAST,
LOFAR (156. Other experiments which will have low signal-to-noiselirte T-REXE|
and CATWALKE,

Presenting a detailed calculation of signal to noise amali4) argues that weak lens-
ing studies of epoch-of-reionization gas can constrairmptbgected matter power spectrum
to very high accuracy. Use of tomography can further in@dhs level of accuracy with
which certain cosmological parameters can be constraineds claimed that with such a
technique, the neutrino mass could be constrained with euracy of 01 meV. The infla-
tionary gravity-wave background and consequently thetiofiary dynamics as encoded
by the Hubble parameter during inflation can be constrain#ddivigh accuracy too. These
calculations show that such 21cmm weak lensing obsenstiom an order of magnitude
better than those from galaxy surveys. However such ogitrssenarios will require re-
solving each of the 18 mini halos that will be observed on the sky.

Clearly several problems arise when one tries to map gtaonta lensing at such an am-
bitious scale. For example (207) have shown that synchramission from ionised gas
can outshine the 21cm radiation. However, (77) pointed loait such components can be
removed by power-law spectra from spatial fluctuations.

3 http://astrophysics.phys.cmu.edu/ jop/past6.pdf

4 http://www.lofar.org/

5 http://orion.physics.utoronto.ca/sasa/Downloadpdsascaposter.pdf
6 ftp://ftp.astro.unm.edu/pub/users/john/AONov03.ppt
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9 Weak Lensing of the Cosmic Microwave Background

Observation of cosmic microwave background (CMB) radrati® one of the cleanest
probes of cosmology| (126; 127;/63; 129; 44;1249). Howdeasingof CMB photons
by intervening mass clumps can provide additional inforameébout the structure and dy-
namics of the Universe. Besides, lensing of the CMB providiEsmation at larger scales
and higher redshift than can be reached by any other astioabobservations. Weak
lensing of the CMB is responsible for many observable effedtich have been studied in
extensive detail - for a detailed review see (168). Calautatof these effects have been
made both for temperature and polarisation anisotropiés4@172| 254, 193).

9.1 Effect of weak lensing on the temperature and polaonsgtiower-spectrum

Lensing broadens the acoustic peaks and enhances powealhasgular scales. These
features are non degenerate with the standard cosmolggicaieters. This allows a de-
termination of the lensing amplitude by comparing the obsgispectra with CMB spectra
of different mass fluctuations.The magnitude of distorisensitive to the level of mass
fluctuations as a function of redshift and scale. This in wepends on the background
cosmology. In this way lensing of CMB can be used as a windograobe the fluctuations
in the dark matter distribution over a huge range of redslaiftd length scales.

Lensing generates a non zero B-mode polarization from dypHlrenode. (Note that here

we are referring to E and B modes in the CMB polarisation map,mthe shear map).

B-modes generated during inflation by tensor mode pertimor gravitational waves

produce a distinct spectrum which can be used to discrimibatween different classes
of inflationary models. Lensing of E-modes produces B-madaigsh dominate the more

primordial signal on small scales, and which are considerathly as a source of confu-
sion in polarisation experiments. Detection of a primdrBianode signal in the presence
of lensing therefore pushes observational strategiesrti®sfavouring larger sky coverage
(155;/255). A low sky coverage and presence of boundariescalgses additional con-
fusion by introducing mixing of E and B modes. It is howeveefu$ to note that as the

inflationary B-mode signal is mainly significant on large alag scales experiments with
low resolution can also be very promising. High resolutiemBde detection experiments
will typically employ a “delensing” step in data reductiangffectively restore the unlensed
sky from the lensed data.

Typically the power spectrum of the lensed map is computed bgries expansion in the
deflection angle. A perturbative expansion in the deflectingle is a transparent way to
understand most of the lensing effects. Non-perturbatre¢uations of lensing effects are
carried out by considering the correlation function (252;/41; 311 55; 178).
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Fig. 21. Left Panel: Power spectrum for the temperatureotnoigies in the fiduciahCDM model
with T = 0.1. In the case of temperature, the curves show the local tagiveantributions to CMB
due to gravity (ISW and lensing) and scattering (Doppler,eHécts, patchy reionization). See,
Cooray,Baumann & Sigurdson (2004) for a review on largeessailicture contributions to temper-
ature anisotropies (Figure Courtesy: Asantha Coorayhtfgnel: CMB B-mode polarization. The
curve labeled ‘IGWs' is the IGW contribution with a tensordcalar ratio of 0.1 with (solid line;
T = 0.17) and without (dashed line) reionization. The curve labélensing’ is the total lensing
confusion to B-modes. Thin lines show the residual B-modsilteg contamination for removal of
with lensing out tazs. See, Sigurdson & Cooray (2005) for details.

9.2 Non-Gaussianity in the CMB induced by Weak Lensing

Primordial perturbations produced during inflation areyvezarly Gaussian and the linear
evolution of these perturbations up to the last-scattesuréace does not generate any non-
Gaussianity. Weak lensing by the intervening matter distron however does introduce

non-Gaussianity in maps of the CMB sky (311).

All odd-order correlation functions vanish for a Gaussiandom field. On the other hand
weak lensing generates a non-zero contribution througreledions between the large-
scale temperature and lensing potential. This crossdatioe which is due to the In-
tegrated Sachs-Wolfe (ISW) effect at large angular scadestberefore be a very use-
ful tool to probe the growth of perturbations and the expamgiistory of the Universe
(124,256, 85; 82; 8§3; 84). This implies that such studiestmnery useful tools for study-
ing the dark energy equation of state (270) or the neutrinesnii665). These correlations
are negligible on smaller scales. Besides non-linear @éeolwf the matter distribution
as well as late time non-linear effects including the Sumyaeldovich (SZ) effect also
contribute to the bispectrum. The four-point correlatiandtion is the lowest order non-
zero correlation function which does not vanish in the abseri any the cross-correlation
between the low redshift mass distribution and the CMB temadpee distribution. The non-
Gaussianity studies involving polarisation fields are \&@nyilar to the temperature case, at
least for the E-mode polarisation. Various combination®of-point correlation functions
involving E- and B- mode polarisations have been studiethénliterature((23; 122). For
future high resolution all-sky polarisation surveys sutldees will be feasible.
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9.3 Weak lensing effects as compared to other secondargteopses

The thermal Sunyaev-Zeldovich (tSZ) effect, which is calusgthe scattering of photons
from hot electrons in clusters, is a dominant anisotropytrdaumion on small scales. Due
to a very characteristic frequency spectrum such a compaaerhowever be readily sepa-
rated from primordial anisotropies. Another secondaryt@amination, the kinetic Sunyaev-
Zeldovich (kSZ) effect, has the same frequency dependesteegrimary anisotropies, so
is harder to separate. Similarly, lensing does not causdragyency shift in an otherwise
perfect blackbody spectrum of primary CMB. Thus non-lingaurces, such as kSZ are po-
tential sources of confusion, when trying to understanceffect of lensing on the CMB.
Current uncertainties in the reionization history and togg of reionization patches also
make it more difficult to model. For polarisation spectra kivgetic SZ is sub-dominant,
simplifying the situation to some extent (289] 30; 43;/262).

9.4 Lensing of the CMB by individual sources

On small scales, the CMB lacks power. As mentioned earliestrof the power is gener-

ated by secondary anisotropies and transfer of power frogeldacales to smaller scales
due to lensing. This raises the possibility of detectingvilddial cluster-mass objects in

CMB maps by their effect of lensing on the CMB. Unlike otheolpes such as the SZ
which depends on baryon physics, such studies can con#itiaiohysical mass distribu-

tion of individual objects directly (167; 64; 53).

9.5 Future Surveys

In the future, satellite experiments such as PI%(:IO be launched in 2008) will be in a
good position to detect the effect of lensing in temperapoeer spectra.ln the case of
polarisation, experiments such as cLoVEand QUIE'E], which are being planned, will
have detection of B-mode from inflation as their primary sceedriver ((169; 200; 269;
171). Ongoing experiments such as Q@bmay reach the required sensitivity, but for all
of these, lensing is the main source of confusion on smalksdar such experiments.

" http:/lwww.rssd.esa.int/index.php?project=Planck

8 http://www.astro.cf.ac.uk/groups/instrumentationjpcts/clover/
9 http://quiet.uchicago.edu

10 http:/iwww.astro.cf.ac.uk/groups/instrumentationjpcts/quad/
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10 Weak lensing and External data sets. | ndependent and Joint Analysis

Weak lensing is a very powerful probe of the projected darkenalustering, and in prin-
ciple it is very good at constraining the cosmological pagters playing a dominant role
in the structure growth. The main limitation comes from ttrersy degeneracy between the
dark matter power spectrum normalisatmyiand the matter densiQ, (see the introduc-
tion of SectioriLb and Ed.(2.9)). These two parameters arersegte because any change
in Qmn can be balanced by an appropriate changesislowing down or accelerating the
growth rate. Inl(22) it was shown that the shear varianceadé g scales roughly as

(n+2)

(Ve 0 03QL221%05 7. (10.1)

This equation, which is the first term of the perturbationeseon the mass density contrast,
assumes a power-law power spectrum with constant si@mel a single source redshat

It has a very limited application but it has a pedagogicaligah that it shows that the pa-
rameter degeneracy betweegandQ, extends to the source redshift as well. Therefore,
weak lensing in 2D can become a high precision cosmologydoby if it is combined
with another cosmology probe and provided we hageadknowledge of the source red-
shift distribution. The simultaneous observation of nmeér and linear scales in lensing
surveys shows some features in the projected mass powerispeghich helps to lift this
degeneracy (136). Alternative approaches which can dtsdeljeneracies were discussed
in Section 4, using 3D information, and in Sectldn 5, usinghler-order correlations be-
yond the shear variance. However, like any other cosmologlyey this is not enough for
weak lensing to be a high precision cosmology tool alonehis $ection we review the
advantages of combining lensing with different probes aedutline the gain on cosmo-
logical constraints in the future missions.

10.1 With CMB, Supernovae and Baryon Acoustic Oscillationsobe Cosmology

Weak lensing alone provides a measur@gf g, provided that the redshift of the sources
is known. This means that weak lensing best performance tiseirmeasurement of the
amplitude of the projected mass power spectrum. For thsoreat is very powerful at
breaking the parameters degeneracies seen in other cagnwlabes, which are usually
sensitive to other combinations of cosmological paranseters known, for instance, that
a precise measurement o and Qn, can be obtained from the combination of lensing
and CMB (298} 50). Figure 22 shows the set of parameters toinbdined for an optimal
joint CMB-lensing analysis (282). This result, obtained foe CFHTLS and WMAP1
surveys, is not modified for a different choice of lensing &MB data sets. Note that
the best improvement is obtained on parameters which theesbfahe dark matter power
spectrum is the most sensitive to: the mass derixitythe power spectrum normalisation
og, the reduced Hubble constdntthe primordial power spectrum slopgand the running
spectral indexx = —dIn(ns) /dInk.
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Fig. 22. Figure showing the most orthogonal parameter degéins between CMB (WMAP1) and
weak lensing (CFHTLS). The set of parameter®jg 0g, w. = Qch?, ns, as andh (from Tereno et
al. 2004).

For the lensing signal alone, an improvement of a faetd@ in the parameter errors is
expected if the lensing signal is combined for differentrseuredshift slices instead of
measured from the broad source distribution (276). Thitiégswell known tomography

technique which requires the measurement of photomettghifis (see Sectidn 4.3). Un-
fortunately, for these parameters, the improvement cammburther increased with a larger
number of source slices: one can show that the signal-teersaturates for a maximum of
3-5 redshift slices (277), which is a consequence of thetfattthe lensing selection win-
dow is a rather flat function of redshift where the signal is sitrongest. Another source
of improvement for the lensing constraints is the use of &igirder statistics|((276), see
Sectior(b of this review): the probe of the non-linear regwhstructure formation helps

considerably in the determination of the precise momentnwhege scale structures be-
come non-linear and at which scale. This event is a strongtifum of the cosmological

parameters, in particular of dark energy (183; 18). Somesareaent of high order statis-
tics have been done (26; 213), but this area of researchlis st infancy.
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Fig. 23. Panels showing the measurement forecast of theedarigy equation of state parameigr
and dark energy densi@pg from the baryon oscillations (top-left panel), supernoka@op-right
panel) and weak lensing (bottom-left) from the DETF rep@Q06).w, is the equation of state
parameter of the Dark Energy parameter at an intermediatet”pedshift, usually a little less
than 0.5. Solid and dashed lines are for optimistic and pessSc surveys respectively. The surveys
characteristics are described in the text. The bottomt-nigimel shows the constraints from the
PLANCK CMB experiment with a lensing survey (Takada & Jai®2

The main science driver for cosmology has become the maasuateof the Dark Energy

equation of state. The Dark Energy Task Force report (DEZFuid the ESA-ESO work-

ing group report (210) are summaries of where cosmologyading to for the next decade:
there is a consensus among cosmologists that the goal otimegathe dark energy param-
eters can only be achieved from the joint analysis of sewmrsinological probes. Figure
[23 shows the dark energy parameters forecast for the futperienents (which includes a
pessimistic and optimistic cases). Most of the panels anfiure are extracted from the
DETF report, and they show the various degeneracies fogrdift cosmological probes.
The three projects that DETF has considered are the follgwin

e Baryon Oscillations: 20000 square degrees, ground-basgdys Photometric redshifts
cover the 0.2-3.5 range, and their precision.®10for the optimistic case and@@b for
the pessimistic one.

e Supernovae: ground-based survey with 300000 supernovese pfiotometric redshift
accuracy is MW1(1+ z) for the optimistic case and@5(1+ z) for the pessimistic.

e Weak Lensing: 20000 square degrees, ground-based surveyshiear calibration is
fca = 0.01 and photometric redshift accurasy= 0.01(1+ z) for the pessimistic case.
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fcal = 0.001 ando, = 0.001(1 + z) for the optimistic case.

Note that these surveys are all providing predictions oy a&curate determination of the
dark energy equation of statg, and energy densit@qe, far better than any joint analysis
would do today|(267). Heray, is the equation of state at an intermediate reshift, tyfical
around 0.4. The bottom right panel on Figlré 23 is from (27#&) shows the joint con-
straints onw, andQge from the future CMB PLANCK mission and a lensing survey cov-
ering 4000 square degrees, combining the two and threaspatatistics. Figure 23 shows
that the supernovae, CMB and lensing (or BAO) have very wiffedegeneracies in the
dark energy parameter space, which offers an optimal cangiéarity in the combination
of cosmology probes. It is believed that only the combirmat all probes together will
provide convincing constraints regarding the dark enextiiiough each individual probe
seems to predict very accurate results. The main limitdiging the systematics, it is in-
deed important to have more constraints than parametersshdavmeasure: weak lensing
for instance may appear as the most powerful probe. Howthestensing signal is rather
featureless compared to CMB and BAO, which makes it moreeralole to systematics
like shear calibration and photometric redshift inaccies¢see Section 6). The future of
cosmology certainly lies in a joint analysis of surveys, Brging surveys play a particular
role in the sense that this is the only probe which can prosid@nbiased measurement
of the dark matter fluctuations amplitude. Note that the trairg#s on quintessence mod-
els can be improved by the combination of various cosmolagpgs, such as lensing and
SNela as demonstrated Iin (230).

The success of the joint analysis is subject to the validitpuwr Cold Dark Matter and
Dark Energy picture. Given the unknown nature of these iigrés, it is possible that our
description might be incomplete or wrong. We must therekeep an open mind and con-
sider alternative interpretations of the data. The moddiedity theory proposed by (196)
lacks a solid physical motivation and it appears to be unebéxplain the halo flattening
seen in weak lensing data (115). Nevertheless, this stutigted the idea that a modified
theory of General Relativity could solve the dark matter dack energy problems. These
models include the string-motivated braneworld scenglt@. Ref.(286) suggested that
modified gravity can be tested directly from a verificatiortted Poisson equation

0% = 4nGp. (10.2)

The gravitational potentia can be measured from weak lensing by large-scale strugtures
and the mass density from the galaxy distribution, which at large enough scale lba
assumed to be an unbiased tracer of the mass distributishpas in (301) from the 2dF
Galaxy Redshift Survey.

A general problem with modified theories of gravity is thengfigantly increased level of
degeneracy due to a larger number of degrees of freedom.iAedmut by|(131), itis nec-
essary to measure independently the growth rate of stegfamd the Universe expansion
rate in order to reduce the degeneracy to a reasonable Musdified gravity also might
not be the cause of all the dark components of the UniverseirMestigation of a realistic
mix of dark component and modified gravity in (131) shows tieglecting the modified
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gravity severely biases the dark energy parameters, evdnawbint Supernovae, CMB
and weak lensing constraints. To make things worse, thdiaddif inflation parameters
introduces quantum correction, the running spectral intexhe primordial mass power
spectrum which is a scale-dependent effect. Yet anotheeded complication comes from
the small-scale amplitude prediction which is highly norear. Dark Matter itself could
also be self-interacting as suggested|by (40), resultimgisity-dependent observational
effects (317).

The present situation is that the simple Big-Bang scenagor(o alternative theories) will
indeed be accurately constrained by a joint analysis ofifit surveys. A general scenario
including alternative theories might be harder to constré/hether or not this is possible
with the next generation of surveys remains to be demoestréiut it is clear that weak
lensing by large scale structure plays a central role ingosémnsitive to the “dark matter”
whether it is real dark matter or modified gravity.

10.2 With Galaxy Surveys to probe bias

Weak lensing is the only reliable technique able to probedédm matter distribution up
to redshift of a few using optical surveys, or at even higleelshifts from lensing of the
CMB and the 21cm line. The peculiar velocity field, which is@aban unbiased tracer of
the matter distribution, is no longer accurate at distaterg®er than a few hundred Mega-
parsecs. The combination of lensing with the galaxy distidm is therefore a unique way
of constraining the relative amount of matter with respedight, the so-called bias. This
can be done out to reasonably high redshift, giving astrareraccess to the dark side of
galaxy formation over a wide range of its evolutionary higto

10.2.1 Galaxy biasing

An apparent limitation of lensing surveys is that the masslg seen in projection, imped-
ing a 3-dimensional probe of the bias. A method for allenigithis problem was proposed
by (292) and|(236). It is an alternative to the 3D mass recoasbn technique discussed
in Section_ 4, which was designed specifically for potentratlensity measurements. We
assume a population of foreground galaxies with a knowromaredshift distributioms (z)
centered o1z (in units of arcmir2), from which we want to measure the mass-to-light ra-
tio. The lensing signal is measured from a background gatapulation which can have
a broad redshift distribution,(z) (normalized to unity), while the technique discussed in
Sectior 4 requires an estimate for all redshifts. The cooseelation of the lensing signal
with the foreground galaxy density distribution providemeasurement of the bias at red-
shift z. The scale dependence of the bias can be obtained by filtterignsing signal and
the galaxy density with an aperture filter, which is a narramdfilter (Fig[2).

Assuming that the galaxy number density contdggtis proportional to the matter density
contras® with the proportionality factor defined as the bias paramgtthe lensing-galaxy
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density cross-correlation at scélgis given by (292):

W o4 14
92%2) ~-(P <W;X) W3, ((65), (10.3)
see Eqs(219)-(2.12),(3.4) arld (3.10) in Sectiohs 2[@nde3e kthe weightw(y) along
the line of sight depends on the redshift distributigyiz) of the background sources as
in Eq.(2.10) whereas;(X) is the redshift distribution of the foreground galaxiestfwi
At (X)dx = ns(2)dz) of “number counts™( with respect to the aperture of radis P(k; X)

is the time-evolving 3-D matter power spectrum (wheiie a parameterization of the red-
shift along the line of sight) anw,\ﬁap(ées) is the square of the Fourier transform of the
aperture filter, which peaks at some effective wavelerfgir~ 5/6s, see Fig[R. For a
narrow foreground redshift distribution, the functiogfy) peaks at some radial comoving
distancexs(z). Eq.[10.8) shows that the cross-correlation is dominaye®(Besr; Xr) where
ket ~ 5/(D (X5)Bs). In order to extract the bias parametewe need to define the variance
of the number density fluctuations for the foreground ga&sxi

(Magl85)2( (89) = b [ acfv(x)

A2
(A(2(85)) = b?(1192)? / dx ;f;())(()) g_f; 0P (%:x) W3 (085), (10.4)

and define the rati® (Mas(8)7C (64)
R= ?F;\Cg(ec» ©r. (10.5)

It was shown inl(292) that this ratio is nearly independensaxle for all cosmologies
and any dark matter power spectrum, unless the bias panammeteale-dependent (this
statement was shown to be valid in the non-linear regime ¥ Whke bias at angular scale
ke‘ﬁ1 and redshiftzz can therefore be measured from weak lensing data.

Refs.(113)1(264) have performed the only application of technique. (113) measured
the bias from a combination of the VIRMOS (298) and RCS (11ityesys, which is shown
on Figurd 24. This analysis shows a significant scale depeedef the bias, although its
calibration is still uncertain due to incomplete knowledfthe source redshift distribution.
With the GaBoDS surveys, (264) foubd= 0.84+0.1 andr = 0.6+ 0.2, which is consistent
with (113).

10.2.2 Galaxy-galaxy Lensing

The probe of galaxy biasing can be extended down to galaaticdtales with a technique
called galaxy-galaxy lensing. First proposed by (285) dmehtformalised byl (35), the
idea is to cross-correlate the shape of distant lensed igalaxith foreground galaxies.
As shown in the left panel of Figute 25, the background gakuensed by a foreground
galactic halo are preferentially tangentially alignedhaiéspect to the foreground galaxy.
The situation is identical to lensing by a cluster of galaxieut the lensing by individual
galaxies is much weaker, since the amplitude of the effelesas the mass of the lens.
To measure the galaxy-galaxy lensing, one must therefaok ghe lensing signal behind a
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Fig. 24. Galaxy biasing constraints from the VIRMOS and RG&kensing surveys (Hoekstra et
al. 2002). The left panel shows the cross-correlation adefftr and biasing as function of scale.
The right panel, top plot, shows the rabigr and its prediction for a concordance mo€g} = 0.3,
Qp = 0.7. The bottom plot shows the most convincing test of residyatematics obtained by
rotating the lensed galaxies by 45 degrees, which is sudgoseancel the lensing signal.

large number of foreground lenses. The average shear asfuon€ angular distance from
the center gives an estimate of the average halo profile drinéforeground galaxies (see
right panel in Figuré25).

The tangential shear of a lensed galaxy at position adgl&h respect to the lens on the
sky is given by

Vit = —€1 cog20) + e, sin(20). (10.6)
It is straightforward to show that, when averaged over aflifoan angles, the mean tan-
gential ellipticity is unchanged if a constant is added ® glalaxy ellipticityé = (e, ).
For this reason, galaxy-galaxy lensing is robust againshaerfect Point Spread Function
(PSF) anisotropy correction, as long as the latter is a gtewatying function of position.
The lensing signal is therefore relatively easy to measwen) if the amplitude of the signal
is low.

Given that the foreground galaxies span a large range oNgltispersion and luminosity,

scaling relations are needed in order to calibrate the éggdensing signal to the same
fiducialgalaxy with luminosityL, and sizes,. If o, is the velocity dispersion of the fiducial
galaxy, the scaling relations are:

2 n
s=s, (g) ; LLZ (03) : (10.7)

where the latter corresponds to the Tully-Fisher or Fabeksbn relation for spiral and
elliptical galaxies respectively if = 1/4. (L,s,o) are the luminosity, scale and velocity
dispersion of one foreground galaxy. The lens mass modalechby |(35) is a truncated
isothermal sphere (TIS), which is also frequently used eisd authors (130; 115). The
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Fig. 25. Left panel: schematic illustration of galaxy-galdensing. Right panel: Galaxy-galaxy
lensing signal from the GEMS survey (Heymans et al. 2006¢. §diid line shows the best fit NFW
mass profile, assuming an average lens redshit-6f0.65.

mass density of the TIS is given by

2
p(r) = 2neg(r822+52)’ (10.8)
whose total mashl; is (115):
o 2 S
Mot = 7.3 x 10h~1 M, (100kmsl) (1Mpc) : (10.9)

The tangential shear is calculated from the mass modelgg[@0.8), and can be compared
to the data provided that an estimate of the lens and soutshifts is know. In general, the
free parameters measured with galaxy-galaxy lensing aredihcial velocity dispersioa,

and truncation radius, of anL, galaxy. The apparent magnitude of each foreground lens is
used to estimate its absolute luminoditywhich may require an approprialtecorrection

to be included), then the velocity dispersions obtained from the scaling relations. The
maximum likelihood technique developed by (235) ensuregpdimal analysis, in particu-

lar if individual photometric redshifts can be obtainedt&lthat simple mass models such
as the singular isothermal sphere (SIS) do not have a tionaadius:

o2

p(r) = TGr2

in which case one could constrain the scaling relations(IBdi), like the parametar,
in addition to the fiducial velocity dispersian.. (130) and|(162) measurechgparameter
very close to the Tully-Fisher and Faber-Jackson relation.

(10.10)

At low redshift, the most extensive galaxy-galaxy lensinglgsis was performed by (91)
on the SDSS data set. They found a Virial md&go = 5— 10x 101 h=IM, for L, =
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1019 h—1L., depending on the galaxy color and morphological type. érédshift range
0.2— 0.7 a Virial mass 0Mygg = 4 — 8 x 10 h~1M., the less massive corresponding
to the bluest galaxies (101; 162). (259) measured the gateass bias from the SDSS
galaxy-galaxy lensing signal, and found a constant bias cogelation coefficient ratio
b/r=1.3+0.3 forQm =0.27, which is in agreement with the cosmic shear study predent
in Sectior 10.2]1 (see Figure]24).

Recent studies use the Navarro-Frenk-White density pradildne parametric mass model,
which is particularly well suited for galaxy-galaxy lengiin more massive structures such
as galaxy groups (112) and galaxy clusters (205; 79). In)(1#84 authors measured the
lensing around Luminous Red Galaxies (LRG) from the SloagitBli Sky Survey. The
LRG sample was split in a bright and faint samplévit; = —22.3. LRG are particularly
good foreground targets for probing larger mass halos tsediey are known to be present
in the core of groups and cluster of galaxies. Figure 26 shbe/sneasured signal against
several mass models. It is particularly interesting to ribtd the flattening of the dark
halo profile is clearly visible, leading to a concentrati@rgmeter ot ~ 5— 7, in perfect
agreement with Cold Dark Matter predictions (206).

(101) marginally measured a halo over lens ellipticityoati e, /eg ~ 0.840.2, consistent
with the Cold Dark Matter Scenario (68). A significant, buhtradictory, measurement is
shown in|(180), who founeh /ey = 0.1+0.06 for red galaxies and 84 0.4 for blue galax-
ies. The baryon fraction can also be measured by galaxyaghdasing from a comparison
of the lensing to the stellar mass. (116) and (104) find altwibaryon mass-to-light ratio
between 50 and 100, and they show that massive early typeigmlzave a stellar to total
baryon fraction ot~ 10%, which indicates that these galaxies are not efficieptatucing
stars.

10.3 With Sunyaev-Zeldovich studies to probe small scalgbé& physics

The energy of the CMB photons is boosted by scattering onrdeediectrons contained in
the plasma of the Intra Cluster Medium (ICM). It is the sounE¢he Sunyaev-Zeldovich
(S2) effect, which shifts the spectral energy distributtdrtCMB photons for the lines-of-
sight containing hot, ionized, gas. The SZ effect is a prdld® hot baryon distribution,
which can be compared to stellar and lensing mass distoitsiin order to learn about the
cluster physics. If one assume that the gas is isothermak &2neasure of the electronic
densityne(6, z) projected along the line of sight:

o kT R
V8 = - 0T [ dzni@.2). (10.11)

whereor is the Thompson scattering cross-section @rttie temperature of the gas. The
SZ effect is therefore independent on the cluster redstsfgpposed to the lensing effect
which has its maximum sensitivity at mid distance betweendbserver and the sources.
Lensing and SZ are complementary because they are both Iméae density: for this
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Fig. 26. Galaxy-galaxy lensing signal for the Luminous Remla@ies (LRG), used as tracers of
galaxy groups and small clusters (Mandelbaun et al. 20(833% LRG from the Sloan Digital
Sky Survey were used. The left and right panels corresporfdind (M, > —22.3) and bright
(M, < —22.3) samples respectively.

reason they probe the same regions of galaxy clusters, Whiégys for instance scale as
the density squared, which is more sensitive to the clusiey. c

One approach of the combined SZ and lensing data sets coasisbrking on individual
clusters. Both data sets can be used to predict the X-raysemisf the cluster (67), which
provides a direct test of the cluster dynamical equilibridine 3-dimensional halo shape
(assuming axial symmetry) can be reconstructed from thebgmation of SZ, lensing and
X-ray observations (313; 217). (251) have shown that laegsihg and SZ surveys (a few
hundred square degrees) would be able to detect the evohitihe mass-SZ luminosity
relation with redshift, which in turn is a measure of the tdnsaryonic physics. This is
particularly important for the understanding of the sousEenergy maintaining the tem-
perature of the intra-cluster plasma at high temperatune.dther approach is statistical:
the goal is to use the cluster number counts to probe cosm¢l€y, the lensing data is
used to measure the cluster masses. but this requires kyfslisrey with a mass sensitivity
down to a few 1&* M, to provide interesting constraints.

One should remember that cluster masses derived from Bpastnsubject to large noise
and projection effects (110; 307), although recent stuséssn to show that the discrep-
ancy between dynamical, lensing and X-ray masses is rathell $105). The ideas de-
veloped around the combination of SZ and lensing yet renmabetput into practice: in-
struments such as the Cosmic Background Interferometacafvta Cosmology Telescope,
Arcminute Imager and South Pole Telescope, all with angelsolution of the order of a
few arcminutes, are very promising for this purpose. Theeustdnding of cluster physics
from SZ and lensing is not without any consequences for cteggieal studies: statistical
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lensing for instance probes the projected mass power speatown to arbitrarily small
angular scale (if the statistical noise is low enough). A thuster scale, typically one
arcminute, we know that baryon cooling and heating modig/ ¢luster gravitational po-
tential well, and therefore the dark matter distributicelt. (314) and (308) have shown
how the cluster physics could affect the power spectrum-li0% below one arcminute.
Taking into account this effect might be necessary for the generation of high precision
weak lensing studies.

10.4 Weak lensing of supernovae and effects on parameteragisin

Type la supernovae (SNela), which are believed to be thenthreuclear explosion of an
accreting white dwarf, are standard candles with a smaihsit dispersion around their
average luminosity. Moreover, this dispersion can be &rrteduced to about.02 mag
using an empirical relation between the peak magnitude lamdavidth of the light curve
(223). This makes SNela excellent tools for observatiomahwlogy. In particular, by
measuring their apparent magnitude we can derive theiartistfrom us and obtain the
redshift-distance relation up to~ 1 which provides useful constraints on cosmological
parameters (88). This method has supplied the main cotitiibto the discovery of the
present acceleration of the Universe (224;/215) and it isbtes of future proposals to
probe the nature of dark energy through its equation of g&ate the SuperNova Accel-
eration Probe, (3)). On the other hand SNela, like all ramiiasources, are affected by
gravitational lensing effects which can magnify or demégtheir observed luminosity.
This is a source of noise for studies which intend to measweddshift-distance relation
but this effect may also be used by itself to constrain cosgyin the same manner as
gravitational lensing distortion of distant galaxies.

There are several important differences between SNela alaigs as probes of gravi-
tational lensing effects. Firstly, since SNela are pointrees one uses the magnification
(associated with the convergencerather than the shegmwhich we focussed on in previ-
ous Sections. In particular, the magnificatjpoan be written as:

= 1 whence p~1+2k for |K|< 1]y <1 (10.12)
(1-Kk)2—1|y

Second, whereas weak gravitational lensing only modifiesahbserved ellipticities of
galaxies atzs = 1 by less than 10%, so that one needs many galaxies to exXteasignal,
the magnification of a type la supernovagat 1 by gravitational lensing is of the same or-
der as the intrinsic magnitude dispersion. Hence the signabise ratio is larger for SNela
but since we have many more observed galaxies than SNelaradeaveak gravitational
lensing effects have only been measured from galaxy dliijgs so far. Third, in order to
derive the coherent shear on large scales one must cragdaterthe observed ellipticities
of many distant galaxies over a window rad@gof the order of a few arcmin (since galax-
ies are not exactly spherical). This leads to observablesasithe aperture-malsk, or the
mean shear over scalgwhich probe matter density fluctuations over scales of theraof
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Fig. 27. Left panel:the probability distributione (1) of the magnification within &\CDM uni-
verse for SNela at redshiftg = 0.5 or z; = 1. From Valageas (2000aRight panelithe constraints
on cosmological parameters obtained from the dispersi@N#fla magnitudes from a SNAP-like
survey. The two sets of contours correspond to analyzinglalee assuming the true non-Gaussian
distribution (shaded) or a Gaussian distribution (unstiaderom Dodelson & Vallinotto (2006).

D 0s. On the contrary, the magnification of each SNela only probeslensity fluctuations
along its line-of-sight, which corresponds to no smootlithg= 0). Then, by measuring the
probability distribution of observed SNela magnitudesi{®wvariance) rather than cross-
correlating different SNela, one can probe the statistithe convergence with 65 = 0.
This means that the signal is dominated by scales wi&g /) is maximum, which are
set by the matter power-spectrum. For CDM power-specteactiiresponds for sources at
zs= 1 to wavenumbers~ 10h Mpc~! whereas smoothing galaxy ellipticites over 1 arcmin
mainly probes smaller wavenumbdes- 1h Mpc~! (287). Thus, weak lensing magnifica-
tion of SNela allows us to probe density fluctuations on senatales than with galaxy
ellipticities. This also implies that non-Gaussianities enore important for SNela grav-
itational lensing distortions. On the other hand, thiset#hce between the scales probed
by galaxy shear maps and SNela magnitude distortions mbeah®adth effects are only
weakly correlated so that weak-lensing shear maps obt&ioedsurrounding galaxies are
not very efficient to correct the SNela luminosities| (62).

The rms magnification of SNela was computed by analyticalnsea (76) who found
that this would not significantly decrease the accuracy efdistance-redshift relation at
Zs < 0.5 used to measure the current acceleration of the univetsé ¢nuld have a sig-
nificant effect at higher redshifig > 1, in agreement with the numerical simulations per-
formed in (303). In particular, although future surveysexivg more than a few square de-
grees will be unaffected, pencil beams surveyd (ded) suffer significant contamination
(57). Turning to the use of SNela as a tool to detect graeiati lensing, (194) computed
analytically the rms magnification of SNela to find that in@DM universe one needs at
least 2400 SNela a = 0.5 (or 110 SNela ats = 1) to detect weak lensing from their ob-
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served magnitudes. The PDF of the magnificatigp) was computed from a hierarchical
model in (287) as well as its impact on the measure of cosndbgarameters through
the distance-redshift relation. In particular, this stetipws the strong non-Gaussianity of
the magnification with an extended higitail which follows the high-density tail of the
underlying matter density field, as can be seen from left jpainigig. [27. Then, the high-
luminosity tail of observed SNela could be used to detectkvieasing since it should be
significantly enhanced by gravitational lensing. Howetee, number of observed SNela
is still too small to draw definite conclusions about a pdssdetection of weak lensing
effects by this method (306).

On the other hand, since the amplitude of the gravitaticeradihg contribution to the dis-
persion of observed SNela magnitudes depends on cosmalggicameters it could be
used to constrain cosmology (57). Thus, (65) found that ZB88la in the redshift range
0.5 < z5 < 1.7 should be able to constrain up to 5% the amplitaglef the matter power-
spectrum. However, they point out that one needs to takeaittount the non-Gaussianity
of the weak-lensing magnification distribution in order twain correct estimates, as seen
in right panel of Fig[2]7.

In order to eliminate the systematic errors associated witbertainties on the intrin-
sic SNela luminosity distribution and its possible depemdeon redshift, it is possible
to cross-correlate SNela observed magnitudes with fotegrgalaxies, as advocated in
(195). Indeed, in the absence of gravitational lensing ¢hess-correlation would vanish.
Using a halo model (195) found that a gravitational lensiggal should be detected with
~ 250 SNela ars = 1. This will be within the reach of future experiments (elge SNAP
satellite should observe thousands of SNela uptd.7) but current surveys are too small
to detect a correlation between SNela magnitudes and galgedgensities (192).
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11 Summary and outlook

Ten years ago, the detection of weak lensing by large scaletstes was only a dream. The
progress accomplished, summarized in this review, areneahke. The main reason for
this progress in essentially the development of the Chaaypled Device detectors which
had a major impact on the accuracy of galaxy shape measuteftmyuate detectors are
probably more important than larger telescopes; weakngnsteds wide field of view and
well sampled Point Spread Function. One should remembengtance that the very first
tentative to measure distorted galaxy shapes (285) fadeduse of inadequate technology
detectors.

In this review we mostly focussed on the statistical lensimigat one can learn on cos-
mology from the shear or convergence field, rather then &ngson individual lenses like
clusters of galaxies. Like most of the cosmology probesirtftemation is mainly encoded
in the power spectrum. We have shown how different cosmotbgiarameters affect the
projected mass (convergence or shear) and how it can be redabuparticular a combina-
tion of og andQ, appears well constrained from current lensing surveys$is8tal lensing
can also be used to probe the biasing between dark matteigdubdwhich provides clues
on the assembly of galaxies inside their hosting halos.rEuturveys should be able to
provide accurate measurement of the biasing history asitumef scale. A particularly in-
teresting aspect of lensing is that it can probe the norafiregime without any assumption
on how light traces mass, and therefore go beyond the waditpower spectrum analysis.
This property gives access to a different sensitivity todbemological parameters, an im-
portant feature to help breaking the parameter degenesteyebnQ, andaog, but it also
probes the history of the gravitational collapse. In thapeet, high-order lensing statistics
can be used to test the role of gravity during the collapse tdmography technique, which
has just started to be applied to lensing data, is very piamis probing the Dark Energy
equation of state. The redshift slicing of the lensed s@jroe 3D analysis of the shear
field, are the only ways to measure the growth rate of strast(from the power spectrum
and bi-spectrum) which is very sensitive to the dark enemytent of the Universe. An
interesting alternative to this is the 3-dimensional restarction of the mass distribution
which in addition will give us the distribution of the dark ttex in space. The combination
of statistical lensing with other cosmology surveys in otwavelengths was also shown
to be very important for three reasons i) the sensitivityhtg® ¢osmological parameters is
different and sometime orthogonal ii) the systematics canldastically reduced (e.g. 21
cm observation which offers perfect source redshift mesment) iii) this is the only way
to probe the physics of the lenses beyond the simple masisritation.

It appears that ray-tracing techniques are an essentieddient of any precision weak
lensing study. In particular this would be the only way to @$d many of the complicated
higher-order lensing effects such as multiplanes deflestisource clustering, intrinsic and
intrinsic-shear alignment which cannot be modeled witlnlggecision. This is particularly
relevant for future lensing surveys. Moreover, a propeesssent of the cosmic variance
associated with the survey geometry can also be done fronemcethsimulation, which
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is also important for non-linear scales (typically lessthalf a degree) where prediction
from semi-analytical models is challenging.

In 2006, weak lensing by large structures has just beganachra status of scientific
maturity: the first successes have demonstrated the flysddithe technique and now
begins an era of thorough weak lensing studies. The situagicimilar to the Cosmic
Microwave Background research in the pre-COBE era, bef@@821many independent
groups have now measured the lensing fluctuation amplitm the next generation of
lensing surveys will provide full sky, or nearly full sky, werage. Tablé|5 summarizes
the ongoing and future lensing surveys. The largest ongeffuogt is the Canada France
Hawaii Telescope Legacy Survey (CFHTLS). This survey regmés a transition because
this is the last one which requires a percent accuracy ofkxgadhape measurement in
order to be fully scientifically exploited. One percent aemy is what we are currently
capable of. All future surveys require a sub-percent pracikevel, which is still beyond
our capability, as demonstrated by STEP. In fact, below #regnt accuracy, many other
effects will complicate the lensing measurement and arsalys

All recent studies show that the only way to quantify thesea$, such as intrinsic align-
ment, shear-intrinsic alignment and source clusterin, ive a redshift estimate of each
galaxy. This is only doable with photometric redshifts, efhposes additional challenges:
assuming one can get enough colors to obtain accurate phttomedshifts, there is no
spectroscopic survey to help calibrating objects fairitant ~ 24. The magnitude calibra-
tion of brighter sources could be problematic, especiatiynfthe ground due to zero-point
fluctuations for different wavelengths. An absolute zeompvariation is not a problem,
but an explicit dependence with color could jeopardize phmtric redshift estimates. It
appears that the only way to obtain unbiased photometrghiétds to have uniform mag-
nitude calibration and to conduct a deep spectroscopiegunvorder to validate the tech-
nique at faint magnitude/high redshift. Both might only lmable from space where pho-
tometry is stable. The tunable laser project (1) is an isterg solution for the zero-point
issue, while the satellite GAIA (81), successor of Hypparamuld help with absolute as-
trometry calibration. Interestingly, it seems that thepghaneasurement problem is likely to
be solved in the next two or three years, thanks to the Sheﬂiﬁl@EPrograr@. The main
limitation of weak lensing by large scale structures migfetréfore not be shape measure-
ment anymore but multicolor photometric calibration, ayvelid astronomical problem!

L http:/iwww.physics.ubc.ca/ heymans/step.html
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Table 5

List of forthcoming lensing surveys (adapted from Peacdek.€2006). Surveys are sorted in three
groups separated by a line. The top group show the curresinigsurveys, the middle group shows
survey starting in one year at the latest, and the group abdkttem is essentially not funded or

partially funded projects.

Survey Telescope  Sky coverage Filters depth
Deep Lens Survey CTIO 7xdleq BVRz' R=25
CFHTLS-Wide CFHT 170ded ugriz iag=24.5
RCS2 CFHT 1000dedf grz iAg=22.5
KIDS VST 1500 degdf ugriz iAg=22.9
Pan-STARRS PS1 30000ed grizy iag=24
VIKING VISTA 1500 deg zYJHK iag=22.9
Dark Energy Survey ~ CTIO 5000 eq griz iag=24.5
DarkCam VISTA 10000deq ugriz iag=24
HyperCam SUBARU 350eq TBD TBD
SNAP Space 300/200deg Narrow band (0.35-1.6)  TBD
LSST 6m ground 2000@ e Narrow band (0.35-1.2) iag=27
DUNE Space 2000@ieg TBD ing=25.5
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A Analytical modeling of gravitational clustering and weak-lensing statistics

In order to derive the properties of weak lensing obsenglile the sheay, one first needs
to specify the properties of the underlying density field.bhefly describe in this appendix
two such models which can be used to predict weak lensingststat the hierarchical
models presented for instancelin (290) and the halo modetited in detail in|(52).

A.1 From density to weak-lensing many-body correlations

At lowest-order weak-lensing observables can be writtelmaar functionals of the den-
sity field, as seen in Egb.(2.9)-(2116). Therefore, theinyAaody connected correlation
functions can be directly written in terms of the connectedtaations , of the 3D matter
density field defined by (212):

&p(X1, ..., Xp;Z) = (O(X1,2)...0(Xp, 2))c. (A.1)

Note that for a Gaussian field we hagg= 0 for p > 3. For a weak-lensing observable
defined as in Ed.(2.11) this gives in real space|(287):

i Xs oo 2 P = 2 0 X2 Xp
<xp>cz/ dxwp/ rLdXi/rldeiux(eoap R ) (a2
0 0= = DO; DO, DB

and in Fourier space (290):
_ P R R o
(XP)o= (2m) 2>+ [P [ [ ok (K1 69) (3Ksn) - 8Kiple  (A3)
J:

Here we used Limber’s approximatid~ k; as for Eql(3.4) and the longitudinal Dirac
factor dp (k)1 + ... + Kkjp) has been factorized out of the correlati@h.d)c. Next, from
the correlation functions one can obtain the full prob&pidiistribution function (PDF).
Indeed, if we define the generating functibr(y) of the cumulantgXP); as:

(XP)e
<)Z2>CIO—1’

2 (—1pt :
¢x(Y)=p;T SyP with 59 = (A.4)

where we usedX) = 0, then one can show that the PRk (X) is given by the inverse
Laplace transform:
— joo dy )Z . v
X) = y=ox(V]/(X)e A.
™x(X) = [ ik, © (A5)

Thus, in order to computex (X) one only needs to deriwgx (y), which may be written in
terms of the density field from EQ.(A.2) or Eq.(A.3).
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For the smoothed convergencéhe cumulantgkP). correspond to averages of the density
cumulants over cylindrical cells along the line of sight ahdy can be obtained with a
good accuracy from the 3D density cumulants averaged overspal cells. If we also use
a mean-redshift approximation one obtains (287| 288; 13):

¢K<y>:\xmm\2¢a( y ) with Kmin = — [ (A6)

| Kmin|

where we introduced the minimum valkgi, of the convergence, which corresponds to an
empty line of sight§ = —1, see Eq.{2.10)). This gives:

_ 1 K = (K?)
Pre(k) = |Kmin|TeS (6—> |Kmin| &2 |Kmin|2) ’ (A7)

where¢s and®s are the generating function and the PDF of the 3D matter tecsintrast

at the mean redshift and scale probed by the smoothed cemesk) (they depend on the

angular radiu$s and the galaxy distribution(z)). Thus, within this simple approximation

the PDF of the projected density fiekdis directly expressed in terms of the PDF of the

underlying 3D density contrast.

A.2 Hierarchical models

For more intricate observables like the shear or the aperhass which involve compen-
sated filters one cannot perform approximations such ag&G¥-(A.7) and it is not possi-
ble to approximate high-order cumulants or the PDF of weaisihg observables in terms
of those of the smoothed density contrast. Therefore, oedsn® specify the detailed
angular behavior of the many-body correlation functigp&y, . .., Xp). A simple prescrip-
tion is provided by the general class of “tree-models” defibg the hierarchical property
(226; 89):

Ep(X1,...,Xp) = ZQE,O‘) Z |_| &2(Xi,Xj) (A.8)

(o) a p—1

where(a) is a particular tree-topology connecting thgoints without making any loop,
Qg]) is a parameter associated with the order of the correlatindghe topology involved,
ty is a particular labeling of the topologa), and the product is made over thp— 1)
links between they points with two-body correlation functions. Then, as seer(2i88)
the 2D correlationsop, involved in weak-lensing cumulants such [as (A.2) exhibétshme
tree-structure, with:

- - © P 0 Xp
wo(Br,....0 ;z):/ R AT B (A.9)
P P *“il:L P D01 DOp

In order to perform numerical computations we need to spéicd Weightng]). Thus, the
“minimal tree-model” corresponds to the specific case whme/veightsQS“) are given by
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(21):
A= 1 Ve (A.10)
vertices of(a)

wherevg is a constant weight associated to a vertex of the tree tggalath g outgoing
lines. The advantage of this minimal tree-model is thatwedl-suited to the computation
of the cumulant generating functions as defined in[Eql(Anteed, for an arbitrary real-
space filterF (x), which defines the random variatdas:

s:/dx F(x)d(x) and &= (%), (A.11)

it is possible to obtain a simple implicit expression for tenerating functionds(y), see
(21;1141):

—y [ xR0 [t - ] (A12)
K=y [ o Fix) 5 g (A13)

where the functiol, (1) is defined as the generating function for the coefficiegts

_ v &
T)_pzl

Since the 2D correlation®p obey the same minimal tree-model we can perform the re-
summation[(A.IR)E(A.T3) which yields (25;/13):

p
|) vpTP with vi=1 (A.14)

oxy) = [ Ko ¢cy( <§<)22§C;Z)’ (A.15)

0

where we introduced the 2D generating functing associated with the 2D correlations
Wp, given by the resummation:

oy (v) =y [ BUX(® lzvm] w] (A.16)

Ly g 20912
() =y [ o Ux(@) 22 T ) (A17)

Here we introduced the angular averagg of the 2D correlationw,, associated with the
filter Uy:

px (Z /deldez Ux(el)Ux(ez) (él,éz;z). (A.18)

Thus, one obtains in this way the generating functiqity) which yields in turn the PDF
Px (X) from Eq.[A.B).
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A second simple model is the “stellar model” introduced_ iA((Pwhere we only keep the
stellar diagrams in Eq.(A.8). Thus, the-point connected correlatiofy, of the density
field can now be written as:

S P
Ep(X1, -, Xp) :% -ZDEZ(Xi’Xj)' (A.19)
i=1 i

The advantage of the stellar-model (A.19) is that it leadsexy simple calculations in
Fourier space. Indeed, Hq.(Al19) reads in Fourier space:

S, & |
(8(ka) .- 8(kp))o = -2 (219 6D(k1+...+kp)i;!;llP(kJ). (A.20)

Using the standard exponential representation of the Diistabution gives|(220):

— ~ Xs . . .
(XP)e =&, / dlx WP / dB Ux (8) Ix(x.8)PL, (A.21)
0
where we introduced:
I (X.B) = Ak ik, .08 K, D8 P(K, : A.22
x(X,0) = 2m2 © W (k. D 8s) P(k1;2). (A.22)

Then, using Eq.(Al4) we obtain:

[ T 2 (X% ~ Ix
oxty) = [ o [ BUxE), e 4’5(“”@'2)’ (A23)

which directly giveshx (y) in terms of the cumulant generating function of the 3D densit
field ¢5.

A.3 Halo models

An alternative to the hierarchical models presented ini&e®.2 is provided by the halo
model where the matter density field is described as a cmllteof halos (176, 227; 260).
Then, the density correlation functions are obtained thhoa convolution over the halo
density profiles. One also needs to specify the many-bodgledions of the halos them-
selves as well as their multiplicity function. Thus, the siénfield is written as the super-
position of the halo profiles:

p(x) = Z MiUm (X —Xi) with /dx Um(X) = 1, (A.24)

where we introduced the normalized density profilgx) of halos of massn. Then, the
density two-point correlation function is expressed asstima of correlations within a sin-
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gle halo (1-halo term, both points are within the same haha) laetween different halos
(2-halo term, the two points are within two different halos)

&2(X1,X2) = /dm n(m) ( ) /dx Umn(X12 — X" )Um(X2 — X’ +/dm1n ml)rz
></dmgn(mg)%/dx1um1 X1 — X} /dxzumz(xz—xz)éh(xl,xz;ml,mg) (A.25)

wheren(m) is the halo mass function ardg is the halo two-point correlation (274; 275).
In a similar fashion one can write thmepoint density correlation as a sum of 1-halo up to
n-halo terms. In practice, it is more convenient to work in Feuspace (to simplify the
convolution products and to take advantage of the stadidtiemogeneity and isotropy of
the system). Thus, the density power-spectrum reads (2%57;247):

P(k) = 19(k.K) + [11(K)]?

A (k) (A.26)

with:
1]
IE(kl,...,kp) :/dm n(m)b(m)B (%) Um(K1) ... um(Ky), (A.27)

whereun(K) is the Fourier transform of the halo density profile. In EqA8) we assumed
that the halo-halo power-spectrum can be writtenPg&; my, mp) = b(my)b(my) P (K)
whereB is the linear matter power-spectrum abdn) is the bias parameter which de-
scribes how the halo distribution is biased with respechwdark matter density field.
Indeed, the 2-halo term dominates at large scales whichemeribed by the quasi-linear
theory (hence it is sufficient to ugg) whereas the 1-halo term dominates a small non-
linear scales. This also ensures that one recovers thdagesudtandard linear theory at
large scales. To complete the halo model one needs to spkeifiialo density profile,
which is often taken from (206), the halo mass function, tefike instance from (261; 216),
and the biasing of the halo distribution as from (199). Thee, correlation functions of
weak-lensing observables can be derived from Egs.(A.Z}H(A-or instance, the 1-halo
contribution to the angular two-point correlation of thewezergence field reads (274):

k(@K (Bl = [k /dmr(m( ) [dumkPx0e), (A28

wherek =1/2(x). Similar expressions give the 1-halo contribution to higtxler con-
vergence correlation functions whereas 2-halo terms vwavtthe linear density power-
spectrum, 3-halo terms involve the density bispectrum anains This approach has been
used to estimate the low-order correlations of weak-lensivservables up to fourth-order
(the kurtosis of the shear, see (273)) but no attempt hasrnaee to predict the full PDF
Px (X) yet (however see (2179) for a model for the tails of the matéersity PDF).
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