
Counting Rational Points on Algebraic Varieties

D.R. Heath-Brown
Mathematical Institute, Oxford

Lecture 1—A Survey of Diophantine Equations

1.1 Introduction

In these lectures we will be interested in solutions to Diophantine equations
F (x1, . . . , xn) = 0, where F is an absolutely irreducible polynomial with integer
coefficients, and the solutions are to satisfy (x1, . . . , xn) ∈ Zn. Such an equation
represents a hypersurface in An, and we may prefer to talk of integer points on
this hypersurface, rather than solutions to the corresponding Diophantine equa-
tion. In many cases of interest the polynomial F is homogeneous, in which case
the equation defines a hypersurface in Pn−1, and the non-zero integer solutions
correspond to rational points on this hypersurface. In this situation the solu-
tions of F (x1, . . . , xn) = 0 form families of scalar multiples, and each family
produces a single rational point on the corresponding projective hypersurface.
Occasionally we shall encounter systems of two or more equations, and these
may correspond to varieties of codimension 2 or more, rather than hypersurfaces.

Much work in the theory of Diophantine equations has been directed at
showing that certain classes of equations have finitely many solutions. However
we shall be interested in those cases where either we expect the number of
solutions to be infinite, or we expect the number to be finite but cannot prove
it. In these cases it is sensible to ask for bounds on the number of solutions
which might lie in a large region max |xi| ≤ B, say.

1.2 Examples

Let us look at some examples.

1. The equation
xk

1 + xk
2 = xk

3 + xk
4 . (1.1)

It is expected that there are only the trivial solutions as soon as k ≥ 5,
but since we are unable to prove this, one may ask for an upper bound on
the number of non-trivial solutions in a given large box.

2. The equation
xk

1 + xk
2 + xk

3 = N, x1, x2, x3 ≥ 0.

Here it is believed that there is at most one solution, up to permutation, as
soon as k ≥ 7, but in the absence of a proof we ask for upper bounds on the
number of solutions. (When k ≤ 6 we know of infinitely many essentially
different examples in which N has two or more representations.)
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3. In Waring’s problem one encounters the equation

xk
1 + . . . + xk

s = xk
s+1 + . . . + xk

2s, 0 ≤ x1, . . . , x2s ≤ B.

If one can show that there are O(B2s−k+ε) solutions, for any fixed ε > 0,
one can deduce the Hardy-Littlewood asymptotic formula for representa-
tions of a large integer N as a sum of 2s + 1 perfect k-th powers. Thus
one would have G(k) ≤ 2s + 1, providing s is large enough for the usual
local conditions to hold.

4. Vinogradov’s Mean Value Theorem relates to the system of equations

xh
1 + . . . + xh

s = xh
s+1 + . . . + xh

2s, (1 ≤ h ≤ k),

in which 0 ≤ x1, . . . , x2s ≤ B. It is known that if s is sufficiently large,
then the number of solutions is O(B2s−k(k+1)/2). (In fact this is known to
hold if s ≥ {1 + o(1)}k2 log k.) Such bounds have numerous applications,
for example to estimates for the zero-free region of the Riemann Zeta-
function. One could conjecture that the same bound holds as soon as
s > k(k + 1)/2. If true, this would lead to improved results on the Zeta-
function.

5. Manin’s Conjecture. As a simple special case of Manin’s conjecture, let
F (x1, x2, x3, x4) be a non-singular1 cubic form with integral coefficients,
and suppose that there is at least one non-zero integral solution to the
equation

F (x1, x2, x3, x4) = 0.

Then the conjecture states that the number of non-trivial solutions in the
box max |xi| ≤ B will be asymptotically cB(log B)r for a suitable positive
constant c, where r is the rank of the Picard group of the surface F = 0.
(This is not quite the usual formulation, since we have not insisted that our
solutions should be projectively distinct.) No non-singular cubic surface
is known for which Manin’s conjecture can be established. Indeed, even
the weaker statement that the number of non-trivial solutions is O(B1+ε)
for every ε > 0, eludes us.

6. For D > 0 the equation

x2 + Dy2 = z3, 1 ≤ z ≤ D1/2

may be used to count ideal classes of order 3 in the class group of Q(
√−D).

It is conjectured that the number of solutions, and hence the number of
such ideal classes, should be O(Dε) for any ε > 0, but to date we cannot
reduce the exponent below 1/2. This question is related to the problem
of giving an upper bound for the number of rational elliptic curves with
given conductor.

7. It is conjectured that any irreducible polynomial f(X) ∈ Z[X] which
satisfies the obvious congruence conditions should assume infinitely many
square-free values. This has been established only for polynomials f of

1A form in n variables will be said to be non-singular if ∇F (x) is non-zero for every
non-zero x ∈ Qn

.
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degree at most 3. What is required for further progress is a good bound
for the number of solutions of the equation

f(x) = y2z, 1 ≤ x ≤ N, y ≥ N.

These examples demonstrate that the general problem under consideration
underlies a very diverse range of questions in number theory. Although many
of the above examples involve inhomogeneous equations, we shall begin by con-
sidering only the case in which F is a form. Later on we shall see how the
inhomogeneous case can be handled in an analogous way to the homogeneous
one. We therefore state formally the following assumptions for future reference.

Convention Unless stated explicitly otherwise, we shall write x for the vector
(x1, . . . , xn) and assume that F (x) ∈ Z[x] is an absolutely irreducible form of
degree d.

1.3 The Heuristic Bounds

It will be convenient to define

N (0)(B) = N (0)(F ; B) = #{x ∈ Zn : F (x) = 0, max |xi| ≤ B}.
Recall that F has total degree d. Then for the vectors x under consideration,
the values F (x) will all be of order Bd, and indeed a positive proportion of them
will have exact order Bd. Thus the ‘probability’ that a randomly chosen value
of F (x) should vanish might be expected to be of order B−d. Since the number
of vectors x to be considered has order Bn, this heuristic argument leads one
to expect that N (0)(B) is of exact order Bn−d.

Clearly there are many things wrong with this argument, not least the fact
that when n < d even one solution to F (x) = 0 would show that N (0)(B) 6→ 0.
However we can safely summarize things the following way.

Heuristic Expectation When n ≥ d we have

Bn−d ¿ N (0)(B) ¿ Bn−d

unless there is a reason why not!

Certainly local (congruence) conditions will often provide a reason why
N (0)(B) might be identically zero. However, in support of the above heuris-
tic argument we have the following very general result of Birch.

Theorem 1 Suppose F (x) is a non-singular form of degree d in n > 2d(d− 1)
variables. Then there is a constant cF > 0 such that

N (0)(B) ∼ cF Bn−d,

providing that F (x) = 0 has non-trivial solutions in R and each p-adic field Qp.

Since forms are in general non-singular, Birch’s result answers our question
completely for typical forms with n > 2d(d − 1). It would be of considerable
interest to reduce the lower bound for n, but except for d ≤ 3 this has not been
done. In view of Birch’s theorem our interest will be centred on the case in
which n is small compared with d.
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As has been mentioned there are many cases in which N (0)(B) is not of order
Bn−d. A good illustration is provided by the diagonal cubic equation

x3
1 + x3

2 + x3
3 + x3

4 = 0.

Here there are ‘trivial’ solutions of the type (a,−a, b,−b) which already con-
tribute À B2 to N (0)(B).

If we use the counting function N (0)(B) we see that a single non-zero solu-
tion F (x0) = 0 will produce ¿ B scalar multiples, so that N (0)(B) À B. This
behaviour often masks the contribution of other solutions. Thus it is usually con-
venient to count only primitive solutions, where a non-zero vector (x1, . . . , xn)
is said to be primitive if h.c.f.(x1, . . . , xn) = 1. Indeed since the vector −x0 will
be a solution of F (x) = 0 if and only if x0 is also a solution, it is natural to
define

N(B) = N(F ;B) =
1
2
#{x ∈ Zn : F (x) = 0, h.c.f.(x1, . . . , xn) = 1, max |xi| ≤ B}. (1.2)

1.4 Curves

When F is homogeneous and n = 3 the equation F (x1, x2, x3) = 0 describes a
projective curve in P2. In this situation a great deal is known. Such a curve has
a genus g which is an integer in the range 0 ≤ g ≤ (d− 1)(d− 2)/2. The generic
curve of degree d will have g = (d− 1)(d− 2)/2.

When g = 0 the curve either has no rational points (as for example, when
F (x) = x2

1 + x2
2 + x2

3) or it can be parameterized by rational functions. Such
a parameterization allows us to estimate N(B). For example, when F (x) =
x2

1 + x2
2 − x2

3 the solutions take the form

(x1, x2, x3) =
(
a(b2 − c2), 2abc, a(b2 + c2)

)
or

(
2abc, a(b2 − c2), a(b2 + c2)

)
.

It is then easy to see that N(B) is precisely of order Bn−d, since n − d = 1 in
this case.

On the other hand, a second example with genus g = 0 is provided by
the cubic curve x2

1x2 − x3
3 = 0. In this case the solutions are proportional to

(a3, b3, a2b). One therefore sees that N (0)(B) is precisely of order B2/3. In this
example we have n− d = 0 < 2/3.

We now turn to curves of genus 1. Either such a curve has no rational points
or it is an elliptic curve. In the latter case the set of rational points can be given
an abelian group structure, and the Mordell-Weil Theorem tells us that the
group has finite rank r, say. Moreover, it can be shown using Néron’s theory of
heights, that

N(B) ∼ cF (log B)r/2 (1.3)

where cF is a non-zero constant. A cubic curve with a rational point is an
elliptic curve, and in this case n− d = 0 so that N(B) grows faster than Bn−d

as soon as r ≥ 1.
Finally we consider curves of genus g ≥ 2. Here the celebrated theorem of

Faltings [8] shows that there are finitely many rational points, so that

N(B) ¿F 1. (1.4)
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1.5 Surfaces

We have already seen the example

x3
1 + x3

2 + x3
3 + x3

4 = 0 (1.5)

in which the ‘trivial’ solutions already contribute À B2 to N (0)(B). These
trivial solutions satisfy the conditions x1 + x2 = x3 + x4 = 0, or x1 + x3 =
x2 + x4 = 0, or x1 + x4 = x2 + x3 = 0. In each case the trivial solutions are
those that lie on certain lines in P3. These lines lie in the surface (1.5), since
the equations x1 + x2 = x3 + x4 = 0, for example, imply x3

1 + x3
2 + x3

3 + x3
4 = 0.

In general, we shall define a trivial solution to F (x1, x2, x3, x4) = 0 to be one
that lies on a line which is contained in the corresponding surface. Moreover
we shall define N1(B) to be the counting function analogous to (1.2), but in
which only non-trivial solutions are counted. Thus in the case d = 3, Manin’s
conjecture predicts the behaviour of N1(B).

In the example (1.5) we know a complete parametric solution, due to Euler,
giving all the rational points as

x1 = (3b− a)(a2 + 3b2)c + c4,

x2 = (3b + a)(a2 + 3b2)c− c4,

x3 = (a2 + 3b2)2 − (3b + a)c3,

x4 = −(a2 + 3b2)2 − (3b− a)c3. (1.6)

Although this produces all the rational points, it is unfortunately the case that
the values of x1, . . . , x4 may be integers with a large common factor, even when
h.c.f.(a, b, c) = 1. In the absence of any good way to control such a common
factor, Euler’s formula is rather little use in producing an upper bound for
N1(B). Indeed if one wishes to produce a lower bound, the obvious procedure
is to use integral values a, b, c ¿ B1/4. In this way one can at best show
that N1(B) À B3/4, while other methods yield lower bounds N1(B) À B and
better. Thus even a complete parameterization of the solutions does not solve
our problem.

A second instructive example is provided by the equation

x4
1 + x4

2 = x4
3 + x4

4 (1.7)

Here there is a family of non-trivial solutions given (also by Euler) as

x1 = a7 + a5b2 − 2a3b4 + 3a2b5 + ab6,

x2 = a6b− 3a5b2 − 2a3b4 + a2b5 + b7,

x3 = a7 + a5b2 − 2a3b4 − 3a2b5 + ab6,

x4 = a6b + 3a5b2 − 2a3b4 + a2b5 + b7. (1.8)

Not all solutions have this form, but these suffice on taking a, b ¿ B1/7 to show
that N1(B) À B2/7. (There is the primitivity condition on x to be dealt with,
but this can be satisfactorily handled.) As a, b run over all possible values, the
corresponding vectors x run over a curve in the surface (1.7). Indeed, since the
curve is parameterized, it is a curve of genus zero. In this example therefore we
see that a surface may contain a large number of points by virtue of there being
a genus zero curve lying in the surface.
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A related example is the Euler surface

x4
1 + x4

2 + x4
3 = x4

4.

Here it was shown by Elkies [4] that there is a genus 1 curve of positive rank
lying in the surface. In view of Néron’s result (1.3) this shows that N1(B) À
(log B)1/2. Thus we see that surfaces may contain infinitely many points when
there is a curve Γ of genus one on the surface, such that Γ itself has infinitely
many points.

In general we expect that this sort of behaviour is essentially all that can
occur. The following is a consequence of a conjecture of Lang.

Conjecture 1 A surface of general type contains only finitely many curves of
genus zero or one, and contains only finitely many rational points not on one
of these curves.

The definition of “general type” is somewhat technical. However we note that
a non-singular surface in P3 will be of general type as soon as d ≥ 5.

1.6 Higher Dimensions

For varieties of higher dimension there are analogous phenomena, and we have
the following conjecture, which is again a consequence of Lang’s conjecture.

Conjecture 2 On a variety of general type all rational points belong to one of
a finite number of proper subvarieties.

Lecture 2—A Survey of Results

In the remainder of these notes we shall allow all the constants implied by the
¿ and O(. . .) notations to depend on the degree d of the form F and on the
number n of variables. However, where there is any further dependence on F
we shall say so explicitly.

In this lecture, where results are formally stated as theorems, they will either
be proved in full in the lectures that follow, or may be found in the author’s
paper [15].

2.1 Early Approaches

Until recently there have been few general results giving bounds for N(F ; B).
Perhaps the first, historically, is due to Cohen, in the appendix to the lecturer’s
paper [11], where it is shown that

N(F ; B) ¿ε,F Bn−3/2+ε

for any ε > 0, as soon as d ≥ 2. The proof uses the large sieve, and information
of the behaviour of F modulo many different primes.

A second approach uses exponential sums to a fixed modulus, the latter
being chosen to have size a suitable power of B. To work effectively the method
requires F to be non-singular. One can then show (Heath-Brown [12]) that

N(F ; B) ¿ε,F Bn−2+2/(n+1)+ε
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for d ≥ 2, and
N(F ; B) ¿ε,F Bn−3+15/(n+5)+ε (2.1)

for d ≥ 3, again for any ε > 0. This latter result yields the estimate

N(F ;B) ¿ε,F Bn−2+ε

for non-singular F of degree d ≥ 2, as soon as n ≥ 10.
Hooley [17] uses a sieve method rather different from Cohen’s, which can

be coupled with estimates for multi-dimensional exponential sums. Although
no general results have been worked out, the method is quite efficient in those
special cases for which it has been used. Thus for the equations (1.1), Hooley
shows [18], [19] and [21] that one has

N1(B) ¿ε,k B5/3+ε

when k ≥ 3.
Other general methods depend on elementary differential geometry, as in

Schmidt [29]. These techniques improve slightly on Cohen’s result, and apply
also to certain non-algebraic hypersurfaces.

2.2 The Method of Bombieri and Pila

The most successful general method appears to be that introduced by Bombieri
and Pila [2], and developed by the lecturer [15]. In their original work, Bombieri
and Pila showed that if f(x, y) ∈ Z[x, y] is an absolutely irreducible polynomial
of degree d, then

#{(x, y) ∈ Z2 : f(x, y) = 0, |x|, |y| ≤ B} ¿ε B1/d+ε. (2.2)

Indeed their result was slightly more precise than this. One very important
feature of this result is that it is completely uniform with respect to f .

The estimate (2.2) is essentially best possible, as the example f(x, y) = xd−y
shows. Here there are ¿ B1/d solutions x = m, y = md with m ¿ B1/d.

Pila went on [28] to apply (2.2) to our general setting, and showed that

N(B) ¿ε Bn−2+1/d+ε. (2.3)

In the case of quadratic forms one can do better, and an elementary argument
shows that

N(B) ¿ε Bn−2+ε

if d = 2, see [15, Theorem 2]. However it is an interesting open question whether
one can extend this to higher degree forms.

Conjecture 3 For given d ≥ 3 and n ≥ 3 we have

N(F ; B) ¿ε Bn−2+ε.

It would even be interesting to know whether this could be achieved with a
possible dependence on F in the implied constant. The bound (2.1) achieves
this for non-singular forms F , when n ≥ 10.

The arguments of Bombieri and Pila [2], and of Pila [28] were essentially
affine in nature, and only used properties of A2. This left open the question of
whether there might be a natural extension to higher dimensions. In particular
Pila’s work [28] only used the bound (2.2), applying it to plane sections of the
variety F = 0.
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2.3 Projective Curves

The lecturer’s work [15] extended the method of Bombieri and Pila to projective
hypersurfaces of arbitrary dimension. We shall begin by describing the result
obtained for curves.

Theorem 2 Let F (x1, x2, x3) ∈ Z[x1, x2, x3] be an absolutely irreducible form
of degree d, and let ε > 0. Then

N(F ; B) ¿ε B2/d+ε. (2.4)

At first sight this is uninteresting, since it is clearly surpassed by the results
of Néron (1.3) and Faltings (1.4). The difference however lies in the fact that
(2.4) is uniform in F . If one tries to adapt the proof of (1.3), say, to investigate
uniformity in F one finds that the rank of the curve comes into play. At present
we have insufficient information about the size of the rank of elliptic curves to
produce unconditional bounds, so the approach fails. None the less the lecturer
has shown [14] that one has

N(F ;B) ¿ε Bε

for non-singular cubic curves, under the assumption of the Birch-Swinnerton-
Dyer conjecture and the Riemann Hypothesis for L-functions of elliptic curves.
The second comment that must be made in relation to (2.4) is that it applies
to curves of genus zero as well as to curves of genus one or more. If one looks
at the example F (x) = xd

1 − xd−1
2 x3, then one sees that there are solutions

(md−1n, md, nd), and these suffice to show that N(B) À B2/d. It follows that
(2.4) is essentially best possible. Moreover the exponent 2/d is clearly a consid-
erable improvement on the value 1+1/d which the bound (2.3) would produce.
None the less, the fact remains that the proof of Theorem 2 works only with
the degree d, and fails to distinguish the genus of the curve. This is a serious
defect in the approach.

In fact we need not require F to be absolutely irreducible in Theorem 2.
Indeed for forms which are irreducible over Q but reducible over Q we have the
following stronger estimate.

Theorem 3 Let F (x1, x2, x3) ∈ Q[x1, x2, x3] be an absolutely irreducible form
of degree d, but not a multiple of a rational form. Then N(F ;B) ≤ d2. More-
over, if F (x1, x2, x3) ∈ Z[x1, x2, x3] is a form of degree d which is irreducible
over Q but not absolutely irreducible, then N(F ; B) ≤ d2.

To prove the first assertion one writes F as a linear combination
∑

λiFi of
rational forms Fi, with linearly independent λi. Some Fi is not a multiple of
F , but all rational zeros of F must satisfy F = Fi = 0. The result then follows
by Bézout’s Theorem. The second statement clearly follows from the first, on
splitting F into its irreducible factors over Q.

We can also estimate the number of points on curves in P3.

Theorem 4 Let C be an irreducible curve in P3, of degree d, not necessarily
defined over the rationals. Then C has Oε(B2/d+ε) primitive points x ∈ Z4 in
the cube max |xi| ≤ B.
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This can be established by projecting C onto a suitable plane, and counting
the points on the resulting plane curve. In general such a projection may have
degree less than d. However, the generic projection has degree equal to d, so that
the result follows providing that one chooses the projection map with suitable
care.

As with the result of Bombieri and Pila, all the above bounds are completely
independent of F . The key to this is the following result, in which we write ||F ||
for the height of the form F , defined as the maximum modulus of the coefficients
of F .

Theorem 5 Suppose that F (x1, x2, x3) ∈ Z[x] is a non-zero form of degree d,
and that the coefficients of F have no common factor. Then either N(F ;B) ≤ d2

or ||F || ¿ Bd(d+1)(d+2)/2.

Thus, if one has a bound of the shape

N(F ;B) ¿ε Bθ+ε||F ||ε,

valid for any ε > 0, then one can deduce that either N(F ;B) ¿ 1 or

N(F ; B) ¿ε Bθ+εBd(d+1)(d+2)ε/2.

On re-defining ε we see in either case that

N(F ; B) ¿ε Bθ+ε.

Thus the dependence on ||F || miraculously disappears!
The results described here should be compared with those in the work of

Elkies [5]. The emphasis in [5] is on algorithms for searching for rational points.
Elkies shows in [5, Theorem 3] that one can find the rational points of height at
most B on a curve C of degree d, in time OC,ε(B2/d+ε). Thus in particular there
are OC,ε(B2/d+ε) points to be found. Uniformity in C is not considered, but
it seems quite plausible that the methods may yield a good dependence on the
height of C, or even complete independence as in the theorems quoted above.
The techniques used in the two papers show interesting similarities, although
the precise relationship remains unclear. In fact Elkies also looks at surfaces
and varieties of higher dimension, and gives a heuristic argument that leads to
the same exponent 3/

√
d as occurs in Theorems 7 and 11 below.

2.4 Surfaces

In the previous lecture it was explained that the natural counting function for
surfaces should exclude trivial solutions, and the function N1(B) was introduced.
If there is a line L, defined over Q, and lying in the surface F (x) = 0, then points
on L will contribute ÀF B2 to N(F ;B).

In analogy with Conjecture 3 we may now expect the following.

Conjecture 4 Let F (x1, x2, x3, x4) ∈ Z[x1, x2, x3, x4] be an absolutely irre-
ducible form of degree d, and let ε > 0. Then

N1(F ; B) ¿ε B1+ε.
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This would be best possible, as the example

xd
1 + xd

2 − xd−2
2 x3x4 = 0

shows. This surface is absolutely irreducible, and contains no lines other than
those in the planes x2 = 0, x3 = 0 and x4 = 0. However there are rational
points (0, ab, a2, b2), which yield N1(B) À B.

That any points on lines in the surface will dominate the function N(B) is
shown by the following result.

Theorem 6 For an absolutely irreducible form F (x) ∈ Z[x1, . . . , x4] of degree
3 or more, we have

N1(F ;B) ¿ε B52/27+ε.

Moreover we can improve substantially on this for large values of d, as follows.

Theorem 7 Let F (x) ∈ Z[x1, . . . , x4] be an absolutely irreducible form of degree
d. Then we have

N1(F ;B) ¿ε B1+3/
√

d+ε.

Surfaces of the type G(x1, x2) = G(x3, x4), where G is a binary form, have been
investigated fairly extensively in the past, although success has been limited
to the cases in which d = 3 (Hooley [16], [22]), or d = 4 and G has the shape
ax4+bx2y2+cy4 (Hooley [20]), or G is diagonal (Bennet, Dummigan and Wooley
[1]). In the first two cases the methods save only a power of log B relative to
B2.

The above mentioned works were designed to show that almost all integers
represented by G have essentially only one representation. We can now prove
this for arbitrary irreducible forms. To formulate this precisely, we define an
automorphism of the binary form G to be an invertible 2×2 matrix M , such that
G(Mx) = G(x) identically in x. We then say that integral solutions of G(x) = n
are equivalent if and only if they are related by such an automorphism with a
rational matrix M . (One slightly strange consequence of this definition is that
when d = 1 or d = 2 all non-zero integer solutions of G(x) = n are equivalent.)

We then have the following result.

Theorem 8 Let G(x, y) ∈ Z[x, y] be a binary form of degree d ≥ 3, irreducible
over Q. Then G has Od(1) automorphisms. Moreover the number of posi-
tive integers n ≤ X represented by the form G is of exact order X2/d, pro-
viding that G assumes at least one positive value. Of these integers n there
are Oε,G(X52/(27d−2)+ε) for which there are two or more inequivalent integral
representations.

The statement that the number of representable integers is of exact order X2/d

is a classical result of Erdős and Mahler [7], dating from 1938.
Although Theorem 6 shows that points on lines may predominate, it does

not automatically verify Conjecture 3 for surfaces, since there may be infinitely
many lines. However this possibility can he handled successfully, and we have
the following result.

Theorem 9 Let F (x) ∈ Z[x1, . . . , x4] be an absolutely irreducible form of degree
d ≥ 2. Then we have

N(F ; B) ¿ε B2+ε.
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When F is non-singular we can do better than Theorem 6, and we have the
following results.

Theorem 10 Let F (x) ∈ Z[x1, . . . , x4] be a non-singular form of degree d ≥ 2.
Then we have

N1(F ; B) ¿ε B4/3+16/9d+ε. (2.5)

Theorem 11 Let F (x) ∈ Z[x1, . . . , x4] be a non-singular form of degree d ≥ 2.
Then we have

N1(F ;B) ¿ε B1+ε + B3/
√

d+2/(d−1)+ε. (2.6)

In particular
N1(F ; B) ¿ε B1+ε, (2.7)

when d ≥ 13. Let N2(F ; B) be the number of points counted by N(F ; B), but
not lying on any curve of degree ≤ d− 2 contained in the surface. Then

N2(F ; B) ¿ε B3/
√

d+2/(d−1)+ε. (2.8)

Let N3(F ;B) be the number of points counted by N(F ;B), but not lying on any
genus zero curve of degree ≤ d− 2 contained in the surface. Then

N3(F ; B) ¿ε,F B3/
√

d+2/(d−1)+ε. (2.9)

In particular we see that Conjecture 4 holds for d ≥ 13, providing that F is
non-singular. We note that the exponent in Theorem 10 is better for d = 3, 4
and 5, but that otherwise one should use Theorem 11.

It is plain that curves of low degree lying in the surface F = 0 are a potential
source for a large contribution to N(F ;B). Thus the following geometric result,
due to Colliot-Thélène, is of great significance.

Theorem 12 [15, Theorem 12] Let F (x) = 0 be a non-singular surface in
P3, of degree d. Then for every degree δ ≤ d − 2 there is a constant N(δ, d),
independent of F , such that the surface F (x) = 0 contains at most N(δ, d)
irreducible curves of degree δ.

When d = 3 we have the familiar fact that a non-singular cubic surface has 27
lines. We can therefore take N(1, 3) = 27.

We now see from the estimate (2.9) that, with very few exceptions, the
rational points on a non-singular surface of large degree are restricted to a finite
number of curves of genus zero. This may be compared with the assertion of
Conjecture 1.

The special diagonal surfaces

F (x) = xd
1 + xd

2 − xd
3 − xd

4 = 0 (2.10)

have received a great deal of attention, and it has been shown that

N1(B) ¿ B4/3+ε (d = 3)

(Heath-Brown [13]),

N1(B) ¿ B5/3+ε (4 ≤ d ≤ 7) (2.11)
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(Hooley [19] and [21]), and

N1(B) ¿ B3/2+1/(d−1)+ε (d ≥ 8)

(Skinner and Wooley [30]). Theorem 11 supersedes these as soon as d ≥ 6.
However Browning [3] has recently shown that (2.6) may be replaced by

N1(F ; B) ¿ε B2/3+ε + B3/
√

d+2/(d−1)+ε

for these particular surfaces. We shall improve this further as follows.

Theorem 13 When d ≥ 8 the surface (2.10) contains no genus zero curves
other than the lines. Hence

N1(F ;B) ¿ε B3/
√

d+2/(d−1)+ε

for any d ≥ 2.

2.5 A General Result

We may now state the key result underlying most of the estimates described in
this lecture. It applies to projective hypersurfaces of arbitrary dimension.

Theorem 14 Let F (x1, . . . , xn) ∈ Z[x] be an absolutely irreducible form of
degree d, and let ε > 0 and B ≥ 1 be given. Then we can find D = D(n, d, ε)
and an integer k with

k ¿n,d,ε B(n−1)d−1/(n−2)+ε(log ||F ||)2n−3,

as follows. There are forms F1(x), . . . , Fk(x) ∈ Z[x1, . . . , xn], coprime to F (x)
and with degrees at most D, such that every point x counted by N(F ; B) is a
zero of some form Fj(x).

One should note that it is crucial for the degrees of the forms Fj to be suitably
bounded, since one can easily construct a form F1(x), with degree dependent
on B, which vanishes at every integer vector in the cube max |xi| ≤ B.

In the case n = 3, Theorem 14 shows that every point counted by N(F ; B)
satisfies F (x) = Fj(x) = 0 for some j ¿ε B2/d+ε(log ||F ||)3. Bézout’s Theo-
rem shows that there are at most dD points for each j, so that N(F ;B) ¿ε

B2/d+ε(log ||F ||)3. Theorem 2 then follows via an application of Theorem 5.
For the case n = 4 we see in the same way that the relevant points will lie on

Oε(B3/
√

d+ε(log ||F ||)5) curves in the surface F = 0, each curve having degree
at most dD. We may apply Theorem 4 to estimate the number of points on such
a curve, but it is useful to have further information on the possible degrees of
such curves. This is provided by Theorem 12 when the form F is non-singular,
but otherwise we merely use the fact that the degree of the curve will be at least
two for points counted by N1(F ; B). In this way we may establish Theorems
7 and 11, after treating the factor (log ||F ||)5 through a version of the process
employed for Theorem 5.
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2.6 Affine Problems

Although our main emphasis has been on integer zeros of forms, one can suc-
cessfully tackle problems involving general (inhomogeneous) polynomials. For
this section we therefore suppose that F (x1, . . . , xn) ∈ Z[x] is an absolutely
irreducible polynomial of total degree d, and we consider

N(F ; B1, . . . , Bn) = N(F ;B) =
#{x ∈ Z : F (x) = 0, |xi| ≤ Bi, (1 ≤ i ≤ n)} (2.12)

where Bi ≥ 1 for 1 ≤ i ≤ n. Thus the Bombieri-Pila result (2.2) shows that
N(F ;B, B) ¿ε B1/d+ε. In applications it can be very useful to allow the Bi to
have varying sizes. Indeed one can formulate the homogeneous problem with
general boxes rather than cubes, and prove an extension of Theorem 14. In our
case we shall see that the following analogue of Theorem 14 holds.

Theorem 15 Let F (x1, . . . , xn) ∈ Z[x] be an absolutely irreducible polynomial
of degree d, and let ε > 0 and B1, . . . , Bn ≥ 1 be given. Define

T = max{
n∏

i=1

Bei
i },

where the maximum is taken over all integer n-tuples (e1, . . . , en) for which the
corresponding monomial

xe1
1 . . . xen

n

occurs in F (x) with non-zero coefficient.
Then we can find D = D(n, d, ε) and an integer k with

k ¿n,d,ε T ε exp{(n− 1)(
∏

log Bi

log T
)1/(n−1)}(log ||F ||)2n−3,

as follows. There are polynomials F1(x), . . . , Fk(x) ∈ Z[x1, . . . , xn], coprime to
F (x) and with degrees at most D, such that every point x counted by N(F ;B)
is a zero of some polynomial Fj(x).

Lecture 3—Proof of Theorem 14

3.1 Singular Points

In proving Theorem 14 we shall begin by considering singular points. A singular
point of F (x) = 0 satisfies

∂F (x)
∂xi

= 0, (1 ≤ i ≤ n).

Not all the forms ∂F/∂xi can be identically zero, since F is absolutely irre-
ducible. Moreover, if one of the partial derivatives is non-zero it will have
degree d−1, so that it cannot be a multiple of F . Thus if we include a non-zero
partial derivative amongst the forms Fj , all singular points will be taken care
of.
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Our proof of Theorem 14 will use an auxiliary prime p, and we shall also
need to account for points which are singular modulo p. We set

S(F ;B, p) = {x ∈ Zn : F (x) = 0, |xi| ≤ B, (1 ≤ i ≤ n), p - ∇F (x)},

and

S(F ; B) = {x ∈ Zn : F (x) = 0, |xi| ≤ B, (1 ≤ i ≤ n), ∇F (x) 6= 0}.

The following lemma then holds.

Lemma 1 Let B ≥ 2 and r = [log(||F ||B)], and assume that

P ≥ log2(||F ||B).

Then we can find primes p1 < . . . < pr in the range P ¿ pi ¿ P , such that

S(F ; B) =
r⋃

i=1

S(F ; B, pi).

In fact this is the only place in the argument where a dependence on ||F ||
occurs.

For the proof we just pick the first r primes pi > AP , with a suitable constant
A. We will then have P ¿ pi ¿ P since P À r2. For any x ∈ S(F ;B) there
will be some partial derivative ∂F/∂xj , say, which is non-zero. Using the bound

∂F

∂xj
¿n ||F ||Bd−1,

we see that

#{p > AP : p| ∂F

∂xj
} ¿n,d

log(||F ||B)
log(AP )

.

Thus there are at most r − 1 such primes, if A is large enough. It follows that
one of the primes pi does not divide ∂F/∂xj , in which case x ∈ S(F ;B, pi), as
required.

As a consequence of Lemma 1 it suffices to examine points which are non-
singular modulo a fixed prime p À log2(||F ||B), providing that we allow an
extra factor log(||F ||B) in our final estimate for k.

3.2 The Implicit Function Theorem

We shall write
S(F ; B, p) =

⋃
t

S(t),

where
S(t) = {x ∈ S(F ; B, p) : x ≡ ρt (mod p) for some ρ ∈ Z},

and t runs over a set of projective representatives for the non-singular points of
F (t) = 0 over Fp.

The proof of Theorem 14 will show that if p is sufficiently large compared
with B, then all points x ∈ S(t) satisfy an equation F (x; t) = 0. The forms
F (x; t) will turn out to have the properties described in Theorem 14, so that if

14



we take k′ to be the number of non-singular points of F (t) = 0 over Fp, we will
have k ¿ 1 + k′(log ||F ||B), according to the argument above. Indeed we will
have k′ ¿ pn−2 ¿ Pn−2, so that it will be enough to show that

P À B(n−1)(n−2)−1d−1/(n−2)
V ε log2 ||F ||, (3.1)

suffices. Note in particular that (3.1) certainly ensures that P À log2(||F ||B),
when B is large enough, so that Lemma 1 applies.

We shall now fix our attention on a particular value of t. Without loss of
generality we may take t1 = 1, since we are working in projective space. If the
partial derivatives

∂F

∂xi
(t) (3.2)

were to vanish for 2 ≤ i ≤ n, then the first partial derivative must vanish too,
since

0 = dF (t) = t.∇F (t).

However t was assumed to be non-singular, so there must be some non-vanishing
partial derivative with 2 ≤ i ≤ n. Without loss of generality we shall assume
that in fact

∂F

∂x2
(t) 6= 0. (3.3)

Using Hensel’s lemma, along with (3.3), we can lift t to a p-adic solution
u ∈ Zn

p of F (u) = 0 in which u1 = 1. One can now show that the equation

F (1, u2 + Y2, u3 + Y3, . . . , un + Yn) = 0

may be used to define Y2 implicitly as a convergent p-adic power series in
Y3, . . . , Yn, providing that p|Yi for 2 ≤ i ≤ n. This is, in effect, an appli-
cation of the implicit function theorem, but we shall formulate it in terms of
polynomials, as follows.

Lemma 2 Let F (x) and u be as above. Then, for any integer m ≥ 1 we can
find fm(Y3, Y4, . . . , Yn) ∈ Zp[Y3, . . . , Yn], such that if F (v) = 0 for some v ∈ Zn

p

with v1 = 1 and v ≡ u (mod p), then

v2 ≡ fm(v3, . . . , vn) (mod pm). (3.4)

We shall prove Lemma 2 by induction on m. Write

∂F

∂x2
(u) = µ,

say, and let f1(Y3, . . . , Yn) = u2, (constant) and

fm+1(Y3, . . . , Yn) = fm(Y3, . . . , Yn)− µ−1F (1, fm(Y3, . . . , Yn), Y3, . . . , Yn),

for m ≥ 1. The case m = 1 of Lemma 2 is then immediate. For the general case
the induction hypothesis yields

v2 ≡ fm(v3, . . . , vn) (mod pm),

so that we may write
v2 = fm(v3, . . . , vn) + λpm,
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with λ ∈ Zp. Then

0 = F (v)
≡ F (1, fm(v3, . . . , vn), v3, . . . , vn)

+λpm ∂F

∂x2
(1, fm(v3, . . . , vn), v3, . . . , vn) (mod pm+1). (3.5)

Moreover, the induction hypothesis (3.4) shows that

fm(v3, . . . , vn) ≡ u2 (mod p),

since v ≡ u (mod p). It follows that

∂F

∂x2
(1, fm(v3, . . . , vn), v3, . . . , vn) ≡ µ (mod p).

We now see from (3.5) that

λpm ≡ −µ−1F (1, fm(v3, . . . , vn), v3, . . . , vn) (mod pm+1),

so that
v2 ≡ fm+1(v3, . . . , vn) (mod pm+1).

This completes the induction.

3.3 Vanishing Determinants of Monomials

Clearly we can apply an invertible integral linear transformation to the form
F (x) so as to produce a form in which the coefficient of xd

n is non-zero. Indeed
we can find such a transformation in which the coefficients are all Od,n(1). Thus
there is no loss of generality in assuming that the monomial xd

n has non-zero
coefficient in F (x).

We now choose a large integer D and define the set

E = {(e1, . . . , en) ∈ Zn : ei ≥ 0, (1 ≤ i ≤ n), en < d,

n∑

i=1

ei = D}. (3.6)

We shall write

E = #E =
(

D + n− 1
n− 1

)
−

(
D − d + n− 1

n− 1

)
, (3.7)

and we shall suppose for the moment that E ≤ #S(t). Let x(1), . . . ,x(E) be
distinct vectors in S(t) and let

∆ = det(x(i)e)1≤i≤E, e∈E ,

where we write
we1

1 . . . wen
n = we.

Thus ∆ is an E×E determinant with rows corresponding to the different vectors
x(i) and columns corresponding to the various exponent n-tuples e.

We proceed to show that ∆ is divisible by a large power pm of p. This will
enable us to deduce that ∆ vanishes. Since x(i) ∈ S(t), we see that the reduction
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modulo p of x(i) represents the same projective point as t does. It follows that
p - x1 so that we may regard x−1

1 x = v, say, as a vector in Zn
p . We now have

v1 = t1 = 1. Moreover we may lift t to a vector (1, u2, u3, . . . , un) ∈ Zn
p on

F = 0, as in Lemma 2, so that vi = ui + yi for 2 ≤ i ≤ n, for suitable yi ∈ pZp.
Lemma 2 now shows that

∆ =
( ∏

1≤i≤E

x
(i)
1

)D

det(v(i)e)1≤i≤E, e∈E ≡
( ∏

1≤i≤E

x
(i)
1

)D

∆0 (mod pm),

where
∆0 = det(M0), M0 = (w(i)e)1≤i≤E, e∈E ,

with
w

(i)
1 = 1, w

(i)
2 = fm(v(i)

3 , . . . , v(i)
n ),

and
w

(i)
j = v

(i)
j (3 ≤ j ≤ n).

We proceed to replace v
(i)
j by uj + y

(i)
j for 3 ≤ j ≤ n, so that we have p|y(i)

j . It
follows that

w(i)e = w
(i)e1
1 . . . w(i)en

n = ge(y
(i)
3 , y

(i)
4 , . . . , y(i)

n )

for a suitable collection of polynomials ge(Y3, . . . , Yn) ∈ Zp[Y3, . . . , Yn]. We now
choose an ordering ≺ on the vectors

f = (f3, . . . , fn), (fj ∈ Z, fj ≥ 0),

in such a way that f ≺ f ′ if
∑

fj <
∑

f ′j . (When n ≥ 4 this can be done in
many different ways.) We then order the monomials Yf in the corresponding
fashion.

We now perform column operations on M0 using the following procedure. We
take the ‘smallest’ monomial Yf, say, occurring in any of the polynomials ge. If
this monomial occurs in two or more such polynomials, we use the monomial for
which the p-adic order of the coefficient is least. We then interchange columns
so as to bring this term into the leading column, and proceed to subtract p-adic
integer multiples of the new first column from any other columns which contain
the monomial Yf. Thus this monomial will now occur only in the first column.
We then repeat the procedure with the remaining n− 1 columns, looking again
for the ‘smallest’ monomial, placing it in the second column, and removing it
from all later columns. Continuing in this manner we reach an expression

∆0 = det(M1), M1 =
(
he(y

(i)
3 , . . . , y(i)

n )
)
1≤i≤E, 1≤e≤E

,

in which we have polynomials he(Y) ∈ Zp[Y], with successively larger ‘smallest’
monomial terms.

There are (
f + n− 3

n− 3

)
= n(f),

say, monomials of total degree f . Hence if e > n(0) + n(1) + . . . + n(f − 1), the
‘smallest’ monomial in he(Y) will have total degree at least f . We now recall
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that p|y(i)
j for 3 ≤ j ≤ n whence every element in the e-th column of M1 will

be divisible by pf . Since

f∑

i=0

n(i) =
(

f + n− 2
n− 2

)
,

and
f∑

i=0

in(i) = (f + 1)
(

f + n− 2
n− 2

)
−

(
f + n− 1

n− 1

)
,

it follows that if
(

f + n− 2
n− 2

)
≤ E <

(
(f + 1) + n− 2

n− 2

)
, (3.8)

then ∆0 is divisible by

pn(1)+2n(2)+...+fn(f)+(f+1)(E−n(0)−n(1)−...−n(f)) = pν ,

say, where

ν = (f + 1)E −
(

f + n− 1
n− 1

)
. (3.9)

We therefore specify that the prime power pm with which we work will have
m = ν. This leads to the following conclusion.

Lemma 3 If E lies in the interval (3.8) and ν is as in (3.9), then

νp(∆) ≥ ν.

To show that ∆ must in fact vanish we shall use information on its size.
Each entry in ∆ has modulus at most BD, whence

|∆| ≤ EEBDE .

Hence if we impose the condition

pν > EEBDE , (3.10)

we deduce from Lemma 3 that ∆ = 0.

3.4 Completion of the Proof

We are now ready to construct the form Fj corresponding to our chosen value of
t. Recall that we have supposed that #S(t) ≥ E, and that we took the points
x(1), . . . ,x(E) to be distinct elements of S(t). We now set #S(t) = K and
examine the matrix

M2 =
(
x(i)e

)
1≤i≤K, e∈E

where the vectors x(i) now run over all elements of S(t). From what we have
proved it follows that M2 has rank at most E − 1. This is trivial if K ≤ E − 1,
and otherwise the work of the previous section shows that every E × E minor
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vanishes. We therefore see that M2c = 0 for some non-zero vector c ∈ ZE .
Hence if

Fj(x) =
∑

e∈E
cexe, (3.11)

we will have a non-zero form, of degree D, which vanishes for every x ∈ S(t).
Theorem 14 requires that F (x) does not divide Fj(x). However this is clear
from our choice of the exponent set E , since F contains a term in xd

n, whereas
Fj does not.

From (3.10) we see that it suffices to have p ÀD BDE/ν , so that it will be
enough to prove that

lim
D→∞

DE

ν
=

n− 1
n− 2

d−1/(n−2).

In view of (3.1) this will complete the proof of Theorem 14.
From (3.7) we have

E =
dDn−2

(n− 2)!
+ O(Dn−3),

where the implied constant may depend on n and d. On the other hand, (3.8)
implies that

E =
fn−2

(n− 2)!
+ O(fn−3).

We therefore deduce that

f = d1/(n−2)D + O(1),

whence (3.9) yields

ν =
(n− 2)fn−1

(n− 1)!
+ O(fn−2)

= d(n−1)/(n−2)(n− 2)
Dn−1

(n− 1)!
+ O(Dn−2). (3.12)

These estimates then produce the required limiting behaviour for DE/ν, thereby
completing the proof of Theorem 14.

We end this lecture by establishing Theorem 5. For convenience we set
M = (d + 1)(d + 2)/2 and N = d2 + 1. We then suppose that F (x) = 0 has
solutions x(1), . . . ,x(N) ∈ Z3, with |x(i)| ¿ B. We now consider a matrix C
of size N ×M , in which the i-th row consists of the M possible monomials of
degree d in the variables x

(i)
1 , x

(i)
2 , x

(i)
3 . Let f ∈ ZM have entries which are the

corresponding coefficients of F , so that Cf = 0. It follows that C has rank at
most M − 1, since f is non-zero. We therefore see that Cg = 0 has a non-zero
integer solution g, which can be constructed from the various sub-determinants
of C. It follows that |g| ¿d BdM . Now take G(x) to be the ternary form, of
degree d, corresponding to the coefficient vector g. By our construction, G(x)
and F (x) have common zeros at each of the points x(i) for 1 ≤ i ≤ d2 + 1.
This will contradict Bézout’s Theorem, unless F and G are proportional. In the
latter case we may deduce that ||F || ¿d ||G|| ¿d BdM , since the coefficients of
F have no common factor. This gives us the required conclusion.
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Lecture 4—Rational Points on Projective Sur-
faces

This lecture will be devoted to the proofs of Theorems 6 and 8. We shall not
present all the details, for which the reader should consult [15].

4.1 Theorem 6—Plane Sections

The principal tool for the proof of Theorem 6 is the following result from the
geometry of numbers, for which see [15, Lemma 1, parts (iii) & (iv)].

Lemma 4 Let x ∈ Zn lie in the cube |xi| ≤ B. Then there is a primitive vector
z ∈ Zn, for which x.z = 0, and such that |z| ¿ B1/(n−1).

Moreover, if z ∈ Zn is primitive, then there exist primitive vectors

b(1), . . . ,b(n−1) ∈ Zn

such that

|z| ¿
n−1∏

j=1

|b(j)| ¿ |z|. (4.1)

These have the property that any vector x ∈ Zn with x.z = 0 may be written as
a linear combination

x = λ1b(1) + . . . + λn−1b(n−1) (4.2)

with λ1, . . . , λn−1 ∈ Z and

λj ¿ |x|
|b(j)| , (1 ≤ j ≤ n− 1).

It follows that the region |x| ≤ X contains O(Xn−1/|z|) integral vectors
orthogonal to z, providing that X À |z|.
For the last part we note that |b(j)| ¿ |z| ¿ X, by (4.1), and hence that
there are O(X/|b(j)|) choices for each λj . The result then follows from a second
application of (4.1).

Taking n = 4 we see that every relevant point on the surface F (x) = 0 must
lie on one of O(B4/3) planes x.y = 0 with |y| ¿ B1/3. We proceed to count the
number of points of the surface F (x) = 0 which lie on a given plane. According
to Lemma 4, each vector y determines a triple of vectors b(1),b(2),b(3). We
may then write x in the form (4.2) and substitute into the equation F (x) = 0
to obtain a condition G(λ1, λ2, λ3) = 0, say, in which G is an integral form of
degree d, though not necessarily irreducible. If x is primitive then it is clear that
(λ1, λ2, λ3) ∈ Z3 is also primitive. Moreover, if we choose |b(1)| ≤ |b(2)| ≤ |b(3)|,
then the condition max |xi| ≤ B implies max |λi| ≤ cB/|b(1)| for some absolute
constant c.
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4.2 Theorem 6—Curves of Degree 3 or more

If H is an absolutely irreducible factor of G, then the solutions of H(λ1, λ2, λ3) =
0 will correspond to points on an irreducible plane curve in the surface F = 0.
If H has degree at least 3, then

N(H; cB/|b(1)|) ¿ε (
B

|b(1)| )
2/3+ε, (4.3)

by Theorem 2. It is important to notice that the implied constant is independent
of H, and hence of the vectors b(j) and y. The estimate (4.3) allows us to bound
the number of solutions of G(λ1, λ2, λ3) = 0 arising from all factors H of G with
degree 3 or more. We proceed to sum the bound (4.3) over those vectors y that
arise. In order to do this we need to count how many vectors y can correspond
to a given b(1). To do this we apply the final part of Lemma 4, taking z to be
b(1). We then see that there are O(B/|b(1)|) possible vectors y in the region
|y| ¿ B1/3 which are orthogonal to a given b(1), so that the total contribution
of the estimates (4.3), when we sum over y, is

¿ε

∑
(

B

|b(1)| )
5/3+ε, (4.4)

the sum being over the possible vectors b(1). Since we took |b(1)| ≤ |b(2)| ≤
|b(3)|, and we also have

|y| ¿
n−1∏

j=1

|b(j)| ¿ |y|

by (4.1), it follows that |b(1)| ¿ |y|1/3 ¿ B1/9. The sum (4.4) is therefore

¿ε B5/3+ε(B1/9)4−5/3−ε ¿ε B52/27+ε.

This is satisfactory for Theorem 6.

4.3 Theorem 6—Quadratic Curves

It remains to handle the case in which (λ1, λ2, λ3) is a zero of a linear or
quadratic factor H of G. Here we shall be brief. If H is linear, then the
equations x.y = 0 and H(λ1, λ2, λ3) = 0 describe a line in the surface F = 0,
so that the corresponding points x are not counted by N1(F ; B). According
to Harris [10, Proposition 18.10], the generic plane section of any irreducible
hypersurface is itself irreducible. Thus the set of vectors y for which the corre-
sponding form G is reducible must lie on a certain union of irreducible surfaces
in P3 (or possibly indeed in some smaller algebraic set). One can show [15, §6]
that the number and degrees of the components of this set may be bounded in
terms of d, so that there are O(Y 3) admissible vectors y with |y| ≤ Y . To obtain
the estimate O(Y 3) one may apply Pila’s result (2.3) to components of degree 2
or more, and the trivial bound for linear components. In the case in which H is
quadratic it can be shown that there are Oε(B1+ε|y|−1/3) solutions (λ1, λ2, λ3).
Thus vectors y with Y/2 < |y| ≤ Y contribute a total Oε(Y 3B1+εY −1/3) to
N1(F ; B). If we sum over dyadic intervals with Y ¿ B1/3 the result is a contri-
bution O(B17/9+ε). This is clearly satisfactory for Theorem 6. The reader may
note that it is only for cubic surfaces that the exponent 52/27 is required. In
all other cases one can do better.
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4.4 Theorem 8—Large Solutions

We turn now to Theorem 8. For the remainder of this lecture, all implied
constants may depend on the form G. This dependence will not be mentioned
explicitly. It will be convenient to make a change of variable in G so that the
coefficient of xd is positive. This will not affect the result at all.

The reader may care to note that our treatment differs somewhat from that
presented in [15, §7]. This is because we have made the simplifying assumption
that the binary form G is irreducible over Q.

One technical difficulty with the proof of Theorem 8 is that one may have a
value of G(x, y) in the range 1 ≤ G(x, y) ≤ X, for which x, y are considerably
larger than X1/d. The first task is to show that this happens relatively rarely.
We assume that C À X1/d and define

S(X, C) =
#{(x, y) ∈ Z2 : 1 ≤ G(x, y) ≤ X, C < max(|x|, |y|) ≤ 2C, h.c.f.(x, y) = 1},

Now, if x, y is counted by S(X,C) then there is at least one factor x − ay
of G(x, y) for which |x − ay| ¿ X1/d. Hence if we take C ≥ cX1/d with a
sufficiently large constant c, we must have

C ¿ |x− a′y| ¿ C

for every other factor x− a′y of G(x, y). It then follows that

|x− ay| ¿ XC1−d. (4.5)

Since Roth’s Theorem implies that |x−ay| Àε C−1−ε we deduce that C ¿ X2.
(In fact we may draw a stronger conclusion, but the above suffices.) Thus we
will have S(X, C) = 0 unless C ¿ X2.

We now estimate the contribution to S(X, C) arising from pairs (x, y) for
which (4.5) holds with a particular value of a. Such pairs produce primitive
lattice points in the parallelogram |y| ≤ 2C, |x − ay| ¿ XC1−d. In general a
parallelogram of area A, centred on the origin, will contain O(1 + A) primitive
lattice points (see [15, Lemma 1, part (vii)]). We therefore deduce that

S(X, C) ¿ 1 + XC2−d.

We proceed to sum this up, for dyadic ranges with C ¿ X2. Thus, if

S′(X, C) =
#{(x, y) ∈ Z2 : 1 ≤ G(x, y) ≤ X, max(|x|, |y|) > C, h.c.f.(x, y) = 1}

we will deduce that
S′(X, C) ¿ log X + XC2−d,

when C À X1/d.
We proceed to define

r(n) = #{(x, y) ∈ Z2 : n = G(x, y)}

and
r1(n;C) = #{(x, y) ∈ Z2 : n = G(x, y), max(|x|, |y|) ≤ C},
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r2(n;C) = #{(x, y) ∈ Z2 : n = G(x, y), max(|x|, |y|) > C}.
Thus

∑

n≤X

r2(n; C) =
∑

h¿X1/d

S′(
X

hd
,
C

h
)

¿
∑

h¿X1/d

{log X +
X

hd
(
C

h
)2−d}

¿ X1/d log X + XC2−d
∑

h¿X1/d

h−2

¿ X1/d log X + XC2−d. (4.6)

This shows that ‘large’ pairs (x, y) make a relatively small contribution in our
problem.

It is trivial that ∑
r1(n; C) ¿ C2, (4.7)

whence ∑

n≤X

r(n) ¿ C2 + X1/d log X + XC2−d ¿ X2/d,

providing that we choose C = cX1/d with a suitable constant c. It follows in
particular that there are O(X2/d) positive integers n ≤ X represented by G.

4.5 Theorem 8—Inequivalent Representations

For any n which has two inequivalent representations by the form G(x, y), we
must either have r2(n;C) > 0, or we will produce a point (x1, x2, x3, x4) on the
surface

E(x) = G(x1, x2)−G(x3, x4) = 0,

in the cube |xi| ≤ C, and such that (x1, x2) and (x3, x4) are not related by an
automorphism. We define N (C) to be the number of such points. We shall
show that

N (C) ¿ε C52/27+ε, (4.8)

and that the form G has O(1) automorphisms. However before proving this, we
show how Theorem 8 will follow.

We first observe that (4.7) and (4.8) imply the estimate
∑

n≤X

r1(n;C)2 ≤ N (C) + O(
∑

n≤X

r1(n;C)) ¿ C2,

where the second sum counts pairs (x1, x2) and (x3, x4) which are related by
one of the finitely many automorphisms. If C = cX1/d with a sufficiently small
constant c, then max(|x|, |y|) ≤ C implies |G(x, y)| ≤ X. Since we are assuming
that G(1, 0) > 0, it is then trivial that

∑

n≤X

r1(n; C) À C2
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since a positive proportion of the pairs x, y with max(|x|, |y|) ≤ C will have
G(x, y) > 0. Now Cauchy’s inequality yields

∑

n≤X,r1(n:C)>0

1 ≥ {∑n≤X r1(n; C)}2∑
n≤X r1(n; C)2

À C2.

We therefore see that the number of positive integers n ≤ X which are repre-
sented by G, has exact order X2/d, as required for Theorem 8.

It remains to give a non-trivial bound for the number of integers n with two
or more essentially different representations by G. Since such integers are either
counted by N or have r2(n;C) > 0, we see that the number of them is

≤ N (C) +
∑

n≤X

r2(n;C)

¿ε C52/27+ε + X1/d log X + XC2−d,

by (4.6) and (4.8). We therefore obtain a bound Oε(X52/(27d−2)+ε) on taking
C = X27/(27d−2). This proves Theorem 8, subject to the claims made above.

4.6 Theorem 8—Points on the Surface E = 0

It remains to investigate integral points on the surface

E(x) = G(x1, x2)−G(x3, x4) = 0,

for which max |xi| ≤ C. Using the fact that G is irreducible one may show (see
[15, §7]) that E has no rational linear or quadratic factor. Thus one may apply
Theorem 6 to each factor of E(x) to deduce that

N1(E;Y ) ¿ε Y 52/27+ε.

We now write N (∗)(C) to denote the number of integral zeros of E, not neces-
sarily primitive, lying in the cube |xi| ≤ C, but not on any line in the surface
E = 0. Then

N (∗)(C) = 1 +
∑

h¿C

N1(E; B/h)

¿ε 1 +
∑

h

(C/h)52/27+ε

¿ε C52/27+ε.

Points which do not lie on lines in the surface E = 0 therefore make a contri-
bution which is satisfactory for (4.8).

Since G has no repeated factors, the surface E is non-singular. Thus Colliot-
Thélène’s result, Theorem 12, shows that E contains finitely many lines L, say.
Now if L is not defined over Q it can have at most O(C) integral points in the
cube max |xi| ≤ C. Such lines therefore make a satisfactory total contribution
O(C) to (4.8).

For any line L lying in the surface E(x) = 0 one can show that either all
points on L satisfy G(x1, x2) = G(x3, x4) = 0, or that the points on L may be
written as (x, y, a1x + a2y, a3x + a4y) with a1a4 6= a2a3, so that one has

G(a1x + a2y, a3x + a4y) = G(x, y) (4.9)
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identically. In the first case the points on L correspond to solutions of G(x, y) =
n with n = 0, which is excluded. In the second case we produce an automor-
phism of G, and if L is defined over Q this will be a rational automorphism.
Thus inequivalent solutions of G(x, y) = n > 0 cannot lie on rational lines in
the surface E = 0.

Finally we note that all automorphisms produce lines in the surface, as in
(4.9). Thus there can be finitely many such automorphisms.

Lecture 5—Affine Varieties

5.1 Theorem 15—The Exponent Set E
In this lecture we shall prove Theorem 15, which concerns the counting function
(2.12) for integer points on affine varieties. We shall also illustrate Theorem 15
by deriving a new result on the representation of k-free numbers by polynomials.

We begin by following the previous proof of Theorem 14. Thus if we take
B = max(B1, . . . , Bn) then we may use an auxiliary prime p in the range P ¿
p ¿ P , providing that P À log2(||F ||B). We will take (t1, . . . , tn) to be a
non-singular point on the variety F (t) ≡ 0 (mod p). We then aim to find a
polynomial Fj(x), determined by t, such that Fj(x) = 0 for all integral points
x ≡ t (mod p) that are counted by N(F ;B). This will be possible if P is
sufficiently large, and we will then be able to take k ¿ Pn−1 log(||F ||B) in
Theorem 15, since there are O(pn−1) possible vectors t modulo p. The proofs
of Lemmas 2 and 3 now go through just as before.

One major difference in our new situation lies in the fact that the values of
Bi may be of unequal magnitudes. Thus one cannot arrange for F to have a
non-zero term in xd

n, say, merely by using a linear change of variables, since this
could radically alter the sizes of the Bi. We therefore use a different choice for
the exponent set E . The set E must firstly allow us still to conclude that F (x)
does not divide Fj(x), and secondly permit us to bound the determinant ∆ as
sharply as possible.

To achieve the first goal, we write

F (X1, . . . , Xn) =
∑

f

afX
f1
1 . . . Xfn

n ,

and let P (F ) be the Newton polyhedron of F , defined as the convex hull of the
points f ∈ Rn for which af 6= 0. There may be more than one exponent vector
f for which Bf takes the maximal value T , but in any case the maximum will
be achieved for at least one vertex m, say of P , so that

T = Bm. (5.1)

We shall then define our exponent set E to be

E = {(e1, . . . , en) ∈ Zn : ei ≥ 0, (1 ≤ i ≤ n),
n∑

i=1

ei log Bi ≤ Y,

ei < mi for at least one i}. (5.2)

We now show that the choice (5.2) ensures that F (x) - Fj(x). For any two
polynomials G1, G2 ∈ R[x] we have P (G1G2) = P (G1) + P (G2), (Ostrowski
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[27]). Now, for any polynomial G, the set P (F ) + P (G) must contain a point
m + g for some exponent vector g of G. Since g has non-negative components
it follows that m + g 6∈ E . Thus we cannot have Fj = FG, whence F cannot
divide Fj , as required.

5.2 Completion of the Proof of Theorem 15

It remains to estimate the size of the determinant ∆ and to compute the expo-
nent ν for our new set E .

Tackling the determinant ∆ first, we use the fact that |x(j)
i | ≤ Bi, to show

that the column corresponding to exponent vector e consists of elements of
modulus at most

Be =
n∏

i=1

Bei
i .

It follows that
|∆| ≤ EEBE, (5.3)

where ∑

e∈E
e = E. (5.4)

For any e ∈ Zn with ei ≥ 0 we set

σ(e) =
n∑

i=1

ei log Bi.

Then
log BE =

∑

e∈E
σ(e) =

∑

σ(e)≤Y

σ(e)−
∑

(1)σ(e),

where Σ(1) denotes the conditions σ(e) ≤ Y and ei ≥ mi for 1 ≤ i ≤ n. If we
substitute ei + mi for ei in Σ(1) we obtain

log BE =
∑

σ(e)≤Y

σ(e)−
∑

σ(e)≤Y−log T

(σ(e) + log T )

=
∑

Y−log T<σ(e)≤Y

σ(e)− (log T )
∑

σ(e)≤Y−log T

1

= {Y + O(log T )}
∑

Y−log T<σ(e)≤Y

1

−(log T )
∑

σ(e)≤Y−log T

1. (5.5)

Now, if B = max Bi, then

#{e : σ(e) ≤ Z} =
Zn

n!
∏

log Bi
+ O(

Zn−1

∏
log Bi

log B) (5.6)

for Z ≥ 0, as an easy induction on n shows. Thus

(log T )
∑

σ(e)≤Y−log T

1 =
Y n

n!
∏

log Bi
log T + O(

Y n−1

∏
log Bi

log2 T ) (5.7)
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whether Y ≥ log T or not.
It is not so easy to estimate the first term in (5.5). However for any δ ∈ (0, 1]

we have ∫ Z(1+δ)

Z

{
∑

Y−log T<σ(e)≤Y

1}dY =
∑
e

∫
1 dY,

with the range of integration on the right being for Z ≤ Y ≤ Z(1 + δ) and
σ(e) ≤ Y ≤ σ(e) + log T . Thus (5.6) yields

∫ Z(1+δ)

Z

{
∑

Y−log T<σ(e)≤Y

1}dY ≤ (log T )
∑

Z−log T≤σ(e)≤Z(1+δ)

1

=
log T∏
log Bi

{ (1 + δ)n − 1
n!

Zn + O(Zn−1 log T )}.

Similarly we find that
∫ Z(1+δ)

Z

{
∑

Y−log T<σ(e)≤Y

1}dY ≥ (log T )
∑

Z≤σ(e)≤Z(1+δ)−log T

1

=
log T∏
log Bi

{ (1 + δ)n − 1
n!

Zn + O(Zn−1 log T )}.

Thus there is some Y in the range Z ≤ Y ≤ Z(1 + δ) for which

∑

Y−log T<σ(e)≤Y

1 =
log T∏
log Bi

{ (1 + δ)n − 1
δn!

Zn−1 + O(δ−1Zn−2 log T )}

=
log T∏
log Bi

{ Zn−1

(n− 1)!
+ O(δZn−1) + O(δ−1Zn−2 log T )}

=
log T∏
log Bi

{ Y n−1

(n− 1)!
+ O(δY n−1) + O(δ−1Y n−2 log T )}.

If Y ≥ log T we may choose

δ =

√
log T

Y

so that
∑

Y−log T<σ(e)≤Y

1 =
log T∏
log Bi

{ Y n−1

(n− 1)!
+ O(Y n−3/2(log T )1/2)}. (5.8)

If Z ≥ log T , we now see that any range Z ≤ Y ≤ 2Z contains a value of Y for
which (5.8) holds. For such Y equations (5.5), (5.7) and (5.8) yield

log BE =
log T∏
log Bi

Y n

(n− 1)!
− log T∏

log Bi

Y n

n!
+ O(

log T∏
log Bi

Y n−1/2(log T )1/2)

=
n− 1

n!
log T∏
log Bi

Y n{1 + O(

√
log T

Y
)}. (5.9)

A similar but simpler argument provides us with our estimate for ν. Indeed
(3.8) and (3.9) still apply, but with n replaced by n + 1. It follows that

ν =
1

n(n− 2)!
{(n− 1)!E}n/(n−1){1 + O(E−1/(n−1))},
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where E = #E . However, as in (5.5), we have

#E =
∑

σ(e)≤Y

1−
∑

σ(e)≤Y−log T

1 =
∑

Y−log T<σ(e)≤Y

1.

For the value of Y we have chosen, it follows from (5.8) that

E =
log T∏
log Bi

Y n−1

(n− 1)!
{1 + O(

√
log T

Y
)}. (5.10)

Since log Bi ≤ log T for each index i, we deduce that

E À (
Y

log T
)n−1

if Y À log T , and hence that

ν =
Y n

n(n− 2)!
{ log T∏

log Bi
}n/(n−1){1 + O(

√
log T

Y
)}. (5.11)

As before, we need pν > |∆|. A comparison of (5.3) (5.9) and (5.11) now shows
that if E ≤ C, say, then we can take

log p =
log BE

ν
+ OC(1) = {

∏
log Bi

log T
}1/(n−1){1 + O(

√
log T

Y
)}+ OC(1).

If ε > 0 is such that Bi ≥ Bε for 1 ≤ i ≤ n, and Y = λ log T , then (5.10)
yields E ¿λ,ε,d 1. By allowing λ to become arbitrarily large we can therefore
take

log p ≤ (1 + ε){
∏

log Bi

log T
}1/(n−1).

Thus the bound given in Theorem 15 certainly holds if Bi ≥ Bε for 1 ≤ i ≤ n.
On the other hand, if B1 ≤ Bε, say, we can merely take the polynomials

Fj(x) as Fj(x) = x1 − aj for the various integers aj ∈ [−B1, B1]. Clearly each
relevant point will be a zero of such a polynomial, and there are ¿ B1 ¿ T ε of
them. This completes the proof of Theorem 15.

5.3 Power-Free Values of Polynomials

We shall now apply Theorem 15 to the problem of power-free values of polyno-
mials. Let f [X] ∈ Z[X] be an irreducible polynomial of degree d. It can happen
that there is a prime p such that p2|f(n) for every integer n, even though f is
necessarily primitive. (The polynomial X4 + 2X3 − X2 − 2X + 4 provides an
example, with p = 2.) However if we assume that there is no prime p such that
p2|f(n) for every integer n, then we would expect f(n) to represent infinitely
many square-free integers. This is known only for polynomials of degree d ≤ 3.
This is relatively trivial for d ≤ 2, and was shown by Erdős [6] for d = 3. When
one considers polynomials of higher degree one may ask for which values of k
one can assert that f(n) is infinitely often k-th power free, or “k-free” for short.
Hooley showed that one may take k = d− 1 in general, and Nair [25] that any
k ≥ (

√
2− 1

2 )d is admissible.
We shall strengthen this result for d ≥ 10 as follows.
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Theorem 16 Let f [X] ∈ Z[X] be an irreducible polynomial of degree d, with
positive leading coefficient. Suppose we have an integer k ≥ (3d + 2)/4, and
assume moreover that there is no prime p such that pk|f(n) for every integer n.
Then

#{n ≤ B : f(n) is k-free} ∼ C(k, f)B

as B tends to infinity, where

C(k, f) =
∏
p

(1− ρ(pk)/pk),

with ρ(n) being the number of zeros modulo n of the polynomial f(x).

Note that although (3d + 2)/4 < (
√

2− 1
2 )d as soon as d ≥ 4, we only have

d(3d + 2)/4e < d(√2− 1
2 )ed when d ≥ 10.

The initial stages of the argument are straightforward. We shall assume that
f is fixed, so that any order constants in the following may depend on f .

One has ∑

hk|f(n)

µ(h) =
{

1, f(n) is k-free,
0, otherwise,

whence
#{n ≤ B : f(n) is k-free} =

∑

h

µ(h)N(h, B),

with
N(h,B) = #{n ≤ B : hk|f(n)}.

Moreover we see that N(h,B) = 0 for h À Bd/k, and that

N(h, B) =
B

hk
ρ(hk) + O(ρ(hk))

in general. Since ρ(h) is multiplicative, and ρ(p) ¿ 1, we see that ρ(hk) ¿ε hε

for any ε > 0. It follows that
∑

h≤H

µ(h)N(h,B) = B
∑

h≤H

µ(h)ρ(h)/hk + Oε(
∑

h≤H

hε)

= B{C(k, f) + Of,ε(Hε−k)}+ Of,ε(H1+ε).

Thus, if we choose H = B1−δ with any fixed positive δ we will have
∑

h≤B1−δ

µ(h)N(h,B) ∼ C(k, f)B.

It therefore remains to show that
∑

B1−δ<h¿Bd/k

N(h,B) = o(B). (5.12)

For any integer H with B1−δ ¿ H ¿ Bd/k, we have
∑

H<h≤2H

N(h,B) ≤ N(F ; B1, B2, B3),
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where F (x1, x2, x3) = f(x1)−xk
2x3 and B1 = B, B2 = 2H, B3 ¿ Bd/Hk. This

polynomial F is clearly absolutely irreducible. It will be convenient to replace
the above inequality by a slightly sharper one

∑

H<h≤2H

N(h,B) ≤ N ′(F ;B1, B2, B3), (5.13)

in which N ′(F ; B1, B2, B3) counts only solutions in which x2 is a positive square-
free integer. We now apply Theorem 15, in which T will be of order Bd. Writing

η =
log H

log B

so that
1− δ ≤ η ≤ d/k + o(1)

we find that all relevant triples satisfy one of

Od,ε(B2
√

η(1−kη/d)+ε) (5.14)

auxiliary equations Fj(x1, x2, x3) = 0, of degree at most D = D(d, ε). On
multiplying by xkD

2 we can eliminate x3 from such an auxiliary equation, using
the fact that

xk
2x3 = f(x1). (5.15)

It follows that we may assume that the auxiliary equations take the shape
Gj(x1, x2) = 0, with no dependence on x3. This elimination process will pro-
duce produce polynomials Gj which do not vanish identically, since the original
polynomials Fj were coprime to F . Moreover the degree of each Gj is at most
D(d, ε) for some new fuction D. If Gj is not absolutely irreducible we may
split it into its irreducible factors. In view of Theorem 3 we can concentrate on
factors which have rational coefficients. Thus we may suppose that Gj(x1, x2)
is absolutely irreducible.

We now write Hj(y1, y2, y3) = yD
3 Gj(y1/y3, y2/y3), so that Hj is a non-zero

form of degree D. According to Theorem 5 there are two cases. In the first case
N(Hj ; L) ≤ D2 where L = max(B, 2H, 1). It then follows that j determines
Od,ε(1) admissible values for x1, x2. Moreover, since we are assuming that
x2 > 0, the relation (5.15) then shows that any admissible pair x1, x2 determines
at most one admissible value of x3. In the second case the coefficients of Gj

may be taken to be integers of size O(BN ) for some exponent N depending at
most on d and ε. Since we are only interested in values x2 > 0 we may remove
any factors of x2 from the polynomial Gj . Thus we can write

Gj(X1, X2) = G
(0)
j (X1) + X2G

(1)
j (X1, X2)

for appropriate integral polynomials G
(0)
j and G

(1)
j , with G

(0)
j not identically

zero, and having coefficients O(BN ). We now subdivide this second case into 2
subcases. In the first subcase we will have f(x) - G

(0)
j (x), while in the second

subcase we will have f(x)|G(0)
j (x)

For the first of these subcases we observe that x2 must divide G
(0)
j (x1).

However it is clear from (5.15) that x2 also divides f(x1). Thus we conclude

30



that x2 must be a factor of the resolvent R of f and G
(0)
j . Since f(X) does not

divide G
(0)
j (X) it follows that R is non-zero, and our bound on the coefficients

of G
(0)
j implies that R ¿ BN ′

for some N ′ depending only on d and ε. Hence
x2 can take at most d(R) ¿ε Bε values in this first subcase. (Here d(. . .)
is the usual divisor function.) Now x2 is assumed to be square-free, so that
ρ(x2) ¿ Bε. Moreover the equation (5.15) implies that f(x1) ≡ 0 (mod x2).
Hence we see that the number of possible values of x1 corresponding to each
admissible x2 is

¿ (1 + B/x2)ρ(x2) ¿ε (1 + B/H)Bε ¿ε Bδ+ε.

As before x1 and x2 determine x3, by (5.15). It therefore follows that each value
of j produces O(Bδ+2ε) triples (x1, x2, x3) in the first subcase.

Turning to the second subcase, in which F (X)|G(0)
j (X), we note that G

(0)
j

must have degree at least d. We then apply Theorem 15 to the equation
Gj(x1, x2) = 0, taking B1 = B, B2 = 2H, and T ≥ Bd. This shows that there
are Oε(BεH1/d) possible pairs x1, x2, and as usual any such pair determines at
most one value of x3.

We can finally conclude, via (5.14), that (5.13) holds with

N ′(F ;B1, B2, B3) ¿ B2
√

η(1−kη/d)+η/d+2ε,

providing that δ is taken to be small enough. This suffices to establish (5.12),
assuming that we have

sup
1≤η≤d/k

2
√

η(1− kη/d) + η/d < 1,

Since this holds providing that k ≥ (3d + 2)/4, the proof of Theorem 16 is
complete.

Lecture 6—Sums of Powers, and Parameteriza-
tions

In this lecture we shall look at the projective surface

xd
1 + xd

2 = xd
3 + xd

4 (6.1)

and the affine surface
xd

1 + xd
2 + xd

3 = N.

It transpires that our basic techniques are well adapted to these, but need to be
supplemented by information about possible curves of low degree (or low genus)
lying on these varieties.

6.1 Theorem 13—Equal Sums of Two Powers

We shall begin by examining the surface (6.1). We can make a direct application
of Theorem 14 to show that all points in the box max |xi| ≤ B must lie on one
of Oε,d(B3

√
d+ε) curves in the surface. Moreover Theorem 12 tells us that Od(1)

of these curves can have degree d− 2 or lower.
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We begin by disposing of points which lie on a curve C of degree k ≥ d− 1
in the surface (6.1). Here we can apply Theorem 4 to show that any such
curve contributes Oε,k(B2/k+ε) to N1(F ;B). Since we have d − 1 ≤ k ¿d,ε 1
it follows that the total contribution to N1(F ; B) from all such curves arising
from Theorem 14 will be Oε(B3/

√
d+2/(d−1)+ε), as required for Theorem 13.

We therefore turn our attention to the curves of degree at most d− 2. The-
orem 12 assures us that we can produce a finite list of these, independently of
B. Thus we do not have the usual problem of uniformity with respect to B. It
follows that we may apply the theorems (1.3) and (1.4) of Néron and Faltings to
show that any curve of genus 1 will contribute Oε,d(Bε) and any curve of genus
2 or more will contribute Od(1). Thus we have a total contribution of Oε,d(Bε)
to N1(F ; B).

It follows that we must now examine the possibility that there are curves
of genus zero on the surface (6.1). In doing this it in fact suffices to work over
C. Since any curve of genus zero can then be parameterized by polynomials we
shall look for possible polynomial solutions to (6.1). This is clearly a question
of interest in its own right, in view of the solutions (1.6) and (1.8) for the cases
d = 3 and d = 4.

We shall establish the following general result, following an argument due to
Newman and Slater [26].

Lemma 5 Let n ≥ 2 and let f1(t), . . . , fn(t) ∈ C[t] be non-zero polynomials.
Suppose that d ≥ n(n− 2). Then if

n∑

j=1

fj(t)d = 0

holds identically, there must be two polynomials fi, fj which are proportional to
each other.

If one of the polynomials is constant it suffices to have d ≥ (n− 2)(n− 1).

We therefore see that there can be no analogue of Euler’s parametric solution
to (1.7) for the surfaces (6.1) when the degree is 8 or more. Indeed, when n = 4
and d ≥ 8 we may conclude that f4(t) = cf3(t), say. Then either cd = −1, or

f1(t)d + f2(t)d + f̃3(t)d = 0

with
f̃3(t) = (1 + cd)1/df3(t) 6= 0.

In the first case we must have f1(t)d + f2(t)d = f3(t)d + f4(t)d = 0. In the sec-
ond case, Lemma 5 shows that at least two of f1(t), f2(t), f̃3(t) are proportional,
and hence that all three are. In either case we see that the original polynomials
f1(t), . . . , f4(t) are all proportional. These polynomials would then not param-
eterize a curve. We therefore see that, for d ≥ 8, any curve of genus zero lying
in the surface

xd
1 + xd

2 − xd
3 − xd

4 = 0

must be one of the obvious lines, and hence cannot contribute to N1(F ; B).
This establishes Theorem 13 when d ≥ 8. On the other hand, if d ≤ 7 one has
3/
√

d+2/(d−1) ≥ 1, so that Theorem 13 follows from Theorem 11 in this case.
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We now prove Lemma 5, which will be done by induction on n, the result
being trivial for n = 2. Clearly we can suppose that the polynomials fj(t) have
no common factor. It will be convenient to write Fj(t) = fj(t)d. We begin by
differentiating the relation

n∑

j=1

Fj(t) = 0

repeatedly, and we set

Hij(t) = F−1
j (t)

( d

dt

)i
Fj(t) (0 ≤ i ≤ n− 2). (6.2)

We then deduce a system of equations
n∑

j=1

Hij(t)Fj(t) = 0 (0 ≤ i ≤ n− 2),

which we write in matrix form as HF = 0, where H is the (n − 1) × n matrix
with entries Hij(t), and F is the column vector of length n, with entries Fj(t).

We consider two cases. Suppose firstly that H has rank strictly less than
n− 1. In this case all the (n− 1)× (n− 1) minors Hj(t) (say) must vanish. We
now observe that

F1(t)F2(t) . . . Fn−1(t)Hn(t) =

∣∣∣∣∣∣

F1(t) . . . Fn−1(t)
. . . . . .(

d
dt

)n−2
F1(t) . . .

(
d
dt

)n−2
Fn−1(t)

∣∣∣∣∣∣
,

which is the Wronskian of F1(t), . . . , Fn−1(t). According to our assumption this
vanishes, and hence the polynomials F1(t), . . . , Fn−1(t) will be linearly depen-
dent over C. There is therefore a set S ⊆ {1, . . . , n − 1} for which we have a
relation ∑

j∈S
αjFj(t) = 0

in which none of the αj are zero. Moreover, if #S = n′, we will have 2 ≤ n′ ≤
n− 1. We can now pick any d-th roots α1/d to obtain an equation of the form

∑

j∈S
{α1/d

j fj(t)}d = 0.

According to our induction hypothesis, two of the polynomials fi, fj must be
proportional, as required.

We turn now to the second case, in which the rank of H is n−1. In this case F
must be proportional to (H1, . . . ,Hn). Without loss of generality we can assume
that the degree h, say, of f1(t) is maximal. On recalling that Fj(t) = fj(t)d we
see from (6.2) that there are polynomials gij(t) such that

Hij(t) =
gij(t)
fj(t)i

, deg(gij(t)) ≤ i(h− 1).

consequently, if we define

Q(t) = {
n∏

j=1

fj(t)}n−2,
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and set
Q(t)Hj(t) = Pj(t), (1 ≤ j ≤ n), (6.3)

it follows that Pj(t) must be a polynomial, and that

deg(Pj(t)) ≤ (n− 2)nh− (n− 1)(n− 2)
2

. (6.4)

However the polynomials F1(t), . . . , Fn(t) will be coprime, and F(t) is propor-
tional to (P1(t), . . . , Pn(t)). It follows that

hd = deg(f1(t)d) = deg(F1(t)) ≤ deg(P1(t)) ≤ (n− 2)nh− (n− 1)(n− 2)
2

.

We therefore obtain a contradiction if

d > (n− 2)(n− n− 1
2h

).

In particular we cannot have d ≥ n(n− 2), irrespective of the value of h. If one
of the polynomials is constant then the bound (6.4) may be replaced by

deg(Pj(t)) ≤ (n− 2)(n− 1)h− (n− 1)(n− 2)
2

,

and we cobtain a contradiction when d ≥ (n − 2)(n − 1). This completes the
proof of Lemma 5.

6.2 Parameterization by Elliptic Functions

Lemma 5 gives good control over possible genus zero curves on diagonal hyper-
surfaces

Xd
1 + . . . + Xd

n = 0. (6.5)

One can prove analogous results for genus 1 curves in general, but here we
shall restrict attention to plane cubic curves. These can be parameterized using
the Weierstrass elliptic function. Specifically, if there is a plane cubic curve
contained in the variety (6.5), then there are functions

fj(z) = Aj℘
′(z) + Bj℘(z) + Cj , (1 ≤ j ≤ n), (6.6)

not all proportional to each other, such that

n∑

j=1

fj(z)d = 0

identically for z ∈ C. Since the vector (f1(z), . . . , fn(z)) must describe a cubic
curve rather than a straight line, we conclude that the matrix

M =




A1 . . . An

B1 . . . Bn

C1 . . . Cn




must have rank 3,
We shall now have the following result, analogous to Lemma 5.
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Lemma 6 Let n ≥ 2 and let f1(z), . . . , fn(z) satisfy (6.6). Assume further that
the corresponding matrix M has rank 3, and that d > (7n− 1)(n− 2)/6. Then
if

n∑

j=1

fj(z)d = 0

holds identically, there must be two functions fi, fj which are proportional to
each other.

Before proving this we note that Green [9] gives a result which is both
stronger and more general than Lemma 6. He proves that it suffices to have
d ≥ (n − 1)2, even when the fj are arbitrary meromorphic functions which do
not all vanish simultaneously. (We will also encounter such a condition, but
it causes no problem for functions of the form (6.6).) Green’s argument uses
Nevanlinna theory, while our proof is more explicit and self-contained.

The result given in Lemma 6 is trivial if any function fj(z) vanishes iden-
tically, so we shall assume that each such function is non-zero. At least one
matrix 


Ai Aj Ak

Bi Bj Bk

Ci Cj Ck


 ,

where i < j < k, will be non-singular, since M has rank 3. It follows that the
simultaneous equations

fi(z0) = Ai℘
′(z0) + Bi℘(z0) + Ci = 0

fj(z0) = Aj℘
′(z0) + Bj℘(z0) + Cj = 0

fk(z0) = Ak℘′(z0) + Bk℘(z0) + Ck = 0

have no solution. Hence there can be no z0 ∈ C at which fi(z), fj(z), fk(z) all
vanish.

The argument now follows that given for Lemma 5. If the matrix H has
rank n − 2 or less, there will be two functions which are proportional. On the
other hand, if the rank of H is n− 1, then the vector F will be proportional to
(H1, . . . , Hn). In particular we see that none of the Hj can vanish identically,
so that we may write

Fi(z)
Fj(z)

=
(

fi(z)
fj(z)

)d

=
Hi(z)
Hj(z)

=
Pi(z)
Pj(z)

, (6.7)

with functions Pi(z), Pj(z) constructed as in (6.3). This construction shows
that these functions are polynomials in ℘ and its derivatives, and that they
have poles of order at most

3n(n− 2) +
(n− 1)(n− 2)

2
=

(7n− 1)(n− 2)
2

(6.8)

at the origin.
In completing the proof we shall use the fact that a doubly periodic meromor-

phic function has the same (finite) number of poles as zeros, counted according
to multiplicity, in its fundamental parallelogram. There must be some index i
for which Ai 6= 0, since M has rank 3. For this index, fi(z) has a single pole, of
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order 3. Thus fi has zeros of total multiplicity 3. Suppose that z0 is such a zero,
and has multiplicity µ say. We have already noted that the functions f1, . . . , fn

cannot all vanish at z0. There is therefore an index j with fj(z0) 6= 0. Since Pj

is a polynomial in ℘ and its derivatives, it has poles only at the origin, within
the fundamental parallelogram. We then see from (6.7) that Pi will have a zero
of order at least µd at the point z0. We may apply this reasoning to each of
the zeros of fi and show that Pi has zeros of total multiplicity at least 3d in the
fundamental parallelogram. On the other hand, (6.8) provides an upper bound
for the multiplicity of the poles of Pi. A comparison of these bounds yields

3d ≤ 3n(n− 2) +
(n− 1)(n− 2)

2
,

contradicting the assumption of the lemma. This suffices for the proof.

6.3 Sums of 3 Powers

We turn now to the affine surface

xd
1 + xd

2 + xd
3 = N. (6.9)

Bearing in mind the arithmetical significance of this we will only look at solutions
with xi > 0. Let r(N) be the number of such solutions. When d ≥ 2 we easily
have r(N) ¿d,ε N1/d+ε, but no improvement in the exponent 1/d has hitherto
been given, for any value of d. The exponent is certainly best possible for d = 2,
and for d = 3 it was shown by Mahler [24] that r(N) = Ω(N1/12). This follows
by taking N = n12 in the identity

(9x4)3 + (3xn3 − 9x4)3 + (n4 − 9x3n)3 = n12. (6.10)

In general such an identity must arise from an expression of a non-zero constant
as a sum of three d-th powers of polynomials. A comparison of the leading
terms in such an identity shows that d must be odd, while Lemma 5 shows that
we must have d < 6. Thus there can be no analogue of Mahler’s identity for
higher powers, except possibly for d = 5. Indeed it may be conjectured that
r(N) ¿d,ε Nε as soon as d ≥ 4. The following result goes some way towards
this.

Theorem 17 For d ≥ 8 we have

r(N) ¿ε Nθ/d+ε

where
θ =

2√
d

+
2

d− 1
.

Observe that we have a non-trivial bound θ < 1 for d ≥ 8. Note also that the
theorem remains true for d < 8, by the trivial bound r(N) ¿d,ε N1/d+ε, since
θ > 1 for d < 8.

For the proof we begin by applying Theorem 15 to the polynomial

F (x1, x2, x3) = xd
1 + xd

2 + xd
3 −N,
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taking B1 = B2 = B3 = N1/d = B, say. We conclude that all relevant points lie
on one of Oε(B2/

√
d+ε) curves, each having degree Oε(1). When such a curve has

degree D ≥ d−1, it will have Oε(B2/D+ε) corresponding points, by Theorem 4.
The total number of solutions of (6.9) in such cases is thus Oε(Bθ+ε), which is
satisfactory. Indeed for curves in A3 Pila [28, Theorem A] shows that one may
replace the exponent 2/d in our Theorem 4 by 1/d. Thus in our situation each
curve of degree D ≥ d − 1 will contribute Oε(B1/D+ε). It follows that Pila’s
result allows us to improve θ to

θ =
2√
d

+
1

d− 1
.

We have only stated the slightly weaker result in our theorem in order to be
self-contained.

Now let C be a curve of degree at most d− 2, contained in the surface (6.9).
If θ : A3 → A3 is the map

θ(x1, x2, x3) = N−1/d(x1, x2, x3),

then θ(C) is a curve of degree at most d − 2, lying in the non-singular surface
S, given by yd

1 + yd
2 + yd

3 = 1. Theorem 12 has a natural affine version, which
shows that there are O(1) such curves, C1, . . . , Ct, say. Obviously t and the
curves Ci depend only on d and not on N . Suppose that θ(C) = Ci, say.
Let π : A3 − {0} → P2 be the map given by π(x1, x2, x3) = [(x1, x2, x3)], where
[(x1, x2, x3)] is the point in P2 represented by (x1, x2, x3). Since (0, 0, 0) does not
satisfy (6.9) it cannot lie on the curve C, and hence π gives a regular map from C
into P2. Moreover, since π(x) = π(θ(x)) we find that π(C) = π(θ(C)) = π(Ci).
Thus the Zariski closure π(C) must be one of a finite number of curves π(Ci),
independent of N . Write Γi = π(Ci), for convenience.

This is the key point in our argument. The curves C are likely to be different
for different values of N , and as N varies we will encounter infinitely many
different curves C. Thus it appears that we will have a problem of uniformity in
N . However these curves are all ‘twists’, by N1/d, of a finite number of curves
Ci, and by mapping into P2 each of these twists gets sent to the same curve Γi.
The uniformity issue then disappears. Of course we are left with the problem
that each point in P2 corresponds to many different points in A3. However,
these are scalar multiples of one another, and at most one can be a solution of
(6.9) for a particular value of N .

We now begin by disposing of the case in which Γi is not defined over Q.
In this case the rational point π(x) lies on the intersection of Γi and any one
of its conjugates. Such an intersection has O(1) points by Bézout’s Theorem.
Thus Γi contains O(1) rational points. As noted above, each such point in P2

can correspond to at most one solution of (6.9). Thus (6.9) has O(1) solutions
x for which π(x) lies on a curve Γi not defined over Q. Next, if Γi has genus
2 or more, it will have O(1) points by Faltings’ Theorem (1.4), and again there
are O(1) corresponding solutions of (6.9). In the case in which Γi has genus 1,
Néron’s result (1.4) similarly yields O(Bε) solutions of (6.9). Thus it remains
to consider the case in which Γi is defined over Q and has genus zero.

In this final case we observe that a curve of genus zero defined over Q can
be parameterized by rational functions. To be more precise, there are forms
f1(u, v), f2(u, v), f3(u, v) ∈ Z[u, v], with no common factor, such that every
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rational point on Γi, with at most finitely many exceptions, is a non-zero rational
multiple of (f1(u, v), f2(u, v), f3(u, v)) for appropriate coprime u, v ∈ Z. Thus
it remains to examine solutions to the equation

λd{f1(u, v)d + f2(u, v)d + f3(u, v)d} = N, λ ∈ Q, u, v ∈ Z, (u, v) = 1.

The forms f1, f2, f3 can be considered fixed, independently of N , but λ, and of
course u and v, may vary. We shall need to control λ. Write λ = µ/ν with
(µ, ν) = 1. We now use the fact that the forms fi are coprime to produce
relations of the form

3∑

i=1

gi(u, v)fi(u, v) = Gur,

3∑

i=1

hi(u, v)fi(u, v) = Hvr,

where gi(u, v), hi(u, v) are integral forms, and G,H are non-zero integer con-
stants. Since λfi(u, v) must be integral for i = 1, 2, 3, in any solution of interest,
we conclude that ν|fi(u, v), and hence that ν|Gur and ν|Hvr. However u and v
are assumed to be coprime, so that ν|GH. It follows that ν takes finitely many
values. Moreover we have µd|N , so that µ can take at most O(Nε) values.

We are left to consider the number of solutions of the Thue equation

f1(u, v)d + f2(u, v)d + f3(u, v)d = νdµ−dN (6.11)

for fixed forms f1, f2, f3 and fixed µ, ν. We denote the form on the left by
F (u, v). If F (u, v) has at least two distinct rational factors, say F1(u, v) and
F2(u, v) then we will have F1(u, v) = N1 and F2(u, v) = N2 for certain factors
N1, N2 of νdµ−dN . These two equations determine O(1) values of u, v, by
elimination, so that (6.11) has Oε(Nε) solutions. Now suppose to the contrary
that F is a constant multiple of a power of an irreducible form F1 say, in which
case we have to consider solutions of an equation F1(u, v) = N1. When F1 has
degree 3 or more one may apply an old result of Lewis and Mahler [23], which
shows that there are O(Aω(N1)) such solutions, with a constant A depending
only on F1. This is enough to show that there are Oε(Nε) solutions in this case.

Now consider the case in which F1 has degree two. Here there will be Oε(Nε)
solutions to the equation F1(u, v) = N1 providing that we have u, v ¿ N .
However we assumed that the forms fi had no common factor, and we may
therefore take f1, say, to be coprime to F1. Now if F1(u, v) ¿ N then there is
a root α, say of F1(X, 1) = 0 such that u − αv ¿ √

N ¿ N . Similarly, since
f1(u, v) ¿ N , we have u− βv ¿ N for some root β of f1(X, 1). By subtraction
we obtain (β − α)v ¿ N . Since F1 and f1 are coprime we will have α 6= β,
whence v ¿ N . Similarly we have u ¿ N . This provides the necessary bounds
on u and v.

We have finally to consider the case in which F1 is linear, so that F (u, v) =
c(au + bv)k, say. We then have an identity

f1(u, v)d + f2(u, v)d + f3(u, v)d = c(au + bv)k,

and it is clear that d must divide k. But then Lemma 5 applies, since d ≥ 8.
Thus at least two of the terms must be proportional. A second application of
the lemma then shows either that all four terms are proportional, contradicting
the coprimality of f1, f2 and f3, or that fd

i + fd
j vanishes identically for some
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pair of indices i 6= j. In the latter case the corresponding solutions to (6.9)
cannot involve strictly positive integers. This completes the proof of Theorem
17.
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