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1. Introduction

A contest is an allocation mechanism where players strategi-
cally allocate costly efforts in order to win a prize. In this paper, we
consider asymmetric winner-reimbursed contests. In fact, these
types of contests (which we call Sad-Loser contests') can be found
in politics, R&D, and industrial organization (see Kaplan et al., 2002,
Matros and Armanios, 2009). For example, Research & Develop-
ment (R&D) Tax Credits (signed into law by President Bush on
October 3, 2008%) require that “The activity must result in a new or
improved ...product ...” which means that an R&D winner not only
obtains a new product (wins the prize) but also gets R&D Tax Cred-
its (gets reimbursed for her expenses). It is a common practice in
elections that a qualified candidate is entitled to at least a partial
reimbursement of election expenses. In order to qualify for a reim-
bursement, a candidate must either be elected, or, if not elected,
must exceed a pre-specified number of valid votes. For example,
Germany, Canada, and Ireland provide reimbursement of election
campaign costs.

The paper proceeds as follows. First, we analyze the existence
and uniqueness of equilibria in Sad-Loser contests. It turns out
that a player’s best-reply correspondence is not continuous even
for positive opponents’ spending. Therefore, fixed-point theorems
cannot help to establish equilibrium existence in our model.

* Correspondence to: Department of Economics, Lancaster University, Manage-
ment School, Lancaster LA1 4YX, United Kingdom. Tel.: +44 1524 5 93865.
E-mail address: alexander.matros@gmail.com.
1 The name comes from Riley and Samuelson’s (1981) example of Sad-Loser
Auction.

2 See http://www.freedmaxick.com/research_development_r_d_tax_credits.php.
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However, using the best-reply correspondences, we find all pure-
strategy equilibria in Sad-Loser contests. We show that the
model always has multiple equilibria. Such an observation is
rare in the contest literature. The few exceptions are Cornes and
Hartley (2005), Cohen and Sela (2005), Yamazaki (2008), and
Chowdhury and Sheremeta (2011). Cornes and Hartley (2005) and
Yamazaki (2008) find multiple equilibria in contests when the
contest success function is determined by a production function
with increasing returns for each contestant. Cohen and Sela
(2005) and Chowdhury and Sheremeta (2011) discuss multiplicity
of equilibria in contests with reimbursements. We show that
equilibria in our model can be of two types: an i-type and an
internal type. i-type equilibria are such that only player i spends
a positive amount and all other players spend nothing. Internal-
type equilibria are such that at least two players are active (spend
positive amounts).> Moreover, the number of internal equilibria
increases with the number of players in Sad-Loser contests.*
Second, we discuss the properties of internal equilibria. It turns
out that equilibrium behavior in a Sad-Loser contest is drastically
different from that in an asymmetric contest.> We demonstrate
that an indifference property has to be satisfied in any internal

3 Some Sad-Loser contests can have an internal equilibrium where all players are
active.

4 The number of equilibria can also increase with the number of players in all-pay
auctions. See Baye et al. (1996).

5 The classic Tullock’s (1980) contest where all players have the same valuations
is called standard in the contest literature. A contest where players have different
prize valuations is typically called asymmetric. Players can have different prize
valuations in a Sad-Loser contest, but to simplify our notation we will call them
Sad-Loser contests instead of asymmetric Sad-Loser contests.
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equilibrium: an active player is indifferent among all her non-
negative choices. Since an active player is indifferent between
zero and a positive choice, her expected equilibrium payoff has
to be zero in an internal equilibrium. This observation is in
contrast to the standard result in the contest literature, in which
expected individual payoffs are positive in an equilibrium. We also
demonstrate a counter intuitive result that the reverse monotonic
property holds for the active players: a higher-value (stronger)
player always spends less than a lower-value (weaker) player and
therefore always has a lower chance to win the Sad-Loser contest
in an internal equilibrium. This result can also be explained by
the indifference property. An active player is indifferent among
all her non-negative choices if her opponents spend exactly her
prize value. In an internal equilibrium, active players exert effort
in such a way as to keep other players indifferent. Therefore, it
requires higher spending to keep a higher-value player indifferent
and lower spending to keep a lower-value player indifferent. Since
active players are indifferent among their choices in an internal
equilibrium, lower-value active players have to spend more than
higher-value active players.®

Third, we find conditions under which the expected net total
spending in an internal equilibrium increases or decreases with
the addition of another active player. This finding helps to rank
internal equilibria in terms of the expected profit for the designer.
We demonstrate that the expected profit is higher with a higher
mean of the prize values of active players and with a lower
variance of these prize values. Therefore, the highest expected
profit is achieved in the internal equilibrium when the set of active
players is limited to the two highest-value players. This finding is
consistent with numerous examples of contest designers selecting
a small - typically two - number of competitors. (See Taylor,
1995, Fullerton and McAfee, 1999, Che and Gale, 2003, Menicucci,
2006.) Moreover, the highest expected profit is higher than the
total spending in the standard asymmetric contest. In addition,
we discover a sufficient condition for the expected designer profit
(net total spending) in any internal equilibrium to be higher than
total spending in an asymmetric contest. This condition is simple:
if all players are active in an asymmetric contest (see Hillman and
Riley, 1989, Stein, 2002, Matros, 2006), then the expected profit
in any internal equilibrium in the Sad-Loser contest is higher than
total spending (designer profit) in the asymmetric contest.” This
result can be important for different applications of the Sad-Loser
contest, as it is for public goods provision, for example.

The Sad-Loser contest is easy to imagine and implement. The
Sad-Loser contest designer has to announce the following rules:

1. Each player is eligible to submit as his contest bid any positive
real number.

2. The contest winner receives the prize and retains her bid.%
3. All other players lose their bids.

6 In the literature on electoral competition a number of studies have consistently
found at least some evidence of a positive relationship between candidate spending
and electoral performance (see Nice, 1987, Pattie et al., 1995). We can speculate that
an incumbent is more likely to value the office higher than a challenger. However,
most papers in this literature (see, for example, Moon, 2006), support the Paradox
of Less Effective Incumbent spending. This paradox has a flavor of our reverse
monotonic result.

7 Hillman and Riley (1989) show that the asymmetric contest has a set
of active high-value players in the unique equilibrium. Stein (2002) describes
equilibrium spending of the active players. Fang (2002) proves the uniqueness of
this equilibrium.

8 Since the winner has to be reimbursed by the designer, we assume that the
designer can observe individual effort. This assumption is not required in standard
contests.

There are a few papers on contests with reimbursements.
Matros and Armanios (2009) analyze contests with reimburse-
ments where all prize values are the same V; = --- = V. In
this paper, we take the next step and consider asymmetric n-player
Sad-Loser contests. Our paper is also a generalization of Cohen and
Sela’s (2005) two-player asymmetric Sad-Loser contest to n-player
case. They show that in the two-player case there exists a unique
internal equilibrium where the weak contestant wins with higher
probability than the stronger one. Cohen and Sela (2005) analyze
the general n-player case by means of the n = 3 case. They describe
only internal equilibria with two active players.

Baye et al. (2005) is an important complement to our paper.
They use an all-pay auction framework in order to compare
different litigation systems. There are three main differences
between our models. First, they consider a game with incomplete
information: their players have private values. Second, they
examine an all-pay auction. Finally, the reimbursements are made
by players in their model.

The rest of the paper is organized as follows. Section 2 presents
the Model. Properties of internal equilibria are studied in Section 3.
Section 4 makes a comparison between the Sad-Loser contests and
the standard asymmetric contests. Concluding remarks are given
in Section 5.

2. The model

Consider an n-player winner-take-all contest where the winner
gets reimbursed for her effort. We assume that n risk-neutral
players spend resources simultaneously in order to win one prize.
Player i's valuation for the prize is V;. Players’ valuations are
common knowledge and:

VizVy>--- 2V, >0. (1)

Formally, player i exerts effort x; in order to maximize the following
expression:

X;
maxn— Vi + x;) — xi, (2)
x>0
j=1
where the first term in (2) is the probability of winning the contest,

Z”Xi — > 0, times the prize for player i, V;, and the winner’s
j=1%

reimbursement, x;, and the last term is the cost of effort.’ The
maximization problem (2) can be rewritten as

max( Zx]> —. (3)
%20 = ZX;

Since

Z”Xi < is a monotonically increasing function of x;, the
j=1%

optimal x; depends on the sign of the expression (V,— — Zj i xj).
If (VA — Zj#i xj> > 0, then the optimal x; is not defined (unless

; Xj = 0) because there is no budget constraint in the problem
CT player i wants to spend as much as possible. If the total
spendmg of all other players is zero, Z ;X = 0, then player i
maximizes her utility by choosing any posmve x; > 0, because
her effort as the winner is reimbursed and any positive spending

makes player i the winner. If (Vi — Z#i xj> < 0, then the optimal

= 0. Finally, if (V,- =D i xj) = 0, then player i is indifferent

9 We assume that ifx; = --- = x, = 0, then nobody wins the prize.
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among all her choices. Formally, the first order conditions of the
maximization problem (3) are:

g
Vi— Y x| ——2>5 <o (4)
"5

Note that (4) is equal to zero only if (i) Z#,. x; = 0, or (ii)

(Vi — Zj £ xj) = 0. These two cases correspond to two types of
equilibria: case (i) describes all i-equilibria where only player i is
active and case (ii) characterizes all internal equilibria where at
least two players are active. We will call player i active if x; >
0. Suppose that player i is active in an equilibrium. Then either
condition (i) or condition (ii) holds. If condition (i) is satisfied, then
the strong indifference property holds: an active player is indifferent
among all her positive choices in an i-equilibrium. If condition (ii)
holds, then the indifference property is satisfied: an active player
is indifferent among all her non-negative choices in an internal
equilibrium.

Given the opponents’ spending Z#i X; > 0, itis easy to find the
best-reply correspondence for player i:

(0,+00), if Y x=0,
J#

+00, if0 < ZX] < Vi,

— J#
BR; (X1, ...,Xn) = 0. +00). if ij — V. (5)

J#

0, if ij' > V.
J#i

The best-reply correspondence summarizes intuitive observations.
If opponents of player i spend zero resources, she wins with any
positive effort and her effort is reimbursed. If the total opponents’
effort is positive but less than the prize value of player i, then the
best-reply correspondence is not defined because player i wants to
spend as much as possible: her utility is a monotonically increasing
function in this case. We use the symbol +o00 to emphasize that. If
the total opponents’ effort is equal to the prize value of player i,
then she is indifferent among all her choices: her expected payoff
is always zero. Finally, if the total opponents’ effort exceeds the
prize value for player i, her unique best reply is zero, because
otherwise she obtains a negative expected payoff. The best-reply
correspondence (5) will help to find all Nash equilibria in the
model. In order to illustrate our approach, we start from then = 2
player case.

21. n=2

If n = 2, then the best-reply correspondences (5) become

(0, +00), ifx; =0,
4o, if0 <xp, < Vy,
BR1 (x1,%2) = [0, +00), ifxy, =Vq, ©
0, ifx, >V,
and
(0, +00), ifx; =0,
_ +00, if0 < X1 < V27
BRy (%1, %) = [0, +00), ifx; = Vs, v
0, ifxy > Va.

Fig. 1 illustrates the best-reply correspondences (6) and (7).

<2 BR2

Internal N.E.

i BRI

T T i i e
v2 x1

Fig. 1. Best-reply correspondences. Green (solid) — player 1. Red (dots) - player 2.
This illustrates all Nash equilibria. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

Fig. 1 shows that there are two types of equilibria: with one
or two active players. If only player i is active, then she wins with
any amount of positive effort and gets reimbursed. In order to
keep the other player j inactive, the active player i has to be very
aggressive: her effort should be at least equal to the prize value
of her opponent, x; > V;. Such high effort of player i leads to a
non-positive expected payoff for player j and she stays out of the
contest. There is only one possibility to have two active players in
the equilibrium: each player has to make her opponent indifferent
among all her choices: it must be that x; = V; in this case. Of course,
such an equilibrium is unique. This equilibrium has a property of
a mixed-strategy equilibrium: each player makes her opponent
indifferent. Cohen and Sela (2005) find the described equilibria
analytically.

2.2. General case,n > 2

Case n = 2 provides the intuition and illustration for the
general case, n > 2. Again we can have two types of equilibria:
with one or several active players. We will call equilibria with
one active player i - i-equilibria and with several active players -
internal equilibria.

If only player i is active, then she wins with any positive effort
and gets reimbursed. In order to keep the other players inactive,
the active player i has to be very aggressive: her effort should be
at least equal to the prize value of her highest-value opponent,
x; > max({Vq,...,Vi_1, Visq, ..., Vy}, which follows from the
best-reply correspondence (5). Such high effort of player i leads to
a non-positive expected payoff for any other player and as a result,
all other players stay out of the contest.

Proposition 1. (0,...,0,x;, 0, ..., 0) is an i-equilibrium, if
Vi, ifi>1,
Xi > {Vz, lfl:1 (8)

In i-type equilibria, only one player has (very) high spending
and the other players have zero spending. Since the winner gets
reimbursed, player i spends so much that she discourages all other
players from participation in the Sad-Loser contest, because they
have negative expected payoffs for any positive spending level.
i-type equilibria are similar to i-type equilibria in the second-price
seal-bid auctions where just one bidder - bidder i - places a (very)
high bid and all other bidders bid zero.

There are multiple possibilities to have several active players
in an internal equilibrium. In each equilibrium with several active
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players the indifference property must hold: each active player i
has to be indifferent among all her choices, or it must be that

ij =V, (9)
#
for any active player i. Summing (9) over k > 2 active players,

ik

> Y=Y

i=iy j#i i=iq

Denote total spending of k active players iy, ..., i, by
ik
S(il, ey lk) = in.
i=i
Then, total spending of active players iy, ..., i is
1 &
Sy, ..eyip) = —— Vi. 10
(i1, - i) (k_]);j (10)
From (9) and (10), we get
1 &
Xi =5 i) = Vi= o Y V= Vi (1)

k—1)

i=ip

Expression (11) describes all internal equilibria.

Proposition 2. Suppose that there exists an internal equilibrium
(X1, ..., X,) with k active players, i1, ..., i Then there exists a
unique internal equilibrium with active players i, ..., i, and each
active player exerts effort according to formula (11).

In each internal equilibrium there exists a set of active players.
Active players’ spending is uniquely described by expression (11),
which means that there exists a unique internal equilibrium with
a particular set of active players. Moreover, all players might be
active in an internal equilibrium. If an equilibrium with all active
players exists, then it is unique. Propositions 1 and 2 characterize
all equilibria in the Sad-Loser contest. The following example
illustrates the n = 3 case.

Example 1. Suppose thatn = 3and V; > V, > V3 > 0. Then,
from Proposition 1, there are i-type equilibria in pure strategies:

e 1-type: (xq, 0, 0), where x; > V5;
e 2-type: (0, x5, 0), where x, > V7;
e 3-type: (0, 0, x3), where x3 > V.
From Proposition 2, there are at least 2 internal equilibria in
pure strategies:
L (VZa Vla O);
o (V3,0,Vy).
If Vi < V, + V3, then from Proposition 2 there are 2 other
internal equilibria: One with two active players:

e (0,V5,V3)
and another with all three active players:
o (3IVa+Vs—Vi], 3 [Vi+ V5 — Vo], 5 [Vi 4 Vo — V5]).

Cohen and Sela (2005) analyze the general n > 2 case by means
of an example when n = 3. They find i-type equilibria and only
mention internal equilibria with two active players.

2.3. Expected equilibrium payoffs

What can be said about players’ expected equilibrium payoffs?
It is obvious that the expected equilibrium payoff of any non-active
player is zero. We also know that the indifference property must
hold for all active players in an internal equilibrium. Since players
are indifferent among all non-negative choices including zero, it

is intuitive that each active player should also have expected zero
payoff in an internal equilibrium.

Proposition 3. The expected payoff of
(i) active player i in an i-equilibrium is V;;
(ii) each player in any internal equilibrium is zero.

Proposition 3 gives intuition for why the Sad-Loser contest can
generate a higher net total spending than the standard contest:
the players’ expected payoffs are zero; hence, the designer should
obtain all expected profit. This result is in contrast to the standard
observation in the contest literature where the expected individual
payoffs are usually positive (see for example, Tullock, 1980, Nitzan,
1994, Congleton et al., 2008, Konrad, 2009).

3. Internal equilibria

As we saw above there are multiple internal equilibria if n > 2.
We discuss the properties of internal equilibria in this section. First,
we show that a higher-value (stronger) active player always exerts
less effort than a lower-value (weaker) active player and therefore
has a lower chance to win the Sad-Loser contest in an internal
equilibrium. Next, the expected net total spending is analyzed.

3.1. Weaker players win more often

Now we show how players’ prize valuations affect their
spending in an internal equilibrium. Denote p;, as the probability
that player i; wins the Sad-Loser contest.

Theorem 1. Consider an internal equilibrium with active players
i1, ey ik. Then,

Xip =0 = X5,

and

Diy =+ = Dj
if and only if
‘/i] Z ez ‘/ik'

Theorem 1 leads to the following surprising conclusion: in an
internal equilibrium, an active higher-value player always has a
lower chance to win than a lower-value active player.

Corollary 1. Suppose that V; > V. Consider an internal equilibrium
where both players i and j are active. Then p; < p;.

So far, a monotonic relationship has been identified in the
contest literature: higher value leads to active participation and
more aggressive equilibrium spending which, as a result, leads
to higher winning chances (see, for example, Hillman and Riley,
1989, Nti, 1999). The Sad-Loser contest gives the opposite result.
Why does such a contrast result arise?'® Consider again the n =
2 case.!! In the unique internal equilibrium each player makes
the opponent indifferent among all her choices: the indifference
property holds. In order to make player i indifferent, her opponent
has to spend V;. This means that the lower-value player has to
spend more than the higher-value player in order to keep the
higher-value player indifferent. The lower-value player can do it
because she is also indifferent among all her non-negative choices.
It is therefore not surprising that both players obtain zero expected
payoff in an internal equilibrium.

10 Cohen and Sela (2008) show that the designer can influence contestants’
winning probabilities by choosing the number of prizes in the all-pay auctions.

1 Cohen and Sela (2005) notice this effect in the case of two players. They also
point out (Proposition 2) that “in the n player contest ...underdogs may win with the
highest probability”. We prove that this effect holds in any internal equilibrium.
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3.2. Expected net total spending

Consider the expected net total spending in an internal equilib-
rium with iy, . .., i, active players. Since net total spending is the
designer’s profit, we will call the expected net total spending the
expected profit. The expected profit is then

Xi

. Xy .
77(11»-~-7lk)—s(il’“.,ik)[S(llv-ualk) X |
Xiy . .
et ———————Is(iy, ..., 0) — X, | . (12
+ +S(i]“._!ik)[(1 W — X ] (12)
From (11),
. . S (i1, ..., k) — Vi
(i1, i) = S(i—l,)”V“
1y - - k
5(11,...,ik)—V,»k
+"'+%}a
sGn ..o )
or
ik
> V7
. i=i
7 (i, .. zk>—Zv, k=1 5" —. (13)
ll] ZVI

i=i

Eq. (13) can be rewritten as

Var V¥

i) = Vk— ——
Vk

JT(i],..., (14)

where

ik ik

P - 2
k _ k _ .
Y (k— 1) £ ZV” varvi =3 (Vi -y)".

J=h

It is easy to see from (14) that (i, ..., i) is increasing in V¥ and
decreasing in Var V¥. In other words, the expected profit is higher
with a higher mean of the prize values of active players and with
a lower variance of these prize values. Therefore, the highest ex-
pected profit should be obtained if only the top two players are
active, because it gives the highest mean and the lowest variance.
However, if all prize values are the same, the expected profit is the
same in all internal equilibria.

Proposition 4. Suppose that

V]:V2: -:Vn:V.

Then, there are 2"— (n + 1) internal equilibria. Expected profit is equal
to V in any internal equilibrium.

If players have different prize values, then we can rank internal
equilibria in terms of their expected profits. Our next result shows
how the expected profit changes with the addition of an active
player.

Theorem 2. Consider two internal equilibria with i, ..., i, and
i1, , I, i1 active players. Then,
N(i],...,ik) > 7T(i1,...,ik,i[<+1),
i
lf Z V lk+1 >0,
R o (15)
(i, ey i) <7 (1, e ey ks k1) »
ik
if ZVJ - 'k+1 <0.
J=i

It follows from Theorem 2 that addition of the lowest-value
player to the set of active players can only reduce the expected
profit.

Corollary 2a. Consider two internal equilibria with iy, ..., i, and
i1, ..., iy, iy active players. Suppose that

min{V;,, ..., Vy} > Vi, > 0. (16)
Then,

7 (i, ey i) > 1 (g, oo k1) -

However, the addition of the highest-value player to the set of
active players can only increase the expected profit.

Corollary 2b. Consider two internal equilibria with iy, ..., i, and
i1, ..., I, iy1 active players. Suppose that

Vi, > max {Vi,, ..., V,} > 0. (17)
Then,

7T (1, ey i) <70 (1, ey ks Bkpn) -

Using Theorem 2 and Corollaries 2a and 2b we can characterize
the range of the expected profits in the Sad-Loser contest. In
particular, we find internal equilibria with the lowest and the
highest expected profits. The following proposition confirms our
observation in (14) that the highest expected profit is reached in
the internal equilibrium with the top two active players.

Proposition 5. (i) The lowest expected profit is achieved in the
internal equilibrium with the two lowest-value active players.

Va—1Vn
This expected profit lS wreal

(ii) The highest expected prof tis achieved in the internal equilibrium
with the two highest-value active players. This expected profit is

2V1Vy
Vi+Vp©
Va1V, 201V,
(iii) The expected profit is at least "7;‘/” and at most 7, ivz in an

internal equilibrium.

4. Asymmetric vs. Sad-Loser contests

The contest designer is typically assumed to maximize her
profit. So, in this section, we compare net total spending (the
expected profit) in a Sad-Loser contest with total spending in an
asymmetric contest. First, we describe total equilibrium spending
in an asymmetric contest. Next, total spending in an asymmetric
contest is compared with net total spending in the corresponding
Sad-Loser contest. We will consider only internal equilibria in the
Sad-Loser contest in this section.

4.1. Asymmetric contest

Hillman and Riley (1989) identify the set of active players in an
asymmetric rent-seeking contest and total equilibrium spending.
Stein (2002) follows Hillman and Riley (1989) and describes the
players’ equilibrium strategies.

Consider an asymmetric contest among n risk-neutral players
where (1) holds. Players exert effort simultaneously in order to
win one prize. In particular, player i spends b; > 0 in order to win
prize V;. The players’ valuations are commonly known among the

players. Player i obtains the prize with probability % ifb; > 0.
i=1"1

Each player i has to solve the following maximization problem:

b;
rgl&())( ——Vi—b;.
>
T X b
=
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Hillman and Riley (1989) demonstrate that thetop 1,2, ...,n
players are active in an asymmetric contest and total spending in
the unique equilibrium'? is

n—1)~
( ) T

n

T(n) =

where Vﬁ is the harmonic mean of the highest n players’ prizes
n

Va

.M:
=

1

-
Il

and a non-active player (n + 1) has prize value such that

@— 1o

Vit < = - (18)

Note that higher-value players spend more than lower-value
players and have a higher chance to win an asymmetric contest.
Moreover, each active player has a positive expected payoff.

4.2. Net total spending

Sad-Loser contests have multiple internal equilibria if n >
2. Therefore, we first select an internal equilibrium in a Sad-
Loser contest and then compare the expected profit in this
equilibrium with total spending in the corresponding asymmetric
contest. Proposition 5 ranks internal equilibria in terms of their
expected profits. We consider the internal equilibrium with the
highest expected profit and compare it with total spending in the
corresponding asymmetric contest. It turns out that the expected
profit in the internal equilibrium with the two highest-value active
players is always higher than total spending in the asymmetric
contest.

Proposition 6. The expected profit in the internal equilibrium
(V5,V1,0,...,0) is higher than total spending in an asymmetric
contest.

Theorem 3 provides the sufficient condition for the expected
profit in any internal equilibrium to be higher than total spending
in an asymmetric contest. This condition is very natural: all players
have to be active in an asymmetric contest. If all players are active
in an asymmetric contest, then total spending must be below the
lowest prize value, because all players obtain expected positive
payoffs in the unique equilibrium. Consider now the Sad-Loser
contest. Proposition 5 describes an internal equilibrium with the
lowest profit. There are two lowest-value active players in that
equilibrium. Since the players have to keep each other indifferent,
their total spending is V,,_1 + V,, and their net total spending is
higher than the lowest prize value, V,,. Therefore, the expected
profit in any internal equilibrium in the Sad-Loser contest is higher
than total spending in an asymmetric contest in this case.

Theorem 3. Suppose that all players are active in an asymmetric
contest, or

n—2~
1Vn_1. (19)

Vy >
Then, the expected profit in any internal equilibrium in the Sad-Loser
contest is higher than total spending in an asymmetric contest.

Theorem 3 suggests when the designer should run the Sad-
Loser contest instead of an asymmetric contest. There are several
corollaries from this theorem.

12 Fang (2002) shows that there exists a unique equilibrium in the asymmetric
contest.

Table 1
Sad-Loser contest.
Values eq'm (1,2) eq'm (1,3) eq'm (2,3) eq'm(1,2,3)
10 10 5 0 2.5
10 10 0 5 2.5
5 0 10 10 7.5
Expected profit 10 6.67 6.67 7
Table 2
Sad-Loser contest.
Values eq'm (1,2) eq'm (1,3) eq'm (2,3) eq'm(1,2,3)
10 10 1 0 0.5
10 10 0 1 0.5
1 0 10 10 9.5
Expected profit 10 1.818 1.818 1.857

Corollary 3. If n = 2, or all prize values are the same,
V]:VZZ-'-:Vn>O, (20)

then the expected profit in an internal equilibrium is higher than total
spending in an asymmetric contest.

Proof. If n = 2, or condition (20) is satisfied, then condition (19)
holds.’*> O

The following example shows that Theorem 3 provides a
sufficient condition. In this example, condition (19) does not hold,
but the expected profits in all internal equilibria are higher than
total spending in an asymmetric contest.

Example 2. Suppose thatn = 3 and V; = V, = 10, V3 = 5. Then,
total spending in the asymmetric contest (see Hillman and Riley,
1989, Stein, 2002) is T(3) = 5. In Example 1, all internal equilibria
in the 3-player Sad-Loser contest are calculated. See Table 1.

Table 1 shows that the expected profits in all internal equilibria
in the Sad-Loser contest are higher than total spending in the
asymmetric contest.

However, if condition (19) does not hold, the expected profits
in all but one of the internal equilibria in the Sad-Loser contest
can be lower than total spending in an asymmetric contest. This
is illustrated in the following example.

Example 3. Suppose thatn = 3andV; = V, = 10,V3; = 1.
Then, total spending in the asymmetric contest is T(3) = 5. Based
on Example 1, all internal equilibria in the Sad-Loser contest are
calculated in Table 2.

Total spending in the asymmetric contest is higher than the
expected profits in all but one internal equilibrium in the Sad-Loser
contest.

5. Conclusion

This paper considers Sad-Loser contests. All equilibria in pure
strategies are found and their properties are discussed. There are
several natural extensions of this paper. It will be interesting to test
the results in the experimental laboratory and in the field. We have
already started an experimental investigation of the Sad-Loser
contests. In particular, the counter-intuitive aggressive spending of
weak players in equilibrium will be tested. Another direction is an
application of Sad-Loser contests to public goods provision. Since,
as Morgan (2000) and Duncan (2002) show, lotteries increase the
provision of public goods, a Sad-Loser contest might be an even
better tool for determining higher public good provision than a
lottery.

13 \We can see the same result in the following way. Proposition 4 shows that the
expected profit in any internal equilibrium is V. Tullock (1980) demonstrates that
total spending is equal to %V in the symmetric n-player contest.
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Appendix
Proof of Theorem 1. Consider an internal equilibrium with k

active players iy, ..., i,. Suppose that players i; and i, are active
in this equilibrium and

V,'] > V,'Z.
It follows from condition (11) that
Xip =S, .o, i) = Vi <siy,..0n i) — Vi, = X5,
Note that
Xiy Xi,
;o= < =p;.. O
Pi YTV 1% R X (PR 19| P

Proof of Proposition 4. Note that there are exactly (nfik'),k, possi-

bilities to have k active players in the Sad-Loser contest. Active

player equilibrium spending is umquely determined by expression

(11). Therefore, there are at most Zk - T l:),k, 2" —(n+ 1) in-

ternal equilibria. Since the indifference property holds in any inter-

nal equilibrium and all prize values are the same, there are exactly
— (n 4+ 1) internal equilibria.

Consider an internal equilibrium (xq, ..., x,;) with iy, ..., i
active players. From (14), we get

o ko k(v -v)
(i1, ...,0k) = V- p =V. O

k—1 =V
k—1

Proof of Theorem 2. Consider an internal equilibrium (x4, ..., X,)
with iy, ..., i} active players. Suppose that an active player iy is

added. Then, from (13),

7 (s ey i) =70 (15 ooy Bkt1)

k(lzk V24 V2 ) <If Vj) —(k—l)(le Vf) (%Vﬁ‘/im)
= 1) \i= = =
(Z 4 +V’k+1> <Z VJ)
J=i1 J=1
i
V"k+1 (Z Vit V"k+1> <Z VJ)
Jj=i1 J=i1
Ik .
By (E4)

Note that
ix ik ik
2 2 2
(29, ) (Sw) -« (31)
Jj=i J=i J=iy
i ik ik
X (Z Vi + Vik+1) - Vik+1 (Z Vi + Vik+1> (Z VJ)
Jj=i1 Jj=i1 Jj=iq

- (Z V]) (ZV lk+1 )
Jj=i1 J=n
() (5
Jj=i1 J=i1 J=i1

X (Zvj+v,m>]. (21)
J=i1

Since

ik i i ik
(v ) (2v) - (%) (vew)
Jj=i1 J=i1 J=i1 J=i1
ik
= Vign (Z Vi (Vik+1 - VJ)) ’
Jj=i1

(21) becomes
lk+1 )

J=i J=i
-1 Vlk+1 (Z VJ V!k+1 )
J=n

(Z [ v

The statement of the proposition follows from expression (10) and
assumption (15). O

Proof of Proposition 5. (i) Consider an internal equilibrium with
i1, ..., I active players where 2 < k < nand

Vil ZZVlk

There are four cases.
Case 1. Suppose that

Vi =2V >V,

ik -1z vﬂ~

Then, from Theorem 2,

nn—1,n <xm(ix,n—1,n) <---
-1 <m(i,...,0).

<mw(i1,...,0k,n—1,n)
< (i1, ..., 0N

Case 2. Suppose that
Vi > ...

1

> Vik =Vi1 2 Vp.
Then, from Theorem 2,
r(n—1,n) < m (g1, i, n) <---

<7 (i,..., Ik N)

< 7w (i1,...,0).
Case 3. Suppose that
\/l.1 >...>V

o1 = Vo1 = Vi, = V.
Then, from Theorem 2,

Tm—1,n) < (g_2,ik_1,0x) < -+ <m(@1,...,0).
Case 4. Suppose that

Vi]Z"'>V

e > Vo1 = Vi, = Vo
First, we show that
m(n—1,n) <m(k,n), foranyl<k<n-—1. (22)
Note that (22) holds if and only if
Vo—1Va - ViV
Viei +V & ViV,

Therefore, from (22) and Theorem 2,

<— Vi >V,

r(n—1,n) < m (ixg_q,n)

< 7 (g2, k=1, 0) < -+ <7 (i1, ..., Q).
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Hence, the lowest expected profit is reached in the equilibrium
with the two lowest-value players. Players spend V;, and V,_; in
this equilibrium. Hence,

2anlvn
Vn—l + Vn )

(ii) can be proven in a way similar to part (i).
(iii) follows from (i) and (ii). O

min (k) = minm (iy, iy) =
k i1,y

Proof of Proposition 6. The expected profit in the internal equi-

librium (V3, V4,0, ..., 0) is 5:1“/}2 > V,. Player 2 is always active
in an asymmetric contest and obtains positive payoff. This means

thatT(n) < V,. O

Proof of Theorem 3. Proposition 5 shows that the minimal ex-
pected profit is achieved in the internal equilibrium with the two
lowest-value active players (n — 1) and n. This expected profit is

equalto % > V,.The total spending in an asymmetric contest
with all n active players must be smaller than a prize value of any
player, including the lowest value player n. Therefore, the expected
profit in any internal equilibrium is higher than total spending in

an asymmetric contest. O
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