View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Archipel - Université du Québec a Montréal

Full robustness to outliers

in a Bayesian location-scale model

Alain Desgagné *

Abstract

The use of heavy-tailed distributions is a valuable tool in devel-
oping robust Bayesian procedures, limiting the influence of outliers
on posterior inference. In this paper, the behavior of the posterior
density for a location-scale model is investigated when the sample
contains outliers. L-exponentially varying functions are introduced in
order to characterize the tails of the densities. Simple conditions on
the tails of the likelihood, using L-exponentially varying functions, are
established to determine the proportion of observations that can be
rejected as outliers. It is shown that the posterior distribution con-
verges in law to the posterior that would be obtained from the reduced
sample, excluding the outliers, as they tend to plus or minus infinity,

at any given rate.

*Université du Québec a Montréal; Département de mathématiques, C.P. 8888,
Succ.  Centre-Ville; Montréal, Québec, Canada, H3C 3P8. E-mail address: des-

gagne.alain@Quqam.ca


https://core.ac.uk/display/9540696?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Full robustness to outliers in a Bayesian location-scale model 2

Key words: Bayesian inference, Conflicting information, Outlier, Heavy-
tailed modeling, Location-Scale parameter, L-exponentially, L-regularly and

L-slowly varying functions.

1 Introduction

The use of heavy-tailed distributions is a valuable tool in developing robust
Bayesian procedures, limiting the influence of outliers on posterior infer-
ence. Outlier rejection in Bayesian analysis was first described by De Finetti
(1961), where the simplest case with a single observation having mean 6 was
considered. Theorical results were given by Dawid (1973) and Hill (1974).
O’Hagan (1979) considered outlier rejection in a sample and O’Hagan (1988)
considered more general Bayesian modeling based on Student-t distribu-
tions. Outliers rejection based on the notion of credence was introduced
by O’Hagan (1990). This paper was generalied by Angers (2000) and Des-
gagné and Angers (2007). Other authors approached outliers rejection, see
for instance Meinhold and Singpurwalla (1989), Angers and Berger (1991),
Carlin and Polson (1991), Angers (1992), Fan and Berger (1992), Geweke
(1994) and Angers (1996).

In this paper, we consider the location-scale model on the real line, and we
investigate the conditions to obtain robustness against outliers. In Section 2,
we define new classes of functions resulting from generalization and transfor-
mation of the known regularly varying functions. The result is the class of
L-exponentially varying functions. This family will be used to describe some

conditions of robustness in the next sections. In Section 3, the mathemat-
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ical context is given. We describe the location-scale model, in the context
of robustness. In Section 4, we give the main theorem, with the conditions
and results of robustness. We show that the posterior distribution converges
in law to the posterior that would be obtained from the reduced sample,
excluding the outliers, as they tend to —oo or oo, at any given rate. The
proofs are given in Section 5. In Section 6, a new density, named log-GEP,

is proposed for a robust modeling.

2 L-exponentially varying functions

One main condition for robustness is to use sufficiently heavy-tailed densities
for the conflicting information. To achieve it, we introduce a class of functions
called L-exponentially varying functions defined. Any function is assumed to
be continuous.

We say that f(z) and g(z) are asymptotically equivalent at oo, written

f(z) ~g(z) as z — oo, if
f(2)/g(z) — 1 as z — oc.

We begin with definitions of classes of functions defined on R. We say that
a function f is slowly varying at co|—oo], written f € Ey.0(00)[Eo0,0(—00)],
if for v > 0,

flvz) ~ f(z) as © — oo[—o0].

We say that a function f is reqularly varying at co[—oo] with index p € R,

written f € Epo,—,(00)[Eo0,—,(—00)], if for v > 0,

flva)/f(x) = v as © — oo[—o0],
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or equivalently, if for x > 0[x < 0], f can be written as
f([L‘) = |ZE|pS((L’)7 with S € E(]’o’()(OO)[EQVOY()(—OO)].

We now introduce a new class of function which generalizes the regularly

varying functions as follows.

Definition 1. We say that a function f is exponentially varying at oo[—o0]
with index (7,9, ), written f € E. 54,(00)[Eysa(—00)], if for z > 0z < 0],
f can be written as

fla) = e |27 S(x),
wzth S - E0’070(OO)[E0’070(—OO>], Y Z 0, 5 2 O, a € R

By convention, we define v = 0 iif = 0. This class of functions includes
the slowly varying functions when v = 0,6 = 0,a = 0 and the regularly
varying functions with index p when v = 0,0 = 0, = —p. It is easy to
see that if fi(z) ~ fa(x) as @ — oo[—o0] and f; € E, 5q(00[—00]), then
fa € E 54(00]—00]). Note that f(z) € B, 50.(—00) & f(—2) € E, 54(0).

Definition 2. We say that a function f is L-slowly varying at oo, written

f € Looo(o0), if for v >0,
f(z") ~ f(2) as z — oc.
For example, log(log z) € L 0,0(0).

Definition 3. We say that a function f is L-reqularly varying at oo with

index p € R, written f € Log,_,(00), if for v >0,

f()/[(z) = v as 2 — oo,
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or equivalently, if for z > 1, f can be written as
f(z) = (log 2)*S(2), with S € Logo(c0).

Definition 4. We say that a function f is L-exponentially varying at oo with

index (7,0, ), written f € L, 5,(00) if for z > 1, f can be written as
f(z) = 7?1 (log 2) =5 (2),
with S € Logo(c0), v>0,0 >0,a € R.

By convention, we define v = 0 iif = 0. This class of functions includes
the L-slowly varying functions when v = 0,0 = 0, &« = 0 and the L-regularly
varying functions with index p when v = 0,0 = 0,a = —p. It is easy to see
that if f(2) ~ g(2) as 2 — oo and f € L, 54(00), then g € L, 5,(c0).

Since the vector (7, d, ) characterizes a L-exponentially varying function,

it can be useful to define the following notation.

i) If 1 = 79, 01 = 09, a1 = iy, We write
(71,01, 1) = (72,02, ),

ii) if 74 > 72 or 91 = 9, &1 > d2 or Y1 = e, 01 = 0o, A > Qy, We write
(71,61, 1) > (72,02, a2),

iii) if 73 <y or 1 =2, 61 <y Or Y1 = g, 01 = b2, v < (g, We write
(71,01, 01) < (72,02, a2).

The following proposition concerns the integrability of functions of this

class.
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Proposition 1. For a function f such that f € L,s54(00), (1/2)f(2) is

integrable on z > 1, if
i) (7v,9,a) > (0,0,1),

i) (7,9,a) = (0,0,1), with a L-slowly varying function S(z) having a decay
sufficiently “fast” (e.g. S(z) = (log(log2))~?, 3 >1).

For two functions f; and f, L-exponentially varying at oo, it is simple to

order the asymptotic behavior of their tails as follows.
Proposition 2. If f; € L., 5,0,(0), 1 = 1,2, and
1) Zf (’}/1, 517 0[1) > (’}/2, (52, ag), then

f1(2)/f2(2) — 0 as z — oo,

ii) if (71,01, 1) < (792, 02, ), then

f1(2)/ fa(2) — o0 as z — oo,

iii) if (71,01, 00) = (72,09, 2), then the ratio of the L-slowly varying func-

tions determines the tails dominance.

The following proposition says that the asymptotic scale invariance is a

sufficient condition for the asymptotic location invariance.
Proposition 3.
floz) ~ f(z),0 > 0= f(z+p) ~ f(2),p €R, as z — oo.

In the next proposition, we give sufficient conditions to ensure that a scale

change has no impact on the tail of a L-exponentially varying function.
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Proposition 4. If f € L, 5,(0c0) and v < 1, then
floz) ~ f(2) as z — o0,0 > 0,
that is f is a slowly varying function.
A corollary of Propositions 3 and 4 is given by the following proposition.
Proposition 5. If f € L, 5.(00) and v < 1, then

floz+p)~ f(2) as 2z — oo, up € R0 > 0.

Proof.
floztp) _ floztpflon) oo
f(2) floz)  f(z)
using Proposition 3 since 0z — oo and using Proposition 4. O]

A corollary of Proposition 5 is given by the following proposition.
Proposition 6. If 2f(z) € L, 54(00) and if v < 1, then
(1)o)f((z—p)/o) ~ f(2) as z — oo, u € R0 > 0.
Proof. 1f we let g(z) = |z| f(2), then using Proposition 5, we have

(1/0)f((z = w)/o) _ g((z=n)/o)

z

f(z) 9(2)

— 1 as z — oo.
zZ— K

]
Proposition 7. If f is a proper density defined on R, symmetric with respect

to the origin, such that the right tail of x f(x) is non-increasing and x f(x) €
L, so(00) with v < 1, then
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i)
| s = 1) s - 2.
ii)
2/ (1)o)f(x/o)f(o)do ~ f(x) as x — Fo0.
0

Proof. Firstly, we note that a non-increasing right tail of = f(x) means also
a non-increasing right tail of f(x). It suffices to see that for x larger than a

certain positive constant,
d /
/(@) 0= f(2) < —f(2)/z < 0.
x

From Proposition 6 of article 1, we know that f(z) is also an exponentially
varying function with v < 1. Then Proposition 7 i) of the article 1 is directly
used to prove point i) of this proposition.

For point ii), if we define h(o) = 20 f(0), we can verify, using the sym-

metry of f, that
/Ooo(l/a)h(a) do — 2/000(1/0)0f(0) do — 2/000 f(0)do = 1.
Then Proposition 7 ii) of the article 1 can be used, and we have
h(z)! /0 (1ol )o)h(o) do
= (2zf(x))™ /OOO(1/0)2($/0)f($/0)20f(0) do
— @) 2 [T /o) (/o) o) do

— 1 as xz — oo.

By symmetry of f, the result is also true for x — —oc. O
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3 Context

i) Let Xy,..., X, be n random variables conditionally independent given

and o with their conditional densities given by
Xi| o~ (1/0) fi((zi — p)/o),

ii) the joint prior density of x4 and ¢ is assumed improper as follows p, o ~

1/o,

where x1,..., 2,0 € R, 0 > 0, and f;(x) are continuous, positive every-
where, symmetric (f;(—z) = fi(z)) and proper densities. The tails of |z|f;(x)
are assumed to be non-increasing, which necessarily means that the tails of
fi(x) are also non-increasing. It follows that the functions |z|f;(z) are sym-
metric, bounded above for all x € R and they have a limit of 0 in their tails
as © — Fo0o. The same is necessarily true for the density f;(z). Any other
parameters are also assumed to be known and are implicitly included in the
densities.

We study robustness of the inference on p and o in presence of extreme
observations x;. The nature of the results is asymptotic, in the sense that we
consider cases where some x; are going to +00. Among the n observations,
denoted by z, = (z1,...,z,), we assume that k of them, denoted by the
vector zy, form a group of non-outlier or fixed values. We assume that [ of
them, denoted by the vector x;, are considered as left outliers (smaller than
the fixed values) and r of them, denoted by the vector Yr, are considered
as right outliers (larger than the fixed values), where 0 < k,l,7 < n and
kE+1l+r=n.
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We define three binary functions [;, k; and r; as follows. If x; is a left
outlier, we set [; = 1, if it is a fixed value, we set k; = 1 and if it is a right
outlier, we set r; = 1. The functions are 0 otherwise. We have [; +k; +r; = 1
for any z;. Note that > I, =1,> "  ki=kand ) . r=r.

Let the joint posterior density of u and o be denoted by 7 (u, o | z,,) and
the marginal density of X, ..., X, be denoted by m(z,), with

7T<,U/,O'|=Z3n)— 1/0 Hl/O' fz T N)/U)v

miz) = [ ) / ~(1/o) [T /o)l = /) dor

We also define

m(p,0 | z) = (1) H (1/0) fil(zi — p) /o))",

n

mten) = [~ [T /o) TT0 o = ) dod

Similarly, we can define

[(1/0) fil (i — ) /o))",

=

(w0 | ) o< (1/0) |

@
Il
A

=

(w0 | ) o (1) | [I(1/0) fil(zi — p)/o)]",

N
Il
—

[(1/0) fi((zi — p) /o))"

=

m(p,0 | 21, 7,) o< (1/0)

Il
—

i

We can interpret m(u | zx) as a posterior density considering only the

fixed observations z;, and m(zy) as the corresponding marginal density of
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X, with 1/0 as the prior joint density of 1 and o. Similar interpretation for

(| ), 7(u | ) and 7(p, o | 7, x,) can be done. It can be seen that

om(p | xn) o< om(p | xp) x om(p | z) X om(p | ;)

or

om(p | zn) o< om(p | zp) x om(p | 2, z,).

4 Resolution of conflicts

Using the Bayesian context described in Section 3, the main theorem of this

paper is now presented. We denote
w = min(—x;, z,).

If we let w — oo, it means that each component of the vector is going to oo

at any given rate.

Theorem 1. If the following conditions are satisfied:

i) xfi(x) € Lysa(co) withy <1,i=1...,n,

ii) k—(I+7r) > 2,

then we have the following results:

a) m(z,) ~ m(z) [Ty [fila)] as w — oc,

b) m(p,0 | 2n) — w(p,0 | 2x), p €R,0 >0, as w — oo,

c) om(u,0 | z,) — 0, as |u| — oo and/or |logo| — o0, w — o0,
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d) ,u,cr]agni,u,a]:gk as w — 0.

Result a) gives the asymptotic behavior of the marginal, as w — oo.
Result b) gives the asymptotic behavior of the posterior at any fixed value of
1 and 0. We see that the conflicting information is completely rejected and
the posterior considering the entire information behaves as the the posterior
considering only the non-conflicting values. Result ¢) says that om(u, o | x,,)
converges to 0, if w are going to co and if at least one of the following occurs:
W — 00, g — —00, 0 — o0, 0 — 0, independently and at any given rate.
It means that om(u, 0 | z,) (and the posterior as well) converges to 0 for
any area around the conflicting values (z;, x,), and that an eventual mode
at these values will also converge to 0. Note that 7(u, 0 | z,)/m(u, 0 | z1),
as || — oo and/or |log o| — 0o, w — o0, has a form of 0/0 and its limit can
be anywhere between 0 and oo, depending on the relation between u, o and
w. In result d), the convergence in law is understood as Prlu < di,0 < dy |

xn] — Prip < di,o <dy | g, for any d; € R,dy > 0, as w — oo.

5 Proof of Theorem 1

5.1 Proof of result a) of Theorem 1

From condition i), it follows that Propositions 5, 6 and 7 can be applied on
the right tail of f;. Note that by symmetry, we have f;(—x) = f;(z) and all
properties valid for the right tail of f;(z) are also valid for the right tail of
fi(=z).

More explicitly, Propositions 5 and 6 say that Ve > 0,VA > 0,V7 > 1,
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there exist A;(e,\,7) > 0 such that x > Aj(e, \,7), - A< pu<\1/1<oc<
T =
l—e<(ox+p)flox+p)/(zf(r)) <1+e
and
l—e<(1/o)f((z —p)/o)/f(z) <1+e
Since the densities f; are continuous and proper, it is easy to verify that
w(w, 0 | ) and 7w(u, o | x,) are also proper densities. The following lemma

follows directly.

Lemma 1. Ve > 0, there exists a constant As(e) > 1 such that \,7 >
A5<€> =

D S w20 dodu =1 ¢

ii) ffouw «(1/77)] m(p, o | xp)dodu < e.

Now we define two functions as follows.

- o Z; o Litri
H{p,0.2,) = 7(p,0 | 21) H[” @M0>/>

=1

M) = [ [ Bz dodn 2)

It is easy to verify that

(1)

and

m(@n) (1, 0 | 2n) = m(ze)m(p, 0 | z1) H (1/0) fi((xs — ) fo)] 7.

By dividing each side of this equation by []_, fi(z;)"*" and using equa-

tion (1), we obtain

_ (@) (p, 0 | )
M) = G T A @
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Using equations (2) and (3) with [ [“7(u,0 | z,)dody = 1, we

obtain

m(zg) [Ty fiza)otr

M(z,) = (4)

Dividing (3) by (4), we see that
(0 | 2n) = H(p, 0, 20) /M (20). (5)
Finally, from equations (1) and (5), it follows that

wlpeo | 5) P o)l ) /)]
i J,x)—u/Mu»g[ fle ©

Equation (6) will be useful for the proof of result b) of Theorem 1. From

Equation (4), we see that Result a) is equivalent to M (z,) — 1 as w — oc.
And using Equation (2), Result a) can be written as follows. Ve > 0, there

exists Ag(e) such that

w>A0(e):1—6§/ / H(p,o,x,)dodu <1+e.
—oo0 J0
Now choose any 0 < € < 1. Note that if the result is true for 0 < e < 1,

it is necessarily true for any larger ¢ > 1. Then define

o =min [1 — (1 —¢/3)"/" (1 +¢/3)"/" — 1]

A1 = max [A5(eo)] ,

71 = max [A5(eo)] ,

A()(G) = Imax [Al (60, )\1, 7'1)] .

Note that 0 < ¢y < 1. The integral of result a) is divided into nine parts.

Firstly consider the integral on p, 0 € [—A1, A1) x [1/71, 7).

/ H (1, 0,2,) do dp > / / (w0 | 21)(1 = €)™ do du
1/m 1/m
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> (1—e) > (1—¢)" >1—¢/3.

Note that the location-scale invariance of f; (Proposition 6) is used in the
first inequality since Ag(e) > Aj(ep, A1, 71) and Lemma 1 is used in the second

inequality since Aj, 71 > As(€g). In a similar way, it can be shown that

A1 T1
/ H(p,o,2,)dodpn < ... < (1+€) ™ < (1+6)"<1+¢/3.
-\ J1/7

The proof is yet to be completed by showing that

// H(p,o,2,)dodu < ...<¢€/3.
R xRt \(—)\1,>\1)><(1/7'1,7'1)

5.2 Proof of result b) of Theorem 1

From equation (6), it is clear that

ﬂ-(uv o | %n)

— 1 as w — o0,
(0 | zk)

for any fixed © € R and o > 0, using result a) of Theorem 1 and the location-

scale invariance (Proposition 6).

5.3 Proofs of results ¢) and d) of Theorem 1

The proof for result c) is yet to be completed. For the proof of result d), we
need first to write Result b) explicitly as follows. Ve > 0,VA > 0,V7 > 1,
there exists a constant Ag(e, A,7) > 0 such that - A < pu < A\ 1/71 <o <7

and w > Ag(e, A\, 7) =

L—e<m(uo|az)/m(p, o zp) <1+e
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We want to show result d), which can be written as follows. Ve >
0,Vd; € R,Vdy, > 0 there exists a constant Ag(e,dy,ds) > 0 such that

w > A0(€,d1,d2) =

//W(u,al%’n)dadu—/ / m(p, 0 | zp) dodu| <e.
d1 d2 dl d2

Choose any € > 0, any d; € R and dy > 0, let A = max(|d;|, A5(¢/3))

and 7 = max(1/dy, dy, A5(€/3)), where the constant A5 comes from Lemma
1, and let Ag(e, dy,dy) = Ag(e/3, A, 7). Notice that A > |di| & —A < d; < A

and 7 > max(1/dy, d2) < 1/7 < dy < 7. Let
Z = [(dlvoo) X (d27oo)] \ [(dla/\) X (dQvT)]‘

Notice that
[(d1, A) X (d2, 7)] € [(=A,A) x (1/7,7)]

and

Z e [Rx R\ [(=AA) x (1/7,7)].

Consider w > Ag(e,dy, ds).

Firstly, using Lemma 1, we have

| [ stwotzydeans [ [ 7,0 | 2) dordp < €3,
z [R x RF\[(=A,N) x(1/7,7)]

since A\, 7 > A;(e/3).
Secondly,

//W(um\%)dadué// (.0 | 2n) do dp
z [Rx RF\[(=AN) x(1/7,7)]

A T
=1—/ / (0 | 2n) do dp
-AJ1/T
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A T
< 1—(1—6/3)/ / m(p, 0 | zi) dodp
-AJ1/T
<1—-(1—¢/3)2<1—(1-¢/3)=¢/3.
In the equality, we use the fact that 7(u,o | ,) is a proper density. In the
second inequality, we used result b) since w > Ag(€/3,\, 7). In the third

inequality, Lemma 1 is used since \, 7 > A;(e/3).

Thirdly,

A T A T
//ﬂ%ﬂ%)dadﬂ—/ / m(p, 0 | zr) do dp
d1 do dy da2

A
S/ w0 | 2n) = w(p, 0 | 2k)| dodp
dy Jdg

A T
— [ [ 7o 20) el | ) (.| 2e) 1] dord
dy Jdo

A T
<efs [ [ nlpo | mdodusess
dy Jdo

Result b) is used in the second inequality since w > Ag(e/3, A, 7).

Combining the three last inequalities, it follows that

/ / (1,0 | 2n) dadu—/ / W(u,a\@k)dadu'
d1 dQ dl d2
A T A T
//W(u,ff\%n)dadu—/ / W(u,alfgk)dadu‘
d1 do dy da
+//W(u,0\$n)d0du+//ﬂ(u,a!zsk)dcfdu
Z Z

<e€/3+¢/3+¢€/3=c¢

<
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6 Family of D-GEP and log-GEP densities

The Generalized Exponential Power (GEP) density has been introduced by
Desgagné and Angers (2007). It is a symmetric density around the origin,
defined on the real line and made of a constant part in the center. Its interest
lies in its large spectrum of tail behavior. In this section, we propose two
families of densities, the D-GEP and the log-GEP densities. The D-GEP
density (D stands for double), defined on the real line, is built with the right
tail of the GEP density translated to the origin and doubled. The log-GEP,
defined on the positive real line, is simply given by a logarithmic/exponential
transformation of the D-GEP density. The D-GEP and log-GEP densities
are respectively exponentially (at —oo and oo) and L-exponentially (at 0 and

o0) varying functions. These densities are then useful for robust modeling.

Definition 5. A random variable X has a D-GEP distribution, written X ~
D-GEP(v,0,a, 3,0, 1), if its density is given by

(7757 Of, /879)

flr) = 0

exp[—d(|z/7| + 0)"](Jz/7| + 0)~*(log(|z/7| + )",

where v € R, v > 0, > 0, € R, € R,0 > 0. The scale parameter is

7> 0. A part of the normalizing constant is given by
1/K(v,6,,8,0) = / exp[—027]27%(log 2) P dz. (7)
0

By convention, we set v = 0 if and only if 0 = 0. In order for f to be
strictly positive, continuous and proper, these additional constraints must be
satisfied: 1) 0 > 1 if 3 # 0, 1) 0 > 0 if 3 = 0, # 0, 4¢) « > 1 or
a=1,8>1ifv=06=0.
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The D-GEP density is in general unimodal, except maybe if & < 0 and/or
B < 0. In this case, it suffices to choose 6 large enough to guarantee uni-
modality. More precisely, # must be chosen such that v§0” +a+3/log 6 > 0.
Furthermore, it can be verified that f(z) € E, 5.(£00). It suffices to choose

v < 1 to satisfy the condition of robustness relative to the tails.

Definition 6. A random wvariable Y has a log-GEP distribution, written
Y ~ log-GEP (~,6,, 3,0, 7), if its density is given by

9(y) = K(v,6,a,5,0)(0.5/7)(1/y) exp[—d([log y| /7 + 6)7]

x (llogy| /7 + 6)~*(log(Jlog y| /7 + 6)) ",

where y > 0, v > 0,0 > 0, € R, € R, > 0,7 > 0. The constant
K(v,6,a,3,0) is given by equation (7). By convention, we set v = 0 if and
only if 6 = 0. In order for g to be strictly positive, continuous and proper,
these additional constraints must be satisfied: 1) 0 > 1 if 5 #0, 4) 0 > 0 if
B=0,a#0,1i)a>1ora=1,>1ify=3=0.

The median of g(y) is 1. If a scale parameter o is added to the den-
sity, the median of (1/0)g(y/o) is 0. We can see there is a symmetry
with respect to the median, in the sense that (y/o)g(y/o) = (o/y)g(c/y)
or yg(y) = (1/y)g(1/y) if o = 1. The left tail of the density ¢(y), as
y — 0, can be anything from 0 to co. More precisely, it is i) a positive
constant if (7,0, a, 3) = (1,7,0,0), ii) 0 if (v, 9, «, 5) > (1,7,0,0) and iii) oo
if (v,9,a,8) < (1,7,0,0).
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7 Conclusion

In this paper, the behavior of the posterior density of a location-scale model
has been investigated when the sample contains outliers. The families of
L-exponentially varying functions have been introduced. Simple conditions
on the tails of the likelihood, using L-exponentially varying functions, are
established to determine the proportion of observations that can be rejected
as outliers. We have shown that the posterior distribution converges in law
to the posterior that would be obtained from the reduced sample, excluding

the outliers.
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