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Abstract
A method to calculate a length and a shape of two–dimensional unsteady supercavities past slender wedges
and around slender hydrofoils is developed. In case of arbitrary time–dependence, the finite difference time
discretization is used. For each time step, the solution is constructed by the method of integral equations.
The variable supercavity length is found by numerical solving the equation of the mass of gas in the cavity
balance. Examples of calculation of evolution of both the natural supercavity and the ventilated cavity in
cases of aperiodic time–dependence and sinusoidal oscillation of hydrofoil are presented.

1

Introduction

Two–dimensional problems on supercavitation flow appear at investigation of supercavitating hydrofoils,
struts, screws, turbomachinery blades etc. In the many cases the potential linearized theory is applied to
calculate such flows (Tulin 1964).
At present, the problem of calculation of a two–dimensional unsteady cavity shape and length l(t) has
2
had no complete solution in case of the non–zero cavitation number σ = 2(p∞ − pc )/ρV∞
, where pc is the
cavity pressure. A difficulty consists in that a standard linearization procedure of the flow region and the
boundary conditions does not result in the problem linearity on the whole when σ 6= 0, because variation of
the unknown time-function l(t) has order of unit when the flow perturbations are first–order small.
It is usual to consider that taking into account the cavity length variability weakly influences on the forces
acting on the hydrofoil if the supercavity is sufficiently long. However sometimes calculation of changing
the length, the shape and the volume of the unsteady supercavity is quite necessary. These are problems on
stability and self–induced oscillation of the ventilated cavities (Silberman and Song 1961, Michel 1973), also
problems on dynamics of inner flows containing supercavities (Acosta and Furuya 1979) etc.
This paper states a method of solving the pointed problem for arbitrary time dependence and for a
practically important case of supercavitation flow around oscillating hydrofoils.

2

Unsteady Supercavitating Wedge

At first, we consider the problem on unsteady supercavitation flow past a slender wedge y = ±f (x, t) (Figure
1, a). The flow is assumed potential and symmetric about x-axis. The linearized flow region represents a
plane with a slit along the interval 0 < x < l(t). On the sides of the slit, we have the following boundary
conditions:
ϕy = ±N f (x, t),
0 < x < 1; y = ±0,
(1)
σ(t)
,
2

1 < x < l(t); y = ±0,

(2)

ϕy = ±N F (x, t),

1 < x < l(t); y = ±0,

(3)

θ = Nϕ =

where N = ∂/∂t + ∂/∂x is the linear differential operator; θ is the acceleration potential; y = F (x, t) is the
equation of the upper cavity boundary. Here and below, the dimensionless variables are used. The cavity
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a)

b)

Figure 1: a) Unsteady supercavitating wedge. b) Scheme of discretization
length l(t) is an unknown time function. The cavitation number σ is an unknown time function as well in
the case of a gas–filled cavity.
Thus, in the general case we have the initial–boundary value problem that should be solved with the
initial conditions: ϕ(x, y, 0) = ϕ0 (x, y), l(0) = l0 , σ(0) = σ0 .

3

Method of Integral Equations

The solution of that problem is constructed by the method of integral equations (Nishiyama 1972, Yefremov
1974). The symmetrical flow satisfying to the boundary condition (1)–(3) may be arranged when two–
dimensional unsteady sources are distributed on the interval [0, l(t)] of the x-axis. Their intensity q(x, t) is
equal to the normal fluid velocity ϕy jump at passage through the x-axis: q(s, t) = 2ϕy (s, t). Calculating
the acceleration potential θ = N ϕ induced by all the sources and substituting it in the boundary condition
(2) we obtain the singular integro–differential equation:
Zl(t)
0

q(s, t) ds
∂
+
x−s
∂t

Zl(t)
q(s, t) ln |x − s| ds − πσ(t) = 0,

1 < x < l(t).

(4)

0

Here, parts of the both integrals may be easily calculated from s = 0 to s = 1 because q(x, t) = 2N f (x, t)
when 0 < x < 1.
It is easy to obtain the equation of the upper cavity boundary from the kinematic condition on the cavity
boundary (3):
Zx
1
−1
F (x, t) = N ϕy (x, t) =
q(s, t − x + s) ds,
(5)
1 ≤ x ≤ l(t).
2
0

Since both the cavity length l(t) and the cavity number σ(t) are unknown time–functions in the general
case, two relations are added to the equation (4):
1) the condition of solvability of the Newmann’s external boundary value problem for the velocity potential
ϕ(x, y, t):
Zl(t)
q(s, t) ds = 0,
(6)
0

2) the equation of the mass of gas in the cavity balance for the ventilated cavities:



d
pc (t)Q(t) = β q̇in − q̇out (t) ,
dt

(7)

where pc (t) = pc (t)/σ0 ; Q is the cavity area; β = σv /σ ≥ 1 is the dynamic similarity parameter; σv is
the natural vapor cavitation number; q̇in is the volumetric air–supply rate into the cavity referred to p∞ ;
q̇out (t) is the volumetric air–leakage rate from the cavity. We assume that the cavity pressure pc (t) changes
synchronously along the cavity. From here, an estimation follows for admissible frequency of the unsteady
process: f << ag /l0 , where ag is the sound speed in the vapor–gas medium filling the cavity.
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Obtained set of three equations (4), (6) and (7) to determine three functions q(x, t), l(t) and σ(t) must be
integrated on time at the initial conditions l(0) = l0 , σ(0) = σ0 , q(x, 0) = q0 (x). We note that application
of the condition (6) ensures boundedness of the pressure at infinity. In the particular case of steady flow,
the equation (6) is a condition of the cavity closure. In the case of unsteady flow, the cavity is unclosed.

4

Numerical Algorithm

The set of the equations (4), (6) and (7) is non–linear because the cavity length l(t) is the unknown time–
function. Its solution is sought numerically in sequential moments t(n) = t(n−1) + ∆t, n = 2, 3, . . . with
the starting conditions t(1) = 0, q (1) (x) = q0 (x), l(1) = l0 , σ (1) = σ0 . The time derivative in the equation
(4) is approximated by finite difference of the first order. Then, for the n-th time step the equations (4) and
(6) may be written in the form:
(n)

(n)

Zl

1
q (n) (s) ds
+
x−s
4t

1

Zl
1

(n)

q (n) (s) ln |x − s| ds − πσ (n) = A1 (x) +

(n)

Zl

q (n) (s) ds =

(n)
A3

1

= −2

Z1

N f (n) (s) ds,

where

1 (n−1)
A
(x),
4t 2

(n−1)
A2
(x)

=

l(n−1)
Z
1

0

1 < x < l(n) .

q (n−1) (s) ln |x − s| ds.

(8)

(9)

(n)

Here, the function A1 (x) is known if the the wedge unsteady shape f (x, t) is given. For each iteration, the
value l(n) is considered to be known, then the set of equations (4), (6) with respect to q (n) (s), σ (n) is linear.
It is solved numerically by the method of discrete singularities (Yefremov 1974).
The numerical method of discrete singularities consists in approximation of the integral equations (8),
(9) by set of the linear algebraic equations by replacing the continuous distribution of the sources along the
x-axis by the discrete one and applying the quadrature formulae. To improve the method convergence, the
change of variables is realized in the integrals: x → z 2 , s → λ2 . The discrete source and the collocate
points, where the boundary condition is satisfied, are located in each partition interval. The sourse location
λj and the collocation point location zi are defined by a function class in which the solution of the singular
integral equation (8) is sought (Figure 1, b):
zi = 1 + 4z(i − 0.75),

λj = 1 + 4z(j − 0.25),

√
l(n) − 1
4z =
,
M

i, j = 1, 2, . . . , M.

As a result, we obtain the set of M + 1 linear algebraic equations:
!
M
X
π4t (n)
4t (n)
4t
(n−1)
(n)
2
2
=
A1 (zi ) + A2
4z
qj
(zi ),
2 − λ2 + ln |zi − tj | tj − 2 σ
z
2
j
i
j=1
4z

5

M
X
j=1

(n)

qj λj =

1 (n)
A ,
2 3

(10)

(11)

i = 1, 2, . . . , M.

Unsteady Natural Vapor Supercavity

In the case of a natural vapor supercavity the equation (7) transforms into condition of the cavity pressure
to be constant: σ = σ0 = const.
Figure 2 gives examples of calculation of history of the natural vapor supercavity length with changing the
wedge angle (pitching oscillation of wedge) when l0 = 5.0. The corresponding quasistationary dependencies
of l(t) are plotted by dashed lines for comparison. They are calculated by omitting the time derivatives in
both the equation (4) and the relation (1).
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a)

b)

Figure 2: History of the supercavity length at variation of the wedge angle. a) Impulse increasing of angle.
b) Regular decreasing of angle
In graphs of Figure 2, a, the wedge angle increases in 1.5 times for different time intervals tp (i.e.
at different frequency of the process k = π/tp ) and then decreases to its initial value. A comparison with
quasistationary behavior of l(t) allows to note the following peculiarities of the unsteady supercavity behavior:
1) increase and decrease of the cavity length occur asymmetrically;
2) the cavity length is changed the less the less is duration of perturbation (i.e. the more is the impulse
frequency k);
3) the function l(t) change becomes non–monotone at sufficiently high values of the impulse frequency k.
In graphs of Figure 2, b, the wedge angle decreases in 2 times for different the process frequency k. As a
result, the cavity length decreases from l0 = 5.0 to the new balanced magnitude l1 = 2.2. One can see that
the cavity attains the balanced length with the more time lagging the more value of k.
(n−1)
for previous time step
One can see that it is necessary to store only M values of the function A2
for calculation of the function l(t) in case of a natural vapor supercavity. However, values of the function
(m)
qj , j = 1, 2, . . . , M for the m ∼ l(n) /4t previous time steps are used for calculation of a unsteady cavity
shape F (x, t) by the equation (5) due to lagging character of the integrand. Also, that is right in case of
calculation of a unsteady ventilated supercavities by using the equation (7).
However, one can see that the following relation is fulfilled for the unsteady cavity shape:
(n)

Fi

(n−1)

= Fi−1

+

4x (n)
q ,
2 i
(n−1)

i = 1, 2, . . . , M.

(12)
(n)

Thus, it is enough to store one–dimensional array Fi
to calculate the cavity shape Fi for the n-th
time step. Moreover, it is obvious that the total characteristic always has the more smoothness that the
distributed one. In this case the calculation accuracy increases, and the calculation algorithm becomes pretty
economical.

6

Sinusoidal Perturbations

The described numerical algorithm may be considerably simplified for the practically important case of
periodic time dependence of the flow. In this case, simplification is reached due to bringing the time derivative
within the integral of the equation (4) and using the exponential representation of the time dependence for
all the functions having the variation order O(ε):
f (x, t) = α0 x + κ Re{f ∗ (x) ejkt },
σ(t) = α0 σ0 (l) + κ Re{σ ∗ (l) ejkt },

q(x, t) = α0 q0 (x, l) + κ Re{q ∗ (x, l) ejkt },


F (x, t) = F0 (x, l) + κ Re F ∗ (x, l) ejkt ,

where α0 ∼ κ ∼ O(ε); ||f ∗ || ∼ ||q0 || ∼ ||q ∗ || ∼ ||σ0 || ∼ ||σ ∗ || ∼ ||F0 || ∼ ||F ∗ || ∼ O(1); k is the reduced
frequency. The values which are marked by a star are complex with respect to j (the complex amplitudes).
The functions q0 (x, l), q ∗ (x, l) etc. depend on the unsteady cavity length l(t) like on a parameter. In this
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Figure 4: Supercavity shape at several oscillation
frequencies: (l0 = 10.0, κ = 0.1; pitching oscillation of wedge)

Figure 3: Effect of amplitude of the wedge oscillation on l(t) (l0 = 6.0, k = 0.5; wave–shaped
deformation)

case some error is introduced into the solution that rapidly decreases with increasing the average cavity
length.
We obtain the set of the singular integral equations from the equations (4), (6) to determine unknown
perturbations q ∗ (x) and σ ∗ for each time step:
(n)

Zl
1

∗

q (s)



1
+ jk ln |x − s|
x−s

(n)

Zl
1

∗

q (s) ds = −2

Z1
0



∗

ds − πσ = −2

ϕ∗y (s) ds,

where

Z1

ϕ∗y (s)

0

ϕ∗y (s)

=



1
+ jk ln |x − s|
x−s



d
jk +
ds



f ∗ (s).



ds,

(13)

(14)

The integrals in right parts of the equations (13) and (14) are easy calculated for concrete form of oscillations
of the wedge sides. After separating a real part and a imaginary part of the equations (13), (14) and
discretization, we obtain a set of 2(M + 1) linear algebraic equations for each time step.
In the case of periodic perturbations we have for the cavity shape when t = t(n) , l = l(n) :
s
"p
#
Zx
l(x − 1)(l − x)
1 −jkx
2
l−x
F0 (x, l)
∗
=
+ x arctan
,
F (x, l) = e
q ∗ (s, l) ejks ds. (15)
α
π
l−1
l(x − 1)
2
0

Figure 3 gives graphs of dependencies l(t) calculated for only oscillation period at different values of
the relative amplitude of forced oscillations κ = κ/α0 . When the reduced frequency k and perturbation
amplitude κ̄ increase, the cavity length oscillation differs more and more from the sinusoidal one. The
functions l(t) and Q(t) become discontinuous when exceed some critical values of k and κ̄.
Figure 4 shows characteristic wave–shape of the cavity past the oscillating wedge for three values of the
frequency k. For convenience of comparison, in each case the cavity shape was calculated by the formula
(15) in instant tk when l(tk ) = l0 . The closed steady cavity shape, when k = 0, is shown by dashed line.
When k > 0, the cavity is unclosed.
One can see that character of the cavity boundary deformations is the same for different types of oscillations of the wedge sides. The kinematic waves created by oscillations of points of the cavity boundary
separation propagate along the cavity with the velocity V∞ . Their amplitude increases approximately by a
linear law.

7

Effect of Gas Filling the Ventilated Cavity

Numerous experiments demonstrate considerable difference between unsteady behaviour of natural supercavities and ventilated ones (e.g. Brennen et al 1980). The equation (7) shows that peculiarities of unsteady
gas–filled ventilated cavities are conditioned by effect of two factors:
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Figure 5: Influence of the parameter β0 on l(t)
(l0 = 6.0, k = 1.0, κ = 0.2; wave–shaped deformation of wedge)

6

Figure 6: Influence of the parameter β0 on frequency response of l(t) (l0 = 4.8, κ = 0.11; pitching oscillation of wedge)

1) elasticity of gas filling the cavity. Its significance increases with increasing the similarity parameter
β > 1;
2) law of gas–leakage from the cavity, i.e. dependence q̇out (pc ). As experience was shown (Logvinovich
1973), it considerably depends on the Froude, Reynolds and Weber numbers. The gas–leakage process can
not be exactly described by the potential theory. Therefore, we have to use semi–empirical and empirical
relations in calculations.
Experimental data of Silberman and Song (1961) testify that for plane ventilated supercavities the air–
supply rate may be approximated by the linear function (in the dimensional form):


σ
,
(16)
q̇out = γb0 V∞ 1 −
σv
where γ = 2.5 · 10−4 is the empirical coefficient; b0 is the width of the middle cavity section. In the case of
a unsteady cavity we assume that the air–leakage rate depends on σ(t) in quasi–stationary way.
Figure 5 shows graphs of the function l(t) for different values of the parameter β0 . Influence of the
parameter β0 consists in increasing the phase lagging and changing the oscillation amplitude.
Figure 6 shows influence of the parameter β0 on frequency response of the cavity length |l|(k). The
calculation parameters were chosen maximally corresponding to conditions of the experiments by Nishiyama
(1982).
Since character of the cavity unsteady deformation is the same for different types of the foil oscillation,
the experimental data by Nishiyama (1982) for hydrofoils may be compared with calculation of supercavity
past the symmetric wedge. In Figure 6, the experimental data for semi–range of the cavity length oscillations,
which are taken from the work by Nishiyama (1982), are plotted by circles.
The performed calculations allow to conclude that the influence of elasticity of the gas filling the cavity
increases with increasing the parameter β0 . It was shown in the works Semenenko (1996a, 1998) that the 2-D
gas–filled supercavity is unstable when β > 3.08. The proposed calculation method for forced oscillations is
applicable at least for stable cavities, i.e. when β < 3 and k < 2π/(l0 − 1).

8

Unsteady Supercavitating Hydrofoil

In the case of non–symmetric flow around the supercavitating hydrofoil, the vortices of intensity γ(x, t) are
distributed on the interval [0, 1] together with the sources on the interval [0, l(t)] of the x-axis (Figure 7).
In the case of sinusoidal oscillation of the hydrofoil, the set of two singular integral equations with respect
to unknown intensities γ ∗ (x) and q ∗ (x) has been obtained before when l = const (Yefremov 1974):
1
q (x) +
π
∗

Z1
0







1
jk(s−x)
ds = −ϕ∗y (x),
γ (s)
− ke
si k(s − x) + j ci k(s − x)
x−s
∗



0 < x < 1,

(17)
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a)

b)

Figure 7: a) Unsteady supercavitating hydrofoil. b) Discretization scheme

Figure 8: Oscillation range of l(t) versus the oscillation frequency (l0 = 5.0, κ = 0.2; wave–shaped
deformation of hydrofoil)
(n)

1
H(1 − x)γ ∗ (x) +
π

Zl

∗

q (s)

0



Figure 9: Frequency response of cy (t) for the unsteady supercavitating hydrofoil. 1 – Wave–shaped
deformation; 2 – heaving oscillation


1
+ jk ln |x − s| ds − σ ∗ = 0,
x−s

0 < x < l(n) ,

(18)

where H(x) = 0 when x < 0, H(x) = 1 when x ≥ 0; si(x) and ci(x) are the integral sine and cosine
(Abramovitz and Stegun 1964). Also, the equations (6) and (7) should be added to the equations (17) and
(18) to determine the cavitation number σ ∗ and the cavity length l(t).
Projections of the hydrofoil and the cavity are divided on N and N + M intervals respectively. The
discrete vortex location λ1j and the collocation point location z1i on the hydrofoil are (Figure 7, b):
z1i = 1 +

1
(i − 0.25),
N

λ1j = 1 +

1
(j − 0.75),
N

i, j = 1, 2, . . . , N.

(19)

A location of the discrete sources λ2j and the collocation points z2i on the cavity, where the dynamical
boundary condition is satisfied, is the same as in (10). As a result, after separating a real part and a
imaginary part of the equations (13), (14), we obtain a set of 2 (2N + M + 1) linear algebraic equations for
each time step. The coefficient of the lift acting on the hydrofoil is:
cy (t

(n)

) = 2α

Z1
0

γ0 (s, l

(n)



Z1
(n)
∗
jkt
γ (s, l ) ds .
) ds + 2κ Re e

(20)

0

In Figure 8, the range of oscillation of the function l(t) in dependence on the reduced frequency k are
given. Calculations showed that the range of oscillations of l(t) has maximums close to the fundamental
frequencies of a gas–filled supercavity (Semenenko 1996a).
In Figure 9, a comparison of frequency responses of cy (t) calculated when l = const (dashed lines) and
with taking account of l(t) (solid lines) is given. One can see that taking into account the cavity length
variability results in smoothing the frequency response of cy .
In Semenenko (1999), calculation of the oscillating supercavitating hydrofoil under a free water surface
is presented.
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Conclusions

The proposed method to calculate a length and a shape of 2-D unsteady supercavities gives results corresponding with experimental data at the non very high oscillation frequency k and the moderate relative
amplitudes κ. It may be applied at least for the values of dynamic parameter β corresponding to the stable
cavities and for the oscillation frequencies which are lower than the lowest fundamental frequency of the
cavity (Semenenko 1996a).
Presence of gas in the ventilated supercavity results in considerable changing the frequency responses of
each of the functions l(t), Q(t) and σ(t). Significance of elasticity of the gas filling the cavity increases with
increasing the similarity parameter β.
Taking into account of the cavity length variability results in smoothing the frequency responses of the
forces acting on the hydrofoil. The amplitudes of the force oscillations change weakly in comparison with the
calculation when l = const. Thus, use of simple linear algorithms with l = const is admissible to calculate
the unsteady forces on hydrofoils as e.g. in Semenenko (1981).
A comparison of unsteady behavior of the mathematical models of 2-D and axisymmetrical supercavities
shows their qualitative similarity. This confirms adequacy of the G.V.Logvinovich’s principle of independence
of the cavity section expansion (Logvinovich 1973), which is a basis of the mathematical model of the unsteady
axisymmetric supercavities (e.g. Semenenko 1996b, Savchenko et al 2000).
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