
Zhoiduh Lpsurylqj Frqwudfwv lq Frxuqrw Pdunhwv �

Holdqh Fdwlolqd
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Devwudfw

Wkh txhvwlrq wklv sdshu dgguhvvhv lv zkhwkhu d jryhuqphqw fdq uhjxodwh
d Frxuqrw roljrsrolvw pdunhw wr jlyh kljkhu ohyho ri zhoiduh zlwkrxw fkdqjlqj
hlwkhu wkh vwudwhjlf yduldeoh +rxwsxw txdqwlw|, ru wkh zd| sulfhv duh ghwhuplqhg
+e| dq dxfwlrqhhu,1 Wkh sureohp lv vhw dv d wzr0vwdjh jdph sod|hg e| sur�w0
pd{lpl}lqj �upv dqg d zhoiduh0pd{lpl}lqj jryhuqphqw1 Ilupv duh v|pphwulf
lq fdsdflw| dqg whfkqrorj| exw dv|pphwulf lq rzqhuvkls1 Wkh jryhuqphqw
rzqv rqh �up dqg xvhv lw vwudwhjlfdoo|1 Wkh pdlq srolf| lpsolfdwlrq ri wkh
prgho lv wkdw e| rzqlqj dqg frqwuroolqj rqh vlqjoh �up/ d jryhuqphqw fdq
uhjxodwh dq hqwluh lqgxvwu| dqg dfklhyh zhoiduh lpsuryhphqwv1 Wklv lv srvvleoh
dv wkh ghflvlrq0pdnlqj dv|pphwu| dprqj sulydwho| dqg sxeolfo| rzqhg �upv
doorzv wkh jryhuqphqw wr fkdqjh wkh frqwh{w lq zklfk wkh txdqwlw| frpshwl0
wlrq wdnhv sodfh1 Lq dgglwlrq/ wklv sdshu vkrzv wkdw wkh vrfldo remhfwlyhv ri wkh
jryhuqphqw duh qrw lqfrpsdwleoh zlwk sur�w pd{lpl}dwlrq wdujhwv1 Wkh jry0
huqphqw lpsuryhv wkh wrwdo zhoiduh ri wkh hfrqrp| li dqg rqo| li lw pd{lpl}hv
sur�wv lq lwv rzq �up1 Zh vkdoo vhh wkdw/ lq htxloleulxp/ wkh sxeolfo|0rzqhg
�up pd{lpl}hv sur�w hlwkhu e| surgxflqj wkh Vwdfnhoehuj ohdghu rxwsxw ru wkh
frpshwlwlyh rxwsxw1
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4 Lqwurgxfwlrq
Lw kdv orqj ehhq uhfrjql}hg wkdw roljrsro| pdunhwv |lhog dq lqh!flhqw htxloleulxp rxw0
sxw +lq wkh Sduhwldq vhqvh,1 Wkh vrfldoo| rswlpdo ohyho ri rxwsxw idlov wr eh gholyhuhg
gxh wr wkh srzhu �upv srvvhvv wr dowhu wkh pdunhw sulfh1

Lq d Frxuqrw roljrsro| pdunhw �upv frpshwh wkurxjk wkhlu rxwsxw txdqwlw| fkrlfh1
Wkh htxloleulxp lv jlyhq e| wkh vwudwhjlf lqwhudfwlrq ri �upv wkdw vlpxowdqhrxvo|
dqg lqglylgxdoo| pdnh wkhlu surgxfwlrq ghflvlrqv1 Lq qrqfrrshudwlyh jdph sduodqfh/
rxwsxw txdqwlw| lv wkh vwudwhjlf yduldeoh xvhg e| �upv1

Rqfh wkh txdqwlw| rxwsxw fkrlfh lv pdgh dqg surgxfwlrq lv eurxjkw wr wkh pdunhw/
wkh pdunhw fohdulqj sulfh lv ghwhuplqhg e| dq dxfwlrqhhu zkr htxdwhv wrwdo vxsso|
dqg ghpdqg1

Wkh txhvwlrq wklv sdshu dgguhvvhv lv zkhwkhu d jryhuqphqw fdq uhjxodwh Frxuqrw
roljrsrolvw pdunhwv wr jlyh kljkhu ohyho ri zhoiduh zlwkrxw fkdqjlqj hlwkhu wkh vwudwhjlf
yduldeoh +rxwsxw txdqwlw|, ru wkh zd| sulfhv duh ghwhuplqhg +e| dq dxfwlrqhhu,1

Nuhsv dqg Vfkhlqnpdq +4<;6,/ vkrzv wkdw �wkh vroxwlrq ri roljrsro| jdphv ghshqgv
rq erwk wkh vwudwhjlf yduldeoh wkdw �upv duh dvvxphg wr hpsor| dqg wkh frqwh{w +jdph
irup, zkhuh wklv yduldeohv duh hpsor|hg�+s165:,1 L wdnh dgydqwdjh ri wklv �qglqj dqg
suhvhqw d prgho zkhuh wkh jryhuqphqw uhgxfhv �upv* pdunhw srzhu/ qrw e| gluhfwo|
frqwuroolqj sulfhv ru surgxfwlrq txdqwlw|/ exw e| fkdqjlqj wkh frqwh{w lq zklfk wkh
Frxuqrw +txdqwlw|, frpshwlwlrq wdnhv sodfh1

Wkh sureohp lv vhw dv iroorzv1 Dvvxph d Frxuqrw roljrsrolvw pdunhw zlwk rqh
E� ' f� sxeolfo|0rzqhg �up dqg � E� ' �c ����?� sulydwho|0rzqhg �upv wkdw surgxfh d
krprjhqhrxv jrrg1 Wkh � n � �upv duh v|pphwulf dqg kdyh dq h{rjhqrxvo| jlyhq
xsshu erxqg rq fdsdflw| rxwsxw/ &

�
/ vxfk wkdw &f ' ��� ' &

?
' & dqg wklv frqvwlwxwhv

d frpprq nqrzohgjh dprqj doo �upv1�4

Wkh � �upv duh sur�w pd{lpl}lqj dqg fkrrvh wkhlu rxwsxw dffruglqjo|1 Rq wkh
rwkhu kdqg/ wkh jryhuqphqw sxuvxhv vrfldo remhfwlyhv dqg xvhv lwv fdsdflw| vwudwhjl0
fdoo| wr uhgxfh wkh ghdgzhljkw orvv fdxvhg e| wkh pdunhw srzhu �upv srvvhvv1

Frqvlghu wkh iroorzlqj wzr0vwdjh jdph sod|hg e| sur�w pd{lpl}lqj �upv dqg d
zhoiduh pd{lpl}lqj jryhuqphqw1 Lq wkh �uvw0vwdjh/ wkh jryhuqphqw dqqrxqfhv wkh
uxohv iru wkh xvdjh ri lwv fdsdflw| &f1 Lq wkh vhfrqg0vwdjh/ frqglwlrqdo rq revhuylqj
wkh jryhuqphqw*v dqqrxqfhphqw/ �upv lqglylgxdoo| dqg vlpxowdqhrxvo| pdnh wkhlu
rxwsxw fkrlfhv1 Wklv vwuxfwxuh lv wr eh vshfl�hg lq d frqwudfw vhw e| wkh jryhuqphqw1

Wklv lv d qrq0vwdqgdug jdph lq zklfk� �upv wkdw sxuvxh Frxuqrw0olnh frqmhfwxuhv
sod| d vhtxhqwldo jdph1 L dvvxph wkdw wkh � n � �upv duh v|pphwulf lq fdsdflw|
dqg whfkqrorj|1 Wkhuh lv/ qhyhuwkhohvv/ dq dv|pphwu| uhjduglqj wkh rzqhuvkls1 Wklv
dv|pphwu| lv wudqvodwhg lq whupv ri remhfwlyhv dqg/ dv zh vkdoo vhh/ surylghv wkh
ohdghuvkls uroh wr wkh jryhuqphqw1�5

4Khqfhiruwk L zloo uhihu wr sulydwho| rzqhg �upv vlpso| dv ��upv� dqg wr wkh sxeolfo|0rzqhg
�up dv �jryhuqphqw�1

5Ihuvkwpdq +4<<3,/ kdv douhdg| qrwlfhg wkdw wkh rzqhuvkls vwdwxv pd| d�hfw wkh pdunhw vwuxfwxuh
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Wkh vrfldo remhfwlyh ri wkh jryhuqphqw/ zklfk frqwudvwv zlwk �upv* sur�w pd{0
lpl}lqj ehkdylrxu/ jlyhv wkh jryhuqphqw wkh ��uvw pryhu dgydqwdjh� dv lwv rxwsxw
fkrlfhv duh vhw lq wkh �uvw0vwdjh ri wkh jdph1 Ilupv ehkdyh dv iroorzhuv dqg dfw
frqglwlrqdoo| rq wkh jryhuqphqw*v ghflvlrq1 Wkh jdph0irup sursrvhg lq wklv sdshu
surgxfhv dq htxloleulxp yhu| pxfk ã od Vwdfnhoehuj1�6

Ghshqglqj rq wkh ohyho ri wkh h{rjhqrxvo| ghwhuplqhg fdsdflw| sdudphwhu &f wkhuh
duh gl�huhqw vroxwlrqv wr wklv vhtxhqwldo jdph1

Li wkh jryhuqphqw*v fdsdflw| lv vx!flhqwo| odujh wr eulqj wkh pdunhw0sulfh wr }hur/
wkh jryhuqphqw fdq vxjjhvw dq rxwsxw ohyho dqg wkuhdwhq wr  rrg wkh pdunhw xqohvv
�upv surgxfh wkh rxwsxw vxjjhvwhg1 Ilupv duh ohiw zlwk wkh fkrlfh ri hlwkhu wr surgxfh
}hur ru dq rxwsxw frqvlvwhqw zlwk wkh jryhuqphqw*v remhfwlyh1 Krzhyhu/ rqfh wklv
ghflvlrq lv wdnhq wkh pdunhw sulfh frqvwlwxwhv wkh phfkdqlvp wkdw htxdwhv wrwdo vxsso|
dqg ghpdqg1 Li lqvwhdg wkh jryhuqphqw*v fdsdflw| lv vpdoohu wkdq wklv ohyho/ wkh wkuhdw
ri  rrglqj wkh pdunhw lv reylrxvo| qrw fuhgleoh1 Qhyhuwkhohvv/ dv zh vkdoo vhh/ hyhq
lq wklv fdvh vrph zhoiduh lpsuryhphqw fdq eh dfklhyhg1

Zh duh ohiw wr glvfxvv krz wkh jryhuqphqw frqyh|v lwv remhfwlyh lq whupv ri rxwsxw
ohyho1�7 L dvvxph wkdw wkh jryhuqphqw xvhv d uhihuhqfh sulfh wr sxw dfurvv lwv rxwsxw
wdujhw1 Wklv sulfh lv uhyhdohg wr �upv lq wkh vdph frqwudfw wkdw vhwv wkh uxohv iru wkh
xvdjh ri wkh jryhuqphqw*v fdsdflw|1 Krzhyhu/ li zh zdqw d nlqg ri uhjxodwlrq wkdw
grhv qrw d�hfw wkh vwudwhjlf yduldeoh qru krz sulfhv duh ghwhuplqhg/ wkh uhihuhqfh
sulfh fdqqrw eh d fhlolqj sulfh lpsrvhg e| wkh jryhuqphqw1

L ghdo zlwk wklv sureohp e| dvvxplqj lqvwhdg wkdw/ lq wkh �uvw vwdjh/ wkh jryhuq0
phqw dqqrxqfhv d plqlpxp sulfh dqg frpplwv lwvhoi wr ex| dq xqolplwhg dprxqw ri
rxwsxw li wkh pdunhw fohdulqj sulfh lv vwulfwo| vpdoohu wkdq wkh plqlpxp sulfh1

Li wkh jryhuqphqw*v fdsdflw| lv odujh hqrxjk wr srwhqwldoo| gulyh wkh pdunhw sulfh
wr }hur/ dq| vwulfwo| srvlwlyh plqlpxp sulfh zloo reylrxvo| eh vwulfwo| juhdwhu wkdq
wkh pdunhw0fohdulqj sulfh1 Wkxv/ �upv fdq wdnh wkh plqlpxp sulfh dv wkhlu pdujlqdo
uhyhqxh ixqfwlrq dqg pd{lpl}h sur�w e| surgxflqj dq rxwsxw vxfk wkdw pdujlqdo
uhyhqxh lv htxdo wr pdujlqdo frvw1 Wkh plqlpxp sulfh kdsshqv wr eh d fhlolqj sulfh
dowkrxjk wkh jryhuqphqw grhv qrw lpsrvh lw1

Li wkh jryhuqphqw*v fdsdflw| lv vpdoohu wkdq wklv ohyho/ �upv froohfwlyho| ljqruh

lq zklfk �upv rshudwh1
6Grzulfn +4<;9, vkrzv wkdw li �upv kdyh grzqzdug0vorslqj uhdfwlrq ixqfwlrqv dqg qr suhghwhu0

plqhg dv|pphwu|/ hdfk �up kdv dq lqfhqwlyh wr �dfw vwurqjo|� dqg wdnh lwv suhihuuhg uroh1 Lq d
txdqwlw| vsdfh/ zkhq �upv* uhdfwlrq ixqfwlrqv vorsh grzqzdugv wkh suhihuuhg uroh lv wr eh d ohdghu1
Li doo �upv wdnh wkh suhihuuhg uroh wkh| lq lfw lq pxwxdo gdpdjh1 Wkh dxwkru dujxhv wkdw �upv pd|
vhhn iru d frooxvlyh vroxwlrq wr plqlpl}h pxwxdo gdpdjh1 Iru wklv uhdvrq wkh Vwdfnhoehuj vroxwlrq lv
qrw vdwlvidfwru| zkhq wkhuh lv qr suhghwhuplqhg dv|pphwu| dprqj �upv1
Lq p| prgho lw lv dvvxphg wkdw wkhuh lv d suhghwhuplqhg dv|pphwu|1 Wkh jryhuqphqw sxuvxhv d

vrfldo remhfwlyh dqg xvhv lwv fdsdflw| vwudwhjlfdoo| wr dfklhyh lw1 Wklv phdqv wkdw lw zloo dozd|v �dfw
vwurqjo|� wr wdnh wkh ohdghuvkls uroh1 Rq wkh rwkhu kdqg/ L dvvxph wkdw sulydwho| rzqhg �upv kdyh
grzqzdug vorslqj uhdfwlrq ixqfwlrqv1 Xqghu wklv dvvxpswlrq dq htxloleulxp ã od Vwdnhoehuj pdnhv
vhqvh= li wkh jryhuqphqw kdv wkh ��uvw pryhu dgydqwdjh� rwkhu �upv zloo ehkdyh dv iroorzhuv1

7Uhfdoo wkdw wklv sdshu dvvxphv wkdw wkh jryhuqphqw grhv qrw lpsrvh hlwkhu sulfh ru txdqwlw|1
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wkh plqlpxp sulfh +dqg wkh wkuhdw lv lqh�hfwlyh, surylghg wkh| pdnh d qhw srvlwlyh
sur�w surgxflqj ã od Vwdfnhoehuj1

Wkh zhoiduh lpsurylqj frqwudfw sursrvhg lq wklv sdshu lv edvhg rq d wkuhdw +wr
surgxfh xs wr fdsdflw|, dqg dq lqfhqwlyh +wkh plqlpxp sulfh,1 Wkh fuhglelolw| ri
erwk wkuhdw dqg lqfhqwlyh ghshqgv rq wkh jryhuqphqw*v fdsdflw| dqg rq whfkqrorj|
frqglwlrqv +wkh vkdsh ri wkh pdujlqdo frvw fxuyh,1

Wkh pdlq srolf| lpsolfdwlrq ri wkh prgho lv wkdw e| rzqlqj dqg frqwuroolqj rqh
vlqjoh �up/ d jryhuqphqw fdq uhjxodwh dq hqwluh lqgxvwu| dqg dfklhyh zhoiduh lp0
suryhphqwv1 Wklv lv srvvleoh dv wkh ghflvlrq0pdnlqj dv|pphwu| dprqj sulydwho| dqg
sxeolfo| rzqhg �upv doorzv wkh jryhuqphqw wr fkdqjh wkh frqwh{w lq zklfk txdqwlw|
frpshwlwlrq wdnhv sodfh1

Lq dgglwlrq/ wklv sdshu vkrzv wkdw wkh vrfldo remhfwlyhv ri wkh jryhuqphqw duh qrw
lqfrpsdwleoh zlwk sur�w pd{lpl}dwlrq wdujhwv1 Wkh jryhuqphqw lpsuryhv wkh wrwdo
zhoiduh ri wkh hfrqrp| li dqg rqo| li lw ehkdyhv dv d sur�w pd{lpl}lqj lq lwv rzq �up1
Zh vkdoo vhh wkdw/ lq htxloleulxp/ wkh sxeolfo|0rzqhg �up pd{lpl}hv sur�w hlwkhu e|
surgxflqj wkh Vwdfnhoehuj ohdghu rxwsxw ru wkh frpshwlwlyh rxwsxw1

Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq suhvhqwv wkh xqghuo|lqj
hfrqrp| dqg ghvfulehv wkh pdlq ihdwxuhv ri wkh +zhoiduh lpsurylqj, frqwudfw1 Vhfwlrq
6 rxwolqhv wkh prgho dqg suhvhqwv wkh vroxwlrq wr wkh wzr0vwdjh jdph1 Vhfwlrq 7
dqdo|vhv wkh lpsdfw ri wkh uhjxodwru| frqwudfwv rq wkh wrwdo zhoiduh ri wkh hfrqrp|1
Vhfwlrq 8 lv dq h{dpsoh1 Vhfwlrq 9 frqfoxghv dqg suhvhqwv gluhfwlrqv iru ixuwkhu
uhvhdufk1

5 Wkh Xqghuo|lqj Hfrqrp|
Dvvxph d forvhg hfrqrp| zkhuh wkh jryhuqphqw lv hqgrzhg zlwk wkh fdsdflw| ri
surgxflqj xs wr &f xqlwv ri d jrrg wr zklfk d uhjxodwlrq lv wr eh lqwurgxfhg1 Wkh
jryhuqphqw dlpv dw ghvljqlqj zhoiduh lpsurylqj frqwudfwv dqg dqqrxqfhv d plqlpxp
sulfh wr frqyh| lwv rxwsxw wdujhw1 Wkhvh frqwudfwv duh wr eh hqirufhg e| odz dqg
h{klelw wkh iroorzlqj fkdudfwhulvwlfv=

41 Dq Dqqrxqfhphqw ri d plqlpxp sulfh sulru wr �upv* rxwsxw ghflvlrq>

51 D Frpplwphqw wr ex| dq xqolplwhg dprxqw ri rxwsxw zkhqhyhu wkh pdunhw0
fohdulqj sulfh lv vwulfwo| vpdoohu wkdq wkh dqqrxqfhg plqlpxp sulfh>

61 D Wkuhdw ri surgxflqj dqg vhoolqj rxw xs wr &f xqlwv li �upv froohfwlyho| ljqruh
wkh plqlpxp sulfh1

Wkurxjkrxw wkh sdshu L uhihu wr wkh vhw ri phdvxuhv wkdw fkdudfwhul}h wkh zhoiduh
lpsurylqj frqwudfw dv �DFW�/ pdnlqj d fohdu uhihuhqfh wr wkh jryhuqphqw*v dfwlrqv
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+wr dqqrxqfh/ wr frpplw/ wr wkuhdwhq,1�8

Wklv lv d vw|ol}hg pdunhw lq zklfk �upv hqjdjh wkhpvhoyhv lq d Frxuqrw0olnh
frpshwlwlrq1 Wkhuh lv qr xqfhuwdlqw| lq wklv hfrqrp| dqg lqirupdwlrq lv hyhqo|
glvwulexwhg dprqj �upv dqg jryhuqphqw1 Wkh jdph lv pdgh ri wzr vwdjhv dqg odvwv
rqh vroh shulrg1

6 Rxwolqh ri wkh Prgho zlwk �DFW� Frqwudfw
Wkhuh lv wkh jryhuqphqw* �up E� ' f� dqg � E� ' �c ���c ?� sulydwh �upv1 Wkhvh � n�
�upv surgxfh d shuihfwo| vxevwlwxwdeoh jrrg iru zklfk wkh pdunhw ghpdqg ixqfwlrq lv
'_E� � ' @� �� Ilupv kdyh dq h{rjhqrxvo| jlyhq xsshu erxqg rq fdsdflw| rxwsxw�9/
&
�
5 -nn/ vxfk wkdw &f ' ��� ' &

?
' &:1� Hdfk �up � kdv lghqwlfdo wzlfh gl�huhqwldeoh

frvw ixqfwlrq SE+
�
� ' SE+� ;� ' fc ���c ?c vxfk wkdw S�E+� : f dqg S��E+� � f dw doo + : f

dqg SE+� ' f li +
�
' f� Ghqrwh � �E+� '

?S
�'f

S�E+
�
� dqg dvvxph wkdw wkh �{hg frvw lv

}hur wr doo �up � ' fc ���c ?1

Wkh djjuhjdwh vxsso| lv '7 '
?S
�'�

+
�
n +f/ zkhuh +

�
lv �up �*v rxwsxw fkrlfh dqg

f � +f � &f lv wkh jryhuqphqw*v rxwsxw ohyho1
Wkh jdph uxqv dv iroorzv1 Wkh jryhuqphqw dqqrxqfhv dq �DFW� frqwudfw wkdw

lqfoxghv d plqlpxp sulfh �4�? 5 -n� Xsrq revhuylqj wkh plqlpxp sulfh/ �4�?c
dqg wkh jryhuqphqw*v fdsdflw| ohyho/ &f/ �upv vlpxowdqhrxvo| dqg lqglylgxdoo| pdnh
wkhlu rxwsxw ghflvlrq +

�.f 5 -n1�; Ilupv kdyh Frxuqrw0olnh frqmhfwxuhv dqg fkrrvh
wkh rxwsxw ohyho wkdw htxdwhv pdujlqdo uhyhqxh dqg pdujlqdo frvw1 Wkh jryhuqphqw
revhuyhv �upv* rxwsxw fkrlfh dqg sxwv xs wr &f xqlwv rq wkh pdunhw li hdfk �up �
idlov wr surgxfh +

�.f vxfk wkdw �4�? ' � �E+���< Wkh pdunhw fohduv1
Ilupv* sd|r�v duh jlyhq e| wkhlu sur�w ixqfwlrq1 Wkh pdunhw0fohdulqj sulfh lv

� E+
�.fc +3�.fc +f� ' 4@ dfc @ � S

?

�'�
+
�
� +fo zkhuh +

3�.f lv wkh rwkhu �upv rxwsxw

8Dowkrxjk wklv frqwudfwv duh vhw xqlodwhudoo| �upv kdyh wkh uljkw qrw wr dffhsw lw1 Krzhyhu/ rqfh
�upv dffhsw wkh frqwudfw +l1h1 wkh| surgxfh dffruglqj wr jryhuqphqw*v remhfwlyh, wkh| kdyh uljkwv
jxdudqwhhg e| odz1 L krsh/ lq wklv fdvh/ wkh whup �frqwudfw� lv dq dffhswdeoh dexvh ri whuplqrorj|1

9Dvvxph wkdw wkh frvw ri lqvwdoolqj fdsdflw| lv douhdg| vxqn zkhq wkh jdph vwduwv dqg wkhuhiruh
luuhohydqw1

:Dv d vkruwkdqg/ zlwk dexvh ri qrwdwlrq/ L vhw n3 @ 3 zkhq wkh jryhuqphqw/ dowkrxjk hqgrzhg
zlwk vrph fdsdflw|/ fdqqrw lqwhuyhqh lq wkh pdunhw dqg fduu| rq wkh Wkuhdw1 Odwhu lq wklv sdshu L
pdnh wklv srlqw fohduhu1

;|lq3 vwdqgv iru wkh rxwsxw ri d sulydwho|0rzqhg �up l1
<Li surgxfwlrq lv pdgh vlpxowdqhrxvo| wkh jryhuqphqw zrxog mxvw ohduq li �upv surgxfhg dffrug0

lqj wr wkh plqlpxp sulfh ru qrw zkhq wkh pdunhw fohduv1 Lw phdqv wkdw wkh jryhuqphqw zrxog qrw
eh deoh wr fduu| rq wkh wkuhdw ri lqwhuyhqlqj lq wkh pdunhw li �upv froohfwlyho| uhmhfw wkh plqlpxp
sulfh1 Dq h{wud dvvxpswlrq kdv wr eh pdgh wr doorz wkh jryhuqphqw wr revhuyh �upv* rxwsxw fkrlfh1
Dvvxph wkdw hdfk �up l +lq wkh ehjlqqlqj ri wkh vhfrqg0vwdjh, lv irufhg wr uhyhdo wr wkh jryhuqphqw
wkhlu txdqwlw| rxwsxw fkrlfh1 Ilupv duh iuhh wr fkrrvh dq| ohyho ri rxwsxw1 Krzhyhu/ wkhuh zloo eh d
sxqlvkphqw li �upv gr qrw whoo wkh wuxwk1

8



fkrlfh1 L dvvxph � E+
�.fc +3�.fc +f� lv vwulfwo| srvlwlyh rq vrph erxqghg lqwhuydo dfc t �/

rq zklfk lw lv wzlfh gl�huhqwldeoh/ vwulfwo| ghfuhdvlqj dqg frqfdyh1 Iru +fc +�.f � t /
� E+

�.fc +3�.fc +f� ' f1 Ohw xv gh�qh e� E� E�c �c ��c �4�?� ' 4@ i� E�c �c ��c �4�?j1 Ilup
�*v sur�w ixqfwlrq lv Z

�.f ' e� E�c ��+
�.f � SE+� wkdw lv vwulfwo| frqfdyh lq +

�.f rq wkh
udqjh

�
fc t � +

3�.f � +f
l
li e� E�c �� ' � E�c �c �� dqg frqfdyh lq +

�
rq wkh udqjh dfc4� lie� E�c �� ' �4�?�

Dvvxph d ehqhyrohqw jryhuqphqw wkdw dlpv dw pd{lpl}lqj wkh wrwdo zhoiduh ri
wkh hfrqrp|1 Ohw xv uhsuhvhqw wkh jryhuqphqw*v sd|r� e| wkh wrwdo ydoxh ri wkh
djjuhjdwh Pduvkdooldq vxusoxv dw wkh djjuhjdwh ohyho ri frqvxpswlrq f h{suhvvhg dv
7Ef� ' 7f n

U
f

f
i� dro� dS�Er� n �4�?oj_r/ zkhuh 7f lv d frqvwdqw ri lqwhjudwlrq1 Lw lv

hdv| wr yhuli| wkdw wklv ixqfwlrq lv pd{lpl}hg zkhq wkh djjuhjdwh ohyho ri frqvxpswlrq
fW lv htxdo wkh frpshwlwlyh rxwsxw +vhh Dsshqgl{,1

614 Wkh Htxloleulxp ri wkh Jdph

Lq d vwdqgdug Frxuqrw0Qdvk prgho sod|huv +�upv, pryh vlpxowdqhrxvo| dqg lqglylg0
xdoo| dqg wkh htxloleulxp ri wkh jdph lv jlyhq e| wkh vhw ri vwudwhjlhv wkdw frqvwlwxwh
d Qdvk Htxloleulxp1

Dv vwdwhg ehiruh/ lq wklv sdshu �upv wkdw sxuvxh Frxuqrw0olnh frqmhfwxuhv sod| d
vhtxhqwldo jdph1 Ilupv duh fdoohg xsrq wr sod| diwhu shuihfwo| revhuylqj �4�? dqg &f�
Wkh vwudwhjlf fkrlfh wkdw hdfk �up �qf kdv wr pdnh lv hlwkhu wr wdnh wkh plqlpxp
sulfh E�4�?� dv jlyhq dqg wr surgxfh dffruglqjo|/ ru vlpxowdqhrxvo| dqg lqglylgxdoo|
wr fkrrvh +

�.f : f jlyhq wkh jryhuqphqw*v wkuhdw1 Lq wkh odwwhu fdvh �upv ehkdyh ã
od Vwdfnhoehuj zlwk wkh jryhuqphqw dvvxplqj wkh uroh ri �ohdghu�1 Uhfdoo wkdw wkh
jryhuqphqw*v wkuhdw lv wr sxw rq wkh pdunhw xs wr &f xqlwv ri rxwsxw1 Lw phdqv wkdw/
zkhq wkh frpshwlwlrq lv ã od Vwdfnhoehuj/ +f ' &f1

Wkh jdph lv vroyhg e| edfnzdug lqgxfwlrq wr �qg wkh vhw ri sxuh vwudwhjlhv wkdw
frqvwlwxwh Vxejdph Shuihfw Qdvk Htxloleulxp1

Ohw xv gh�qh

-
�.fE+3�.f n &f(�4�?� '@h}4@ e� E�c ��+

�.f � SE+
�.f�

E�� f$+�.f	t3+3�.f3&f

ru

E��� +�Df

Wkdw lv -
�.f
E+

3�.f
c &

f
(�

4�?
� lv wkh ehvw uhvsrqvh ixqfwlrq wr d Vwdfnhoehuj0olnh

frpshwlwlrq li e� E�c �� ' � E+
�.f
c +

3�.f
c &

f
� ru wkh ehvw uhvsrqvh wr d plqlpxp sulfh lie� E�c �� ' �

4�?
�

Lw lv wkh vroxwlrq zlwk uhvshfw wr +
�.f

ri

E�� �
�

E+
�.f
c �c ��+

�.f
n � E+

�.f
c +

3�.f
c &

f
� ' S

�

E+� li e� E�c �� ' � E+
�.f
c +

3�.f
c &

f
�

Jo

E��� �
4�?

' �
�

E+� li e� E�c �� ' �
4�?

9



Wkh qh{w Ohppd vkrzv vrph idfwv ri Frxuqrw frpshwlwlrq zkhq wkhuh lv dq
�DFW� frqwudfw1

Ohppd 4 +d, li &
f
' f dqg �

4�?
	 � E�c �c f� iru hyhu| SE+�/ -

�

E+
3�
� lv qrqlqfuhdvlqj

lq +
3�
/ dqg -

�

E+
3�
� lv frqwlqxrxvo| gl�huhqwldeoh dqg vwulfwo| ghfuhdvlqj ryhu wkh udqjh

lw lv vwulfwo| srvlwlyh1
+e, li f 	 &

f
	 '_Ef� dqg �

4�?
	 � E�c �c &

f
� iru hyhu| SE+�/ -

�.f
E+

3�.f
c &

f
� lv

qrqlqfuhdvlqj lq +
3�.f

dqg &
f
/ dqg -

�.f
E+

3�.f
c &

f
� lv frqwlqxrxvo| gl�huhqwldeoh dqg

vwulfwo| ghfuhdvlqj ryhu wkh udqjh lw lv vwulfwo| srvlwlyh1
+f, Li &

f
� '_Ef� / iru hyhu| SE+�c -

�

E�
4�?

� lv prqrwrqh lqfuhdvlqj lq �
4�?

dqg
-
�

E�
4�?

� lv frqwlqxrxvo| gl�huhqwldeoh ryhu wkh udqjh lw lv srvlwlyh1
+g, -

�

E+
3�.f

c &
f
� � �� zlwk vwulfwo| lqhtxdolw| iru +

�.f
vxfk wkdw -

�.f
E+

3�.f
c &

f
� : f

dqg f � &
f
	 '_Ef� dqg -

�

E�
4�?

� ' f li -
�

E�
4�?

� : f dqg &
f
� '_Ef��

+h, Li +
�.f

: -
3�.f

E+
�.f
c &

f
� wkhq -

3�.f
E-

�.f
E+

3�.f
c &

f
�� 	 +

�.f
1

Surri1
+d, Iru dq| +

3�
dqg &

f
' f zh kdyh

� d-
�

E+
3�
� n +

3�
o n-

�

E+
3�
�� � d-

�

E+
3�
� n +

3�
o ' S� d-

�

E+
3�
�o

Li zh lqfuhdvh +
3�

dqg ohdyh -
�

E+
3�
� frqvwdqw wklv ghfuhdvhv wkh �uvw whup wkdw lv

srvlwlyh1 Wkh vhfrqg whup ghfuhdvhv dqg ehfrphv pruh qhjdwlyh1 Wkh frqfdylw| ri
+
�

� E+
�

n +
3�
�� SE+

�

� lq +
�

lpsolhv wkdw wr uhvwruh htxdolw| zh pxvw ghfuhdvh -
�

E+
3�
�1

Gl�huhqwldelolw| ri -
�

E+
3�
� iroorzv iurp wkh vprrwkqhvv ri � E�c �c �� dqg SE+

�

�1
+e, iru dq| +

3�.f
dqg f 	 &

f
	 '_Ef�/ zh kdyh

�
k
-
�.f
E+

3�.f
c &

f
� n +

3�.f
n &

f

l
n-

�.f
E+

3�.f
c &

f
�� �

k
-
�.f
E+

3�.f
c &

f
� n +

3�.f
n &

f

l
' S�

k
-
�.f
E+

3�.f
c &

f
�
l

Lqfuhdvh +
3�.f

zkloh ohdylqj -
�.f
E+

3�.f
c &

f
�1 Wklv ghfuhdvhv wkh �uvw whup wkdw lv

srvlwlyh dqg ghfuhdvhv wkh vhfrqg1 Wkxv wkh frqfdylw| ri +
�.f
� E+

�.f
n +

3�.f
�� SE+

�.f
�

lq +
�.f

dqg dv &
f
lv jlyhq lw lpsolhv wkdw wr uhvwruh wkh htxdolw| zh pxvw wr ghfuhdvh

-
�.f
E+

3�.f
c��� Dv �

k
-
�.f
E+

3�.f
c &

f
� n-

3�.f
E+

�.f
c &

f
� n &

f

l
' f li &

f
� '_Ef� iru dq|

+
3�.f

� f/ -
�

E+
3�.f

c &
f
� ' f1

+f, Iru dq| +
3�.f

dqg &
f
� '_Ef�/ li �

4�?
: f zh kdyhe� E� E�c �c &

f
�c �

4�?
� ' 4@ i� E�c �c &

f
�c �

4�?
j ' �

4�?

+g, Ohw -
�.f
E+

3�.f
c &

f
� ' �

S
��'f

k
Z

��

�c3�

E-
�.f

E+
3�.f

c&

f
�c+

3�.f
�

l
Z

��

�c�
d-�.f

E+
3�.f

c&

f
�c+

3�.fo
eh wkh vorsh ri wkh ehvw uh0

vsrqvh ixqfwlrq zkhuh Z
��

�c3�

lv wkh furvv sduwldo ghulydwlyh1
D vx!flhqw frqglwlrq iru uhdfwlrq ixqfwlrqv wr lqwhuvhfw rqo| rqfh lv wkdw wkh ghuly0

dwlyhv ri wkh uhdfwlrq ixqfwlrqv wr eh juhdwhu ru htxdo wkdq �� ryhu wkh uhohydqw udqjh1

:



Wkh frqfdylw| ri wkh sur�w ixqfwlrq lpsolhv wkdw Z
��

�c�

�
-
�.f
E+

3�.f
c &

f
�c +

3�.f

�
' �� �

S
��

E+� 	 f dqg Z
��

�c3�

�
-
�.f
E+

3�.f
c &

f
�c +

3�.f

�
' �� 	 f� Wkxv/

���Z��

�c�

�
-
�.f
E+

3�.f
c &

f
�c +

3�.f

���� :����� S
��'3��'f

k
Z
��

�c3�

E-
�.f
E+

3�.f
c &

f
�c +

3�.f
�
l����� �

+h, Iroorzv vwhsv vlplodu wr +g,
Wkh htxloleulxp wkdw dulvhv ghshqgv rq wkh jryhuqphqw*v fdsdflw| ohyho &

f
� Iru

hyhu| frvw ixqfwlrq SE+� dqg� &
f
' f43 wkhuh lv d xqltxh Frxuqrw0Qdvk Htxloleulxp

zlwk hdfk �up eulqjlqj wr wkh pdunhw vrph txdqwlw| +W
S

dqg wkh Frxuqrw0sulfh lv � W

S

�
Lq wklv fdvh wkh Wkuhdw ri lqwhuyhqlqj lq wkh pdunhw lv qrw fuhgleoh dqg ljqruhg e|
�upv1 Li &

f
' f hdfk �up � ljqruhv wkh Dqqrxqfhphqw/ Frpplwphqw/Wkuhdw dqg

surgxfh wkh Frxuqrw0olnh rxwsxw1
Li &

f
: f wkh Wkuhdw lv fuhgleoh� Krzhyhu/ �upv nqrz wkdw li f 	 &

f
	 '_Ef�

wkh| fdq vwloo pdnh qhw srvlwlyh sur�w li wkh| surgxfh ã od Vwdfnhoehuj + udwkhu wkdq
surgxflqj wkh Frxuqrw rxwsxw,1 Lq wklv fdvh/ iru hdfk ohyho ri f 	 &

f
	 '_Ef� wkhuh

lv d xqltxh ã od Vwdfnhoehuj htxloleulxp zlwk �upv eulqjlqj iruzdug vrph txdqwlw|
+W
&

c vr wkdw wkh pdunhw0fohdulqj sulfh lv � W

&

1 Vr/ li f 	 &
f
	 '_Ef� hdfk �up � ljqruhv

wkh Dqqrxqfhphqw dqg Frpplwphqw exw dffhswv wkh Wkuhdw dqg surgxfhv +W
&

�
Li &

f
� '_Ef� wkhuh lv dq xqltxh htxloleulxp lq zklfk �upv wdnh �

6�?

dv jlyhq1
Ilupv dffhsw wkh Dqqrxqfhphqw dqg Frpplwphqw dqg surgxfh dffruglqj wr wkh
plqlpxp sulfh �

4�?
��44

Wkh qh{w sursrvlwlrq fkdudfwhul}hv wkh Qdvk htxloleulxp rewdlqhg lq wkh vhfrqg0
vwdjh ri wkh jdph1

Sursrvlwlrq 5 Ohw +W
S

eh wkh Frxuqrw htxloleulxp rxwsxw dqg +W
&

eh wkh iroorzhu
Vwdfnhoehuj*v rxwsxw1 Lq dq| +v|pphwulf, sxuh vwudwhj| Qdvk Htxloleulxp ri d vh0
txhqwldo jdph zkhuh wkh jryhuqphqw lv hqgrzhg zlwk d fdsdflw| ohyho &

f
dqg fkrrvhv

�
4�?

5 -
n
c wkh xqltxh htxloleulxp rxwsxw fkrlfh wr hdfk �up �/ +Wc lv jlyhq

+d, +W ' +W
S

c ;� ' fc ���?c li &
f
' f(

+e, +W ' +W
&

c ;� ' �c ���?c dqg +W ' &
f
iru � ' fc li f 	 &

f
	 '_Ef�(

+f, +W 5 -
n
c ;� ' �c ���? v1w1 � W

4�?
' � �E+� dqg &

f
� '_Ef��

Surri1 Iru +d,/ wkh Frxuqrw rxwsxw/ vhh Ohppd 4+d,1 Iru +e,/ wkh ã od Vwdfnhoehuj/
vhh Ohppd 4+e, 1 Vhh Ohppd 4+f, iru wkh sulfh wdnlqj rxwsxw +f,1 Iru wkh xqltxhqhvv
vhh Ohppd 4+g,1

Lq +d, wkh jryhuqphqw kdv qr phdqv wr �DFW� dqg fkdqjh wkh frqwh{w lq zklfk
�upv lqwhudfw1 Ilupv dqg jryhuqphqw lqglylgxdoo| dqg vlpxowdqhrxvo| wdnh wkhlu
txdqwlw| rxwsxw ghflvlrq dqg surgxfh +W ' +W

S

c wkh Frxuqrw rxwsxw1
Rq wkh rwkhu kdqg/ li f 	 &

f
	 '_Ef�c zkhq �upv duh fdoohg xsrq wr sod| wkh|

hqjdjh wkhpvhoyhv lq d Vwdfnhoehuj0olnh frpshwlwlrq1 Dv wkh jryhuqphqw lv erxqg wr

43Vhh irrwqrwh :1
44Li wkh dvvxpswlrq ri }hur �{hg frvw lv uhod{hg/ �upv fdq pdnh orvvhv hyhq li 3 ? n3 ? Tg+3,1 Li

wklv lv wkh fdvh/ �upv duh ohiw zlwk wkh rswlrq wr surgxfh dffruglqj wr wkh plqlpxp sulfh1

;



wkh �DFW� frqwudfw wkh rxwfrph/ +W ' +W
&

/ ;� ' �c ���?c li f 	 &
f
	 '_Ef�/ pdnhv

vhqvh dv htxloleulxp1
Ohppd 4 dqg Sursrvlwlrq 5 vkrz wkdw �upv frpso| wr wkh plqlpxp sulfh li dqg

rqo| li &
f
� '_Ef���45 Krzhyhu/ wkh qh{w Ohppd vkrzv wkdw dq �DFW� frqwudfw pd|

eh zhoiduh lpsurylqj ghvslwh wkh idfw wkdw �upv ljqruh �
4�?

�

Ohppd 6 Iru dq| f 	 &
f
	 '_Ef�

+d, 'rW

&

: 'rW

S

/ zkhuh 'rW

&

dqg 'rW

S

duh wkh djjuhjdwh vxsso| zkhq �upv eulqj wr
wkh pdunhw wkh Vwdfnhoehuj0olnh rxwsxw dqg wkh Frxuqrw rxwsxw uhvshfwlyho| dqg wkh
jryhuqphqwv vhoov rxw &

f
�

Iru dq| &
f
� '_Ef�

+e, Ohw +f eh wkh shuihfwo| frpshwlwlyh rxwsxw ohyho dqg � W

4�?
' � �E+f�c zkhuh

� �E+f� '
S

�'?
S�E+f

�

�� Iru hyhu| S�E+� : f dqg S
��

E+� : f/ � W

4�?
' � �E+f� lpsolhv

+W ' +f�
+f, Iru hyhu| S

�

E+� : f dqg S
��

E+� ' f vxfk wkdw S
�

E+� ' � zkhuh � : f( � W

4�?
'

� �E+f� lpsolhv wkdw +W ' +W
S

�

Surri1
+d, Li &

f
' f +qr �DFW �frqwudfw, �upv surgxfh wkh Frxuqrw rxwsxw dqg wkh

djjuhjdwh vxsso| lv 'rW

S

' �

�n�

d@� S�E+W
S

�o � Li f 	 &
f
	 '_Ef�/ �upv surgxfh wkh

Vwdfnhoehuj0olnh rxwsxw dqg wkh djjuhjdwh vxsso| lv 'rW

&

' �

�n�

d@� S�E+W
&

�on &

f

�n�

1 Dv
+W
S

: +W
&

+vhh Ohppd 4, dqg jlyhq wkh frqyh{lw| ri wkh frvw ixqfwlrqv/ 'rW

&

: 'rW

S

dqg � W

&

	 � W

S

iru hyhu| f 	 &
f
	 '_Ef��

+e,&
f
� '_Ef� lpsolhv wkdw � E�c �c &

f
� ' f1 Wkxv wkh sur�w ixqfwlrq wkdw d sur�w

pd{lpl}lqj �up idfhv lv Z ' �
4�?

+ � SE+�/ wkdw lv vwulfwo| frqfdyh lq +
�

li S
�

E+� : f

dqg S
��

E+� : f� Wkhuhiruh +W : f pd{lpl}hv wkh deryh sur�w ixqfwlrq li dqg rqo| li
Z
�

+

' f1 Wkhq zh yhuli| wkdw Z
�

+

' f lv xqltxh dw doo + : f dqg lpsolhv �
4�?

' S
�

E+��

Wkxv/ li �
4�?

' S
�

E+f� hdfk �up � pd{lpl}hv sur�w surgxflqj +W ' +f�
+f, Ohw &

f
� '_Ef� dqg S

�

E+� ' � wkxv wkh sur�w ixqfwlrq Z ' �
4�?

+ � � + lv
olqhdu prqrwrqh lqfuhdvlqj lq +1 Wkhuhiruh dq| +W : f pd{lpl}hv wkh deryh sur�w
ixqfwlrq li Z

�

+

' f1 Wkhq zh yhuli| wkdw Z
�

+

' f dqg lpsolhv �
4�?

' � dw doo + : f�

Wkxv li �
4�?

' S
�

E+f� ' � hdfk �up � surgxfhv +W ' +W
S

dqg wkh pdunhw fohdulqj sulfh
lv � W

S

: �1
Li wkh jryhuqphqw lv hqgrzhg zlwk dq| fdsdflw| ohyho f 	 &

f
	 '_Ef� dqg iru

hyhu| SE+�/ dq htxloleulxp zlwk �DFW� frqwudfw vhhpv wr Sduhwr grplqdwh�46 dq|
rwkhu htxloleulxp lq zklfk &

f
' f +qr�DFW� frqwudfw, � Krzhyhu/ li &

f
� '_Ef� wkh

45Li wkh jryhuqphqw vhwv Splq A S +�> �> �,> wr wdnh dgydqwdjh ri wkh plqlpxp sulfh/ �upv kdyh wr
surgxfh |l vxfk wkdw S

plq
@ F3+|,= Li 3 ? n3 ? Tg+3, �upv dozd|v ghyldwh iurp S

plq
surgxflqj |�

n

dqg pdnlqj qhw srvlwlyh sur�w1
46Iru 3 ? n

3
? Tg+3,/ dq �DFW� lpsolhv d kljkhu ohyho ri rxwsxw dqg orzhu sulfhv1 Dw wkh vdph

wlph sulydwho|0rzqhg �upv vwloo pdnh qhw srvlwlyh sur�w1 Dowkrxjk lw lv jrrg qhzv wr frqvxphuv/
wkh h�hfw rq wkh wrwdo vxusoxv ri wkh hfrqrp| kdv wr eh dqdo|}hg1

<



h�hfw ri dq �DFW� frqwudfw lv wzrirog dqg ghshqgv rq wkh �upv* frvw ixqfwlrq1 Li
�upv kdyh vwulfwo| frqyh{ frvw ixqfwlrqv wkh jryhuqphqw fdq lqgxfh �upv wr surgxfh
wkh frpshwlwlyh rxwsxw e| vhwwlqj �

4�?
' � �E+f�� Lq wklv fdvh �upv surgxfh +W ' +f

dqg wkh pdunhw0fohdulqj sulfh lv � E�c �c �� ' �
4�?

' � �E+f�1 Xqghu wkh �DFW� frqwudfw
wkh jryhuqphqw grhv qrw kdyh wr ex| dq| dprxqw ri rxwsxw dv lw lv mxvw frpplwwhg wr
gr vr li wkh pdunhw fohdulqj sulfh lv vwulfwo| vpdoohu wkdq wkh plqlpxp sulfh �

4�?
� Lq

wklv fdvh/ wkh �phvvdjh� wkh plqlpxp sulfh fduulhv lv xqhtxlyrfdo dqg +W ' +fc;� '
fc ���c ?c fdq eh vxssruwhg dv wkh xqltxh htxloleulxp1

Rq wkh rwkhu kdqg / zkhq �upv kdyh qrq frqyh{ frvw ixqfwlrqv dqg wkh jryhuqphqw
dqqrxqfhv �

4�?
' � �E+f� ' � wkh phvvdjh wkh plqlpxp sulfh fduulhv lv plvohdglqj dv

dq| rxwsxw + : f vdwlv�hv wkh frqglwlrq �
4�?

' �� Dv frqvhtxhqfh/ wkh jryhuqphqw
fdqqrw fduu| rq wkh Wkuhdw ri surgxflqj dw ixoo fdsdflw| li �upv pdnh qhw srvlwlyh
sur�w1 Dovr/ wkh jryhuqphqw kdv wr eh frqvlvwhqw wr wkh Frpplwphqw li �upv ghflgh
wr ryhusurgxfh dqg wkh pdunhw fohdulqj sulfh lv vwulfwo| vpdoohu wkdq wkh plqlpxp
sulfh1�47

Dq �DFW� frqwudfw grhv qrw gholyhu dq| zhoiduh lpsuryhphqw li wkh phvvdjh
fryh|hg e| wkh �DFW� lv plvohdglqj1 Wklv lv pxfk wkh vdph dv wkh jryhuqphqw*v
fdsdflw| zdv }hur/ zkdw zrxog pdnh wkh Wkuhdw qrw fuhgleoh1

Wkh Vxejdph Shuihfw Qdvk Htxloleulxp wr wkh zkroh jdph lv jlyhq qh{w1

Ohppd 7 Lq dq| sxuh vwudwhj| Vxejdph Shuihfw Qdvk Htxloleulxp lq zklfk d jry0
huqphqw hqgrzhg zlwk wkh fdsdflw| ohyho &

f
dqg dqqrxqfhv �

4�?
5 -

n
dv sduw ri dq

�DFW� frqwudfw

� W

4�?

'

;A?A=
� �E+f� li &

f
� '_Ef� > S�E+� : f dqg S

��

E+� : f dw doo + : f
�
4�?

5 -
n
vxfk wkdw �

4�?
	 � W

&
li f 	 &

f
	 '_Ef�

f rwkhuzlvh

zkhuh +f lv wkh frpshwlwlyh rxwsxw dqg � �E+f� '
?S

�'f

S�E+f
�
�

Surri1 Wkh surri lv vwudljkwiruzdug jlyhq Sursrvlwlrq 5 dqg Ohppd 61

Sursrvlwlrq 8 Wkh q0wxsoh ri vwudwhjlhv;A?A=
d� W

4�?

' f> � E�c �c �� ' � W

S
> +W

�
' +W

S
c ;� ' �c ���?o li &

f
' f ru S�E+� ' �/ �:f

d� W

4�?

	 � W

&
> � E�c �c �� ' � W

&
( +W ' +W

&
/;� ' �c ���?> +W ' &

f
c ;� ' fo li f 	 &

f
	 '_Ef�

d�
4�?

' � �E+f� ' � E�c �c ��> +W ' +fc ;� ' fc ���?o li &
f
� '_Ef�( S�E+� : f dqg S

��

E+� : f

frqvwlwxwh wkh xqltxh sxuh vwudwhj| Vxejdph Shuihfw Qdvk Htxloleulxp

Surri1 Vhh Sursrvlwlrq 5 dqg Ohppd 71
Ohppd 7 vwdwhv wkh frqglwlrqv iru h{lvwhqfh ri �DFW� frqwudfwv1 Wkh jryhuqphqw

kdv wr eh deoh wr fkdqjh wkh frqwh{w zkhuh frpshwlwlrq wdnhv sodfh1 Zkhq lw lv qrw
srvvleoh fhuwdlqo| dqrwkhu nlqg ri lqwhuyhqwlrq kdv wr eh suhvfulehg1

47Lq htxloleulxp �upv qhyhu ryhusurgxfh dqg wkh jryhuqphqw qhyhu ex|v xqolplwhg dprxqwv ri
rxwsxw e| wkh plqlpxp sulfh1 Iru wklv uhdvrq/ wlph lqfrqvlvwhqfh lv qrw dq lvvxh lq wklv prgho1
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7 Wkh �DFW� Frqwudfw dqg Wkh Hfrqrplf Zho0
iduh

Ohppd 6 +vhfwlrq 6, vkrzv wkdw dq �DFW� frqwudfw pd| Sduhwr grplqdwh dq| rwkhu
htxloleulxp lq zklfk &

f
' f� Wklv iroorzv wkh idfw wkdw wkh wrwdo rxwsxw zlwk �DFW�

frqwudfwv lv kljkhu wkdq wkh Frxuqrw rxwsxw iru dq| &
f
: f� Kljkhu ohyho ri rxwsxw dqg

orzhu sulfhv lv jrrg qhzv wr frqvxphuv1 Krzhyhu/ uhfdoo wkdw wkh jryhuqphqw wdujhw
lv wr pd{lpl}h wkh wrwdo vxusoxv ri wkh hfrqrp|1 Wkxv/ zkdw kdv wr eh lqyhvwljdwhg
lv zkhwkhu ru qrw wkh frqwudfw/ dv vhw lq wkh suhylrxv vhfwlrq/ ixo�oov lwv uroh1 Lq wklv
vhfwlrq L dqdo|}h wkh lpsdfw ri dq �DFW� frqwudfw lq whupv ri wrwdo zhoiduh1

Wkh ghdgzhljkw orvv fdxvhg e| wkh �upv* pdunhw srzhu fdq eh phdvxuhg xvlqj
wkh fkdqjh lq wkh Pduvkdooldq djjuhjdwh vxusoxv +vhh Dsshqgl{ dqg vhfwlrq 6,1

Wkh h{suhvvlrq ehorzv vkrzv wkh zhoiduh orvv wkh Frxuqrw frpshwlwlrq eulqjv
dorqj1�48

�+
f]

�+

W

S

d� Er�� S�Er�o_r : f

Ohw xv lqwurgxfh qrz wkh �DFW� frqwudfw dqg dqdo|}h wkh fdvh lq zklfk &
f
: f

dqg �upv kdyh vwulfwo| frqyh{ frvw ixqfwlrqv1
Li &

f
: '_Ef�/ lw kdv ehhq vkrzhg wkdw/ lq htxloleulxp/ �upv surgxfh wkh frpshw0

lwlyh rxwsxw1 Lq wklv fdvh/ wkh ghdgzhljkw orvv lv holplqdwhg dv �upv ehkdyh dv sulfh
wdnhuv dqg surgxfh wkh frpshwlwlyh htxloleulxp1 Rq wkh rwkhu kdqg/ li wkh vkdsh ri
�upv* pdujlqdo frvw suhyhqwv wkh jryhuqphqw wr hqirufh dq �DFW� frqwudfw/ zh duh
edfn wr wkh fdvh zkhuh wkh lqgxvwu| surgxfh wkh Frxuqrw rxwsxw1 Zkhq &

f
: '_Ef�/

wkh wrwdo vxusoxv ri wkh hfrqrp| lv pd{lpl}hg dqg wkh jryhuqphqw pd{lpl}hv sur�w
e| surgxflqj wkh frpshwlwlyh rxwsxw1

Wkh lqwhuhvwlqj fdvh wr orrn dw lv wkh rqh lq zklfk wkh jryhuqphqw dvvxphv wkh
ohdghuvkls uroh dqg wkh htxloleulxp rxwsxw lv ã od Vwdfnhoehuj1 Lq wklv sduwlfxodu fdvh/
zh nqrz wkdw wrwdo zhoiduh ri wkh hfrqrp| lv qrw pd{lpl}hg ehfdxvh wkh jryhuqphqw
lv xqdeoh wr irufh �upv wr surgxfh wkh frpshwlwlyh rxwsxw1 Krzhyhu/ rqh vkrxog
h{shfw zhoiduh lpsuryhphqwv dv wkh lqgxvwu| pryhv iurp wkh Frxuqrw htxloleulxp
rxwsxw wr ã od Vwdfnhoehuj htxloleulxp rxwsxw1

Ohw xv xvh wkh fkdqjh lq wkh Pduvkdooldq djjuhjdwh vxusoxv wr phdvxuh wkh ghdg0
zhljkw orvv ri wkh ã od Vwdfnhoehuj rxwsxw1 Uhfdoo wkdw/ dffruglqj wr Sursrvlwlrq 5/
zkhq f 	 &

f
	 '_Ef� �upv surgxfh wkh v|pphwulf ã od Vwdfnhoehuj rxwsxw +W ' +W

&

c
dqg wkh jryhuqphqw surgxfhv +W ' &

f
� Xvlqj wkh fkdqjh lq wkh Pduvkdooldq djjuhjdwh

48Zkhq frpshwlwlyh rxwsxw lv surgxfhg/ wkh Pduvklooldq djjuhjdwh vxusoxv lv pd{lpl}hg dv S +v,�
f3+v, @ 31 Wr suryh wkdw mxvw qrwh wkdw V33+[, A 3 iru doo {l1 Lw phdqv wkdw wkh frqfdylw| ri
V+[, lpsolhv wkdw wkh ixqfwlrq lv pd{lpl}hg li V3+[, @ 3= Wkhq/ wkh qh{w vwhs lv wr suryh wkdw
V3+[, @ S +v,� f3+v,= +vhh Dsshqgl{ dqg Pdv Frooho hw do +4<;8/ fkds1 43,,1
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vxusoxv wr phdvxuh wkh ghdgzhljkw orvv ri wkh ã od Vwdfnhoehuj rxwsxw/ zh kdyh/

E�n��+

f]
�+

W

&
n&f

d� Er�� S�Er�o_r� S�E&
f
�

Wkh �uvw whup ri wkh Pduvkdooldq djjuhjdwh vxusoxv lv juhdwhu wkdq }hur dv wkh
sur�w pd{lpl}dwlrq frqglwlrqv lq Vwdfnhoehuj frpshwlwlrq lpsolhv d sulfh wr eh juhdwhu
wkdq wkh pdujlqdo frvw1 Krzhyhu/ wkh zkroh h{suhvvlrq fdq eh juhdwhu/ vpdoohu ru
htxdo wr }hur dffruglqj wr wkh jryhuqphqw*v fdsdflw| ohyho &

f
�

Dvvxph wkdw wkh jryhuqphqw kdv d fdsdflw| ohyho f � &
f
	 '_Ef� vxfk wkdw

�+W
&

n &
f
� E� n ��+f� Lq wklv fdvh/ wkh fkdqjh lq wkh Pduvkdooldq djjuhjdwh vxusoxv

zrunv rxw dv
� d�+

&

n &
f
o� � dE� n ��+fo� S�E+f�

l
�+

f

�+

W

&
n&f

	 f

Li f � &
f
	 '_Ef� dqg wkh djjuhjdwh vxsso| lv juhdwhu wkdq wkh frpshwlwlyh rxwsxw/

wkh jryhuqphqw pdnhv orvvhv surgxflqj xs wr fdsdflw| zlwk d zhoiduh uhgxflqj h�hfw1
Wklv sureohp fdq eh dyrlghg krzhyhu e| dvvxplqj wkdw wkh jryhuqphqw dovr

kdv sur�w pd{lpl}lqj remhfwlyhv1 Wkxv/ lq wkh �uvw vwdjh ri wkh jdph/ lqvwhdg ri
wkuhdwhqlqj wr surgxfh xs wr fdsdflw|/ wkh jryhuqphqw dqqrxqfhv dqg surgxfhv wkh
�vwdqgdug� Vwdfnhoehuj ohdghu*v rxwsxw1 Lq wkh vhfrqg vwdjh/ �upv ehkdyh lq wkh vdph
zd| dv glvfxvvhg lq wkh suhylrxv vhfwlrq1

Wkh jryhuqphqw*v vwudwhj|/ zkhq lwv fdsdflw| ohyho lv f 	 &
f
	 '_Ef� dqg lw

ehkdyhv dv d �vwdqgdug� Vwdfnhoehuj ohdghu/ lv wr fkrrvh +
f
wr pd{lpl}h wkh sur�w

ixqfwlrq Z
f
' � E+

�

�+
f
� SE+�1 Wkh jryhuqphqw kdv wkh ��uvw pryhu dgydqwdjh� dqg

fkrrvhv +
f
vxfk wkdw

+
f
' @h}4@ � E-

�.f
E+

f
��+

f
� SE+�

f$+f	t3+3�.f

Dv lq wkh xvxdo fdvh/ -
�.f

lv d ghfuhdvlqj ixqfwlrq/ dqg vr wkh jryhuqphqw fdq
ghfuhdvh rwkhu sod|huv rxwsxw e| lqfuhdvlqj lwv rzq +vhh Ohppd 4,1 Wkxv/ lw lpsolhv
wkdw wkh jryhuqphqw*v Vwdfnhoehuj rxwsxw lv kljkhu wkdq lq Frxuqrw htxloleulxp dqg
wkh sd|r� ri wkh rwkhu �upv lv orzhu1

Fruroodu| 9 dqg : fkdudfwhul}h wkh Vxejdph Shuihfw Qdvk Htxloleulxp iru wkh
vhfrqg0vwdjh dqg iru wkh zkroh jdph/ uhvshfwlyho|/ zkhq wrwdo zhoiduh lv wr eh wdnhq
lqwr dffrxqw1

Fruroodu| 9 +Sursrvlwlrq 5, Lq dq| sxuh vwudwhj| Vxejdph Shuihfw Qdvk Htxlole0
ulxp ri d vhtxhqwldo jdph zkhuh wkh jryhuqphqw xvhv lwv fdsdflw| vwudwhjlfdoo| wr jlyh
wrwdo zhoiduh lpsuryhphqwv wkh htxloleulxp rxwsxw fkrlfh/ +Wc lv

+d, +W ' +W
S

c ;� ' fc ���?c li &
f
' f(

+e, +W ' +W
&

c ;� ' �c ���?c dqg +W ' +W
g

iru � ' fc li f 	 &
f
	 '_Ef�(

+f, +W 5 -
n
c ;� ' �c ���?c v1w1 � W

4�?

' S�E+� dqg &
f
� '_Ef��

zkhuh +W
g

lv wkh ohdghu*v Vwdfnhoehuj rxwsxw1
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Fruroodu| : +Sursrvlwlrq 8, Wkh q0wxsoh ri vwudwhjlhv;A?A=
d� W

4�?

' f> � E�c �c �� ' � W

S

> +W
�

' +W
S

c ;� ' fc ���?o li &
f
' f ru S�E+� ' �/ �:f

d� W
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( +W ' +W
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c ;� ' fo li f 	 &
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	 '_Ef�

d�
4�?

' � �E+f� ' � E�c �c ��> +W ' +fc ;� ' fc ���?o li &
f
� '_Ef�( S�E+� : f dqg S

��

E+� : f

frqvwlwxwh d sxuh vwudwhj| Vxejdph Shuihfw Qdvk Htxloleulxp lq d jdph lq zklfk wkh
jryhuqphqw dlpv wr jlyh wrwdo zhoiduh lpsuryhphqwv1

Wkh zhoiduh dqdo|vlv ri wkh �DFW� frqwudfw vkrzv wkdw li f 	 &
f
	 '_Ef�/ wkh

jryhuqphqw lpsuryhv wrwdo zhoiduh ri wkh hfrqrp| li dqg rqo| li lw sxuvxhv sur�w
pd{lpl}lqj remhfwlyhv lq lwv rzq �up1

Lq wkh lqwurgxfwlrq ri wklv sdshu L fodlphg wkdw jryhuqphqw*v vrfldo remhfwlyhv
duh qrw lqfrpsdwleoh zlwk sur�w pd{lpl}lqj wdujhwv1 Wkh uhvxowv glvsod|hg e| wkh
prgho zlwk �DFW� frqwudfwv vkrzv/ qhyhuwkhohvv/ wkdw wr iroorz d sur�w pd{lpl}lqj
udwlrqdoh lv d qhfhvvdu| frqglwlrq wr lpsuryh wkh wrwdo zhodiuh ri wkh hfrqrp|1

8 Dq H{dpsoh
Ohw wkhuh eh rqh E� ' �� sulydwho|0rzqhg �up dqg rqh sxeolfo|0rzqhg �up E� ' 2�1
Wkh frvw ixqfwlrq wr hdfk �up � ' �c 2 lv SE+

�

� ' +2
�

' +2� Wkh ghpdqg ixqfwlrq lv
'_ ' �2�� dqg wkh djjuhjdwh vxsso|'7 ' +

�
n+

2
� Iurp wkh ghpdqg ixqfwlrq dqg wkh

djjuhjdwh vxsso| zh kdyh wkh pdunhw0fohdulqj sulfh zklfk lv � E+
�
n +

2
� ' d�2� E+

�
n

+
2
�o� Wkh sur�w pd{lpl}dwlrq sureohp wr hdfk �up lv jlyhq e| �@%

+�

Z
�

' �+
�

� SE+
�
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Wkh �uvw rughu frqglwlrqv iru wkh sur�w pd{lpl}dwlrq sureohp lv>+
�

�

E+
�
n +

2
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�

n � WE+
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n +

2
� ' 2+

�

li � E�� : �
4�?

�
4�?

' 2+
�

li � E�� � �
4�?

+IRF,

Ohw xv dqdo|}h irxu gl�huhqw vfhqdulrv1

Fdvh 3= Wkh Frpshwlwlyh Rxwsxw1
Wkh frpshwlwlyh rxwsxw surgxfhg iru hdfk �up � lv

+f
�

'
�2� 2+

2
+f
�

' �c ;� ' �c 2

Wkh djjuhjdwh vxsso| lv 'W

f

' S dqg wkh pdunhw0fohdulqj sulfh lv � W

f

' S

Fdvh 4= Vwdqgdug Frxuqrw Prgho +qr �DFW� frqwudfwv,
Wkh ehvw uhvsrqvh ixqfwlrqv wr hdfk �up � ' �c 2 li � E�� : �

4�?
duh
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K
�
E+

2
� ' �23+232+�

2

K
2
E+

�
� ' �23+�32+2

2

Wkh Qdvk Htxloleulxp lv jlyhq e| wkh lqwhuvhfwlrq ri wkh wzr ehvw uhvsrqvh ixqf0
wlrqv1 Lq htxloleulxp/ jlyhq �upv* v|pphwu|

+W
�S

' +W
2S

' +W
S

'
�2� 2+W

S

�

+W
S

' 2�e

Wkh djjuhjdwh vxsso| lv '7

S

' e�Hc wkh pdunhw0fohdulqj sulfh � W

S

' .�2 dqg wkh
sur�w wr hdfk �up � lv ZW

S

' ���D2�

Zhoiduh Dqdo|vlv
Ghdgzhljkw orvv ri wkh Frxuqrw rxwsxw lv phdvxuhg e| wkh fkdqjh lq wkh Pduvkdo0

oldq djjuhjdwh vxusoxv1
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Fdvh 5= Htxloleulxp �ã od Vwdfnhoehuj�Ef 	 &
f
	 �2�

Dvvxph &
f
' S dqg wkh jryhuqphqw surgxfhv xs wr fdsdflw|1

Lq wkh �uvw shulrg/ wkh jryhuqphqw dqqrxqfhv lwv rxwsxw fkrlfh +
�
' S1 Lq wkh

vhfrqg shulrg/ �up 5 revhuyhv wkh jryhuqphqw*v rxwsxw fkrlfh dqg fkrrvhv +
2
vxfk

wkdw
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'
�2� S

e
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Wkh djjuhjdwh vxsso| lq wklv fdvh lv 'W
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' .�D dqg wkh pdunhw0fohdulqj sulfh lv
� W

&

' e�D� Ilup 2 sur�w lv ZW
2

' e�D dqg �up � +wkh jryhuqphqw, sur�w lv ZW
�

' �b�

Zhoiduh Dqdo|vlv
Ghdgzhljkw orvv ri wkh ã od Vwdfnhoehuj rxwsxw lv phdvxuhg e| wkh fkdqjh lq wkh

Pduvkdooldq djjuhjdwh vxusoxv1
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Fdvh 6= Wkh Vwdqgdug Vwdfnhoehuj Htxloleulxp Ef 	 &
f
	 �2�
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Wkh wlplqj ri wkh jdph lv dv iroorzv1 Lq wkh �uvw shulrg wkh jryhuqphqw dqqrxqfhv
lwv rxwsxw fkrlfh +

�
� Lq wkh vhfrqg0shulrg/ xsrq revhuylqj wkh jryhuqphqw*v fkrlfh/

�up 2 pdnhv lwv rxwsxw ghflvlrq1
Vroylqj edfnzdugv zh kdyh �up 2*v ehvw uhvsrqvh wr wkh jryhuqphqw*v rxwsxw

fkrlfh dv
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Iurp wkh �uvw rughu frqglwlrq zh kdyh
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' f

+W
�

' 2�S

Vxevwlwxwlqj +W
�

lqwr ht14 zh �qg wkdw

+W
2

' 2��D

Wkh djjuhjdwh vxsso| 'W

g

' e�bD lv juhdwhu wkdq wkh Frxuqrw djjuhjdwh vxsso|/
'7

g

' e�H dqg wkh pdunhw sulfh lv � W

g

' .�fD� Ilup �*v + wkh jryhuqphqw, sur�w lv
ZW
�

' ���D. dqg �up 5 sur�w lv ZW
2

' ���fD�

Zhoiduh Dqdo|vlv
Ghdgzhljkw orvv ri wkh Vwdfnhoehuj rxwsxw phdvxuhg e| wkh fkdqjh lq wkh Pdu0

vkdooldq djjuhjdwh vxusoxv lv
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d� Er�� S�Er�o _r '
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e�bD

E�e��f� e�.f� D�2�_r ' e�e� : f

Fdvh 6= Sulfh Wdnhu Htxloleulxp +&
f
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Dvvxph &
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' �2� Wkh ehvw0uhvsrqvh wr hdfk �up � lv
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'W � W ZW
�

ZW
2

Ghdgzhljkw orvv
Frpshwlwlyh Htxloleulxp S S b b f
Frxuqrw Htxloleulxp e�H .�2 ���D2 ���D2 D�.S
ã od Vwdfnhoehuj Htxloleulxp/ &

f
' S .�D e�D �b e�D ��

�Vwdqgdug� Vwdfnhoehuj htxloleulxp e�bD .�fD ���D. ���fD e�e�
Sulfh wdnhu htxloleulxp/ &

f
� �2/ �

6�?

' S S S b b f

Wdeoh 4= Zhoiduh Frpsdulvrq

Wkh lqwhufhsw ri wkh wzr ehvw uhvsrqvh ixqfwlrq lv lq wkh lqwhuvhfwlrq ri wkh wzr
d{hv zkhuh hdfk �up � surgxfhv + ' f�

Krzhyhu/ li wkhuh h{lvwv d �
4�?

: f wkh ehvw uhvsrqvh wr hdfk �up � lv wr surgxfh
+
�

vxfk wkdw �
4�?

' � �E+W��
Ohw �

4�?
' S/ wkh ehvw uhvsrqvh wr hdfk �up lv

K
�
E�

4�?
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2
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2
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4�?
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S
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Lq wklv fdvh/ wkh wrwdo rxwsxw lv htxdo wr wkh frpshwlwlyh rqh +vhh fdvh 3,1 Erwk
�upv pd{lpl}h sur�w dqg wkh wrwdo zhoiduh ri wkh hfrqrp| lv dovr pd{lpl}hg1

Wdeoh 4 vxppdul}hv wkh uhvxowv ri wkh h{dpsoh1

Wkh vrfldo remhfwlyhv ri wkh jryhuqphqw duh qrw lqfrpsdwleoh zlwk sur�w pd{l0
pl}dwlrq wdujhwv1 Li wkh jryhuqphqw ehkdyhv dv d �vwdqgdug� Vwdfnhoehuj ohdghu lw
jlyhv zhoiduh lpsuryhphqwv dqg dw wkh vdph wlph pd{lpl}hv sur�w lq lwv rzq �up1
Rq wkh rwkhu kdqg/ li wkh jryhuqphqw ehkdyhv ã od Vwdfnhoehuj lw pd| pdnh orvvhv
e| surgxflqj xs wr fdsdflw| ghshqglqj rq wkh fdsdflw| ohyho &

f
�

9 Frqfoxvlrq
L suhvhqwhg d prgho lq zklfk d jryhuqphqw/ hqgrzhg zlwk wkh fdsdflw| ohyho &

f
c xvhv

wklv fdsdflw| vwudwhjlfdoo| wr fkdqjh wkh pdunhw vwuxfwxuh dqg surylgh d kljkhu ohyho
ri zhoiduh1

L frqvlghuhg d Frxuqrw roljrsrolvw pdunhw lq zklfk �upv duh v|pphwulf lq whfk0
qrorj| dqg fdsdflw| dqg surgxfh d krprjhqhrxv jrrg1 Wkh dv|pphwu| lq rzqhuvkls
dqg lq ghflvlrq0pdnlqj remhfwlyhv jlyhv wkh jryhuqphqw wkh ohdghuvkls uroh lq wklv
pdunhw1 L vkrzhg wkdw/ lq htxloleulxp/ sulydwho|0rzqhg �upv wkdw ruljlqdoo| sxuvxhg
Frxuqrw0olnh frqmhfwxuh ehkdyh hlwkhu dv Vwdfnhoehuj0iroorzhuv ru sulfh0wdnhuv1
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Dffruglqj wr wkh fdsdflw| ohyho &
f
c frqglwlrq rq whfkqrorj| dqg wr wkh jryhuq0

phqw*v remhfwlyhv wkhuh duh wkuhh srvvleoh htxloleuld1
+l, ã od Vwdfnhoehuj Htxloleulxp= Li wkh jryhuqphqw dlpv dw pd{lpl}lqj wkh frq0

vxphuv vxusoxv/ iru hyhu| frvw ixqfwlrq SE+� wkhuh lv d xqltxh ã od Vwdfnhoehuj
htxloleulxp iru hdfk f 	 &

f
	 '_Ef�� Hdfk sulydwho|0rzqhg �up surgxfh +W ' +W

&

dqg
wkh jryhuqphqw surgxfhv +W ' &

f

+ll, �Vwdqgdug� Vwdfnhoehuj Htxloleulxp= Li wkh jryhuqphqw dlpv dw pd{lpl}lqj
wkh wrwdo vxusoxv ri wkh hfrqrp|/ iru hyhu| frvw ixqfwlrq SE+� wkhuh lv d xqltxh
�Vwdqgdug� Vwdfnhoehuj htxloleulxp iru hdfk f 	 &

f
	 '_Ef�� Hdfk sulydwho|0rzqhg

�up surgxfh +W ' +W
&

dqg wkh jryhuqphqw surgxfhv wkh Vwdnhoehuj ohdghu*v rxwsxw
+W ' +W

g

�
+lll, Sulfh0wdnhu Htxloleulxp= Li �upv kdyh vwulfwo| frqyh{ frvw ixqfwlrqv dqg &

f
�

'_Ef� wkhuh lv dq xqltxh htxloleulxp lq zklfk �upv surgxfh wkh frpshwlwlyh rxwsxw1
Lq wkh ã od Vwdfnhoehuj htxloleulxp wkh jryhuqphqw surgxfhv xs wr fdsdflw|1 Wkh

djjuhjdwh vxsso| lv juhdwhu dqg sulfh lv orzhu/ li frpsduhg zlwk wkh Frxuqrw htxl0
oleulxp rxwsxw1 Krzhyhu/ li wkh djjuhjdwh vxsso| lv juhdwhu wkdq wkh frpshwlwlyh
htxloleulxp rxwsxw wkh jryhuqphqw pdnh orvvhv e| surgxflqj xs wr fdsdflw|1 Iru d
fhuwdlq ohyho ri &

f
c wkh ghdgzhljkw orvv lpsolhg e| wkh ã od Vwdfnhoehuj htxloleulxp

fdq eh vpdoohu wkdq +lq devroxwh whupv, wkh ghdgzhljkw orvv lpsolhg e| wkh Frxuqrw
htxloleulxp rxwsxw1

Lq wkh �Vwdqgdug� Vwdnhoehuj Htxloleulxp wkh jryhuqphqw frpelqhv vrfldo remhf0
wlyhv zlwk sur�w pd{lpl}lqj wdujhwv1 Wkhuh lv d wrwdo zhoiduh lpsuryhphqw +frpsduhg
zlwk wkh Frxuqrw htxloleulxp, dqg wkh jryhuqphqw pd{lpl}hv sur�wv lq lwv rzq �up1
Ilqdoo|/ lq wkh Sulfh0wdnhu Htxloleulxp/ wkh wrwdo zhoiduh ri wkh hfrqrp| lv pd{lpl}hg
dv �upv dqg jryhuqphqw surgxfh wkh frpshwlwlyh htxloleulxp rxwsxw1

Wkh uhvxowv ri wklv sdshu duh qrw gluhfwo| wudqvihudeoh wr wkh uhdolw|1 Qhyhuwkhohvv/
wkh vwuxfwxuh ri ehkdylrxu lq wklv vhtxhqwldo jdph/ lq zklfk wkh jryhuqphqw dvvxphv
wkh uroh ri ohdghu/ fdq eh dq dowhuqdwlyh dssurdfk wr wkh uhjxodwlrq sureohp srvhg lq
roljrsro| pdunhwv1

Wkhuh duh vhyhudo yduldwlrqv ri wklv prgho wkdw pd| eh zruwk lqyhvwljdwlqj1 Zh
frxog doorz wkh jryhuqphqw dqg �upv wr fkrrvh fdsdflw| lq wkh �uvw0vwdjh dqg wkhq hq0
jdjh wkhpvhoyhv lq d Ehuwudqg sulfh frpshwlwlrq/ dv vxjjhvwhg e| Nuhsv dqg Vfkhlqnpdq
+4<;6,1 Lq dgglwlrq/ wkh prgho fdq eh h{whqghg wr d pxowl shulrg jdph wr dqdo|}h li
wkh surshuwlhv ri wkh htxloleuld duh pdlqwdlqhg1
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D Dsshqgl{
Frqvlghu dq hfrqrp| zlwk � ' �c ����a frqvxphuv dqg � ' fc ����c � �upv wkdw surgxfh d
jrrg ,� Ohw ++

f
c ����+

?

� eh wkh dprxqw ri rxwsxw surgxfhg e| hdfk �up �� Ohw frqvxphu
� �v suhihuhqfh ryhu frqvxpswlrq exqgohv E%

�
c ���c %

�

� eh ghvfulehg e| wkh txdvl0olqhdu
xwlolw| ixqfwlrq
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zkhuh 6
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lv wkh qxphudluh jrrg1
Pdv Frooho hw do1 +4<<8/ Fkdswhu 43 vhfwlrq 431H , ghvfulehv wkh Pduvkdoldq

Djjuhjdwh Vxusoxv dv

7E%
�
c ���c %

�

c +
f
c ����+

?

� '
a[
�'�

�E%
�

��
�[
?'�

SE+
�

�

D fkdqjh lq wkh frqvxpswlrq dqg surgxfwlrq ohyho ri jrrg , ohdgv wr dq lqfuhdvh
lq zhoiduh li dqg rqo| li lw lqfuhdvhv wkh ydoxh ri wkh Pduvkdoldq Djjuhjdwh Vxusoxv1

Ohw xv gh�qh wkh Pduvkdoldq Djjuhjdwh Vxusoxv
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Uhihuhqfhv
^Grzulfn+4<;9,` Grzulfn/ V1 +4<;9,1 Yrq Vwdnhoehuj dqg Frxuqrw Gxrsro|=

Fkrrvlqj Urohv1 Udqg Mrxuqdo ri Hfrqrplfv/ 4:+5,/ 584�931

^Ihuvkwpdq+4<<3,` Ihuvkwpdq/ F1 +4<<3,1 Wkh lqwhughshqghqfh ehwzhhq rzqhu0
vkls vwdwxv dqg pdunhw vwuxfwxuh= Wkh fdvh ri sulydwl}dwlrq1
Hfrqrplfd/ 8:/ 64<�5;1

^Ixghqehuj dqg Wluroh+4<<4,` Ixghqehuj/ G1 dqg Wluroh/ M1 +4<<4,1 Jdph Wkhru|1
Wkh PLW Suhvv1

^Nuhsv+4<<3,` Nuhsv/ G1 +4<<3,1 D Frxuvh lq Plfurhfrqrplfv Wkhru|1
Kdyhvwhu Zkhdwvkhdi1

^Nuhsv dqg Vkhlqnpdq+4<;6,` Nuhsv/ G1 dqg Vfkhlqnpdq/ M1 D1 +4<;6,1 Txdqwlw|
Suhfrpplwphqw dqg Ehuwudqg Frpshwlwlrq |lhog 1Frxuqrw
rxwfrphv1 Wkh Ehoo Mrxuqdo ri Hfrqrplfv/ sdjhv 659�6:1

^Pdv0Frooho hw do1+4<<8,` Pdv0Frooho/ D1/ Zklqvwrq/ P1/ dqg Juhhq/ M1 +4<<8,1 Plfur0
hfrqrplfv Wkhru|1

^Wdnd|dpd+4<<8,` Wdnd|dpd/ D1 +4<<8,1 Pdwkhpdwlfdo Hfrqrplfv1 Fdpeulgjh
Xqlyhuvlw| Suhvv/ vhfrqg hglwlrq1

^Wluroh+4<;;,` Wluroh/ M1 +4<;;,1 Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq1
PLW Suhvv1
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