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Yluwxdoo| doo h{lvwlqj frqwlqxrxv0wlph/ vlqjoh0idfwru whup vwuxfwxuh
prghov duh edvhg rq d vkruw udwh surfhvv wkdw kdv d olqhdu guliw ixqf0
wlrq1 Krzhyhu/ wkhuh lv qr vwurqj d sulrul dujxphqw lq idyru ri olqhdulw|/
dqg Vwdqwrq +4<<:, dqg Dòw0Vdkdold +4<<9, hpsor| qrqsdudphwulf hvwl0
pdwlrq whfkqltxhv wr frqfoxgh wkdw wkh guliw ixqfwlrq ri wkh vkruw udwh
frqwdlqv lpsruwdqw qrqolqhdulwlhv1 Frpsdudwlyho| olwwoh lv nqrzq derxw
wkh �qlwh0vdpsoh surshuwlhv ri wkhvh hvwlpdwruv/ sduwlfxoduo| zkhq wkh|
duh dssolhg wr iuhtxhqw vdpsolqj ri d yhu| shuvlvwhqw surfhvv/ olnh vkruw
whup lqwhuhvw udwhv1 Lq wklv sdshu/ zh dsso| wkhvh hvwlpdwruv wr vlp0
xodwhg vdpsoh sdwkv ri d vtxduh0urrw gl�xvlrq1 Dowkrxjk wkh guliw
ixqfwlrq lv olqhdu/ erwk hvwlpdwruv vxjjhvw qrqolqhdulwlhv ri wkh w|sh
dqg pdjqlwxgh uhsruwhg lq e| Vwdqwrq +4<<:, dqg Dòw0Vdkdold +4<<9,1
Wkhvh uhvxowv/ dorqj zlwk wkh uhvxowv ri d vlpsoh JPP hvwlpdwlrq sur0
fhgxuh dssolhg wr wkh Vwdqwrq dqg Dòw0Vdkdold gdwd vhwv/ lpso| wkdw
qrqolqhdulw| ri wkh vkruw udwh guliw lv qrw d urexvw vw|ol}hg idfw1

WD suhylrxv yhuvlrq ri wklv sdshu flufxodwhg xqghu wkh wlwoh �Qrqsdudphwulf Hvwlpd0
wlrq ri Frqwlqxrxv0Wlph Pdunry Surfhvvhv= D Prqwh Fduor Dqdo|vlv1� Zh zrxog olnh
wr wkdqn \dflqh Dòw0Vdkdold/ Dqlo Ehud/ Pxuud| Fduovrq/ Mrkq Frfkudqh/ Hulf Kxjkvrq/
Qdudvlkpdq Mhjdghhvk/ Jhrujh Shqqdfkl/ Pdww Sulwvnhu/ dq dqrq|prxv uhihuhh/ dqg vhp0
lqdu sduwlflsdqwv dw wkh Xqlyhuvlw| ri Loolqrlv dw Xuedqd0Fkdpsdljq/ Wkh Xqlyhuvlw| ri
Wh{dv dw Dxvwlq/ dqg wkh Xqlyhuvlw| ri Xwdk iru khosixo frpphqwv1 Zh zrxog dovr olnh
wr wkdqn \dflqh Dòw0Vdkdold dqg Ulfkdug Vwdqwrq iru jhqhurxvo| vxsso|lqj xv zlwk wkhlu
gdwd vhwv1

_Ilqdqfh Ghsduwphqw/ Judgxdwh Vfkrro ri Exvlqhvv/ Wkh Xqlyhuvlw| ri Wh{dv dw Dxvwlq/
Dxvwlq/ Wh{dv :;:45044:<1 Skrqh= +845, 7:4099541 h0pdlo= fkdspdqChfr1xwh{dv1hgx1 D
frs| ri wklv sdshu lv dydlodeoh rqolqh dw kwws=22zzz1exv1xwh{dv1hgx2�fkdspdqg2fs1kwpo

hIlqdqfh Ghsduwphqw/ Xqlyhuvlw| ri Loolqrlv dw Xuedqd0Fkdpsdljq/ 673 Frpphufh
Zhvw/ 4539 Vrxwk Vl{wk Vwuhhw/ Fkdpsdljq/ Loolqrlv 94;531 Skrqh= +54:, 577037<31 h0
pdlo= shduvrq5Cxlxf1hgx1
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4 Lqwurgxfwlrq

D frpprq dssurdfk lq prgholqj wkh whup vwuxfwxuh ri lqwhuhvw udwhv dqg
sulflqj lqwhuhvw udwh ghulydwlyhv lv wr h{suhvv lqwhuhvw udwhv lq whupv ri rqh
ru pruh vwdwh yduldeohv/ zklfk iroorz frqwlqxrxv0wlph Pdunry surfhvvhv1
Lq wlph0krprjhqhrxv �rqh0idfwru� prghov wkhuh lv rqo| rqh vwdwh yduldeoh/
zklfk lv xvxdoo| wdnhq wr eh wkh �vkruw� ru �lqvwdqwdqhrxv� udwh ri lqwhuhvw1
Wklv lv wkh fdvh/ iru h{dpsoh/ lq Ydvlfhn +4<::,/ Fr{/ Lqjhuvroo/ dqg Urvv
+4<;8, +khuhdiwhu/ FLU,/ wkh wudqvodwhg FLU prgho glvfxvvhg lq Shduvrq dqg
Vxq +4<<7,/ Euhqqdq dqg Vfkzduw} +4<:<,/ Frxuwdgrq +4<;5,/ lq wkh wlph0
krprjhqrxv frqwlqxrxv0wlph yhuvlrqv ri wkh Eodfn/ Ghupdq/ dqg Wr| +4<<3,
+khuhdiwhu/ EGW, dqg Eodfn dqg Ndulvlqvnl +4<<4, +khuhdiwhu/ EN, prghov/
dqg lq wkh hpslulfdo prghov frqvlghuhg e| Fkdq/ Nduro|l/ Orqjvwd�/ dqg
Vdqghuv +4<<5, +khuhdiwhu/ FNOV,1 Lq wkhvh dqg vlplodu prghov/ wkh surs0
huwlhv ri wkh lqwhuhvw udwh surfhvv duh ghwhuplqhg hqwluho| e| wkh guliw dqg
gl�xvlrq ixqfwlrqv +gh�qhg ehorz,1 Wkxv/ wkh sureohp ri vhohfwlqj dprqj
wkh prghov deryh/ ru ghwhuplqlqj wkdw qrqh ri wkhp duh dssursuldwh dqg
wkdw dq dowhuqdwlyh prgho lv qhhghg/ frphv grzq wr fkrrvlqj ru hvwlpdwlqj
wkh guliw dqg gl�xvlrq ixqfwlrqv1

Xqiruwxqdwho|/ wkhru| surylghv olwwoh jxlgdqfh derxw wkhvh fkrlfhv1 Wkh
dssursuldwh vshfl�fdwlrq ri wkh guliw dqg gl�xvlrq uhpdlqv/ iru wkh prvw sduw/
dq xqdqvzhuhg txhvwlrq1 Dw ohdvw sduwo| iru wkhvh uhdvrqv/ Vwdqwrq +4<<:,
dqg Dòw0Vdkdold +4<<9, kdyh uhfhqwo| sursrvhg qrqsdudphwulf hvwlpdwruv ri
wkh guliw dqg gl�xvlrq ixqfwlrqv1 D nh| �qglqj lq wkhvh sdshuv lv wkdw wkh
hvwlpdwhg guliw ixqfwlrq lv kljko| qrq0olqhdu/ hvshfldoo| iru odujh ydoxhv ri
wkh lqwhuhvw udwh surfhvv1 Vwdqwrq +4<<:, �qgv wkdw wkh hvwlpdwhg guliw gursv
vkduso| dv wkh lqwhuhvw udwh lqfuhdvhv eh|rqg derxw 47 shufhqw/ zkloh Dòw0
Vdkdold +4<<9, uhmhfwv doo ri wkh sdudphwulf prghov kh frqvlghuv/ dqg �qgv
wkdw �^w`kh olqhdulw| ri wkh guliw lpsrvhg lq wkh olwhudwxuh dsshduv wr eh wkh
pdlq vrxufh ri plvvshfl�fdwlrq� ^Dòw0Vdkdold +4<<9,/ sdjh 6;:`1

Wkhvh uhvxowv duh lqfrqvlvwhqw zlwk doo ri wkh prghov flwhg deryh1 Lq
Ydvlfhn/ FLU/ Shduvrq dqg Vxq/ Euhqqdq dqg Vfkzduw}/ Frxuwdgrq/ dqg
lq wkh hpslulfdo prghov frqvlghuhg e| FNOV/ wkh guliw lv olqhdu/ zkloh lq
frqwlqxrxv0wlph yhuvlrqv ri wkh EGW dqg EN prghov/ wkh guliw ri wkh qdw0
xudo orj ri wkh lqwhuhvw udwh lv olqhdu +lq wkh qdwxudo orj,1 Rwkhu wkdq wkh
 h{leoh sdudphwulf vshfl�fdwlrq lqwurgxfhg e| Dòw0Vdkdold +4<<9,/ zh duh
qrw dzduh ri dq| sdudphwulf prgho zklfk lv frqvlvwhqw zlwk wkh guliw dqg
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gl�xvlrq ixqfwlrqv hvwlpdwhg e| Vwdqwrq +4<<:, dqg Dòw0Vdkdold +4<<9,/ dqg
lw lv whpswlqj wr frqfoxgh wkdw wkh h{lvwlqj vhw ri lqwhuhvw udwh prghov lv lq0
dghtxdwh1 Rq wkh rwkhu kdqg/ wkhvh qhz uhvxowv pd|/ lq sduw/ eh duwlidfwv ri
wkh hvwlpdwlrq surfhgxuh/ udwkhu wkdq ixqgdphqwdo ihdwxuhv ri wkh gdwd1

Zh shuirup d Prqwh Fduor vwxg| ri wkh �qlwh vdpsoh surshuwlhv ri wkh
qrqsdudphwulf hvwlpdwruv ri Vwdqwrq +4<<:, dqg Dòw0Vdkdold +4<<9, e| uh0
shdwhgo| vlpxodwlqj wkh vdpsoh sdwkv ri wkh FLU vtxduh0urrw surfhvv1 Zh
frqvlghu wkuhh gl�huhqw sdudphwhul}dwlrqv/ doo ri zklfk kdyh wkh vdph vwd0
wlrqdu| ghqvlw| exw gl�huhqw ohyhov ri shuvlvwhqfh1 Wkh prvw shuvlvwhqw sd0
udphwhul}dwlrq lv frqvlvwhqw zlwk wkh wlph vhulhv surshuwlhv ri vkruw0whup
XV Wuhdvxu| |lhogv1 Wkh vhfrqg sdudphwhul}dwlrq kdv shuvlvwhqfh htxdo wr
wkdw ri wkh rqh zhhn Hxurgroodu |lhog xvhg lq Dòw0Vdkdold +4<<9,/ dqg wkh
�qdo sdudphwhul}dwlrq surylghv d orzhu erxqg fdvh zlwk dq lpsolhg prqwko|
�uvw0rughu dxwrfruuhodwlrq frh!flhqw ri 31;9:1 Lq dgglwlrq wr yduldwlrq lq
shuvlvwhqfh ri wkh surfhvv/ zh dovr frqvlghu wkuhh gl�huhqw vlpxodwlrq ohqjwkv
fruuhvsrqglqj wr :> 833/ 48> 333/ dqg 63> 333 gdlo| revhuydwlrqv1

Zh dsso| wkh qrqsdudphwulf hvwlpdwruv wr hdfk ri wkh vlpxodwhg vdp0
soh sdwkv/ dqg wkhuhe| frqvwuxfw pdq| hvwlpdwhv ri wkh guliw dqg gl�xvlrq
ixqfwlrqv1 Dsso|lqj wkh h{dfw surfhgxuh lq Vwdqwrq +4<<:,/ zh �qg wkdw
wkh w|slfdo hvwlpdwhg guliw ixqfwlrq glvsod|v qrq0olqhdulwlhv dw kljk lqwhuhvw
udwhv ri h{dfwo| wkh vruw irxqg lq Vwdqwrq/ hyhq wkrxjk wkh vlpxodwhg vdpsoh
sdwkv zhuh jhqhudwhg e| d surfhvv zlwk d olqhdu guliw1 Wkh h{sodqdwlrq iru
wkh srru shuirupdqfh ri wkh qrqsdudphwulf hvwlpdwruv lv d wuxqfdwlrq ri wkh
glvwulexwlrq wkdw rffxuv lq �qlwh vdpsohv exw lv holplqdwhg dv|pswrwlfdoo|1
Wklv uhvxow lv sduwlfxoduo| vhyhuh iru gdwd jhqhudwhg e| d yhu| shuvlvwhqw
xqghuo|lqj surfhvv1

Dv zh h{sodlq ehorz/ wklv lvvxh lv glvwlqfw iurp wkh zhoo0nqrzq lqfuhdvh
lq wkh eldv ri wkh nhuqho uhjuhvvlrq hvwlpdwruv zlwklq d edqgzlgwk ri wkh
erxqgdu| ri wkh vxssruw ri wkh gdwd1 Lq sduwlfxodu/ lq rughu wr dffrxqw
iru wklv �erxqgdu| h�hfw/� zh uhshdw wkh Prqwh Fduor h{shulphqw xvlqj wkh
mdfnnqlih nhuqho sursrvhg lq Ulfh +4<;7,1 Wklv hvwlpdwru r�huv +dw ehvw, rqo|
d prghvw uhgxfwlrq lq wkh vsxulrxv qrqolqhdulw|1 Lq idfw/ zh duh xqdeoh wr
�qg d yduldqw ri wkh nhuqho uhjuhvvlrq hvwlpdwru dqg edqgzlgwk fkrlfh wkdw
hqdeohv dffxudwh hvwlpdwlrq ri erwk wkh guliw dqg wkh gl�xvlrq ixqfwlrqv1

D frqvlvwhqw uhvxow iru Vwdqwrq*v hvwlpdwru +lqfoxglqj wkh mdfnnqlih yhu0
vlrq ri wkh nhuqho uhjuhvvlrq hvwlpdwru, lv wkdw wkh shuirupdqfh lpsuryhv
zlwk ghfuhdvhv lq shuvlvwhqfh dqg lqfuhdvhv lq vdpsoh vl}h1 Wkh hvwlpdwhv
duh dffxudwh ryhu wkh hqwluh udqjh ri wkh gdwd rqo| iru lpsodxvleo| odujh vdp0
soh vl}hv dqg iru shuvlvwhqfh ohyhov wkdw duh lpsodxvleo| orz iru vkruw0whup
lqwhuhvw udwh gdwd1 Lw vkrxog eh qrwhg/ krzhyhu/ wkdw rxu �qglqjv uhjdug0
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lqj wkh �qlwh0vdpsoh shuirupdqfh ri wkh nhuqho uhjuhvvlrq hvwlpdwru lv qrw
hqwluho| qhjdwlyh1 H{fhsw dw yhu| orz ohyhov ri wkh surfhvv/ wkh gl�xvlrq hv0
wlpdwru lv jhqhudoo| txlwh dffxudwh1 Wkh dffxudf| ri wkh gl�xvlrq hvwlpdwru
lv shukdsv qrw vxusulvlqj/ iru lw kdv ehhq zlgho| nqrzq dw ohdvw vlqfh Phu0
wrq +4<;3, wkdw kljk iuhtxhqf| gdwd shuplwv yhu| suhflvh hvwlpdwlrq ri wkh
gl�xvlrq frh!flhqw1

Wkh hvwlpdwru lq Dòw0Vdkdold +4<<9, dovr vxjjhvwv wkdw wkh guliw ixqfwlrq
frqwdlqv lpsruwdqw qrqolqhdulwlhv1 Lq rughu wr xqghuvwdqg lwv �qlwh0vdpsoh
surshuwlhv/ zh dssolhg d vlpsol�hg yhuvlrq ri wklv hvwlpdwru wr wkh vlpxodwhg
vtxduh0urrw vdpsoh sdwkv1 Vshfl�fdoo|/ zh dvvxphg wkdw wkh h{dfw irup
ri wkh gl�xvlrq ixqfwlrq zdv nqrzq/ dqg zh dwwhpswhg wr hvwlpdwh wkh
sdudphwhuv ri wkh guliw/ vwduwlqj wkh qrqolqhdu rswlpl}dwlrq sureohp iurp
wkh wuxh sdudphwhu ydoxhv1 Wkh uhvxowv ri wklv h{huflvh ghprqvwudwh wkdw
wkhuh lv vxevwdqwldo xqfhuwdlqw| dvvrfldwhg zlwk wkh guliw sdudphwhu wkdw
ghwhuplqhv wkh qrqolqhdulw| dw kljk ohyhov ri wkh vtxduh0urrw surfhvv1 Lq
sduwlfxodu/ wkh vwdqgdug ghyldwlrq ri wkh hvwlpdwhg ydoxh ri wklv sdudphwhu
dfurvv wkh rqh kxqguhg vlpxodwlrqv lv dq rughu ri pdjqlwxgh odujhu wkdq
wkh xqfhuwdlqw| dvvrfldwhg zlwk dq| ri wkh rwkhu guliw sdudphwhuv1 Wkh
srlqw hvwlpdwh ri wklv sdudphwhu lv dovr h{wuhpho| vhqvlwlyh wr wkh pdqqhu lq
zklfk wkh qrqsdudphwulf ghqvlw| hvwlpdwru lv frqvwuxfwhg/ dqg lw fdq hdvlo|
vxjjhvw lpsruwdqw qrqolqhdulwlhv zkhuh qrqh h{lvw lq wkh gdwd1

Lq d uhodwhg sdshu/ Sulwvnhu +4<<:, vwxglhv wkh �qlwh0vdpsoh surshuwlhv
ri Jdxvvldq nhuqho hvwlpdwruv ri wkh vwhdg|0vwdwh ghqvlw|/ zkhq wkh gdwd duh
jhqhudwhg e| dq Ruqvwhlq0Xkohqehfn surfhvv1 Vlqfh wklv surfhvv lv Jdxvvldq/
kh lv deoh wr frpsxwh wkh h{dfw phdq lqwhjudwhg vtxduhg huuru/ rswlpdo
nhuqho ghqvlw| edqgzlgwk sdudphwhu/ dqg rwkhu surshuwlhv ri wkh ghqvlw|
hvwlpdwru1 Klv uhvxowv irfxv rq wkh �qlwh0vdpsoh eldvhv lq ghqvlw| hvwlpdwruv
ri Pdunry surfhvvhv zlwk yhu| zhdn phdq uhyhuvlrq +vr0fdoohg �qhdu xqlw
urrw� ehkdylru,1 Klv sulqflsoh frqfoxvlrq lv wkdw/ lq rughu wr dfklhyh �qlwh0
vdpsoh uhvxowv wkdw duh frqvlvwhqw zlwk dv|pswrwlf wkhru|/ pruh iuhtxhqw
vdpsolqj +l1h1/ gdlo| yhuvxv prqwko|, lv ohvv lpsruwdqw wkdq d orqj vsdq ri
gdwd1 Kh dovr h{dplqhv wkh rswlpdo fkrlfh ri wkh edqgzlgwk sdudphwhu lq
wklv frqwh{w dqg �qgv wkdw lw gl�huv vxevwdqwldoo| iurp wkh uxohv jhqhudwhg
iru llg surfhvvhv1 Krzhyhu/ kh grhv qrw h{dplqh nhuqho uhjuhvvlrq hvwlpdwruv
ri wkh w|sh xvhg lq Vwdqwrq +4<<:,> qru grhv kh dgguhvv dq| lvvxhv ri wkh
�qlwh0vdpsoh eldv lq wkh qrqsdudphwulf guliw dqg gl�xvlrq hvwlpdwruv lq
Dòw0Vdkdold +4<<9, ru Vwdqwrq +4<<:, dqg wkhlu uhodwlrq wr wkh eldvhv lq wkh
hvwlpdwlrq ri wkh vwhdg|0vwdwh ghqvlw|1

D uhdvrqdeoh frqfoxvlrq wr gudz iurp wkh Prqwh Fduor hylghqfh lv wkdw
lw lv gl!fxow wr xvh wkh qrqsdudphwulf hvwlpdwruv lq Vwdqwrq +4<<:, dqg Dòw0
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Vdkdold +4<<9, wr surgxfh uholdeoh lqihuhqfhv derxw wkh txhvwlrq dvnhg lq wkh
wlwoh ri wklv sdshu1 Lq rughu wr surylgh dgglwlrqdo hylghqfh rq wkh qdwxuh
ri wkh vkruw udwh guliw/ zh dsso| d jhqhudol}hg phwkrg ri prphqwv +JPP,
hvwlpdwru/ ri wkh irup lqwurgxfhg lq FNOV/ wr wkh gdwd iurp erwk Vwdq0
wrq +4<<:, dqg Dòw0Vdkdold +4<<9,1 Wkh hylghqfh iurp wklv hvwlpdwru lv qrw
frqvlvwhqw zlwk wkh uhvxowv ri wkh qrqsdudphwulf hvwlpdwruv1 Zkhq JPP lv
dssolhg wr Vwdqwrq*v Wuhdvxu| eloo gdwd/ wkhuh lv qr vwdwlvwlfdoo| vljql�fdqw
hylghqfh ri qrqolqhdulw|/ dqg zkhq JPP lv dssolhg wr Dòw0Vdkdold*v Hx0
urgroodu gdwd/ wkh lpsolhg qrqolqhdulw| lq wkh guliw lv pdujlqdoo| vljql�fdqw
exw ri wkh rssrvlwh vljq iurp wkh qrqsdudphwulf hvwlpdwhv1 Dq dowhuqdwlyh
zrxog eh wr dsso| pruh vrsklvwlfdwhg prphqw0edvhg hvwlpdwruv wr dqvzhu
wkh txhvwlrq1 Krzhyhu/ wkhuh lv +dv |hw, qr �qlwh vdpsoh hylghqfh/ wkdw
zh duh dzduh ri/ wr vxssruw dq dowhuqdwh hvwlpdwru dv fohduo| vxshulru lq
sudfwlfh1

Wkh edodqfh ri wkh sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 lqwurgxfhv
qrwdwlrq/ vrph edvlf frqfhswv iurp wkh nhuqho ghqvlw| hvwlpdwlrq dqg nhuqho
uhjuhvvlrq olwhudwxuh/ dqg wkh hvwlpdwru lqwurgxfhg lq Vwdqwrq +4<<:,1 Wkh
Prqwh Fduor vlpxodwlrq ri Vwdqwrq*v hvwlpdwru � lqfoxglqj dq h{sodqdwlrq
iru wkh �qlwh0vdpsoh qrqolqhdulw| � lv frqwdlqhg lq Vhfwlrq 6/ dqg Vhfwlrq
7 suhvhqwv wkh uhvxowv iru wkh mdfnnqlih nhuqho uhjuhvvlrq hvwlpdwru1 Vhfwlrq
8 h{dplqhv d vlpsol�hg yhuvlrq ri wkh hvwlpdwru lq Dòw0Vdkdold +4<<9,/ dqg
Vhfwlrq 9 suhvhqwv d vlpsoh glvfuhwl}hg JPP hvwlpdwlrq dssolhg wr wkh gdwd
lq Vwdqwrq +4<<:,1 Wkh frqfoxvlrqv dqg lpsolfdwlrqv iru ixwxuh zrun frqwdlqv
lq Vhfwlrq :1

5 Nhuqho Hvwlpdwhv ri wkh Guliw dqg wkh Gl�xvlrq
Ixqfwlrqv

514 Edvlf Gh�qlwlrqv

Ohw i{|> w � 3j eh gh�qhg dv wkh xqltxh/ wlph0krprjhqhrxv Pdunry surfhvv
wkdw vroyhv d vwrfkdvwlf gl�huhqwldo htxdwlrq +VGH, ri wkh irup

g{| @ � +{|,gw. � +{|,gE|> +4,

zkhuh iE|> w � 3j lv d vfdodu Eurzqldq prwlrq/ � = U $ U lv wkh guliw

ixqfwlrq/ dqg � = U $ Un lv wkh gl�xvlrq ixqfwlrq1 Htxdwlrq +4, lv d
vkruw0kdqg qrwdwlrq iru wkh vwrfkdvwlf lqwhjudo htxdwlrq

{| @ {f .

]
|

f

� +{r,gv.

]
|

f

� +{r,gEr> +5,
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zkhuh wkh �uvw lqwhjudo lq +5, lv dq ruglqdu| Ulhpdqq lqwhjudo dqg wkh vhfrqg
lqwhjudo lv dq Lw÷ vwrfkdvwlf lqwhjudo1 Lq wkh frqwh{w ri wklv sdshu/ {| lv
lqwhusuhwhg dv wkh �lqvwdqwdqhrxv� ru �vkruw� udwh1

Xqghu whfkqlfdo frqglwlrqv rq wkh wudqvlwlrq ixqfwlrq/ {| lv d gl�xvlrq

surfhvv14 Wklv lpsolhv wkdw

H ^{|n{ � {| m {|` @ � +{|,�. r +�, +6,

dqg
H
k
+{|n{ � {|,

2 m {|

l
@ �2 +{|,�. r +�, > +7,

zkhuh � lv d glvfuhwh +exw duelwudulo| vpdoo, wlph vwhs lq d vhtxhqfh ri
revhuydwlrqv ri wkh surfhvv {| dqg r +�, lv wkh dv|pswrwlf rughu v|pero
xvhg wr ghqrwh d ixqfwlrq � vxfk wkdw olp{�f � +�, @� @ 31

Ilqdoo|/ dv Duqrog +4<:7, vwdwhv/ wkh g|qdplfv ri wkh Pdunry surfhvv {|

duh frpsohwho| ghvfulehg e| lwv dvvrfldwhg lq�qlwhvlpdo jhqhudwru

D ^i +{|,` � olp
{�f

H ^i +{|n{, m {|`� i +{|,

�

@ � +{|, i
� +{|, .

4

5
�2 +{|, i

�� +{|, > +8,

zkhuh i = U $ U lv d erxqghg phdvxudeoh ixqfwlrq/ i � ghqrwhv wkh �uvw
ghulydwlyh ri i zlwk uhvshfw wr lwv vlqjoh dujxphqw/ dqg i �� lv wkh vhfrqg
ghulydwlyh ri i 15 Wklv rshudwru zloo wxuq rxw wr eh yhu| xvhixo lq fkdudf0
whul}lqj dowhuqdwh dssurdfkhv wr wkh hvwlpdwlrq ri wkh guliw dqg gl�xvlrq
ixqfwlrqv1

515 D Eulhi Uhylhz ri Dowhuqdwlyh Hvwlpdwruv

Dv +6,/ +7,/ dqg +8, vxjjhvw/ hvwlpdwlrq ri wkh guliw dqg gl�xvlrq ixqfwlrqv
lv fhqwudo wr xqghuvwdqglqj erwk wkh orqj0uxq surshuwlhv dqg wkh vkruw0uxq
g|qdplfv ri {|1 Rqh qdwxudo dssurdfk wr hvwlpdwlqj � dqg � lv wr srvlw
vshfl�f ixqfwlrqdo irupv wkdw duh frqvlvwhqw zlwk d surfhvv zkrvh wudqvl0
wlrq ghqvlw| lv nqrzq lq forvhg0irup1 Iru h{dpsoh/ li � +{, @ � +� � {, dqg
� +{, @ �

s
{/ wkhq Fr{/ Lqjhuvroo/ dqg Urvv +4<;8, ghprqvwudwh wkdw wkh

4Vhh Duqrog +4<:7,/ Vhfwlrq 5181
5 Lq gh�qlqj wkh lq�qlwhvlpdo jhqhudwru/ +8, lpsrvhv wkh dvvxpswlrq ri wlph0

krprjhqhlw| lpsolhg e| wkh irup ri +4,1 Iru wkh lq�qlwhvlpdo jhqhudwru ri d pruh jhqhudo
qrq wlph0krprjhqhrxv Pdunry surfhvv/ vhh Htxdwlrqv +51714,/ +51718,/ dqg sdjh 75 lq
Duqrog +4<:7,1

9



vwdwlrqdu| ghqvlw| ri wkh xqltxh vroxwlrq wr wkh VGH gh�qhg e| wkhvh ixqf0
wlrqv lv d jdppd glvwulexwlrq/ dqg wkh wudqvlwlrq ghqvlw| ri wkh surfhvv lv d
qrqfhqwudo fkl0vtxduhg ghqvlw|1

Or +4<;;, ghvfulehv krz wr hvwlpdwh wkh sdudphwhuv ri {| xvlqj wkh
phwkrg ri pd{lpxp olnholkrrg/ zkhuh wkh olnholkrrg ixqfwlrq lv frqvwuxfwhg
iurp wkh nqrzq irup ri wkh wudqvlwlrq ghqvlw|16 Wklv dssurdfk lv hohjdqw
dqg wkh dvvrfldwhg hvwlpdwru srvvhvvhv doo ri wkh ghvludeoh surshuwlhv ri d
pd{lpxp olnholkrrg hvwlpdwru1 Xqiruwxqdwho|/ lw lv xvxdoo| rqo| sudfwl0
fdo zlwk wkh vpdoo vhw ri gl�xvlrqv zkrvh wudqvlwlrq ghqvlwlhv duh nqrzq lq
forvhg0irup17

Zkhq olnholkrrg0edvhg hvwlpdwlrq lv lpsudfwlfdo/ d ydulhw| ri prphqw0
edvhg hvwlpdwruv duh dydlodeoh1 Wkh vlpsohvw dssurdfk lv wr glvfuhwl}h +4,
xvlqj d vlpsoh Hxohu dssur{lpdwlrq dqg dsso| wkh jhqhudol}hg phwkrg ri
prphqwv lqwurgxfhg lq Kdqvhq +4<;5,1 FNOV gr wklv lq wkh fdvh zkhuh
wkh guliw lv ri wkh irup � +{, @ � . �{ dqg wkh +orfdo, yduldqfh lv ri wkh
irup �2 +{, @ �2{2� 1 Ri frxuvh/ vrph ri wkh prphqwv frqvwuxfwhg duh rqo|
dssur{lpdwho| fruuhfw1

Kdqvhq dqg Vfkhlqnpdq +4<<8, ghvfuleh d phwkrg iru frqvwuxfwlqj h{0
dfw phwkrg0ri0prphqw hvwlpdwruv edvhg rq wkh lq�qlwhvlpdo jhqhudwru ri
wkh frqwlqxrxv0wlph surfhvv18 Gx!h dqg Jo|qq +4<<9, ghyhorsh dq dowhu0
qdwh h{dfw prphqw0edvhg hvwlpdwru e| vdpsolqj dw udqgrp/ dv rssrvhg wr
ghwhuplqlvwlf/ lqwhuydov1 Ilqdoo|/ Gx!h dqg Vlqjohwrq +4<<6, ghvfuleh vlpx0
odwhg prphqw hvwlpdwruv1

516 Wkh Qrqsdudphwulf Hvwlpdwru lq Vwdqwrq +4<<:,

D qrqsdudphwulf ghqvlw| hvwlpdwru lv frqvwuxfwhg lq d vwdqgdug zd|/ iroorz0

lqj Vloyhupdq +4<;9,/ iru h{dpsoh19 Ohw
�
{{|

�A
|'�

eh d vdpsoh ri vl}h W iurp

6Vhh Shduvrq dqg Vxq +4<<7, iru dq dssolfdwlrq ri wklv dssurdfk1
7Vdqwd0Fodud +4<<8, xvhv vlpxodwlrq phwkrgv wr h{whqg wkh olnholkrrg0edvhg hvwlpdwlrq

dssurdfk wr fdvhv zkhuh wkh sduwldo gl�huhqwldo htxdwlrq gh�qlqj wkh wudqvlwlrq ghqvlw|
+wkh Nroprjrury edfnzdug ru iruzdug htxdwlrq, fdqqrw eh vroyhg h{solflwo|1 Wkh gudzedfn
wr wklv dssurdfk lv wkdw lw lv frpsxwdwlrqdoo| lqwhqvlyh1

8Vshfl�fdoo|/ iru wkh fdvh ri wlph0krprjhqhrxv vfdodu gl�xvlrqv/ Kdqvhq dqg
Vfkhlqnpdq +4<<8, sursrvh wzr fodvvhv ri prphqw frqglwlrqv= E�� . E� d� E%|�o� ' f dqg
E��� . E� E%|�� d� E%|n��o3 � E%|n��� d� E%|�o� ' f/ zkhuh � lv dq| �whvw� ixqfwlrq lq d
ghqvh vxevhw ri wkh vhw ri +doprvw0vxuho|, vtxduh0lqwhjudeoh ixqfwlrqv1

9Vlqfh � wkdqnv lq odujh sduw wr wkh zrun ri Dòw0Vdkdold +4<<9,/ Erxgrxnk/ Zklwhodz/
Ulfkdugvrq/ dqg Vwdqwrq +4<<:,/ dqg Vwdqwrq +4<<:, � nhuqho hvwlpdwlrq lv idploldu wr
�qdqfldo hfrqrplvwv/ wkh wuhdwphqw jlyhq lq wklv vhfwlrq zloo eh eulhi/ dqg lw lv ghvljqhg
sulpdulo| wr lqwurgxfh uhtxluhg qrwdwlrq1 Iru pruh ghwdlo/ vhh Vloyhupdq +4<;9, ru Kçugoh
+4<<3,1

:



wkh frqwlqxrxv0wlph surfhvv {|/ revhuyhg dw wkh glvfuhwh lqwhuydo�1 Ixuwkhu0
pruh/ ohw i}�j��'� eh d vhw ri Q srlqwv gh�qlqj dq htxdoo| vsdfhg sduwlwlrq ri
d vxevhw ri wkh vxssruw ri wkh vwdwlrqdu| ghqvlw|1: Li wkh vwdwlrqdu| ghqvlw|
ri {| lv ghqrwhg � +{,/ d nhuqho hvwlpdwru lv ri wkh irup

e� +}�, � 4

W � k
A[
|'�

N

�
}� � {{

|

k

�
> +9,

iru l @ 4> 5> = = = >Q / zkhuh N lv d nhuqho ixqfwlrq vdwlvi|lqj wkh frqglwlrq=]
"

3"

N +|,g| @ 4=

Wkh nhuqho ixqfwlrq surylghv d phwkrg ri zhljkwlqj �qhdue|� revhuydwlrqv
lq rughu wr frqvwuxfw d vprrwkhg klvwrjudp/ zklfk lv wkh ghqvlw| hvwlpdwru
+9,1 Vwdqwrq +4<<:, xvhv d Jdxvvldq nhuqho =

N +x, @
4s
5�

h{s

�
�4

5
x2
�
> x 5 +�4>.4, = +:,

Wkh sdudphwhu k lv fdoohg wkh vprrwklqj sdudphwhu ru wkh edqgzlgwk ri wkh
ghqvlw| hvwlpdwru/ dqg k ghwhuplqhv wkh zlgwk ri wkh nhuqho ixqfwlrq durxqg
dq| sduwlwlrq srlqw }�1 Lw vshfl�hv krz +dqg krz pdq|, �qhljkerulqj� srlqwv
ri {{

|
duh wr eh frqvlghuhg lq frqvwuxfwlqj wkh ghqvlw| hvwlpdwru dw }�1

Wkh qrqsdudphwulf ghqvlw| hvwlpdwru lv frpsohwho| gh�qhg e| wkh sdlu
+N>k,1 Xqiruwxqdwho|/ wkh fkrlfh ri wkh edqgzlgwk sdudphwhu lq d wlph
vhulhv frqwh{w lq zklfk wkh gdwd duh kljko| dxwrfruuhodwhg lv sureohpdwlf1
Prvw ri wkh uhvxowv rq edqgzlgwk fkrlfh lq wkh nhuqho hvwlpdwlrq olwhudwxuh
dsso| rqo| wr gdwd zklfk duh lqghshqghqw gudzv iurp d jlyhq +dowkrxjk
xqnqrzq, ghqvlw|/ l1h1/ �llg revhuydwlrqv1� Sulwvnhu +4<<:, hydoxdwhv wkh
lpsdfw ri shuvlvwhqfh lq wkh surfhvv rq wkh fkrlfh ri rswlpdo edqgzlgwk lq
wkh frqwh{w ri d Jdxvvldq surfhvv1

Klv uhvxowv fdq eh vxppdul}hg dv iroorzv= +4, Wkh edqgzlgwk wkdw plq0
lpl}hv wkh phdq lqwhjudwhg vtxduhg huuru uhodwlyh wr wkh wuxh ghqvlw| lv yhu|
vhqvlwlyh wr wkh dxwrfruuhodwlrq lq wkh gdwd/ dqg lw lv pxfk odujhu wkdq wkh
rswlpdo fkrlfh lq wkh fdvh ri llg gdwd> +5, Wkh rswlpdo edqgzlgwk lv yhu|
lqvhqvlwlyh wr wkh iuhtxhqf| zlwk zklfk wkh gdwd lv vdpsohg/ zklfk phdqv
wkdw wkhuh lv rqo| d vpdoo fkdqjh lq wkh rswlpdo edqgzlgwk iru prqwko| yhu0
vxv gdlo| revhuydwlrqv> dqg +6, Wkh rswlpdo edqgzlgwk lv ghfuhdvlqj lq wkh

: Lq pdq| dssolfdwlrqv/ wkh vxssruw ri wkh vwdwlrqdu| ghqvlw| lv Efc"�1 Lq sudfwlfh/ wkh
sduwlwlrq srlqwv t5��

�

�'�
duh fkrvhq wr fdswxuh yluwxdoo| doo ri wkh suredelolw| pdvv ri wkh

vwdwlrqdu| ghqvlw|1

;



vsdq ri wkh gdwd1 Krzhyhu/ lw grhv qrw ghfolqh gudpdwlfdoo| zlwk uhdolvwlf
lqfuhdvhv lq wkh vdpsoh vl}h1 Iru h{dpsoh/ iru sdudphwhu ydoxhv frqvlvwhqw
zlwk wkh gdwd xvhg lq Dòw0Vdkdold +4<<9,/ Sulwvnhu +4<<:, frpsxwhv wkh gh0
fuhdvh lq wkh rswlpdo edqgzlgwk lq prylqj iurp whq |hduv ri gdlo| gdwd wr
wzhqw| |hduv ri gdlo| gdwd lv rqo| derxw wzhqw| shufhqw1

Lq wkh Prqwh Fduor vlpxodwlrqv h{dplqhg lq wkh qh{w vhfwlrq/ wzr fkrlfhv
ri wkh edqgzlgwk sdudphwhu duh xvhg iru hdfk sdudphwhu frpelqdwlrq1 Wkh
�uvw fkrlfh lv wkh rswlpdo edqgzlgwk iru wkh llg fdvh= k @ e�W3�*D/ zkhuh e�
lv wkh vdpsoh vwdqgdug ghyldwlrq ri wkh gdwd dqg W lv wkh vdpsoh vl}h1 Wklv
fkrlfh kdv wkuhh dgydqwdjhv lq wkh fxuuhqw dqdo|vlv1 +l, Wkhvh edqgzlgwkv
duh wkh rqhv xvhg lq Vwdqwrq +4<<:,/ dqg wklv fkrlfh lv/ wkhuhiruh/ khosixo lq
xqghuvwdqglqj wkh �qlwh0vdpsoh surshuwlhv ri klv hvwlpdwru1 +ll, Lw lv pxfk
vpdoohu wkdq wkh edqgzlgwkv vxjjhvwhg lq Sulwvnhu +4<<:,1 Ilqdoo|/ +lll, wkh
llg edqgzlgwk surfhgxuh surgxfhv edqgzlgwk ydoxhv wkdw duh forvh wr wkrvh
fkrvhq e| rwkhu frpprq gdwd0ghshqghqw edqgzlgwk vhohfwlrq surfhgxuhv
vxfk dv �soxj0lq� dqg �vroyh wkh htxdwlrq� phwkrgv1; Wkh vhfrqg edqgzlgwk
fkrlfh lv wkh rqh lpsolhg e| wkh vlpxodwlrq uhvxowv lq Sulwvnhu +4<<:,1< Hyhq
wkrxjk wkh| duh h{solflwo| rswlpdo rqo| iru wkh Jdxvvldq fdvh/ wkh| duh wkh
rqo| fkrlfhv dydlodeoh wkdw h{solflwo| ydu| zlwk wkh ghjuhh ri shuvlvwhqfh ri
wkh vdpsohg surfhvv1

Wkh hvwlpdwruv lq Vwdqwrq +4<<:, duh edvhg gluhfwo| rq +6, dqg +7,/
deryh143 Lq sduwlfxodu/ �lqyhuwlqj� wkhvh htxdwlrqv |lhogv=

� +{|, @
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�
H ^{|n{ � {| m {|` .
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dqg
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r +�,

�
+<,

Wkh hvvhqfh ri Vwdqwrq*v dssurdfk lv wr dsso| wkh Qdgdud|d0Zdwvrq +Q0
Z, nhuqho uhjuhvvlrq hvwlpdwru wr frqvwuxfw qrqsdudphwulf hvwlpdwhv ri wkh

;Zkhwkhu ru qrw wkh| duh forvh wr wkh edqgzlgwkv wkdw zrxog eh fkrvhq e| furvv0
ydolgdwlrq phwkrgv lv dq rshq txhvwlrq/ vlqfh furvv0ydolgdwlrq lv wrr frpsxwdwlrqdoo| h{0
shqvlyh lq wkh fxuuhqw frqwh{w1

<Wkh sdudphwhu fkrlfhv xvhg lq h{dplqlqj wkh vtxduh0urrw gl�xvlrq duh gholehudwho|
fkrvhq wr eh frqvlvwhqw zlwk wkh xqfrqglwlrqdo prphqwv ri wkh sdudphwhul}dwlrqv h{dplqhg
lq Sulwvnhu +4<<:,1 Wzr srlqwv vkrxog eh hpskdvl}hg vwurqjo|= +4, Wkh edqgzlgwk fkrlfhv
lq Sulwvnhu +4<<:, zhuh frqvwuxfwhg lq wkh frqwh{w ri ghqvlw| hvwlpdwruv dqg qrw nhuqho
uhjuhvvlrq hvwlpdwruv/ dqg +5, wkh| zhuh ghyhorshg iru Jdxvvldq surfhvvhv zkloh wkh vtxduh0
urrw surfhvv kdv d qrqfhqwudo fkl0vtxduhg frqglwlrqdo glvwulexwlrq ixqfwlrq1

43Vwdqwrq +4<<:, mxvwl�hv klv hvwlpdwruv xvlqj Wd|oru vhulhv h{sdqvlrqv lqyroylqj wkh
lq�qlwhvlpdo jhqhudwru/ exw iru wkh vlpsoh dssur{lpdwlrqv h{dplqhg khuh/ wkh hvwlpdwruv
duh dq lpphgldwh frqvhtxhqfh ri wkh gh�qlwlrq ri d gl�xvlrq surfhvv1

<
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iru l @ 4> = = = >Q / zkhuh
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lv d vdpsoh ri vl}h W iurp wkh frqwlqxrxv0

wlph surfhvv {|/ i}�j
�

�'� lv d vhw ri Q srlqwv gh�qlqj dq htxdoo| vsdfhg
sduwlwlrq ri d vxevhw ri wkh vxssruw ri wkh vwdwlrqdu| ghqvlw|/ N lv wkh
Jdxvvldq nhuqho gh�qhg e| +:,/ dqg k lv fkrvhq lq wkh pdqqhu ghvfulehg
hduolhu1

Dq h{dplqdwlrq ri +43, dqg +44, vxjjhvwv wkdw d srwhqwldo sureohp zlwk
wkh Q0Z hvwlpdwruv rffxuv lq wkh wdlov ri wkh hpslulfdo hvwlpdwh ri wkh ghq0

vlw|1 Wkh whup
S

A3�
|'� N

�
5�3%

{
|

�

�
lv Wk � e� +}�, dqg zkhq wkh hvwlpdwh ri

wkh ghqvlw| lv vpdoo/ wkh hvwlpdwru pd| ehfrph qxphulfdoo| xqvwdeoh1 Lq0
wxlwlyho|/ hyhq wkrxjk wkhuh pd| eh d odujh qxpehu ri revhuydwlrqv ri {|/
wkhuh duh +e| gh�qlwlrq, yhu| ihz revhuydwlrqv lq wkh h{wuhphv ri wkh wdlov1
Vlqfh wkh nhuqho uhjuhvvlrq hvwlpdwru +lq h�hfw, rqo| xvhv �orfdo� gdwd lq hv0
wlpdwlqj wkh frqglwlrqdo prphqwv/ wkh| pd| eh phdvxuhg zlwk d vxevwdqwldo
dprxqw ri huuru1

6 D Prqwh Fduor Dqdo|vlv ri wkh Hvwlpdwru lq
Vwdqwrq +4<<:,

614 Vlpxodwlqj d Vtxduh0Urrw Gl�xvlrq

Lq rughu wr hydoxdwh wkh �qlwh0vdpsoh shuirupdqfh ri Vwdqwrq*v hvwlpdwru/
wkh VGH lq +4, lv dvvxphg wr kdyh wkh irup ri d vtxduh0urrw gl�xvlrq surfhvv/
lqwurgxfhg lqwr wkh whup vwuxfwxuh olwhudwxuh lq FLU=

g{| @ � +� � {|, gw. �
s
{|gE| +45,

zkhuh � gh�qhv wkh orqj0uxq phdq ri {|/ � ghwhuplqhv wkh vshhg dw zklfk wkh
surfhvv uhwxuqv wr wkh orqj0uxq phdq/ dqg � khosv wr gh�qh wkh lqvwdqwdqhrxv

43



yduldqfh ri wkh surfhvv1 E| frqvwuxfwlrq/ wkh guliw ri wklv surfhvv lv olqhdu/
dqg +dv qrwhg hduolhu,/ lwv +wuxh, vwhdg|0vwdwh ghqvlw| lv

� +{, @
$D

�+�,
{D3� h{s +�${, > +46,

zkhuh $ � 5�@�2/ � � 5��@�2/ dqg � lv wkh Jdppd ixqfwlrq1
Wkh wudqvlwlrq ghqvlw| iru wkh vtxduh0urrw gl�xvlrq ehwzhhq dq| wzr

gdwhv v dqg w +v A w, lv=

s +{r> v m {|> w, @ f h{s +�x� y,
�y
x

�^*2
L^
�
5
s
xy

�
> +47,

zkhuh

f � 5�

�2 ^4� h{s +�� +v� w,,`
>

x � f{| h{s +�� +v� w,, >

y � f{r>

t � � � 4>

dqg L^ lv wkh prgl�hg Ehvvho ixqfwlrq ri wkh �uvw nlqg ri rughu t1 Wklv
lv wkh qrqfhqwudo fkl0vtxduh ghqvlw| zlwk 5t . 5 ghjuhhv ri iuhhgrp dqg
qrqfhqwudolw| sdudphwhu 5x1 Wkh irup ri +47, lv jlyhq lq FLU dqg lq Ihoohu
+4<84,1 Wkh xqfrqglwlrqdo prphqwv ri wkh vtxduh0urrw surfhvv duh

H ^{` @ �> +48,

Ydu ^{` @
��2

5�
> +49,

dqg
Fruu ^{|n{> {|` @ h{s +���, = +4:,

Wkh fkrlfh ri �/ wkh sdudphwhu wkdw ghwhuplqhv wkh shuvlvwhqfh ri wkh sur0
fhvv/ lv sduwlfxoduo| lpsruwdqw1

Iru dq| jlyhq vhw ri sdudphwhu ydoxhv/ d vlpxodwhg vdpsoh sdwk iru wkh
vtxduh0urrw gl�xvlrq fdq eh frqvwuxfwhg lq wzr vwhsv= +4, Gudz dq lqlwldo
ydoxh iurp wkh Jdppd ghqvlw| +46,> dqg +5, Xvlqj wklv lqlwldo ydoxh/ vlpxodwh
vxffhvvlyh revhuydwlrqv e| gudzlqj iurp wkh qrqfhqwudo fkl0vtxduhg ghqvlw|
+47,144 Wkh vlpxodwhg vdpsoh sdwkv ri +45, duh frqvwuxfwhg dvvxplqj wkdw

44 Lq wkh vlpxodwlrqv uhsruwhg ehorz/ wklv lv dffrpsolvkhg xvlqj wkh qrqfhqwudo fkl0
vtxduhg udqgrp qxpehu jhqhudwru +lpsohphqwhg xvlqj wkh qf{5uqg ixqfwlrq, lq Pdwode/
Yhuvlrq 8131

44



wkh ohqjwk ri wlph ehwzhhq revhuydwlrqv ri wkh gl�xvlrq lv � @ 4@583/ fruuh0
vsrqglqj wr gdlo| revhuydwlrqv1 Wkh ohqjwk ri wkh vlpxodwhg vhulhv/ Wr�6/ lv
fkrvhq iurp wkh vhw i:833> 48333> 63333j/ lq rughu wr xqghuvwdqg wkh lpsdfw
ri lqfuhdvlqj vdpsoh vl}h rq wkh surshuwlhv ri wkh hvwlpdwruv1

� lv fkrvhq iurp wkh vhw i3=5478<> 3=;8;6:> 4=:4957j1 Wkh �uvw ydoxh
lpsolhv d +prqwko|, dxwrfruuhodwlrq ri wkh vkruw udwh ri 3=<;5/ zklfk lv frq0
vlvwhqw zlwk wkh xsshu hqg ri wkh hvwlpdwhv ri wklv sdudphwhu edvhg rq XV
lqwhuhvw udwh gdwd1 Wkh vhfrqg fkrlfh ri � lpsolhv d �uvw0rughu +prqwko|,
dxwrfruuhodwlrq frh!flhqw wkdw lv htxdo wr wkdw ri wkh Hxurgroodu gdwd xvhg
lq Dòw0Vdkdold +4<<9,/ dqg wkh wklug fkrlfh iru � lv d orzhu erxqg fdvh ri d
�uvw0rughu dxwrfruuhodwlrq frh!flhqw htxdo wr 3=;9:145 Wkh fkrlfh ri � lv qrw
sduwlfxoduo| lpsruwdqw iru wkh Prqwh Fduor vwxg|/ dqg lw lv vhw dw 3=3;8:44
lq rughu wr eh frqvlvwhqw zlwk wkh Dòw0Vdkdold +4<<9, gdwd vhw146 Jlyhq d
+�> �, sdlu/ wkh ydoxh ri � lv fkrvhq lq rughu wr vhw +49, htxdo wr wkh vdpsoh
yduldqfh lq wkh Dòw0Vdkdold +4<<9, gdwd vhw1 Wklv lpsolhv d vhw ri ydoxhv iru
� htxdo wr i3=3:;63> 3=48993> 3=55476j/ zkhuh wkh rughulqj lv frqvlvwhqw zlwk
wkh rughulqj ri wkh � ydoxhv1

615 Wkh Uhvxowv

Wkh uhvxowv ri dsso|lqj wkh qrqsdudphwulf ghqvlw| hvwlpdwru lq +9, wr wkh
vlpxodwhg vdpsoh sdwkv dvvrfldwhg zlwk hdfk prgho sdudphwhul}dwlrq/ vlp0
xodwlrq ohqjwk/ dqg edqgzlgwk fkrlfh duh vkrzq lq Iljxuhv 4 wkurxjk 61
Wkhvh �jxuhv doo kdyh wkh vdph vwuxfwxuh= Wkh ohiw froxpq ri judskv uh0
sruwv wkh ghqvlw| hvwlpdwhv iru wkh llg edqgzlgwk/ dqg wkh uljkw froxpq
uhsruwv wkh vdph uhvxowv iru wkh Sulwvnhu edqgzlgwk1 Wdeoh 4 uhsruwv wkh
edqgzlgwk sdudphwhu ydoxhv xvhg iru doo vlpxodwlrq ohqjwk dqg sdudphwhu
frpelqdwlrqv1 Dv uhtxluhg e| wkh wkhru| ri nhuqho hvwlpdwlrq/ erwk vhwv ri
edqgzlgwkv ghfuhdvh dv wkh vdpsoh vl}h lqfuhdvhv1 Wkh Sulwvnhu edqgzlgwkv
duh vxevwdqwldoo| odujhu wkdq wkh fruuhvsrqglqj llg edqgzlgwkv147

Hdfk urz ri hdfk �jxuh uhsruwv wkh uhvxowv iru vlpxodwlrqv ri d jlyhq

45Dv qrwhg hduolhu/ wkhvh sdudphwhu ydoxhv duh dovr fkrvhq wr eh frqvlvwhqw zlwk wkh
dqdo|vlv lq Sulwvnhu +4<<:, ri wkh rswlpdo edqgzlgwk fkrlfh lq wkh suhvhqfh ri h{wuhpho|
shuvlvwhqw gdwd1

46Wklv fkrlfh ri w lv qrw h{dfwo| htxdo wr wkh ydoxh ri f�fHb�2 lq Dòw0Vdkdold*v gdwd/
exw lw lv forvh1 Wkhuh lv qr hylghqfh wr vxjjhvw wkdw d fkdqjh lq wkh orqj0uxq phdq
ri wkh vlpxodwhg gdwd zloo kdyh dq lpsruwdqw h�hfw rq wkh dqdo|vlv ri wkh hvwlpdwruv
frqgxfwhg ehorz1 Wkh voljkw gl�huhqfh zdv qhfhvvdu| wr hqvxuh wkh lqwhjhu ghjuhhv ri
iuhhgrp qhfhvvdu| iru wkh qrqfhqwudo fkl0vtxduhg udqgrp qxpehu jhqhudwru lq Pdwode1

47Zh zrxog olnh wr wkdqn Pdww Sulwvnhu iru jhqhurxvo| surylglqj wkh edqgzlgwkv wkdw
fruuhvsrqg wr wkh vdpsoh vl}hv xvhg lq wkh vlpxodwlrqv uhsruwhg khuh1
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vdpsoh vl}h/ zlwk wkh vdpsoh vl}h lqfuhdvlqj wrzdug wkh erwwrp ri wkh �jxuh1
Iljxuh 4 uhsruwv wkh uhvxowv iru wkh vlpxodwlrq zlwk wkh juhdwhvw ohyho ri
shuvlvwhqfh1 Iljxuh 5 lv wkh lqwhuphgldwh shuvlvwhqfh sdudphwhul}dwlrq/ dqg
Iljxuh 6 uhsruwv wkh uhvxowv iru wkh ohdvw shuvlvwhqw yhuvlrq ri wkh vtxduh0
urrw surfhvv1 Hdfk judsk dovr kdv d frpprq vwuxfwxuh1 Lw frqvlvwv ri wkuhh
olqhv1 Wkh gdvkhg olqh lv wkh srlqwzlvh dyhudjh dw hdfk julgsrlqw lq wkh
vxssruw ri wkh vwdwlrqdu| ghqvlw| dfurvv wkh rqh kxqguhg vlpxodwlrqv1 Wkh
wzr grwwhg olqhv duh wkh 58|� dqg :8|� shufhqwloh srlqwv iru wkh ghqvlw| +djdlq/
iru hdfk julgsrlqw,1 Qrwlfh wkdw wkh wuxh ghqvlwlhv duh wkh vdph lq hyhu|
judsk lq hdfk �jxuh1 Wklv lv d gluhfw uhvxow ri wkh fkrlfhv ri � dqg � lq
hdfk sdudphwhul}dwlrq1 Doo ri wkh hvwlpdwhg ghqvlwlhv duh forvhu wr wkh wuxh
ghqvlw| dv Wr�6 lqfuhdvhv/ h{dfwo| dv h{shfwhg1 Lw lv dovr wkh fdvh wkdw wkh
hvwlpdwhv duh pruh dffxudwh dv � lqfuhdvhv> l1h1/ dv shuvlvwhqfh lq wkh gdwd
ghfuhdvhv1 Wklv lv dovr shuihfwo| uhdvrqdeoh/ vlqfh orzhu shuvlvwhqfh lpsolhv
� lq d khxulvwlf vhqvh � pruh gdwd1

Wkh uhvxowv iurp dsso|lqj wkh nhuqho uhjuhvvlrq hvwlpdwruv iurp Vwdqwrq
+4<<:, wr wkh vlpxodwhg vtxduh0urrw gdwd duh vkrzq lq Iljxuhv 7 wkurxjk
<1 Iljxuhv 7 wkurxjk 9 h{dplqh wkh srlqwzlvh dyhudjh dqg 580wk dqg :80
wk shufhqwloh srlqwv ri wkh guliw hvwlpdwhv iru wkh wkuhh sdudphwhul}dwlrqv
ydu|lqj erwk wkh edqgzlgwk dqg wkh qxpehu ri vlpxodwhg revhuydwlrqv1

Wkh uhvxowv iru wkh llg edqgzlgwk fkrlfh duh vwulnlqj1 Wkh nhuqho uhjuhv0
vlrq hvwlpdwhv fdq h{klelw vxevwdqwldo qrqolqhdulw|1 Iluvw/ frqvlghu wkh wrs
ohiw judsk lq Iljxuh 71 Wklv fruuhvsrqgv wr wkh vdpsoh vl}h dqg edqgzlgwk
fkrlfh xvhg lq Vwdqwrq +4<<:,1 Wkh dyhudjh guliw hvwlpdwru lv rqo| forvh wr
wkh wuxh guliw iru d vpdoo lqwhuydo lq wkh khduw ri wkh vwdwlrqdu| ghqvlw|1 Lw
glyhujhv udslgo| iurp wkh wuxh olqhdu guliw dw erwk wkh h{wuhph orzhu dqg
xsshu hqgv ri wkh vxssruw ri wkh vwdwlrqdu| ghqvlw|1 Htxdoo| lpsruwdqw/ wkh
58|� dqg :8|� shufhqwloh edqgv lqglfdwh wkdw wkhuh lv vxevwdqwldo yduldwlrq
lq lqglylgxdo hvwlpdwhv ri wkh guliw ixqfwlrq dqg wkdw wkhvh hvwlpdwhv duh
sduwlfxoduo| lqdffxudwh lq wkh uljkw wdlo ri wkh ghqvlw|1 Lw zrxog eh hdv|
rq wkh edvlv ri d slfwxuh olnh wklv dqg wkh dv|pswrwlf wkhru| wr frqfoxgh
wkdw wkh guliw ri wkh xqghuo|lqj surfhvv lv kljko| qrqolqhdu1 Krzhyhu/ wklv
qrqolqhdulw| lv hqwluho| vsxulrxv1

Wkh guliw hvwlpdwhv/ edvhg rq wkh llg edqgzlgwk fkrlfh/ iru rwkhu fkrlfhv
ri shuvlvwhqfh dqg rwkhu vdpsoh vl}hv duh frqvlvwhqw zlwk wkh uhvxowv iru wkh
� @ 3=5478< dqg Wr�6 @ :> 833 fdvh1 Wkh uhpdlqlqj judskv lq Iljxuh 7 lq0
glfdwh wkdw wkh hvwlpdwru ehfrphv pruh dffxudwh dqg wkh glvshuvlrq lq wkh
hvwlpdwhv dfurvv wkh 433 vlpxodwhg vdpsoh sdwkv ehfrphv vpdoohu iru odujhu
vdpsoh vl}hv1 Iru wkh fdvh ri Wr�6 @ 63> 333/ wkh llg0edvhg guliw hvwlpdwru
lv dffxudwh iru d zlgh udqjh ri ydoxhv lq wkh khduw ri wkh vxssruw ri wkh
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vwdwlrqdu| ghqvlw|/ dowkrxjk lw vwloo h{klelwv vrph vsxulrxv qrqolqhdulw| iru
ohyhov ri wkh surfhvv lq h{fhvv ri vl{whhq shufhqw1 Iljxuhv 8 dqg 9 frq�up
wkh sdwwhuq revhuyhg lq Iljxuh 71 Wkh qrqsdudphwulf hvwlpdwruv gr ehfrph
pruh dffxudwh dv wkh shuvlvwhqfh lq wkh gdwd ghfuhdvhv +dv � lqfuhdvhv,1 Lq0
wxlwlyho|/ wklv h�hfw lv vlplodu wr dq lqfuhdvh lq wkh vdpsoh vl}h1 Lq vxppdu|/
wkh dffxudf| ri wkh llg guliw hvwlpdwru lpsuryhv dv Wr�6 lqfuhdvhv dqg dv �
lqfuhdvhv/ exw wkh vsxulrxv qrqolqhdulw| lq wkh guliw hvwlpdwru rqo| ehfrphv
qhjoljleoh iru xquhdolvwlf sdudphwhu ydoxhv dqg vdpsoh vl}hv1

Wkh nhuqho uhjuhvvlrq hvwlpdwruv ri wkh guliw edvhg rq wkh edqgzlgwk uhf0
rpphqgdwlrqv lq Sulwvnhu +4<<:, duh jhqhudoo| dffxudwh/ dowkrxjk wkh| duh
voljkwo| qrqolqhdu148 Wklv lv wuxh iru doo sdudphwhul}dwlrqv dqg iru doo vdpsoh
vl}hv h{dplqhg lq Iljxuhv 7 wkurxjk 91 Li guliw hvwlpdwlrq lv wkh vroh remhf0
wlyh ri wkh dqdo|vlv/ wkh suhglfwlrq iurp wkhvh vlpxodwlrqv lv fohdu= Fkrrvh
d odujh edqgzlgwk wkdw ryhuvprrwkv wkh vwdwlrqdu| ghqvlw|1 Ri frxuvh/ wklv
suhvfulswlrq lv rqo| dssursuldwh li wkh wuxh guliw lv olqhdu/ ehfdxvh zkdw lv
uhdoo| jrlqj rq lq wkhvh �jxuhv +dv lv dssduhqw iurp wkh gl�xvlrq uhvxowv suh0
vhqwhg ehorz, lv wkdw wkh ryhuvprrwkhg qrqsdudphwulf hvwlpdwru kdv vlpso|
reolwhudwhg doo ri wkh ghwdlo lq wkh hvwlpdwhg ixqfwlrq1 Hyhq li wkh wuxh
guliw kdg ehhq qrqolqhdu/ wkh ryhuvprrwkhg hvwlpdwru zrxog kdyh vxjjhvwhg
olqhdulw|1

D sduwldo h{sodqdwlrq iru wkh srru shuirupdqfh ri wkh llg guliw hvwlpdwru
dw kljk ohyhov ri { lv wkdw wkh nhuqho uhjuhvvlrq hvwlpdwru rqo| xvhv orfdo
gdwd lq gh�qlqj wkh uhjuhvvlrq ixqfwlrq durxqg d srlqw }� lq wkh sduwlwlrq ri
wkh vxssruw ri wkh vwdwlrqdu| ghqvlw|1 Wklv phdqv wkdw/ hyhq wkrxjk wkhuh
pd| eh/ iru h{dpsoh/ :833 revhuydwlrq lq wrwdo/ wkhuh duh +e| frqvwuxfwlrq,
yhu| ihz revhuydwlrqv lq wkh orqj uljkw wdlo ri wkh ghqvlw|1 Lq h�hfw/ wkhuh lv
d �vpdoo vdpsoh� sureohp lq frqvwuxfwlqj wkh qrqsdudphwulf hvwlpdwru dw
kljk ohyhov ri {1 Wklv h{sodlqv zk| wkh hvwlpdwru lv lpsuhflvh zkhuh wkhuh
duh ihz revhuydwlrqv +dqg lw h{sodlqv zk| wkh ryhuvprrwkhg hvwlpdwru grhv
qrw h{klelw wklv sureohp,/ exw lw grhv qrw h{sodlq wkh gluhfwlrq ri wkh eldv/
zklfk lv glvfxvvhg lq wkh qh{w vhfwlrq1

Iljxuhv : wkurxjk < vkrz wkh uhvxowv ri dsso|lqj wkh nhuqho uhjuhvvlrq
hvwlpdwruv ri wkh gl�xvlrq ixqfwlrq wr wkh vlpxodwhg gdwd vhwv1 Jhqhudoo|
vshdnlqj/ wkh| duh wkh h{dfw rssrvlwh ri wkh guliw hvwlpdwlrq fdvh1 Wkh llg
hvwlpdwru grhv d jrrg mre ri surylglqj dq dffxudwh hvwlpdwh ri wkh gl�x0
vlrq ixqfwlrq/ iru doo exw wkh prvw h{wuhph frpelqdwlrqv ri shuvlvwhqfh dqg
vdpsoh vl}h/ dqg wkh hvwlpdwhv edvhg rq wkh odujhu Sulwvnhu edqgzlgwkv duh
ohvv dffxudwh ehfdxvh wkh| ryhuvprrwk wkh gl�xvlrq ixqfwlrq1 Krzhyhu/ wkh

48Wklv lv prvw uhdglo| dssduhqw lq Iljxuh 91
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Sulwvnhu hvwlpdwhv lpsuryh zlwk erwk lqfuhdvhv lq vdpsoh vl}h dqg ghfuhdvhv
lq shuvlvwhqfh1 Wkh sulpdu| idlolqj ri wkh gl�xvlrq hvwlpdwru lv lwv lqdelolw|
wr fdswxuh wkh qrqolqhdulw| ri wkh wuxh gl�xvlrq dw orz ohyhov ri {|1 Krz0
hyhu/ Vwdqwrq +4<<:, vkrzv krz wr prgli| wkh hvwlpdwru wr frqvwudlq lw wr
jr wkurxjk }hur1

616 Zk| Lv wkh Hvwlpdwhg Guliw QrqolqhduB

Iurp htxdwlrq +6,/ lw iroorzv wkdw hvwlpdwlrq ri wkh guliw ixqfwlrq lv htxly0
dohqw +xs wr r+�,, wr hvwlpdwlrq ri wkh frqglwlrqdo phdq ixqfwlrq1 Wkxv/
xqghuvwdqglqj wkh eldvhv lq wkh hvwlpdwlrq ri wkh guliw dprxqwv wr xqghu0
vwdqglqj wkh eldvhv lq wkh hvwlpdwlrq ri wkh frqglwlrqdo phdq1 Dv|pswrwlf
wkhru| +iru h{dpsoh/ Urelqvrq +4<;6/ 4<;9,, hvwdeolvkhv wkh srlqwzlvh frq0
vlvwhqf| ri nhuqho uhjuhvvlrq hvwlpdwruv lq d wlph vhulhv frqwh{w1 Wkhuhiruh/
wkh vsxulrxv qrq0olqhdulw| grfxphqwhg lq wkh suhylrxv vhfwlrq pxvw eh d
�qlwh vdpsoh surshuw| ri wkh hvwlpdwruv1 Iljxuh 43/ zklfk lv edvhg rq d vlq0
joh vdpsoh sdwk iurp wkh sdudphwhul}dwlrq � @ 3=;8;6:/ � @ 3=48993/ dqg
� @ 3=3;8:44 xvlqj :833 revhuydwlrqv/ looxvwudwhv wkh vrxufh ri wkh sureohp1
Wkh �jxuh vkrzv wkh lqwhuhvw udwh/ dqg wkh vxevhtxhqw fkdqjh lq wkh lqwhu0
hvw udwh/ lq wkh uljkw0kdqg wdlo ri wkh glvwulexwlrq1 Vshfl�fdoo|/ lw vkrzv wkh
rughuhg sdluv +{|> {|n{�{|, iru zklfk {| � 3=471 Wklv lv dssur{lpdwho| wkh
srlqw dw zklfk wkh dyhudjh hvwlpdwhg guliw ixqfwlrq lq wkh wrs ohiw sorw ri
Iljxuh 8 vwduwv wr glyhujh iurp wkh wuxh guliw1

Wkh uhodwlrq ehwzhhq wkh h{shfwhg fkdqjh lq wkh lqwhuhvw udwh dqg lwv
ohyho lpsolhg e| wkh wuxh vtxduh0urrw surfhvv lv

H^{|n{ � {|m{|` @ �
�
4� h3V{

�
.

�
h3V{ � 4

�
{|

@ 3=3335<� 3=33676{|

zkhuh wkh vhfrqg htxdolw| xvhv wkh sdudphwhu ydoxhv dqg � @ 4@583 +rqh
gd|, xvhg wr vlpxodwh wkh surfhvv1 Wklv olqh lv sorwwhg lq Iljxuh 43/ dorqj
zlwk wkh hvwlpdwhg ROV uhjuhvvlrq olqh xvlqj rqo| wkh wdlo revhuydwlrqv1
Qrwdeo|/ wkh qruwkhdvw fruqhu ri wkh �jxuh lv hpsw|/ dqg wkh hvwlpdwhg
uhjuhvvlrq kdv d vorsh ri �3=4:/ zklfk lv fohduo| pruh vwhhso| vorshg wkdq
wkh wuxh uhodwlrq ehwzhhq udwh ohyhov dqg vxevhtxhqw fkdqjhv1

Wkh uhodwlrq ehwzhhq {|n{�{| dqg {| lv qhjdwlyho| vorshg qrw e| fkdqfh/
exw ehfdxvh ri wkh wuxqfdwlrq ri wkh uhdol}hg glvwulexwlrq ri lqwhuhvw udwhv
dw 3=48;6/ wkh odujhvw uhdol}dwlrq lq wkh vdpsoh1 Wkh lqwhuhvw udwh fkdqjh
wkdw iroorzv wkh uhdol}dwlrq ri {| @ 3=48;6 pxvw eh qrq0srvlwlyh/ vlpso|
ehfdxvh 3=48;6 lv wkh odujhvw lqwhuhvw udwh lq wkh vdpsoh1 Pruh jhqhudoo|/
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lq dq| vdpsoh lw pxvw eh wkh fdvh wkdw {|n{ � {| � {4@ � {|/ zkhuh {4@ 

lv wkh odujhvw uhdol}dwlrq1 Wkxv/ wkh qruwkhdvw fruqhu ri Iljxuh 43 lv hpsw|
e| qhfhvvlw|/ qrw fkdqfh/ dqg wkh qhjdwlyh uhodwlrq ehwzhhq {|n{ � {| dqg
{| lv qrw mxvw dq duwlidfw ri wklv vdpsoh sdwk1 Dv glvfxvvhg deryh/ wkh
Q0Z hvwlpdwru xvhg e| Vwdqwrq xvhv rqo| orfdo lqirupdwlrq lq hvwlpdwlqj
wkh uhjuhvvlrq ixqfwlrq/ dqg wkhuhiruh dffrpprgdwhv wkh qhjdwlyh uhodwlrq
ehwzhhq {|n{ � {| dqg {| lq wkh wdlo ri wkh glvwulexwlrq1 Wkh wuxqfdwlrq
wkdw lv wkh vrxufh ri wkh sureohp idlov wr rffxu rqo| lq wkh olplwlqj fdvh ri
dq lq�qlwh vdpsoh/ ehfdxvh wkhq {4@ @41

Lq rughu wr xqghuvwdqg wkh h�hfw ri wkh wuxqfdwlrq ri wkh glvwulexwlrq
ri uhdol}hg lqwhuhvw udwhv/ zh frqvlghu krz rxu eholhiv derxw wkh glvwulexwlrq
ri wkh uhdol}dwlrqv ri d vtxduh urrw surfhvv/ dqg sduwlfxoduo| wkh frqglwlrqdo
phdq ri rxu eholhiv/ duh d�hfwhg e| wkh nqrzohgjh wkdw wkh uhdol}dwlrqv olh
lq d udqjh ^{4�?> {4@ `1 Uhfdoo wkdw wkh wudqvlwlrq ghqvlw| ri wkh vtxduh0
urrw surfhvv lv jlyhq lq +47,1 Ryhu vxfk d vkruw wlph lqwhuydo wkh ghqvlw|
lv dssur{lpdwho| v|pphwulf/ dqg wkh frqglwlrqdo phdq dqg +dssur{lpdwh,
guliw duh

H^{|n{m{|` @ � . h3V{+{| � �,
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Xvlqj wkh sdudphwhu yhfwru deryh/ zkhq {| @ 3=49 wkh frqglwlrqdo phdq
dqg guliw duh 3=48<; dqg dssur{lpdwho| �3=39/ uhvshfwlyho|1

Qh{w/ vxssrvh wkdw zh frqglwlrq rq wkh nqrzohgjh wkdw {4�? � {|n{ �
{4@ 1 Frqglwlrqdo rq erwk wklv lqhtxdolw| dqg {|/ lw lv vwudljkwiruzdug wr
vkrz wkdw rxu eholhiv derxw {|n{ duh jlyhq e| wkh ghqvlw|
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3 rwkhuzlvh1

Iljxuh 44 looxvwudwhv wklv ghqvlw| zkhq {| @ 3=49/ {plq @ 3=3465/ dqg {pd{ @
3=494;1 Vlqfh {| lv forvh wr {pd{/ wkh wuxqfdwlrq dw {4�? kdv olwwoh h�hfw rq
wkh frqglwlrqdo ghqvlw| dqg wkh wuxqfdwlrq dw {4@ kdv wkh h�hfw ri vnhzlqj
wkh glvwulexwlrq wr wkh ohiw1 Lw lv fohdu wkdw/ zkhq {| lv forvh wr {4@ / wkh
wuxqfdwlrq dw {4@ uhgxfhv wkh frqglwlrqdo phdq ri {|n{1 Zh fdq fdofxodwh
wkh frqglwlrqdo phdq dqg wkh +dssur{lpdwh, guliw iurp
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Xvlqj wkh vdph sdudphwhu yhfwru dv deryh/ zkhq {| @ 3=49 wkhvh duh 3=48<::
dqg �3=389:/ uhvshfwlyho|1 Dv h{shfwhg/ wkh frqglwlrqdo phdq lv vpdoohu/ dqg
wkh devroxwh ydoxh ri wkh guliw lv odujhu/ wkdq zkhq zh glg qrw frqglwlrq rq
wkh idfw wkdw {4�? � {|n{ � {4@ 1

Wklv fdofxodwlrq/ zkloh lqwxlwlyh/ dfwxdoo| xqghuvwdwhv wkh eldv1 Wkh h{0
shfwhg ydoxh ri wkh qh{w revhuydwlrq lv qrw

H
�
{|n{ m {| dqg {|n{ 5

�
{4@ > {4�?

��
> +4;,

exw udwkhu wkh h{shfwhg ydoxh frqglwlrqdo rq doo ri wkh rwkhu revhuydwlrqv
ehlqj lq wkh lqwhuydo

�
{4@ > {4�?

�
1 Iru {| qhdu {4@ / wklv lv vpdoohu wkdq

+4;,/ zkloh iru {| qhdu {4�?/ lw lv odujhu1 Gxh wr wkh glphqvlrqdolw| ri wkh
lqwhjudo/ zh fdqqrw suhvhqw dq h{solflw fdofxodwlrq ri wklv h{shfwdwlrq1 Krz0
hyhu/ rxu Prqwh Fduor dqdo|vlv ri wkh nhuqho uhjuhvvlrq hvwlpdwru surylghv
dq dssur{lpdwlrq ri wklv lqwhjudo1

Lw lv lpsruwdqw wr qrwh wkdw wklv eldv lv glvwlqfw iurp wkh zhoo0nqrzq
erxqgdu| ydoxh eldv sureohp dvvrfldwhg zlwk nhuqho uhjuhvvlrq hvwlpdwruv1
Wkh erxqgdu| ydoxh eldv rffxuv dw srlqwv iru zklfk wkh nhuqho ryhuodsv wkh
erxqgdu| ri wkh gdwd/ zkloh wkh eldv ghprqvwudwhg deryh zloo rffxu hyhq
zkhq wklv grhv qrw rffxu1 Iru h{dpsoh/ wkh llg edqgzlgwkv uhsruwhg lq Wd0
eoh 4 duh doo dssur{lpdwho| 3=3381 Dv orqj dv } lv d glvwdqfh ri dssur{lpdwho|
3=348 iurp wkh erxqgdu|/ d Jdxvvldq nhuqho xvlqj wkhvh edqgzlgwkv zloo dv0
vljq d wulyldo zhljkw wr wkh erxqgdu| srlqwv/ vr wkdw wkh erxqgdu| ydoxh eldv
zloo qrw eh pdwhuldo1 Frpsdulqj wkh llg sdqhov ri Iljxuhv 4 wkurxjk 9/ rqh
fdq vhh wkdw wkh eldv rffxuv zhoo zlwklq wkh lqwhulru ri wkh glvwulexwlrq ri wkh
gdwd/ pruh wkdq 3=348 iurp wkh erxqgdu|1 Lq dgglwlrq/ lq wkh qh{w vhfwlrq/
zh ghprqvwudwh wkdw wkh +erxqgdu|, eldv0fruuhfwhg mdfnnqlih hvwlpdwru ri
Ulfh +4<;7, grhv qrw holplqdwh wkh sureohp1

Wr vxppdul}h wklv glvfxvvlrq/ Iljxuhv 43 dqg 44 looxvwudwh wkdw/ zkhq
{| lv qhdu {4@ / {|n{ lv pruh olnho| wr eh ohvv wkdq {| wkdq wkh wuxh guliw
lpsolhv1 Vlploduo|/ zkhq {| lv qhdu {4�?/ {|n{ lv pruh olnho| wr eh juhdwhu
wkdq {| wkdq wkh wuxh guliw lpsolhv1 Wklv lv wkh vrxufh ri wkh eldv lq wkh
Q0Z nhuqho uhjuhvvlrq hvwlpdwru lq +43, wkdw lv xvhg e| Vwdqwrq +4<<:,1
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Lqwxlwlyho|/ dw hdfk srlqw { lq vrph vxevhw ri wkh vxssruw ri {|/ lw hvwlpdwhv
wkh guliw e| wdnlqj wkh uhdol}dwlrqv ri wkh surfhvv wkdw duh qhdu {/ dqg vhhlqj
zkdw w|slfdoo| lv wkh uhdol}dwlrq ri wkh surfhvv dw wkh qh{w wlph vwhs1 Zkhq
{ lv qhdu {4�? +ru {4@ , wkh uhdol}dwlrq dw wkh qh{w wlph vwhs lv pruh olnho|
wr eh kljk +ru orz, wkdq wkh wuxh guliw lpsolhv/ eldvlqj wkh hvwlpdwlrq ri wkh
guliw1

7 Wkh Mdfnnqlih Nhuqho Hvwlpdwru

714 Gh�qlqj wkh Hvwlpdwru

Dv qrwhg hduolhu/ lw lv zhoo0nqrzq lq wkh nhuqho uhjuhvvlrq olwhudwxuh wkdw wkhvh
hvwlpdwruv fdq h{klelw lqfuhdvhg eldv zlwklq d edqgzlgwk ri wkh xsshu dqg
orzhu erxqgdulhv ri wkh vxssruw ri wkh vdpsoh revhuydwlrqv149 Ulfh +4<;7,
sursrvhv wkh mdfnnqlih nhuqho hvwlpdwru dv d vroxwlrq wr wklv �erxqgdu| hi0
ihfw1�4: Wkh hvvhqfh ri wklv fruuhfwlrq lv wr xvh Ulfkdugvrq h{wudsrodwlrq wr
prgli| wkh vkdsh ri wkh nhuqho zkhq wkh julg srlqw ehlqj hydoxdwhg lv zlwklq
rqh edqgzlgwk ri hlwkhu wkh xsshu ru orzhu erxqgdu| ri wkh dssur{lpdwh
vxssruw ri wkh ghqvlw|1

Ohw wkh vxssruw ri wkh ghqvlw| eh wkh forvhg lqwhuydo
�
e> e

�
dqg dvvxph

wkdw wkh nhuqho ixqfwlrq lv gh�qhg ryhu wkh forvhg lqwhuydo ^�4> 4`14; Uh0
fdoo wkdw wkh vlpsoh Q0Z nhuqho hvwlpdwru zlwk edqgzlgwk sdudphwhu k/
ghvfulehg hduolhu/ kdv wkh jhqhudo irup

p� +{, @

SA3�
|'�

�
{{|n� � {{|

�
N
�
%3%{

|

�

�
SA3�

|'� N
�
%3%{

|

�

� = +4<,

Ohw dq| julgsrlqw { 5
�
e> e

�
eh zulwwhq lq wkh irup { @ �k/ zkhuh � lv d qhz

sdudphwhu zkrvh uroh lv wr h{suhvv wkh srvlwlrq ri { uhodwlyh wr wkh erxqgdu|
dqg wkh edqgzlgwk1 Gh�qh wkh iroorzlqj whupv

$g +3> �, �

] 4

K

N +}, g} +53,

dqg

$g +4> �, �

] 4

K

}N +},g}= +54,

49Irupdoo|/ wkh eldv lv �
�
�
2
�
lq wkh plggoh ri wkh ghqvlw|/ exw rqo| � E�� qhdu wkh

erxqgdulhv1
4:Wklv hvwlpdwru lv dovr glvfxvvhg lq Vhfwlrq 717 ri Kçugoh +4<<3,1
4;Reylrxvo|/ wklv dqdo|vlv suhfoxghv wkh fdvh ri wkh Jdxvvldq nhuqho xvhg hduolhu1
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Qrwh/ e| wkh gh�qlwlrq ri wkh nhuqho ixqfwlrq/ li � � 4/ wkhq wkh edvlf
surshuwlhv ri N lpso| wkdw $g +3> �, @ 4 dqg $g +4> �, @ 31

Iru � ? 4/ wkh mdfnnqlih nhuqho hvwlpdwru lv gh�qhg dv

pa
� +{, @ +4 . !,p� +{,� !p1� +{, > +55,

zklfk lv d zhljkwhg dyhudjh ri wzr nhuqho hvwlpdwruv zlwk edqgzlgwkv k dqg
�k1 ! lv wkh zhljkwlqj sdudphwhu zklfk lv rswlpdoo| +iurp wkh fulwhulrq ri
eldv holplqdwlrq, vhw htxdo wr

! �
$g +4> �, @$g +3> �,

�$g +4> �@�, @$g +3> �@�,� $g +4> �, @$g +3> �,
= +56,

Ulfh +4<;7, dgyrfdwhv wkh xvh ri � @ 5� �1
Wkh mdfnnqlih nhuqho hvwlpdwru zloo eh lpsohphqwhg xvlqj d txduwlf nhuqho

N^ +}, @
48

49

�
4� }2

�2
> +57,

iru m}m � 41 Wklv nhuqho lv gh�qhg rq wkh frpsdfw lqwhuydo ^�4> 4`/ dqg lw
shuplwv dq h{solflw frpsxwdwlrq ri +53, dqg +54,
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Wkh xvh ri wkh txduwlf udwkhu wkdq wkh Jdxvvldq nhuqho phdqv wkdw wkh
gdwd0ghshqghqw llg edqgzlgwk fkrlfhv xvhg lq wkh suhylrxv vhfwlrq qhhg wr
eh prgl�hg1 Zh duh xqdzduh ri dq| vlpsoh khxulvwlf uxoh iru wklv nhuqho/
exw iroorzlqj wkh dqdo|vlv lq Fkdswhu 8 ri Kçugoh +4<<3,/ wkh gdwd ghshqghqw
edqgzlgwk zdv vhw dw wkuhh wlphv wkh fruuhvsrqglqj Jdxvvldq llg edqgzlgwk1
Wkh qh{w vhfwlrq frqvlghuv zkhwkhu wkh erxqgdu| fruuhfwlrq lq wkh mdfnnqlih
nhuqho hvwlpdwru uhvxow lq vxevwdqwldoo| lpsuryhg lqihuhqfh derxw wkh qrq0
olqhdulw| ri wkh guliw ixqfwlrq1

715 D Prqwh Fduor Hydoxdwlrq ri wkh Mdfnnqlih Hvwlpdwru

Zh dsso| wkh vdph Prqwh Fduor dqdo|vlv wr wklv hvwlpdwru dv zdv dssolhg
wr wkh ruljlqdo Vwdqwrq +4<<:, hvwlpdwru1 Iljxuhv 45 wkurxjk 4: uhsurgxfh
Iljxuhv 7 wkurxjk 9 xvlqj wkh mdfnnqlih nhuqho1 Iru hdvh ri frpsdulvrq/ wkh
vfdohv rq wkh d{hv duh lghqwlfdo dfurvv wkh wzr vhwv ri slfwxuhv1 Iluvw/ frq0
vlghu wkh llg edqgzlgwk fdvh lq Iljxuh 451 Wkh mdfnnqlih nhuqho uhvxowv lq
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d qrwlfhdeoh lpsuryhphqw uhodwlyh wr wkh vwdqgdug Q0Z hvwlpdwru lq Iljxuh
7/ exw fruuhfwlqj wkh erxqgdu| h�hfw grhv qrw holplqdwh wkh vsxulrxv qrq0
olqhdulw| lq wkh nhuqho uhjuhvvlrq hvwlpdwru1 Wklv lv wuxh iru doo wkuhh vdpsoh
vl}hv1 Ri frxuvh/ wkh ryhudoo shuirupdqfh ri wkh hvwlpdwru lpsuryhv zlwk wkh
ohqjwk ri wkh vlpxodwhg vhulhv1 Wkh uhvxowv lq Iljxuhv 46 dqg 47 duh vlplodu
wr wkrvh lq Iljxuh 451 Dv lq wkh fdvh ri wkh vwdqgdug Q0Z nhuqho uhjuhvvlrq
hvwlpdwru/ wkh hvwlpdwhv lpsuryh zlwk ghfuhdvhv lq wkh shuvlvwhqfh ri wkh
surfhvv1

Wkh mdfnnqlih nhuqho uhvxowv edvhg rq wkh odujhu edqgzlgwkv frqvlvwhqw
zlwk Sulwvnhu +4<<:, duh txlwh lqwhuhvwlqj1 Dv lq wkh hduolhu dqdo|vlv/ wkhvh
edqgzlgwkv duh qrw rswlpdo ehfdxvh wkh surfhvv lv qrw Jdxvvldq1 Lq wkh fdvh
ri wkh mdfnnqlih nhuqho/ wkhvh edqgzlgwkv duh dovr lqfruuhfw ehfdxvh zh duh
qr orqjhu xvlqj d Jdxvvldq nhuqho1 Qrqhwkhohvv/ wklv fdvh ghprqvwudwhv wkh
lpsdfw ri d odujh edqgzlgwk rq mdfnnqlih hvwlpdwru1 Wkh hvwlpdwhv ri wkh
guliw ixqfwlrq duh vxevwdqwldoo| zruvh wkdq wkh +ryhuvprrwkhg, uhjxodu Q0Z
hvwlpdwhv1 Wkh| h{klelw wkh nlqg ri vsxulrxv qrqolqhdulw| wkdw lv frpprq
zlwk wkh llg edqgzlgwk vhwwlqj1 Wklv lv wuxh dfurvv doo ohyhov ri dxwrfruuh0
odwlrq dqg vdpsoh vl}h/ dowkrxjk wkh xvxdo h�hfwv dsso| khuh dv zhoo1 Wkhvh
uhvxowv duh lqwhuhvwlqj ehfdxvh wkh| duh hylghqfh ri rqh fdvh lq zklfk wkh
fkrlfh ri wkh nhuqho vhhpv wr eh lpsruwdqw lq ghwhuplqlqj wkh shuirupdqfh
ri wkh hvwlpdwru1

Wkh h�hfwv ri wkh erxqgdu| fruuhfwlrq rq wkh gl�xvlrq hvwlpdwruv duh
vkrzq lq Iljxuhv 48 wkurxjk 4:1 Dv lq Iljxuhv : wkurxjk </ wkh hvwlpdwruv
edvhg rq wkh llg edqgzlgwk fkrlfh duh txlwh dffxudwh1 Wkh erxqgdu| fru0
uhfwlrq kdv d vwurqj srvlwlyh lpsdfw rq wkh gl�xvlrq hvwlpdwru edvhg rq wkh
+odujhu, Sulwvnhu edqgzlgwkv1 Lq sduwlfxodu/ wkhvh hvwlpdwhv duh qrz txlwh df0
fxudwh dqg yluwxdoo| lqglvwlqjxlvkdeoh iurp wkh llg edqgzlgwk uhvxowv1 Wkhuh
dsshduv wr eh d wudgh0r� lq wkh zlghu edqgzlgwk fkrlfhv ehwzhhq dq dffx0
udwh hvwlpdwlrq ri wkh guliw ru wkh gl�xvlrq ixqfwlrq1 Lq vxppdu|/ wkh ryhudoo
h�hfw ri wkh erxqgdu| fruuhfwlrq lq wkh mdfnnqlih hvwlpdwru lv wr uhgxfh wkh
vsxulrxv qrqolqhdulw| lq wkh gdwd/ exw lw grhv qrw holplqdwh lw1 Wklv lpsolhv
wkdw wkh vsxulrxv qrqolqhdulw| grfxphqwhg xvlqj wkh Q0Z nhuqho uhjuhvvlrq
dojrulwkp lv qrw vlpso| d uhvxow ri wkh erxqgdu| h�hfw/ exw udwkhu lw iroorzv
iurp wkh wuxqfdwlrq dujxphqw lq wkh odvw vhfwlrq dqg wkh h{wuhph shuvlvwhqfh
ri lqwhuhvw udwh gdwd1
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8 Wkh Hvwlpdwru lq Dòw0Vdkdold +4<<9,

Dv qrwhg lq wkh lqwurgxfwlrq/ Dòw0Vdkdold +4<<9, dovr frqfoxghv wkdw wkhuh
duh vwdwlvwlfdoo| dqg hfrqrplfdoo| vljql�fdqw qrqolqhdulwlhv lq wkh guliw ri
wkh vkruw0udwh1 Vlqfh klv hvwlpdwlrq dssurdfk lv vhpl0qrqsdudphwulf/ zh
zloo qrz frqvlghu vrph Prqwh Fduor hylghqfh rq lwv shuirupdqfh1

814 Wkh Gh�qlwlrq

Wkh jhqhudo irup ri wkh guliw dqg gl�xvlrq hvwlpdwruv sursrvhg lq Dòw0
Vdkdold +4<<9, duh edvhg rq wkh vwdwlrqdu| +ru lqyduldqw, glvwulexwlrq ri {14<

Jlyhq d vdpsoh ri W +glvfuhwh0wlph, revhuydwlrqv ri {/ wkh| duh frqvwuxfwhg
lq irxu vwhsv= +l, hvwlpdwh wkh vwdwlrqdu| ghqvlw| xvlqj d ixoo| qrqsdudphwulf
hvwlpdwru> +ll, ghyhors dq h{solflw frqqhfwlrq ehwzhhq wkh guliw dqg gl�x0
vlrq ixqfwlrqv dqg wkh vwdwlrqdu| ghqvlw| xvlqj wkh vwdwlrqdu| irup ri wkh
Nroprjrury iruzdug htxdwlrq> +lll, fkrrvh  h{leoh sdudphwulf irupv iru wkh
guliw dqg gl�xvlrq ixqfwlrqv> dqg +ly, fkrrvh wkh sdudphwhuv ri wkh guliw dqg
gl�xvlrq wr pdnh wkh vwdwlrqdu| ghqvlw| lpsolhg e| wkh guliw dqg gl�xvlrq
ixqfwlrq lq +lll, dv �forvh� dv srvvleoh +lq d vshfl�f vhqvh, wr wkh qrqsdud0
phwulf hvwlpdwh lq +l,1 Wkhvh vwhsv duh qrz ghvfulehg lq pruh ghwdlo1

Wkh �uvw vwhs lv lpsohphqwhg xvlqj d vwdqgdug Jdxvvldq nhuqho dqg +9,/
dv ghvfulehg deryh1 Wkh vhfrqg vwhs lq wkh hvwlpdwlrq ri wkh guliw dqg
gl�xvlrq ixqfwlrqv lv wr xvh uhvxowv lq Nduolq dqg Wd|oru +4<;4, wr uhodwh wkh
vwdwlrqdu| ghqvlw| � +{, wr wkh guliw dqg gl�xvlrq ixqfwlrqv153 Lq sduwlfxodu/
li � +{>#, dqg � +{>#, duh vshfl�f ixqfwlrqdo irupv iru wkh guliw dqg gl�xvlrq
ixqfwlrqv/ xvlqj sdudphwhu yhfwru #/ wkhq

� +{>#, @
� +#,

�2 +{>#,
h{s

�] % 5� +x>#,

�2 +x>#,
gx

�
> +58,

zkhuh wkh orzhu olplw ri lqwhjudwlrq lv duelwudu| dqg � +#, lv d frqvwdqw
wkdw hqvxuhv wkdw � +{>#, lqwhjudwhv wr rqh154 Wkh khduw ri wkh hvwlpdwlrq
surfhgxuh ghyhorshg lq Dòw0Vdkdold +4<<9, lv wkh revhuydwlrq wkdw/ li � +{>#,
dqg � +{>#, duh dghtxdwh uhsuhvhqwdwlrq ri wkh guliw dqg gl�xvlrq ixqfwlrqv

4<Dòw0Vdkdold +4<<9, dovr ghyhorsv guliw dqg gl�xvlrq hvwlpdwruv edvhg rq wkh wudqvlwlrq
ghqvlwlhv/ xvlqj wkh iruzdug dqg edfnzdug Nroprjrury htxdwlrqv/ exw zh gr qrw hydoxdwh
wkhp khuh1

53Vhh/ lq sduwlfxodu/ Nduolq dqg Wd|oru +4<;4, Fkdswhu 48/ Vhfwlrq 8 +sdjhv 5530554,
dqg Vhfwlrq 9 +sdjhv 5740575, iru wkh frqqhfwlrq/ wkurxjk wkh vwdwlrqdu| irup ri wkh
Nroprjrury iruzdug htxdwlrq/ ehwzhhq wkh guliw dqg gl�xvlrq ixqfwlrqv dqg wkh vwdwlrqdu|
ghqvlw|1

54Wkh qrwdwlrq lq +58, jhqhudoo| iroorzv Dòw0Vdkdold +4<<9,1
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lq +4,/ wkhq � iru vrph sdudphwhu fkrlfh #W � wkh sdudphwhul}hg ghqvlw|
� +{>#W, vkrxog eh forvh wr wkh qrqsdudphwulf ghqvlw| hvwlpdwhg iurp wkh
gdwd1

Wkh wklug vwhs lq wkh hvwlpdwlrq ri wkh guliw dqg gl�xvlrq ixqfwlrqv lv
wr fkrrvh  h{leoh ixqfwlrqdo irupv wkdw duh fdsdeoh ri qhvwlqj d ydulhw| ri
srvvleoh vkdshv1 Dòw0Vdkdold +4<<9, vhohfwv

� +{>#, @ �f . ��{. �2{
2 . ��{

3�> +59,

dqg
�2 +{>#, @ �f . ��{. �2{

q
� > +5:,

vr wkdw # � +�f> ��> �2> ��> �f> ��> �2> ��,
�1 Ri frxuvh/ wkhuh duh d qxpehu ri

uhvwulfwlrqv rq wkh hohphqwv ri # wkdw duh qhfhvvdu| wr hqvxuh wkdw � dqg �

dfwxdoo| lpso| wkdw +4, kdv d xqltxh vroxwlrq dqg wkdw wkh lpsolhg vwdwlrqdu|
ghqvlw| h{lvwv155

Wkh irxuwk � dqg �qdo � vwhs lq wkh hvwlpdwlrq surfhvv lv wr vwdwh wkh
suhflvh vhqvh lq zklfk � +{>#, dqg � +{, vkrxog eh �forvh/� dqg krz wklv lghd
fdq eh xvhg wr vhohfw wkh sdudphwhu yhfwru #W iurp wkh sdudphwhu vsdfh �1
Dòw0Vdkdold +4<<9, sursrvhv d plqlpxp phdq vtxduh glvwdqfh phdvxuh1 Lq
sduwlfxodu/ kh fkrrvhv
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> +5;,

zkhuh wkh h{shfwdwlrq lv wdnhq zlwk uhvshfw wr wkh wuxh vwdwlrqdu| ghqvlw|
� +{,1 Hvwlpdwlrq lv dfwxdoo| shuiruphg xvlqj
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+� +{|>#,� e� +{|,,2 > +5<,

zklfk lv h�hfwlyho| d �qrqolqhdu uhjuhvvlrq� sureohp lq zklfk wkh ghshqghqw
yduldeoh lv wkh qrqsdudphwulf ghqvlw| hydoxdwhg dw d gdwd srlqw +e� +{|,, dqg
wkh �wwhg qrqolqhdu ixqfwlrq lv jlyhq e| +58,1

815 Vrph Prqwh Fduor Hylghqfh

Wkh jhqhudo irup ri wkh hvwlpdwru dv ghvfulehg lq Vhfwlrq 814 fdqqrw eh
dssolhg gluhfwo| wr wkh fdvh ri wkh vtxduh0urrw gl�xvlrq +45, vlqfh/ dv Dòw0
Vdkdold +4<<9, qrwhv/ +5:, lv qrw lghqwl�hg xqghu wkh qxoo k|srwkhvlv1 Vlqfh

55Vhh Dòw0Vdkdold +4<<9,/ Htxdwlrq +57,1
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rxu irfxv lv rq wkh hvwlpdwh ri wkh guliw ixqfwlrq/ zh zloo pdnh wkh vwurqj
dvvxpswlrq wkdw wkh wuxh gl�xvlrq ixqfwlrq lv nqrzq suhflvho|/ lqfoxglqj wkh
ydoxh ri �1 Lq wklv fdvh/
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+63,
zkhuh djdlq wkh orzhu erxqg ri lqwhjudwlrq/ {/ lv duelwudu|1

Ilqglqj jrrg vwduwlqj ydoxhv iru wkh sdudphwhu hvwlpdwlrq lv d qrqwuly0
ldo lvvxh1 Rqh dssurdfk lv wr iroorz Dòw0Vdkdold +4<<9, dqg xvh d ihdvleoh
jhqhudol}hg ohdvw vtxduhv +IJOV, dojrulwkp edvhg rq wkh Hxohu dssur{lpd0
wlrq wr wkh VGH lpsolhg e| wkh guliw dqg yduldqfh ixqfwlrqv +59, dqg +5:,/
uhvshfwlyho|1 Lqvwhdg/ lq wkh uhvxowv uhsruwhg ehorz/ zh vwduwhg wkh rswl0
pl}dwlrq sureohp dw wkh wuxh sdudphwhu yhfwru> l1h1/ �f

f
@ ��/ �f

�
@ ��/ dqg

�f

2
@ �f

�
@ 3=31 Zkloh wklv lv dgplwwhgo| xquhdolvwlf lq d sudfwlfdo frqwh{w/

li dq|wklqj/ lw zloo eldv wkh uhvxowv lq idyru ri wkh hvwlpdwru156

Wdeohv 5 wkurxjk : h{dplqh wkh �qlwh0vdpsoh shuirupdqfh ri wkh Dòw0
Vdkdold +4<<9, hvwlpdwru dfurvv wkh 433 vdpsoh sdwkv iru hdfk vlpxodwlrq
ohqjwk dqg sdudphwhu frpelqdwlrq1 Wdeohv 5 dqg 6 h{dplqh wkh fdvh ri
� @ 3=5478</ Wdeohv 7 dqg 8 duh iru � @ 3=;8;6:/ dqg Wdeohv 9 dqg :
h{dplqh � @ 4=:49571 Wkhuh duh d ihz frpprq uhvxowv dfurvv wkhvh wkuhh
sdluv ri wdeohv1 Iluvw/ wkh dffxudf| ri wkh hvwlpdwruv � dv phdvxuhg e| wkh
phdq ri wkh glvwulexwlrq dfurvv wkh rqh kxqguhg vlpxodwlrqv � lv lqfuhdvlqj
lq wkh ohqjwk ri wkh vlpxodwhg vhulhv1 Vhfrqg/ wkh vwdqgdug ghyldwlrq ri
wkh hvwlpdwhv lv dovr ghfuhdvlqj lq wkh vlpxodwlrq ohqjwk1 Wklug/ wkh furvv0
vhfwlrqdo vwdqgdug ghyldwlrq ri doo sdudphwhu hvwlpdwhv lv lqfuhdvlqj lq �1
Ilqdoo|/ wkh vwdqgdug ghyldwlrqv ri wkh hvwlpdwruv duh xqlirupo| orzhu iru
wkh +odujhu, Sulwvnhu edqgzlgwkv/ zkhq frpsduhg zlwk wkh uhvxowv iru wkh
fruuhvsrqglqj llg edqgzlgwkv1

Wkhuh duh dovr vwulnlqj gl�huhqfhv dfurvv wkh wdeohv1 Iluvw/ wkh uhvxowv iru
wkh llg edqgzlgwk fdvhv vkrz wkdw wkh srlqw hvwlpdwh ri wkh guliw sdudphwhuv
�f/ ��/ dqg �� duh uhdvrqdeo| dffxudwh/ exw wkh frh!flhqw rq wkh txdgudwlf

56Wkh qxphulfdo fdofxodwlrqv iru plqlpl}lqj wkh vxp ri vtxduhg huuruv lq +5<, iru hdfk
ri wkh 433 vlpxodwhg vdpsoh sdwkv zdv frqgxfwhg xvlqj wkh �plqhuu� ixqfwlrq lq Pdwk0
fdg: +Surihvvlrqdo,1 Wkh vxp ri vtxduhg huuruv lv plqlpl}hg xvlqj d prgl�fdwlrq ri wkh
Ohyhqehuj0Pdutxdugw phwkrg +OP dojrulwkp,1 Wkh dfwxdo frgh lv edvhg rq wkh PLQ0
SDFN dojrulwkpv ghyhorshg e| wkh Dujrqqh Qdwlrqdo Oderudwru| zlwk dq dgglwlrqdo
udqgrp shuwxuedwlrq vwhs dgghg dw wkh hqg ri wkh �uvw frqyhujhqfh/ lq rughu wr uhgxfh wkh
fkdqfh wkdw wkh dojrulwkp vwrsv dw d orfdo plqlpxp1 Iru ghwdlov rq wkh OP dojrulwkp/
vhh wkh PdwkFdg 913 Pdqxdo ru Pruì +4<::,1
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whup lq wkh guliw/ �2/ lv frqvlvwhqwo| qhjdwlyh dqg vnhzhg wr wkh ohiw iru
wkh wzr sdudphwhul}dwlrqv wkdw duh frqvlvwhqw zlwk wkh gdwd xvhg lq sulru
vwxglhv1 Wklv qhjdwlyh vljq lv uhyhuvhg lq Wdeoh 9 iru wkh fdvh ri � @ 4=:4957

zlwk Wr�6 htxdo wr 48/333 ru 63/3331 Lq doo fdvhv/ krzhyhu/ wkh vwdqgdug
ghyldwlrq dfurvv vlpxodwlrqv iru �2 lv vxevwdqwldoo| odujhu wkdq wkh furvv0
vhfwlrqdo vwdqgdug ghyldwlrq rq dq| ri wkh rwkhu guliw sdudphwhuv1 Wklv lv
frqvlvwhqw zlwk wkh lghd wkdw lw lv yhu| gl!fxow wr phdvxuh zlwk dffxudf|
wkh qrqolqhdulw| lq wkh guliw iru odujh ohyhov ri wkh vtxduh0urrw surfhvv1 Wkh
frqfdylw| ri wkh guliw dw kljk ohyhov ri wkh vkruw udwh/ grfxphqwhg lq hduolhu
vwxglhv/ pd| eh sduwo| d uh hfwlrq ri wklv eldv lq wklv sdudphwhu hvwlpdwh1

Wkh Sulwvnhu edqgzlgwk uhvxowv � vkrzq lq Wdeohv 6/ 8/ dqg : � dovr
surgxfh uhdvrqdeo| dffxudwh hvwlpdwhv ri �f/ ��/ dqg ��/ exw wkh srlqw
hvwlpdwhv ri �2 duh qrz srvlwlyh dqg wkh vdpsoh glvwulexwlrq lv vnhzhg wr
wkh uljkw$ Wkh vdpsoh vwdqgdug ghyldwlrq ri wkh hvwlpdwhv ri wklv sdudphwhu
duh/ djdlq/ odujh1 Wkh srlqw hvwlpdwhv ghfuhdvh dv Wr�6 lqfuhdvhv/ exw +dv
qrwhg deryh, wkh| lqfuhdvh vxevwdqwldoo| zlwk lqfuhdvhv lq �1 Dssduhqwo|/ wkh
gdwd ghshqghqw edqgzlgwk vhohfwlrq surfhgxuh iru wkh Sulwvnhu edqgzlgwkv
grhv qrw ghfuhdvh dw d idvw hqrxjk udwh1

Rqh srvvleoh uhvsrqvh wr frpsdulqj wkh uhvxowv iru wkh llg yhuvxv Sulwvnhu
edqgzlgwkv pljkw eh whuphg wkh �Jroglorfnv h�hfw>� l1h1/ vpdoo edqgzlgwk
fkrlfhv uhvxow lq grzqzdug eldvhg hvwlpdwhv dqg odujh edqgzlgwk fkrlfhv
uhvxow lq xszdug eldvhg hvwlpdwhv/ vr d fkrlfh lq wkh plggoh zloo eh �mxvw
uljkw1�57 Lw pd| zhoo eh wkh fdvh wkdw d julgvhdufk ryhu srvvleoh edqgzlgwk
fkrlfhv zloo uhvxow lq dq hvwlpdwru wkdw lv xqeldvhg lq �qlwh0vdpsohv iru uhdo0
lvwlf shuvlvwhqfh sdudphwhuv dqg vdpsoh vl}hv iru wkh xqghuo|lqj vtxduh0urrw

gl�xvlrq/ exw wkdw fkrlfh zloo xqgrxewhgo| eh ghshqghqw rq wkh fkrlfh ri
wkh wuxh xqghuo|lqj surfhvv1 Pruh lpsruwdqwo|/ wklv sdudphwhu wkdw jryhuqv
qrqolqhdulw| lq wkh �wwhg guliw iru odujh ohyhov ri wkh surfhvv lv lqkhuhqwo|
phdvxuhg zlwk d juhdw ghdo ri xqfhuwdlqw|1 Wkh vwdqgdug ghyldwlrq dfurvv
wkh rqh kxqguhg vlpxodwlrqv lv frqvlvwhqwo| dq rughu ri pdjqlwxgh odujhu
wkdq wkh vwdqgdug ghyldwlrqv iru dq| rwkhu sdudphwhu1

Wklv uhvxow lv frqvlvwhqw/ khxulvwlfdoo|/ zlwk wkh dujxphqwv pdgh lq wkh
suhylrxv vhfwlrq wr h{sodlq wkh eldvhv lq wkh hvwlpdwru lq Vwdqwrq +4<<:,1
Wkh whup ��{

3� dqg kdv uhodwlyho| olwwoh lpsdfw rq wkh guliw ixqfwlrq iru
prghudwh dqg odujh ydoxhv ri {/ zkloh wkh whup �2{

2 kdv uhodwlyho| olwwoh

57 Lq idfw/ wkh dfwxdo edqgzlgwk fkrlfh xvhg lq Dòw0Vdkdold +4<<9, olhv urxjko| lq wkh
plggoh ri wkh udqjh vsdqqhg e| wkh ��_ dqg Sulwvnhu edqgzlgwk fkrlfhv1 Uhvxowv qrw
uhsruwhg lq wkh sdshu vkrz wkdw wklv fkrlfh surgxfhv d +voljkwo|, xszdug eldvhg hvwlpdwh
ri wkh txdgudwlf sdudphwhu/ zlwk d vwdqgdug ghyldwlrq dfurvv vlpxodwlrqv wkdw lv yluwxdoo|
lghqwlfdo wr Sdqho D ri Wdeoh 71 Wkhvh uhvxowv duh dydlodeoh xsrq uhtxhvw1
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lpsdfw iru prghudwh dqg vpdoo ydoxhv ri {1 Wkxv/ wkh hvwlpdwhv ri �2 dqg
�� sodfh d juhdw ghdo ri zhljkw rq wkh uhdol}dwlrqv qhdu {4�? dqg {4@ /
uhvshfwlyho|1 Zh kdyh douhdg| vhhq wkdw zkhq {| lv qhdu {4�?/ {|n{ lv pruh
olnho| wr eh juhdwhu wkdq {| wkdq wkh wuxh guliw lpsolhv/ dqg zkhq {| lv qhdu
{4@ / {|n{ lv pruh olnho| wr eh ohvv wkdq {| wkdq wkh wuxh guliw lpsolhv1 Wkh
vsxulrxv qrq0olqhdulw| surgxfhg e| wkh hvwlpdwru lv gxh wr wkh idfw wkdw lw
dffrpprgdwhv wklv e| ohwwlqj �2 dqg �� eh qrq0}hur/ hyhq wkrxjk wkh wuxh
guliw lv olqhdu zlwk �2 @ �� @ 31

9 Vr/ Lv wkh Guliw Dfwxdoo| QrqolqhduB

Wkh sulpdu| frqfoxvlrqv ri wkh Prqwh Fduor dqdo|vhv suhvhqwhg deryh duh
dv iroorzv1 Iluvw/ wkhuh lv d wuxqfdwlrq eldv lq dq| �qlwh vdpsoh zklfk frp0
solfdwhv lqihuhqfh derxw wkh frqglwlrqdo phdq ri wkh vkruw udwh dzd| iurp
wkh fhqwhu ri wkh vxssruw ri wkh ghqvlw|/ dqg nhuqho uhjuhvvlrq hvwlpdwruv
duh sduwlfxoduo| vhqvlwlyh wr wklv eldv vlqfh wkh| xvh orfdo gdwd pruh lqwhq0
vlyho| wkdq frqyhqwlrqdo sdudphwulf hvwlpdwruv1 Lq idfw/ li rqh �fruuhfwv�
wkh uhvxowv lq Vwdqwrq +4<<:, iru wkh eldv zh kdyh grfxphqwhg/ wkh guliw ds0
shduv wr eh qhduo| olqhdu1 Vhfrqg/ wkh shuirupdqfh ri wkh nhuqho uhjuhvvlrq
hvwlpdwruv duh vhqvlwlyh wr wkh fkrlfh ri wkh edqgzlgwk sdudphwhu/ zklfk
lv gl!fxow wr vshfli| d sulrul lq wkh devhqfh ri d vshfl�f xqghuo|lqj qxoo
k|srwkhvhv iru wkh uhjuhvvlrq ixqfwlrqv1 Wklug/ erwk wkh Vwdqwrq +4<<:,
dqg Dòw0Vdkdold +4<<9, hvwlpdwruv duh qrw yhu| h!flhqw lq wkh wdlov ri wkh
ghqvlw|/ zklfk pdnhv suhflvh lqihuhqfh derxw olqhdulw| ru qrqolqhdulw| ri wkh
wuxh guliw ixqfwlrq gl!fxow1 Ryhudoo/ wkh Prqwh Fduor uhvxowv lqglfdwh wkdw
Vwdqwrq +4<<:, dqg Dòw0Vdkdold +4<<9,gr qrw surylgh frqylqflqj hylghqfh
ri qrq0olqhdulw|1

Wr frq�up wklv/ zh frqvlghu dq dowhuqdwh hvwlpdwlrq dssurdfk wr dgguhvv
wkh txhvwlrq ri wkh olqhdulw| ru qrqolqhdulw| ri wkh vkruw udwh guliw1 Wkh
vlpsohvw dowhuqdwlyh lv wr frqvlghu d JPP dssurdfk dssolhg wr d glvfuhwl}hg
yhuvlrq ri d jhqhudol}hg vkruw udwh surfhvv1 Lq sduwlfxodu/ xvlqj d vlpsoh
h{whqvlrq ri wkh hvwlpdwru lq FNOV/ zh hvwlpdwh

{|n� � {| @ �f . ��{| . �2{
2
| . ��{

3�
| . %|n�> +64,

zkhuh
H +%|n�, @ 3 dqg H

�
%2|n�

�
@ �2{

2�
| = +65,

Vlqfh JPP hvwlpdwlrq lv qrz vwdqgdug lq wkh pdfurhfrqrplfv dqg �0
qdqfh olwhudwxuh/ wkhuh lv qr qhhg wr ghvfuleh wkh jhqhudo dssurdfk1 Wkh
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suhflvh dssolfdwlrq wr wkh sureohp dw kdqg lv h{sodlqhg lq ghwdlo lq FNOV1
Wzr dgglwlrqdo prphqw frqglwlrqv duh dgghg/ lq wklv fdvh/ lq rughu wr h{0
dfwo| lghqwli| wkh prgho*v vl{ sdudphwhuv1 Wkh yhfwru ri prphqw frqglwlrqv
duh
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zkhuh # �
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1 Wkh prphqw zhljkwlqj pdwul{ xvhg lq
wkh hvwlpdwlrq dqg lq fdofxodwlqj wkh +dv|pswrwlf, fryduldqfh pdwul{ lv fdo0
fxodwhg xvlqj d Eduwohww nhuqho zlwk 93 odjv158c59

Wkh gdwd xvhg lq wkh JPP hvwlpdwlrq duh wkh gdlo| revhuydwlrqv rq wkh
wkuhh0prqwk Wuhdvxu| eloo iurp Mdqxdu| 4<98 wr Mxo| 4<<8 xvhg lq Vwdqwrq
+4<<:, dqg wkh gdlo| revhuydwlrqv rq wkh vhyhq gd| Hxurgroodu udwh xvhg lq
Dòw0Vdkdold +4<<9,15: Wkh uhvxowv ri wkh vlpsoh/ glvfuhwl}hg JPP hvwlpdwlrq
duh suhvhqwhg lq Wdeoh ;1 Wkhuh lv olwwoh hylghqfh djdlqvw olqhdulw| lq wkh
guliw ri wkh wkuhh0prqwk Wuhdvxu| eloo |lhog/ exw wkh srlqw hvwlpdwh ri wkh
txdgudwlf whup lq wkh guliw xvlqj wkh Hxurgroodu udwh lv vljql�fdqwo| juhdwhu

wkdq }hur1 Wklv lv lq pdunhg frqwudvw wr wkh qrqsdudphwulf hvwlpdwruv/
zklfk vxjjhvw d qhjdwlyh frh!flhqw1 Wkh srlqw hvwlpdwhv iru wkh Wuhdvxu|
eloo gdwd vxjjhvwv wkdw wkhuh lv h{wuhpho| vwurqj shuvlvwhqfh lq wkh gdwd1

Wkh sdudphwhu hvwlpdwhv lq Wdeoh ; duh frqvlvwhqw zlwk �yrodwlolw| lq0
gxfhg vwdwlrqdulw|� ri wkh lqwhuhvw udwh surfhvv/ dv ghvfulehg lq Frqoh|/
Kdqvhq/ Oxwwphu/ dqg Vfkhlqnpdq +FKOV,15; Wkh hylghqfh lq idyru ri olq0

58Wkh hvwlpdwhv zhuh dovr frqvwuxfwhg xvlqj wkh suh0zklwhqhg fryduldqfh pdwul{ hvwl0
pdwru zlwk dxwrpdwlf odj wuxqfdwlrq vhohfwlrq dv ghvfulehg lq Qhzh| dqg Zhvw +4<<7,1
Wklv uhvxowhg lq qr pdwhuldo gl�huhqfhv lq wkh srlqw hvwlpdwhv ri wkh sdudphwhuv ru lq wkh
hvwlpdwhv ri wkh sdudphwhu vwdqgdug ghyldwlrqv1

59Wkh odj wuxqfdwlrq sdudphwhu lv dovr uhihuuhg wr lq wkh olwhudwxuh dv wkh edqgzlgwk
sdudphwhu1 Lw gh�qhv krz pdq| dxwrfryduldqfhv duh xvhg lq frqvwuxfwlqj wkh khwhurvnhgdv0
wlflw| dqg dxwrfruuhodwlrq frqvlvwhqw fryduldqfh pdwul{ hvwlpdwru1 Lw lv dqdorjrxv wr wkh
edqgzlgwk sdudphwhu lq wkh nhuqho uhjuhvvlrq olwhudwxuh lq wkh vhqvh wkdw lw lv erwk gl!0
fxow wr vshfli| d sulrul dqg lwv fkrlfh kdv d vljql�fdqw lpsdfw rq wkh shuirupdqfh ri wkh
fryduldqfh hvwlpdwru1

5:Zh zrxog olnh wr wkdqn erwk \dflqh Dòw0Vdkdold dqg Ulfkdug Vwdqwrq iru jhqhurxvo|
surylglqj wkhlu gdwd vhwv1

5;�Rqh vshfldo fdvh ri yrodwlolw|0lqgxfhg vwdwlrqdulw| lv zkhq wkh guliw lv frqvwdqw dqg
srvlwlyh dqg wkh yduldqfh hodvwlflw| h{fhhgv rqh1 Dqrwkhu lv zkhq wkh guliw lv olqhdu 1 1 1
+lq %, 1 1 1 dqg wkh yduldqfh hodvwlflw| h{fhhgv wzr1� ^FKOV/ sdjh 867`
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hdulw| lq wkh guliw ri wkh wkuhh0prqwk Wuhdvxu| eloo |lhog lv qrw hqwluho|
lqfrqvlvwhqw zlwk wkh Ihghudo ixqgv udwh gdwd dqdo|}hg lq FKOV1 Wkhuh/ iru
d suh0vshfl�hg yduldqfh hodvwlflw| ri wkuhh +zklfk lv forvh wr wkh 5 � � @
5 � 4=956 @ 6=579 srlqw hvwlpdwh lq Wdeoh 9,/ vshfl�fdwlrq whvwv edvhg rq
wkh vwdwlrqdu| ghqvlw| surgxfhg pl{hg uhvxowv15<

Lw lv zhoo0nqrzq wkdw wkh vlpsoh JPP hvwlpdwru xvhg wr surgxfh Wdeoh ;
lqgxfhv d glvfuhwl}dwlrq eldv wkdw frphv iurp wkh �uvw0rughu dssur{lpdwlrq
xvhg lq +64, dqg +65,1 Vrph ri wkh hylghqfh lq Vwdqwrq +4<<:, rq wkh h�hfw
ri kljkhu0rughu dssur{lpdwlrqv rq hvwlpdwhv edvhg rq gdlo| gdwd vxjjhvwv
wkdw wklv eldv pd| qrw eh wrr odujh/ exw lw uhpdlqv dq rshq txhvwlrq/ dqg dq
dssolfdwlrq ri wkh whfkqltxhv lqwurgxfhg lq FKOV � rqfh wkhlu �qlwh0vdpsoh
surshuwlhv duh ehwwhu xqghuvwrrg � zrxog surylgh lpsruwdqw dgglwlrqdo lq0
irupdwlrq rq wkh lvvxhv dgguhvvhg lq wklv vhfwlrq1

: Frqfoxvlrqv

Wkhuh lv qr gh�qlwlyh dqvzhu wr wkh txhvwlrq srvhg lq wkh wlwoh ri wklv sdshu1
Wkh Prqwh Fduor hylghqfh ghyhorshg dqg suhvhqwhg deryh ghprqvwudwhv wkdw
wkhuh duh txdqwlwdwlyho| vljql�fdqw eldvhv lq nhuqho uhjuhvvlrq hvwlpdwruv ri
wkh guliw dgyrfdwhg lq Vwdqwrq +4<<:,1 Wkhvh eldvhv surgxfh suhflvho| wkh
nlqg ri qrqolqhdulw| dw kljk ohyhov ri wkh surfhvv uhsruwhg lq Vwdqwrq +4<<:,1
Ixuwkhupruh/ wkh �qlwh0vdpsoh shuirupdqfh ri wkhvh hvwlpdwruv lv ghshqghqw
rq wkh fkrlfh ri wkh edqgzlgwk sdudphwhu1 Ryhuvprrwkhg hvwlpdwhv dozd|v
whqg wr vxjjhvw olqhdulw| lq wkh guliw/ zkloh xqghuvprrwkhg hvwlpdwhv duh
sduwlfxoduo| vxvfhswleoh wr wkh eldvhv grfxphqwhg deryh1 Vxusulvlqjo| wkhvh
edqgzlgwk lvvxhv dovr fduu| ryhu lqwr wkh vhpl0qrqsdudphwulf hvwlpdwru ri
Dòw0Vdkdold +4<<9,1 Lq dgglwlrq/ d pdmru frqfoxvlrq iurp d Prqwh Fduor
dqdo|vlv ri wklv guliw hvwlpdwru lv wkdw wkh vwdqgdug huuruv rq wkh txdgudwlf
whup duh vr odujh dv wr pdnh xvhixo lqihuhqfh sureohpdwlf dw ehvw1

Wkh ryhudoo frqfoxvlrq wkdw zh gudz iurp wkh Prqwh Fduor hylghqfh lv
wkdw wkh qrqsdudphwulf dqg vhpl0qrqsdudphwulf hvwlpdwruv h{dplqhg lq wkh
sdshu vlpso| fdqqrw surgxfh uholdeoh hylghqfh ri qrqolqhdulw| lq wkh guliw
zkhq dssolhg wr vkruw0whup lqwhuhvw udwh gdwd1 Wkhuhiruh/ lq rughu wr dvvhvv
wklv txhvwlrq/ JPP hvwlpdwlrq edvhg rq d vlpsoh �uvw0rughu glvfuhwl}dwlrq
ri wkh gdwd/ dv lq FNOV/ lv h{dplqhg1 Wkh hylghqfh iurp wklv hvwlpdwru lv
pl{hg1 Wkh Wuhdvxu| eloo gdwd grhv qrw surgxfh dq| vwdwlvwlfdoo| uholdeoh

5<Vshfl�fdoo|/ whvwv xvlqj wkh Ihg ixqgv gdwd dqg vl{ �whvw ixqfwlrqv� idlohg wr uhmhfw wkh
olqhdu prgho dw d frqyhqwlrqdo whq shufhqw vljql�fdqfh ohyho/ exw hvwlpdwhv edvhg rq hljkw
whvw ixqfwlrqv glg fohduo| uhmhfw wkh prgho1
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hylghqfh ri qrqolqhdulw|1 Wkh Hxurgroodu gdwd vxjjhvwv d srvlwlyh frh!flhqw
rq wkh txdgudwlf whup lq wkh guliw/ zklfk lv lqfrqvlvwhqw zlwk wkh hylghqfh
suhvhqwhg lq Vwdqwrq +4<<:, dqg Dòw0Vdkdold +4<<9,1 Lw lv srvvleoh wkdw
wklv txhvwlrq fdq eh uhvroyhg e| wkh dssolfdwlrq ri wkh pruh vrsklvwlfdwhg
prphqw0edvhg hvwlpdwlrq whfkqltxhv ri FKOV ru Gx!h dqg Jo|qq +4<<9,1
Krzhyhu/ xqwlo wkh �qlwh0vdpsoh shuirupdqfh ri wkhvh hvwlpdwruv lv xqghu0
vwrrg/ wkh qrqolqhdulw| ru olqhdulw| ri wkh vkruw udwh guliw zloo kdyh wr uhpdlq
dq rshq txhvwlrq1

5;
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Iljxuh 4= Wkh Vwdwlrqdu| Ghqvlw| ri wkh Vtxduh0Urrw Surfhvv1 � @ 3=5478</
� @ 3=3;8:44/ dqg � @ 3=3:;631 Wkh vrolg olqh lv wkh wuxh jdppd ghqvlw|1
Wkh gdvkhg olqh lv wkh srlqwzlvh dyhudjh dfurvv wkh 433 vlpxodwlrqv/ dqg wkh
grwwhg olqhv duh wkh srlqwzlvh 580wk dqg :80wk shufhqwlohv1
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�� 3=3336 3=3337 �3=3333 3=3335 3=3338 3=3333

Sdqho E= Wr�6 @ 48> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=34;3 3=3346 3=34:8 3=34;4 3=34;8 3=34;7
�� �3=5599 3=3584 �3=56;9 �3=54<9 �3=543< �3=5479
�2 �3=48<3 3=6743 �3=6;;9 �3=3<87 3=3976 3=3333
�� 3=3334 3=3335 �3=3333 3=3334 3=3336 3=3333

Sdqho F= Wr�6 @ 63> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=34;6 3=333; 3=34;4 3=34;6 3=34;: 3=34;7
�� �3=553< 3=34:5 �3=55:6 �3=548< �3=544: �3=5479
�2 �3=4344 3=57:7 �3=56<< �3=38<: 3=37<; 3=3333
�� 3=3334 3=3335 �3=3333 3=3333 3=3334 3=3333

Wkh irup ri wkh hvwlpdwhg guliw ixqfwlrq lv=

e� +{, @ �f . ��{. �2{
2 . ��{

3�

zkloh wkh wuxh guliw ixqfwlrq lv � +{, @ � +� � {,1 Hvwlpdwlrq iru hdfk vdpsoh
sdwk lv vwduwhg dw wkh wuxh sdudphwhu ydoxhv1 Doo vwdwlvwlfv duh frpsxwhg
xvlqj wkh 433 vlpxodwhg vdpsoh sdwkv ri d vtxduh urrw gl�xvlrq1

7:



Wdeoh 6= Wkh Glvwulexwlrq ri wkh Dòw0Vdkdold +4<<9, Sdudphwhu
Hvwlpdwhv= � @ 3=5478</ � @ 3=3:;63/ dqg Sulwvnhu
Edqgzlgwk1

Sdqho D= Wr�6 @ :> 8331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=34;< 3=3346 3=34;7 3=34;; 3=34<5 3=34;7
�� �3=5368 3=3434 �3=5446 �3=5377 �3=4<:4 �3=5479
�2 3=49:: 3=4593 3=3;5< 3=4749 3=5745 3=3333
�� �3=3334 3=3335 �3=3335 �3=3335 �3=3333 3=3333

Sdqho E= Wr�6 @ 48> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=34;; 3=3343 3=34;6 3=34;: 3=34<6 3=34;7
�� �3=5378 3=343; �3=5454 �3=5379 �3=4<:8 �3=5479
�2 3=47:5 3=4473 3=3995 3=4673 3=5497 3=3333
�� �3=3334 3=3335 �3=3335 �3=3334 �3=3333 3=3333

Sdqho F= Wr�6 @ 63> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=34;; 3=333; 3=34;7 3=34;: 3=34<3 3=34;7
�� �3=538: 3=33<8 �3=545; �3=538< �3=534; �3=5479
�2 3=3<;< 3=3<99 3=3866 3=437: 3=4944 3=3333
�� �3=3334 3=3334 �3=3334 �3=3334 �3=3333 3=3333

Wkh irup ri wkh hvwlpdwhg guliw ixqfwlrq lv=

e� +{, @ �f . ��{. �2{
2 . ��{

3�

zkloh wkh wuxh guliw ixqfwlrq lv � +{, @ � +� � {,1 Hvwlpdwlrq iru hdfk vdpsoh
sdwk lv vwduwhg dw wkh wuxh sdudphwhu ydoxhv1 Doo vwdwlvwlfv duh frpsxwhg
xvlqj wkh 433 vlpxodwhg vdpsoh sdwkv ri d vtxduh urrw gl�xvlrq1

7;



Wdeoh 7= Wkh Glvwulexwlrq ri wkh Dòw0Vdkdold +4<<9, Sdudphwhu
Hvwlpdwhv= � @ 3=;8;6:/ � @ 3=48993/ dqg LLG Edqgzlgwk1

Sdqho D= Wr�6 @ :> 8331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=3:66 3=3367 3=3:4: 3=3:67 3=3:7< 3=3:69
�� �3=;:;5 3=3965 �3=<497 �3=;98< �3=;758 �3=;8;7
�2 �3=6:7< 3=;967 �3=<657 �3=66<4 3=6599 3=3333
�� 3=3336 3=333; �3=3336 3=3334 3=333: 3=3333

Sdqho E= Wr�6 @ 48> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=3:68 3=3359 3=3:57 3=3:68 3=3:7< 3=3:69
�� �3=;938 3=3783 �3=;:<; �3=;89< �3=;656 �3=;8;7
�2 �3=3<3< 3=9;76 �3=7<36 �3=3344 3=7386 3=3333
�� 3=3333 3=3337 �3=3336 �3=3333 3=3335 3=3333

Sdqho F= Wr�6 @ 63> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=3:69 3=3344 3=3:65 3=3:6: 3=3:75 3=3:69
�� �3=;8:: 3=359; �3=;:4; �3=;8:9 �3=;764 �3=;8;7
�2 �3=36;8 3=74:< �3=65;4 �3=3488 3=57:; 3=3333
�� �3=3333 3=3336 �3=3335 �3=3334 3=3334 3=3333

Wkh irup ri wkh hvwlpdwhg guliw ixqfwlrq lv=

e� +{, @ �f . ��{. �2{
2 . ��{

3�

zkloh wkh wuxh guliw ixqfwlrq lv � +{, @ � +� � {,1 Hvwlpdwlrq iru hdfk vdpsoh
sdwk lv vwduwhg dw wkh wuxh sdudphwhu ydoxhv1 Doo vwdwlvwlfv duh frpsxwhg
xvlqj wkh 433 vlpxodwhg vdpsoh sdwkv ri d vtxduh urrw gl�xvlrq1

7<



Wdeoh 8= Wkh Glvwulexwlrq ri wkh Dòw0Vdkdold +4<<9, Sdudphwhu
Hvwlpdwhv= � @ 3=;8;6:/ � @ 3=48993/ dqg Sulwvnhu
Edqgzlgwk1

Sdqho D= Wr�6 @ :> 8331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=3:78 3=3355 3=3:66 3=3:73 3=3:99 3=3:69
�� �3=;63; 3=3633 �3=;888 �3=;675 �3=;3<9 �3=;8;7
�2 3=7356 3=7598 3=457: 3=6977 3=:448 3=3333
�� �3=3335 3=3338 �3=3338 �3=3337 �3=3333 3=3333

Sdqho E= Wr�6 @ 48> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=3:79 3=3355 3=3:68 3=3:78 3=3:94 3=3:69
�� �3=;649 3=35;: �3=;889 �3=;65: �3=;3;5 �3=;8;7
�2 3=667; 3=6:87 3=475: 3=6:;7 3=94;< 3=3333
�� �3=3336 3=3337 �3=3338 �3=3336 �3=3334 3=3333

Sdqho F= Wr�6 @ 63> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=3:75 3=334; 3=3:66 3=3:73 3=3:7; 3=3:69
�� �3=;699 3=354< �3=;877 �3=;6:; �3=;549 �3=;8;7
�2 3=5646 3=5;3< 3=3;56 3=579< 3=749< 3=3333
�� �3=3335 3=3335 �3=3337 �3=3335 �3=3334 3=3333

Wkh irup ri wkh hvwlpdwhg guliw ixqfwlrq lv=

e� +{, @ �f . ��{. �2{
2 . ��{

3�

zkloh wkh wuxh guliw ixqfwlrq lv � +{, @ � +� � {,1 Hvwlpdwlrq iru hdfk vdpsoh
sdwk lv vwduwhg dw wkh wuxh sdudphwhu ydoxhv1 Doo vwdwlvwlfv duh frpsxwhg
xvlqj wkh 433 vlpxodwhg vdpsoh sdwkv ri d vtxduh urrw gl�xvlrq1

83



Wdeoh 9= Wkh Glvwulexwlrq ri wkh Dòw0Vdkdold +4<<9, Sdudphwhu
Hvwlpdwhv= � @ 4=:4957/ � @ 3=55476/ dqg LLG Edqgzlgwk1

Sdqho D= Wr�6 @ :> 8331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=47:6 3=3385 3=4788 3=47:3 3=47;6 3=47:4
�� �4=:585 3=3;88 �4=::96 �4=:493 �4=9;76 �4=:495
�2 �3=5384 4=538; �3=;885 �3=33;4 3=85<8 3=3333
�� 3=3334 3=3343 �3=3338 �3=3333 3=3339 3=3333

Sdqho E= Wr�6 @ 48> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=479; 3=3364 3=4783 3=47:3 3=47;5 3=47:4
�� �4=:433 3=38;7 �4=:6;6 �4=:3:8 �4=9:48 �4=:495
�2 3=4374 3=;855 �3=73;3 3=6333 3=:855 3=3333
�� �3=3334 3=3339 �3=3338 �3=3334 3=3336 3=3333

Sdqho F= Wr�6 @ 63> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=47:3 3=335: 3=4796 3=47:5 3=47:< 3=47:4
�� �4=:433 3=373; �4=:5:8 �4=:463 �4=9;8; �4=:495
�2 3=3<:: 3=8<4< �3=5;75 3=448: 3=84:3 3=3333
�� �3=3334 3=3337 �3=3337 �3=3334 3=3334 3=3333

Wkh irup ri wkh hvwlpdwhg guliw ixqfwlrq lv=

e� +{, @ �f . ��{. �2{
2 . ��{

3�

zkloh wkh wuxh guliw ixqfwlrq lv � +{, @ � +� � {,1 Hvwlpdwlrq iru hdfk vdpsoh
sdwk lv vwduwhg dw wkh wuxh sdudphwhu ydoxhv1 Doo vwdwlvwlfv duh frpsxwhg
xvlqj wkh 433 vlpxodwhg vdpsoh sdwkv ri d vtxduh urrw gl�xvlrq1

84



Wdeoh := Wkh Glvwulexwlrq ri wkh Dòw0Vdkdold +4<<9, Sdudphwhu
Hvwlpdwhv= � @ 4=:4957/ � @ 3=55476/ dqg Sulwvnhu
Edqgzlgwk1

Sdqho D= Wr�6 @ :> 8331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=47;9 3=337< 3=4799 3=47;3 3=483< 3=47:4
�� �4=9957 3=3963 �4=:443 �4=9968 �4=94;8 �4=:495
�2 3=97<9 3=:987 3=5738 3=:544 4=4366 3=3333
�� �3=3338 3=333; �3=3343 �3=3339 �3=3334 3=3333

Sdqho E= Wr�6 @ 48> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=47<6 3=3368 3=47:3 3=47;7 3=4846 3=47:4
�� �4=9:46 3=379< �4=:396 �4=9983 �4=9663 �4=:495
�2 3=853< 3=9639 3=4876 3=9389 3=<5;7 3=3333
�� �3=3338 3=3339 �3=333< �3=3338 �3=3334 3=3333

Sdqho F= Wr�6 @ 63> 3331
Shufhqwlohv

Phdq Vwg1 Ghy1 58|� 83|� :8|� Wuxh Ydoxh

�f 3=47:8 3=335< 3=4796 3=47:6 3=47;: 3=47:4
�� �4=9;74 3=36:< �4=:485 �4=9;:3 �4=995; �4=:495
�2 3=6<;: 3=7674 3=49:< 3=7496 3=9;7: 3=3333
�� �3=3336 3=3337 �3=3339 �3=3337 �3=3334 3=3333

Wkh irup ri wkh hvwlpdwhg guliw ixqfwlrq lv=

e� +{, @ �f . ��{. �2{
2 . ��{

3�

zkloh wkh wuxh guliw ixqfwlrq lv � +{, @ � +� � {,1 Hvwlpdwlrq iru hdfk vdpsoh
sdwk lv vwduwhg dw wkh wuxh sdudphwhu ydoxhv1 Doo vwdwlvwlfv duh frpsxwhg
xvlqj wkh 433 vlpxodwhg vdpsoh sdwkv ri d vtxduh urrw gl�xvlrq1

85



Wdeoh ;= JPP Hvwlpdwhv ri wkh Qrqolqhdu Guliw Prgho

Vwdqwrq +4<<:, Dòw0Vdkdold +4<<9,
Sdudphwhuv W0Eloo Gdwd Hxurgroodu Gdwd

�f 3=3344 3=336<
+3=333:, +3=3358,

�� �3=3497 �3=38;;
+3=33<:, +3=364<,

�2 3=3:79 3=58<9
+3=36<8, +3=43<7,

�� �3=3333 �3=3334
+3=3333, +3=3334,

�2 3=3387 3=3475
+3=3357, +3=344:,

� 4=9567 4=7883
+3=4357, +3=4<58,

Vdpsoh Vl}h= Mdq 4<98 � Mxo| 4<<8 Mxqh 4<:6 � Ihe 4<<8
W @ :<:8 W @ 8838

Wkh sdudphwhuv duh hvwlpdwhg iurp

{|n� � {| @ �f . ��{| . �2{
2
| . ��{

3�
| . %|n�

dqg
H +%|n�, @ 3 dqg H

�
%2|n�

�
@ �2{

2�
|

xvlqj d zhljkwlqj pdwul{ edvhg rq d Eduwohww nhuqho zlwk 93 wlph odjv1 Vwdq0
gdug huuruv duh uhsruwhg lq sduhqwkhvhv1

86



Uhihuhqfhv

^4` Dòw0Vdkdold/ \1/ 4<<9/ �Whvwlqj Frqwlqxrxv0Wlph Prghov ri wkh Vsrw
Lqwhuhvw Udwh/� Wkh Uhylhz ri Ilqdqfldo Vwxglhv </ sdjhv 6;807591

^5` Duqrog/ O1/ 4<:7/ Vwrfkdvwlf Gl�huhqwldo Htxdwlrqv= Wkhru| dqg Dssol0

fdwlrqv1 +Qhz \run= Mrkq Zloh| ) Vrqv,1

^6` Eodfn/ I1/ H1 Ghupdq/ dqg Z1 Wr|/ 4<<3/ �D Rqh0Idfwru Prgho ri Lq0
whuhvw Udwhv dqg Lwv Dssolfdwlrq wr Wuhdvxu| Erqg Rswlrqv/� Ilqdqfldo
Dqdo|vwv Mrxuqdo/ sdjhv 6606<1

^7` Eodfn/ I1/ dqg S1 Ndudvlqvnl/ 4<<4/ �D Rqh0Idfwru Prgho ri Lqwhuhvw
Udwhv dqg Lwv Dssolfdwlrq wr Wuhdvxu| Erqg Rswlrqv/� Ilqdqfldo Dqd0

o|vwv Mrxuqdo/ sdjhv 8508<1

^8` Erxgrxnk/ M1/ U1 I1 Zklwhodz/ P1 Ulfkdugvrq/ dqg U1 Vwdqwrq/ 4<<:/
�Sulflqj Pruwjdjh0Edfnhg Vhfxulwlhv lq d Pxowlidfwru Lqwhuhvw Udwh Hq0
ylurqphqw= D Pxowlyduldwh Ghqvlw| Hvwlpdwlrq Dssurdfk/� Wkh Uhylhz
ri Ilqdqfldo Vwxglhv 43/ sdjhv 73807791

^9` Euhqqdq/ P1 M1/ dqg H1 V1 Vfkzduw}/ 4<:</ �D Frqwlqxrxv0Wlph Ds0
surdfk wr wkh Sulflqj ri Erqgv/� Mrxuqdo ri Edqnlqj dqg Ilqdqfh 6/
sdjhv 46604881

^:` Fkdq/ N1 F1/ J1 D1 Nduro|l/ I1 D1 Orqjvwd�/ dqg D1 E1 Vdqghuv/ 4<<5/
�Dq Hpslulfdo Frpsdulvrq ri Dowhuqdwlyh Prghov ri wkh Vkruw0Whup
Lqwhuhvw Udwh/� Mrxuqdo ri Ilqdqfh 7:/ sdjhv 453<0455:1

^;` Frqoh|/ W1 J1/ O1 S1 Kdqvhq/ H1 J1 M1 Oxwwphu/ dqg M1 D1 Vfkhlqnpdq/
4<<:/ �Vkruw0Whup Lqwhuhvw Udwhv dv Vxeruglqdwhg Gl�xvlrqv/� Wkh Uh0
ylhz ri Ilqdqfldo Vwxglhv 43/ sdjhv 85808::1

^<` Frxuwdgrq/ J1/ 4<;5/ �Wkh Sulflqj ri Rswlrqv rq Ghidxow0Iuhh Erqgv/�
Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv 4:/ sdjhv :804331

^43` Fr{/ M1 F1/ M1 H1 Lqjhuvroo/ Mu1/ dqg V1 D1 Urvv/ 4<;8/ �D Wkhru| ri wkh
Whup Vwuxfwxuh ri Lqwhuhvw Udwhv/� Hfrqrphwulfd 86/ sdjhv 65406791

^44` Gx!h/ G1/ dqg S1 Jo|qq/ 4<<9/ �Hvwlpdwlrq ri Frqwlqxrxv0Wlph
Pdunry Surfhvvhv Vdpsohg dw Udqgrp Wlph Lqwhuydov/� Plphr/ Judg0
xdwh Vfkrro ri Exvlqhvv/ Vwdqirug Xqlyhuvlw|1
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^45` Gx!h/ G1/ dqg N1 M1 Vlqjohwrq/ 4<<6/ �Vlpxodwhg Prphqwv Hvwlpdwlrq
ri Pdunry Prghov ri Dvvhw Sulfhv/� Hfrqrphwulfd 94/ sdjhv <5<0<851

^46` Ihoohu/ Z1/ 4<84/ �Wzr Vlqjxodu Gl�xvlrq Sureohpv/� Dqqdov ri Pdwk0

hpdwlfv 87/ sdjhv 4:604;51

^47` Kdqvhq/ O1 S1/ 4<;5/ �Odujh Vdpsoh Surshuwlhv ri Jhqhudol}hg Phwkrg
ri Prphqwv Hvwlpdwruv/� Hfrqrphwulfd 83/ sdjhv 435<043871

^48` Kdqvhq/ O1 S1/ dqg M1 D1 Vfkhlqnpdq/ 4<<8/ �Edfn wr wkh Ixwxuh= Jhq0
hudwlqj Prphqw Lpsolfdwlrqv iru Frqwlqxrxv0Wlph Pdunry Surfhvvhv/�
Hfrqrphwulfd 96/ sdjhv :9:0;371

^49` Kçugoh/ Z1/ 4<<3/ Dssolhg Qrqsdudphwulf Uhjuhvvlrq1 +Fdpeulgjh=
Fdpeulgjh Xqlyhuvlw| Suhvv,1

^4:` Nduolq/ V1/ dqg K1 P1 Wd|oru/ 4<;4/ D Vhfrqg Frxuvh lq Vwrfkdvwlf

Surfhvvhv1 +Vdq Glhjr= Dfdghplf Suhvv/ Lqf1,

^4;` Or/ D1 Z1/ 4<;;/ �Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Jhqhudol}hg Lw÷
Surfhvvhv zlwk Glvfuhwho| Vdpsohg Gdwd/� Hfrqrphwulf Wkhru| 7/ sdjhv
564057:1

^4<` Phuwrq/ U1 F1/ 4<;3/ �Rq Hvwlpdwlqj wkh H{shfwhg Uhwxuq rq wkh Pdu0
nhw= Dq H{sorudwru| Lqyhvwljdwlrq/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv ;/
sdjhv 65606941

^53` Pruì/ M1 M1/ 4<::/ �Wkh Ohyhqehuj0Pdutxdugw Dojrulwkp= Lpsohphqwd0
wlrq dqg Wkhru|/� sdjhv 4380449 lq Qxphulfdo Dqdo|vlv/ J1 D1 Zdwvrq
+hglwru,/ Ohfwxuh Qrwhv lq Pdwkhpdwlfv 963/ Vsulqjhu0Yhuodj1

^54` Qhzh|/ Z1 N1/ dqg N1 G1 Zhvw/ 4<<7/ �Dxwrpdwlf Odj Vhohfwlrq lq
Fryduldqfh Pdwul{ Hvwlpdwlrq/� Uhylhz ri Hfrqrplf Vwxglhv 94/ sdjhv
96409861

^55` Shduvrq/ Q1 G1/ dqg W1 Vxq/ 4<<7/ �H{sorlwlqj wkh Frqglwlrqdo Ghqvlw|
lq Hvwlpdwlqj wkh Whup Vwuxfwxuh= Dq Dssolfdwlrq wr wkh Fr{/ Lqjhuvroo/
dqg Urvv Prgho/� Mrxuqdo ri Ilqdqfh 7</ sdjhv 45:<046371

^56` Sulwvnhu/ P1/ 4<<:/ �Qrqsdudphwulf Ghqvlw| Hvwlpdwlrq ri Whvwv ri Frq0
wlqxrxv Wlph Lqwhuhvw Udwh Prghov/� iruwkfrplqj lq Wkh Uhylhz ri

Ilqdqfldo Vwxglhv1
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^57` Ulfh/ M1 D1/ 4<;7/ �Erxqgdu| Prgl�fdwlrq iru Nhuqho Uhjuhvvlrq/�
Frppxqlfdwlrqv lq Vwdwlvwlfv/ Wkhru| dqg Phwkrgv 46+:,/ sdjhv ;<60
<331

^58` Urelqvrq/ S1 P1/ 4<;6/ �Qrqsdudphwulf Hvwlpdwruv iru Wlph Vhulhv/�
Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 7/ sdjhv 4;8053:1

^59` Urelqvrq/ S1 P1/ 4<;9/ �Rq wkh Frqvlvwhqf| dqg Ilqlwh0Vdpsoh Surs0
huwlhv ri Qrqsdudphwulf Nhuqho Wlph Vhulhv Uhjuhvvlrq/ Dxwruhjuhvvlrq
dqg Ghqvlw| Hvwlpdwruv/� Dqqdov ri wkh Lqvwlwxwh ri Vwdwlvwlfv dqg Pdwk0

hpdwlfv 6;/ sdjhv 86<087<1

^5:` Vdqwd0Fodud/ S1/ 4<<8/ �Vlpxodwhg Olnholkrrg Hvwlpdwlrq ri Gl�xvlrqv
Zlwk Dq Dssolfdwlrq wr wkh Vkruw Whup Lqwhuhvw Udwh/� Plphr/ LQ0
VHDG1

^5;` Vloyhupdq/ E1 Z1/ 4<;9/ Ghqvlw| Hvwlpdwlrq iru Vwdwlvwlfv dqg Gdwd

Dqdo|vlv1 +Orqgrq= Fkdspdq dqg Kdoo,1

^5<` Vwdqwrq/ U1/ 4<<:/ �D Qrqsdudphwulf Prgho ri Whup Vwuxfwxuh G|qdp0
lfv dqg wkh Pdunhw Sulfh ri Lqwhuhvw Udwh Ulvn/� Mrxuqdo ri Ilqdqfh 85/
sdjhv 4<:6053351

89


