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The Roles of Money in an Economy and the
Optimum Quantity of Money
By E. L. Face, M. Parkin, R. Avery and C. Stones

In a recent paper in this journal, Perlman [6] examines the implica-
tions of two alternative theoretical frameworks which explicitly focus
on the role money plays in an economy, and concludes that the different
models have different implications concerning the optimal quantity of
money that a society should hold.! The first framework is a utility
maximizing model which incorporates real cash balances as an explicit
argument in the utility function. In this theory, which underlies the work
of such authors as Friedman [3], Johnson [4, 5], Samuelson [8] and
Pesek and Saving [7], money is viewed as yielding non-observable
non-pecuniary services (referred to in the literature as liguidity, con-
venience, sccurity, insurance services, etc.). It is argued that since fiat
money can be produced at zero cost, cash balances should be held to
the point of satiety, i.e. where the marginal utility of money equals the
marginal social cost of producing money which is claimed to be zero.
When viewed from the perspective of asking what is the optimal
quantity of money in a society, the utility maximizing framework
asserts that since the marginal utility of money must be brought to
zero, the optimal quantity of money will be achieved by paying interest
on money equal to the return on other assets.

The alternate theoretical framework for analysing the role played by
money in an economy is an inventory theory model which focuses
explicit attention on the costs of transacting in different markets and
on the storage costs associated with inventories of different assets.
Feige and Parkin [2] have extended the usual inventory theory frame-
work to include holdings of money, bonds, commeodity inventories and
real productive capital, and have claimed that if the real costs of cre-
ating real cash balances are zero:

Pareto efficiency requires that interest be paid on cash balances which
is equal to the rate of return on bonds and the net rate of return on
capital. This conclusion, which has also been derived from the traditional
utility maximizing model . . . emerges unscathed when the problem of
determining the optimal quantity of money is subjected to an extended
inventory theoretic analysis. ([2], p. 348).
Perlman [6], on the other hand, claims on the basis of a similar inventory
theory model:
If the quantity of money is not at its social optimum because for indi-
viduals the cost of making transactions into assets are less than the yield,

1 References in square brackets are listed on p. 431.
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payment of interest on money cannot achieve the social optimum,
because it will distort the optimum transaction pattern belween money
and goods. ([6], p. 246).

Thus, two inventory theory models, which at first sight appear to be
almost identical, reach strongly conflicting conclusions. It follows,
then, that the Feige-Parkin model and the Perlman model are in fact
different in the sense that either their assumptions differ and/or one of
them contains a logical error.

There are in fact several differences in the approach and assumptions
of the two models. The Feige-Parkin specification views a representa-
tive family as maximizing a utility function which depends solely upon
its consumption. Perlman on the other hand frames his model in terms
of a cost minimization problem. In Section I we outline the model and
demonstrate that the Feige—Parkin utility maximum model can indeed
be framed as an analogous cost minimization problem which in no
way changes the overall optimality conditions for the economy.

A second difference in approach is that the Feige-Parkin framework
allows the representative family unit to choose between a portfolio
menu of money, bonds, commodity inventories and repoducible capi-
tal, whereas the Perlman model of the household provides a portfolio
choice between money, commodity inventories and “assets”. Perlman
is unclear as to whether “assets” refers to financial assets (bonds) or
real assets (reproducible capital). In Section II we demonstrate that
the omission of either bonds or capital from the portfolio choice prob-
lem of the household does not affect the Feige-Parkin result. Instead
it is shown that Perlman’s assumption that consumption is predeter-
mined is the major specification difference between his model and the
model developed by Feige and Parkin. In the Feige—Parkin framework,
consumption is endogenously determined along with optimal inventories
of all assets. Perlman’s assumption that consumption is exogenously
determined leads him to misspecify the relevant social constraint in his
maodel of the household, and thus is led to his inconsistent result.

In Section ITI we analyse Perlman’s development of the producing
units of the economy. We show that Perlman’s development is marred
by two logical errors which lead to his erroneous conclusions. In spite
of his assertion that income is “already determined” ([6), p. 243),
Perlman does in fact allow income to vary by permitting producers to
shift commodity inventories into reproductive capital. His ervors arise
from his incorrect specification of the quantity of inventories that can
be converted into capital, and from his failure to recognize that from
the producer’s viewpoint, money balances have an opportunity cost in
terms of foregone income. When these errors are put right, the Feige-
Parkin optimality conditions can be derived from Perlman’s corrected
specification of the producer sector. Thus, Perlman’s dichotomization
of the economy intu households and producers does not affect the con-
clusion that the optimal transaction pattern and inventory holding
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pattern for the economy can only be achieved when interest is paid on
cash balances.

The final section demonstrates that the foregoing conclusions are
crucially dependent upon the assumption that the social costs of produc-
ing cash balances are zero. When there exist real social costs of inducing
individuals to hold larger real cash balances, the optimality conditions
for the economy require that interest be paid on cash balances equal to
the net rate of return on capital minus the marginal social costs of
instituting a payment mechanism for money. This conclusion is con-
sistent with both the traditional utility maximizing approach and the
extended inventory theoretic approach.

I. A CosT MINIMIZATION ANALOGUE OF THE FEIGE-PARKIN MoODEL

The Feige-Parkin inventory model represents a stationary economy
which consists of “representative™ family unitg. The family units simul-
taneously display the behavioural attributes of consuming households
and productive units. The family units hold a menu of assets including
money, government bonds, commodity inventories and real repoduc-
ible capital. Money serves as a medium of exchange and along with
bonds can function as a store of value. The economy has a single real
capital asset which can either be used as a productive input in the pro-
duction process or as a non-productive commodity inventory. Since
the representative family consumes goods at a steady rate throughout
the period, the running down of commodity inventories facilitates the
steady consumption pattern.

The family unit maximizes a utility function

(1) U=Ul(pq),

where [f=utility index, pg=value (volume) of commodities consumed,
and is subject to both a budget constraint and an asset constraint. The
budget constraint is

(2) O0=Y+o—pg-T;

and the asset constraint is

3) A*=M+B+PQ+PK,

where ¥Y=Ilabour income, ==net profit from inventory management,
T=taxes, A*=average stock of nonhuman capital, PK=average stock
of reproducible capital, M=average money holdings, F=average bond
holdings and PQ =average commodity inventories.

The asset constraint takes explicit account of the opportunity cost as
seen by the family unit of increasing the holdings of any one asset at
the expense of reducing the holdings of another asset dollar for dollar.
The net profit from inventory management represents the net returns

on all inventory holdings minus the costs of transacting in the goods
market and in the bond market. Thus

4 7= — ) PK+ (ry — ) B+ (rs — 20) M — 2, PQ — Byt — B,
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where r,=rate of return on physical capital, r,, =rate of return on mon-
ey, ry=rate of return on bonds, «, = the cost per dollar of capital inven-
tories, a,=the cost per dollar of money inventories, «,=the cost per
dollar of bond inventories, «,=the cost per dollar of commodity inven-
tories, B, =cost per bond market transaction and f§,=cost per commo-
dity market transaction.

The individual family receives its income at the beginning of the
period and spreads out its consumption pg evenly throughout the
period. Since the family consumes evenly throughout the period, it must
maintain some capital in the form of commodity inventories in order to
avoid infinite trips to the commaodity market, The commodity invent-
ories are acquired by making s equally spaced trips to the store and thus
the amount spent per trip on commodity inventories is pg/m. Since
these inventories are consumed at a constant rate, the average inventory
holding for the period is

(3} PQ=pq/2m.

Income is received in the form of money, and the family makes n
equally spaced trips to the brokerage market. On the first trip govern-
ment bonds are purchased, and the subsequent #n—1 trips bonds are
sold, Having received pg/n in cash the individual immediately spends
pg/m on commodities. The average cash balance for the period is thus

(6 M =pg/2n—pg/2m.
Average bond holdings are consequently [(n—1)/2n]pg, so that
{7 B=pg/2—pg/2n, nzl,

The individual must therefore choose pg, m and n so as to maximize
the Lagrangean

V=Ufw}+h[}’+{n-—rx¢}( s ‘m) + (ra—en) (——{}’—3

(8}

2m

+rw=c) (B -5E) o 5L~ fin—pom—pg~T]-

When human income and taxes are taken as predetermined, the utility
maximizing problem in (8) can be treated analogously as a cost minimiz-
ing problem where the family attempis to choose {pg, m and n) so as to
minimize the net costs of inventory management. The cost function to
be minimized is thus

C=ﬁnﬂ+ﬁqm+%%+w (A_t_%?) o lF‘E P‘EJ +

2 In
(9} :
(E-50) o (25) n (55 - (B-52)

This is analogous to (he family unit being able to push out its budget
constraint by efficient inventory management,
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The cost minimizing conditions for the family are thus?
(10) Co=[(tlm— g — ru)pgl/2m*+ B,=0,
(] 1_} C;=[[i‘,,-rb+ab—um]pq:[,-'2n3+ﬁb=ﬂ.

The corresponding problem for society as a whole is simply to mini-
mize the total social cost function, N(C), where N is the number of
family units and

NC) =N Bt am+-a, B, (W7~ 22 ) 1 (m )

(5 pqg_ P4 2 znfi"
- | £
+ oy (ﬂ—m — g { H*— E})]

The first two terms represent the real costs to society of transactions
in the bond markets and goods markets; the next four terms represent
the real social costs of holding inventories of commodities, capital,
bonds and money; and the final term represents the social return on
productive capital. Since society's average non-human wealth is

NW* = N[PK + PQ), the average stock of reproductive capital is simply
(13) NPK = N(W* —pg/2m),

Eq. (13) represents the opportunity which confronts society of in-
creasing the total stock of reproducible capital by economizing on
holdings of commodity inventories. The first-order conditions for a
social maximum are thus

(14  N(C=N ["“"“'——t—“—;w———ur;:,““'@pq:rﬁq] =0,

(15)  N(C)= w[[ g+ﬁ]=0.

Comparison of the social optimum conditions with the family optimum
conditions reveals that families will only be induced to make the socially
optimal number of transactions (and consequently to hold the socially
optimal quantity of all inventories) when the interest rate on money
and bonds equals the net rate of return on capital:

(16) Fo=Fp="Fp—

Thus, the Feige—Parkin framework can be viewed from the perspective
of a cost minimization problem with the final optimality conditions
being unaffected.

! Since pg is considered endogenously determined, there is of course a first
order condition for pg as well. The conditions for pg are to be found in Feige—
Parkin [2], and are omitted throughout this paper 50 as to maintain consistency
with Perlman's development in which pg is ignored, The final optimality conditions
do in fact satisfy the necessary equations for pg. It should be noted that pg depends
upon income, wealth and all rates of return. Thus both income and substitution
effects are explicitly displayed when the complete system of equations is solved
simultaneously, See Feige-Parkin [2], p. 342,
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II. THE INmviDUAL HOUSEHOLD SECTOR

In this section we wish to compare and analyse the differences in the
assumptions and the derived conclusions between the Feige—Parkin
model and the Perlman specification. In the Feige-Parkin model the
family is represented as performing the dual behavioural function of
consuming and producing goods. Perlman on the other hand dichoto-
mizes his model to consider the behaviour of individual consumers and
producers separately. We thus turn first to Perlman’s model of the
individual consuming unit. According to Perlman, the individual has a
portfolio which includes money, commodity inventories and “assets™.
The first major ambiguity in the Perlman model is thus an interpretation
of the concept of an *“asset™. Since Perlman never distinguishes between
real assets (reproducible capital) and an income yielding financial
asset (bonds), one iz left unclear as to which “asset™ individual house-
holds are allowed to hold. The problem is heightened by the fact that
the word “bond™ never appears in Perlman’s paper. Instead Perlman
characterizes the behaviour of individuals by the following statements:

The individual will undertake transactions between the money good and
“assets™ as long as the resource costs of doing 50 are less than the yield
on the average amount of assets that he will be able to hold over the
transaction period by making these transactions. ([6], p. 240).

If individual behaviour is to be separated from producer behaviour
and the distinction is to be interesting, one would assume that indivi-
duals hold only money, commodity inventories and bonds while the
producer sector would be the custodian of reproducible capital. On this
interpretation the above quotation would appear to refer to individual’s

transactions in the bond market. However, Perlman goes on to argue
that

making transactions between the money good and *‘assets™ . .. does
not release any of the money good for permanent conversion into
assets—it means merely that somewhere else in the economy someone else
is holding a larger average quantity of the money good. ([6], p. 240).

This latter quotation suggests that individuals are not indeed transacting
between money and government bonds (as in the Feige—Parkin model)
but rather are temporarily purchasing real reproducible assets from the
producing sector so that they can earn the yield on these assets. But if
individuals are not producers, they would not have the technology of
production which would enable them to realize the physical yield on
real assets. Moreover, if Perlman’s intention is to specify a world in
which individuals purchase real assets from the producer sector, carry
these real assets home, then put them temporarily into production, only
to sell them again to realize cash, one wonders what incentive the pro-
ducer sector has to sell these real productive assets in the first place.
Since the ambiguity of Perlman's interpretation of “assets” is a
continual source of confusion, we will develop Perlman’s model under
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both interpretations. Our analysis demonstrates that both interpreta-
tions lead to the Feige—Parkin optimality results so long as the treatment
is logically consistent. We, however, find the description of households
purchasing real reproducible assets troublesome in so far as it vitiates
any meaningful distinction between the consuming and producing
sector. Let us therefore first assume that Perlman’s households hold
only money, bonds and commodity inventories.

After this case, the notational equivalences between the Perlman
model and the Feige-Parkin model are displayed in Table 1.

TabLE 1

MNOTATIONAL EQUIVALENCE BETWEEEN THE FEIGE-PARKIN MODEL AND THE
Periman MopeL, Assusming HouseHoLps HoLp No PHysicaL CapiTan

Fmge Parkin Perlman

Numbcr of cummndlt}r

market transactions m g
MNumber of bond

market transactions " Bu
Consumption g
Rate of return on

bonds ry r
Rate of return on

money Fa Fm

Cost per transaction
between money and
goods B, !

Cost per transaction
between money and
bonds B b

Storage cost of
commaodity inven-

tories | w, P g
Storage cost of money P m
Storage cost of bonds o, a
Total cost of trans-

actions and inven- o

tory holdings B+ Bpn+ o, PO -:_ nb% Culos, Px)

Oy
Average money M =pg/2n—pg/2m  |M =[(cn— ﬂH}IEaHﬁH]T
Average bond holdings B=pg/2—pq/2n A=[(fn—1)284IT
Average commodity ;
holdings PO =pg/2m T 2oy

The individual then minimizes his net cost function which is

(-9)

(16a) C= ﬁqm‘!'lgbn‘l'“uzn n

+
ron (B8-2) - (350) - (3-£2)
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in the Feige-Parkin notation, or

(16b) C=Cxlag, Ba)—rT(Bx— 1)/284] = raT (e _ﬁlf}frz“ﬂ'lﬂﬂ}v

in the Perlman notation ([6], Eq. (4)).

The corresponding first-order conditions for a maximum are then,
respectively ([6], Eqgs. (5) and (6)):

(1) Coa=[(tn—ttg—ra)pgl/2m+ =0,
0. @ '=[(rn—f+u,—fup$;zn*+sa=u

(1) Cn.—CHm(ﬂ‘Hs Bu) —(raT2a4")=0,
(7))  Con=Ciaon, Bu)— [ rm)T1/285?

It is clear that there is no difference between the first-order conditions
of the original Feige-Parkin model [(Eqgs. {10) and (11}] and the Perlman
model (Eq. 17) when households are assumed to hold only money,
bonds and commeodity inventories. We thus turn to the alternative
interpretation of Perlman’s model in which *“‘assets™ represent physical
reproducible capital. In this case the notational equivalences between

the Feige—Parkin model and the Perlman model change as displayed in
Table 2.

TABLE 2

MOTATIONAL EQUIVALENCES BETWEEN THE FElGE-PARKIN MODEL AND THE
PErLmMAN MobpeL Assuming HouseroLns HoLp Mo Bownns

Feige-Parkin Perlman

MNumber of physical

capital transactions n B
Rate of return on

physical capital i r
Cost per transaction

between money and

capital B b
Storage costs of i

physical capital o PK a
Total costs of trans- i 5

actions and Bam+Bun+aPQ Culee, Bu)

inventory holdings + et M + 0 PK
Average physical A

capital PK =pg|2— pgin A=[(Ba—1)/28u1T

As in the previous case the individual is assumed to choose (m, n) or
(s, Bx) 50 as to minimize

(182) C=Bom+Bn+e L ia, (%?-W)

Im
(§8) (B8
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in the Feige—Parkin notation, or

(18b)  C=Cley, Bu)—rH{[(Bx—1)/284]T} —rail(ees — Bu)/2euPu] T}

in the Perlman notation.
The first-order conditions for an individual maximum are, respectively

([6]. Eqgs. (5) and (6)):

”g ) “} C;=[(“m_“w_rm}f"'?]f2'n!+|31=ﬂ-
P @ Cr=l(ae—an—re+r)pgl/2n®+ B =0,

() ":,'-a — Cirmf.“m Bu)— rmTl.l'z,.-% =0,
(2) Cop = Creaflzm, Bu)—[lr— r-u}ﬂl'rzﬂili =0.

Comparison of (19) with (10) and (11) reveals that under the assump-
tion that households hold no bonds but only reproducible physical
assets (l.e. ry=ry, oy=cy). the individual maximum conditions are
identical for both the Feige-Parkin model and the Perlman framework.
The differences between the two models must therefore lie in the speci-
fication of the social constraint.

For the case of bonds we would specify the social cost minimization
problem as choosing m and n such as to minimize

(19b)

(20a) N(C)=N [ﬁbﬂ+ﬁgﬂ+%%+am (%—%)
(8 e - ]

or in Perlman’s notation
(20b)  N(C)=NI[Cyleey, Bu) — (re— ) (F* — T)2ay)].

The first term in 20(b) refers to the social costs of transactions in
both the commodity markets and bond markets as well as the storage
costs of inventories of money, bonds and commodities. The second
term reflects the net rate of return on the stock of real capital held by
the society, where N#* is society’s total stock of physical capital plus
commodity inventories. Differentiating 20(a) and (b) with respect to
the optimal number of transactions yields

@lay  Cp=Nllen—a—ret+a)/2mlpg+ ) =0,
Co= N{[(ay = )20 ]pg + By} =0

(21b) Can=N{Cro(ex, Bu) — [(re— )2« 41T} =0,
Con=N[Crz(eear, Bu)] =0,

Hence, comparing the social optimum conditions, Eqg. (21), with the
individual optimum conditions (17) reveals that a socially optimal
transaction pattern will be induced if

(22) Fn=Fp=Fp—

which is precisely the result obtained by Feige—Parkin, Eq. (16).
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We now turn to the alternate case in which individuals huld_r_ea]
capital. For this case we would specify the social problem as minimizing

(23a) N(C)=N [ﬁgn+,8,,m+a, (%) +on (E1-22)

={re—oy) (W*—%)] J
or in Perlman’s notation
(23b)  N(C)=N[Cyley, By)—a—(re—e)(W*—T/2:3)].

The difference between Eq. (23) and Eq. (20) arises because (i) society
15 assumed to hold no bonds, and (ii) the roral cost of holding the exist-
ing stock of capital is included in the last term of both (23a and b).
Thus, we must subtract the individuals cost of holding capital from the
preceding terms in order to avoid double counting of these costs.

Minimizing the social cost function yields the following first-order
social conditions:

(24a) Ca=N [{Eq_ﬁi;fu'Fﬂk) W+ﬁq] =0,
Cr=NIl(—e/2n")pg+ ] =0;

(24b) Cop = N[Chuyesr, Ba) — @ny — (re— ) (T 2ee5;)] =0,
Cp=N[Craon, Br) — @] =0.

The social conditions for Perlman’s notation (24b) contain the par-
tials of total asset holding costs for the individuals with respect to
ay and By. Assuming a linear cost function (i.e., a=a,A) implics
gy =0 and ayq,= e (T/26F). Thus (24b) can be simplified to read,

(24b") Can= N[Céfm{“m Br) = (ry— ) (T 2e5)] =0
l':-:r.:'ra = N[CH{:;J(ﬂﬂy Bu) — el T/287)] =0,

Comparing the social optimum conditions (24a) and (24b") with the
corresponding individual optimum conditions (19a) and (19b) reveals
that individuals will be induced to undertake the socially optimal
transaction pattern when
(25) Faa ===y

Perlman, on the other hand, arrives at the conclusion that optimality
in the money-goods market requires that (r, =0) and that optimality on
the money-asset margin requires r,=r (see [6], p. 243). These contra-
dictory results (for any rate of return on real assets greater than zero)
arise from the fact that Perlman's specification of the net social cost
minimization problem differs from our suggested specifications in Eqs.
(20) and (23). According to Perlman ([6], p. 243), “from the point of
view of the economy, the individual should minimize Cyley, Bg)".
Minimizing Cjley, By) vields Perlman’s conditions for a social optimum

([6], Eqs. (7} and (8)):
(26) (1) Cn:m i CE!{I]{“H- Bu)=0,
(2] ':ﬂ" - C;.;.;g}{ﬂg, ﬂg} =(],
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Perlman justifies his social conditions by arguing that “the yields both
on assets and on money as seen by the individual are illusory from the
point of view of the economy, only the costs are real” ([6], p. 243).
While we agree that the return on money and government bonds are
illusory—being only neutral tax transfer payments—we disagree about
the yield on real assets. If Perlman’s concept of assets corresponds to
bonds, then he has not taken proper account of the fact that someone
(i.e. producers) in the society holds real assets which yield a real return.
If, alternatively, Perlman’s individual hold real assets, then once again
the return on these assets are not illusory from society’s viewpoint.
To see this more clearly, Perlman’s Eq. (26) above equates the marpinal
social resource cost of an additional transaction between money and
goods with zero, while we have equated this cost, Eq. {(24b), with the
expression (r, — e )(T/2ef).

The consequence of an additional transaction in the commodity
market is to reduce society’s average holdings of commodity inventories.
Since average inventories are simply defined as T)/2e,, the decrease in
inventory holdings resulting from an additional transaction is simply
T/2ef. Since from the viewpoint of society a reduction of inventories
frees resources which can be used as productive capital earning a return
of (r.—w.), the marginal social revenue of an increased transaction
equals (ry — e )(T)2ay®). This is then the appropriate marginal revenue
to be equated with the marginal cost of an extra transaction. The Feige—
Parkin model takes explicit account of this source of profit to socmty
as a whole resultmg from efficient inventory management.

Perlman's error in this regard arises partly from his spurious compari-
son between a money-asset economy and an economy with interest-
bearing fiat money (see [6], p. 242). Perlman is correct when he argues
that *one cannot increase the stock of assets temporarily simply by
making transactions between goods and the money asset™ (p. 241) if
money is indeed a real asset. However, this argument does not apply to
an interest-bearing fiat money which does not enter into the social bud-
get constraint. At the social level, individuals can undertake an addition-
al money-commodity transaction, thereby reducing their inventories of
real goods and increasing their inventory of cash balances. As long as
the social costs of inducing individuals to hold larger money balances is
zero, society can produce extra money balances, which in turn, free
commodity inventories for additions to the real stock of reproducible
capital.

In the original Feige—Parkin framework, where total consumption (or
output) is endogenous, the gain in welfare from paying interest on
money can be measured precisely from the increased output capacity
of the economy resulting from a reduction in the average holdings of
commodity inventories. Perlman’s treatment of consumption as pre-
determined has thus led him to ignore the increase consumption oppor-
tunities for the society as a whole from shifting commaodity inventories
into reproducible capital.
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We are thus led to the conclusion that Perlman has misspecified the
constraint for the social optimization problem and in so doing has been

led to the wrong conclusions for his specification of the household
sector.

111, THE PRODUCER SECTOR

We now turn our attention to the development of an appropriate
specification of the producing sector. For the producer sector, Perlman
eliminates his previous ambiguity concerning “assets” by assuming that
“the producer does not go into assets temporarily”. Thus the producer
is assumed never to purchase bonds or real assets. His activities are thus
limited to producing output from his given stock of real assets and sell-
ing this output to the household sector. Since output is produced at a
constant rate during the period, the producer is assumed to accumulate
inventories of goods between transaction dates. Since total output for
the period is pg, m money-commaodity transactions imply that the
average inventories of goods are,

(27)  PQ=pg/2m.

Since the producer does not go to the bond market, his average money
holdings for the period are,

(28) M=pg/2+pg/2m.

The producer’s wealth constraint is simply,

(29) A*=PQ+ M+ PK, or PK=A*—pg/2—pg/2m,

where A* denotes his average fixed stock of assets (Feige and Parkin
[2], p. 339). Eq. (29), the wealth constraint, captures the opportunity
cost as seen by the producer of adding to cash balances or commedity
inventories, since any such transfers can only be accomplished by sacri-
ficing an equivalent dollar volume of capital. The individual producer
will thus seek to minimize the following cost function:

C=pfm+at 2L 4o (E‘l+ﬂ) 5 {,T* —ﬂ—ﬂ)
(30) 2 2m 2 m,
- (P_‘f+ﬂ] e (;;.:_ r%f_,fg),
The first term represents the producer’s real costs of transacting in the
goods market, the next three terms represent the producer’s respective
costs of holding commaodity inventories, money and real capital. The
fifth term is simply the realized return on money holdings, and the final
term the realized return on physical capital.
Minimizing (30) with respect to m vields the following condition for
the individual producer:

(31) Cro=[(rn—2r. + 2, — el — &)/ 2m* | pg + BE =0,
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For society as a whole the social cost function is simply

(32)  NC)=N g+ag%+a:(%+%J

+¢E_"_. [ W* _E} = P [W*— E]]u
where N is the total number of producers, and

(33) W*=PQ+PK.

The construction of the social cost function parallels Perlman’s approach
of dividing the economy into two sectors and treating the social con-
straints applicable to each sector separately. Thus the terms in the
producer’s social cost function include only those social costs which are
directly aflected by the producer’s behaviour.

Eq. (33) simply represents the wealth constraint for society, and indi-
cates that reductions of commodity inventories can increase the amount
of productive capital. The social cost function differs from the producer
cost function in recognizing that the net yield or opportunity cost on
money is illusory from the point of view of society. The social optimal
condition then becomes

—rpta,—ah—ad

(34) N(C=N [(FHE5o2=%) py 1z 0.

Comparing the producer optimum with the social optimum yields
conditions under which producers can be induced to undertake the
socially optimal transaction pattern, namely when

(15 Fo=F— Oy

which is identical with the Feige-Parkin result.

Perlman’s presentation of the producer model differs from the pre-
ceeding approach in two important respects. The first point of depar-
ture is Perlman’s treatment of commodity inventories held by the pro-
ducer. Perlman correctly states that *“‘unlike the household, he (the
producer) can convert commodity inventories permanently into assels
even within a given transaction period, while vet continuing to supply
as much as before™ ([6], p. 244).

This asset substitution possibility is implicit in our Eq. (29), and we
agree that careful account must be taken of the alternatives as seen from
the viewpoint of the producer. Indeed, Perlman’s failure to recognize
this point in his treatment of the individual sector led him to misspecify
the social constraint for that sector. Unfortunately, Perlman goes on to
specify incorrectly the magnitude of the commaodity-asset substitution
effect. He argues that “the maximum amount of goods that can be
converted permanently into assets is T/ap, [or (pg/m)] where T is the
amount supplied over the transactions period™ (and «, is the number
of goods transactions) ([6], p. 244). Thus Perlman claims that the maxi-
mum inventories that can be converted to assets is pg/m whereas in
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fact the maximum that can be converted is only pg/2m. If production
proceeds at a constant rate, then immediately after a market transaction
the producer holds zero inventories. Between transaction periods,
inventories are accumulated at a steady rate until they are again built
up to pg/m. Thus for the period as a whole the maximum inventories
that can be converted into assets is pg/2m.

The second point of departure is Perlman's treatment of the money
holdings of the producer sector. Having correctly recognized the first
substitution possibly implied by Eq. (29), Perlman has neglected the
fact that from the producer’s viewpoint there also exists an opportunity
cost of holding cash balances. This omission is apparent in his specifica-
tion of the cost function which the producer wishes to minimize ([6],
Eg. (10)):

(37) C=[(re— e )T ey + Coleey) — rM

where, M, =T/24 T|2e,.

Perlman identifies the first term of the cost function as the oppor-
tunity cost of commodity inventories. As pointed out above, this term
overstates by a factor of two the amount of inventories which can be
converted into capital, and should read (r,.— =) (T/2e,). The second
term simply reflects the storage costs of all inventories and all trans-
actions. The final term reflects the actual return on money holdings and
thus neglects the opportunity cost of those money holdings as viewed
by the producer, namely (r, — e, — r)M,. The correct specification tak-
ing account of both of the above points becomes

(38a) C=[(r,— o )TN 20, + Cyleeg) +(r— oty — 1) (T/24 T 2at,),
or in the Feige—Parkin notation

(80  C=(i-m)5lra (PL) +op (+EL) +An

+(re—ox—"rw) ( ] ZM)
The first-order conditions for a producer cost minimization become

(39a)  C,,=[(2e,—2r,+ry)T] /263 + Chley) =0,
ar

(39b)  Co=[(2e,—2r,+rn—eal—ab)pgl/2m®+ 5 =0,

It should be noted that the first-order conditions derived above
[Eq. (39)] are mathematically equivalent to the first-order conditions
derived in Perlman’s paper (Eq. 11). This similarity, however, is purely
coincidental since Perlman’s misspecification of the maximum quantity
of commodity inventories available for conversion is just counterbalan-
ced by his omission of the opportunity costs of cash balances. Since the
opportunity costs of cash balances are illusory from the point of
view of society, Perlman’s error on the inventory specification carries
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over into his social constraint. Perlman’s social first-order conditions
are thus,

(40) N(C.)=N [[u" i) T+C (oe,,'!] 0, [Perlman, Eq. (12)]

whereas the correct social optimum should be

@) NC)=N [T ¢ gap)] =0,
or
(4lb)  N(CL)=N F“" "2,:3_““}” +82] =0.

Comparing the social conditions, Eg. (41), with the producer conditions,
Eq. (39), reveals that the only way in which producers can be induced
to undertake the socially optimal transaction pattern is to pay interest
on cash balances equal 1o the net rate of return on capital, that is for

(42) P =Fp— i,

Perlman’s conclusion to the contrary that “payment of interest on
money distorts the money-goods margin for producers™ ([6], p. 245)
is erroneous, and results from his oversight of the opportunity costs of
cash balances to the producer and his misspecification of the maximum
quantity of inventories which can be converted into capital.

The value of Perlman's differentiation between the household and
production sectors seems to be that a more realistic representation of
receipts and payments practices is permitted. Households receive their
income in one lump sum at the end of a transactions period and proceed
to spend it evenly through the next period so that producers get even
receipts over that period. However, a more important potential pay-off
from analysing a model with both houscholds and producers is not
taken advantage of. That is the determination by the production sector
of the optimal factor payment frequency and the treatment of transac-
tions costs as variables to be determined by the interactions of transac-
tions rather than as parameters in the system.

1V. THE SociaL Costs oF PRODUCING REAL CASH BALANCES

In the preceding sections we have demonstrated that regardless of
whether the economy is characterized to include representative family
units or households and producers, socially optimal transaction patterns
and inventory holdings can be induced by paying interest on money
and bonds equal to the net rate of return on capital. This conclusion is
valid, however, only under the assumption that it is in fact costless to
society to institute and operate such an interest payments mechanism.

Perlman has assumed throughout his paper that it is socially costless
to increase the supply of cash balances. In the previous sections we have
shown why Perlman's conclusion that paying interest on money is
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non-optimal i3 erroneous. In this section we show that if the real costs
of inducing individuals to hold larger real cash balances are non-zero,
these costs must be taken into account when deriving the social optimal
conditions.

In the original Feige-Parkin paper the real costs of instituting an
interest payments mechanism where specified by
(43) Wro =k if r,=0; hiro)=0 if r,=0.
A more realistic cost Function would take account of the fact that in a
modern society with financial intermediaries, the marginal cost of
creating real cash balances might not be zero. Thus the cost function
could be represented as
(44) h(re) + e (M),
where hr )=k if r >0, hir,)=0if r,=0, and «_ = 0.

When the cost function in Eq. (44) is included as part of the social
constraint, the final condition for a social optimum becomes
(43) P =Py =i — et — .
Thus the rate of return on money and bonds must be equated with the
net rate of return on capital minus the marginal social cost of inducing
individuals to hold optimal quantities of financial assets. If these costs
are sufficiently high, they could of course outweigh whatever benefits
are to be derived from inducing individuals to hold greater cash bal-
ances. This point becomes particularly important when one considers
deflation as a means of inducing individuals to hold larger cash balances.
In such a case, the real costs of adjusting to a continuous rate of defla-
tion are likely to be considerable. Thus the challenge to the optimal
money supply literature is to consider not only the potential gains in
welfare from interest payments on money but also to consider the
real costs associated with such a policy.

University of Wisconsin.
University of Manchester.
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