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ABSTRACT

Here| depict the dynamics behind the monetary theory and define the differentid equations

describing the driving forces
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1. Introduction

Dynamics of economic behavior of commodity’s supply, demand, and price were
described by author in the number of articles[1, 2, 3, 4]. Author dso tried in [5] to connect the
dynamics of commodity’ s growth and decline with such monetary concept as an interest rete.

Here author consders the phenomena of money as a peculiar commodity. He describes
the dynamics of the money supply, demand, and price by the same differentid equations asthe
ones used to describe the dynamicd behavior of aregular commodity.

Then author shows how the dynamica behavior of the monetary volume effectsthe
dynamica behavior of regular commodities. He gives a representative example, where the
dynamics of commodity’s supply is described as the superpostion of two Snusoids.

Later the author presents ajoined modd of the monetary and a single commodity’s
markets, and examinesits solutions. Next he expands these results onto markets with multiple

commodities produced by multiple producers.

2. Dynamics of the Commodity’s Market

When commodity’ s supply (production) and demand coincide, the commodity’s market
liesin the equilibrium position, and behaves according to the first Newton's law. It meansthe
commodity’s supply and demand are both deve oping with a condant rate and the commodity’s

priceis fixed.



When this baance between the commodity’ s supply and demand is broken the
commodity’s market is experienced the economic forces, which act to bring the market to a
new equilibrium postion.

These market forces are described by the following differentid equations regarding to

the commodity’ ssupply Vs (t), demand V;, (t), and price P (t).
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In the equetions abovethevaues| , | ,, | ; 3 O are condtants.

The meaning of equetions (1) — (3) is as follows. When commodity’ s demand and
upply are not equd, the price of commodity changes. If commodity’ s demand exceeds the
one s supply, the price goes up, and it goes down in another circumstances. When the
commodity’ s price changes, the commodity’s supply changes. When the price increases, the
commodity’ s supply goes up, and it goes down in another crcumstances. Also when the
commodity’ sprice changes, the commodity’ s demand experiences the oppressive effect. When
the price increases, the commodity’ s demand goes down, and it goes up in arother

circumgances.

3. Dynamics of the Monetary Market



Smilarly for the monetary market, when money supply and demand for money coincide
the monetary market liesin an equilibrium postion, and behaves according to the first Newton's
law. The money supply and demand are both devel oping with a congtant rate and the price of
money isfixed. The price of money is commonly represented by an interest rate.

When such baance between the money supply and demand is braken, the money
market is experienced the economic forces, which act to bring the market to a new equilibrium
position.

These market forces are described by the following differentid equations regarding to

the money supply M 4(t), demand M, (t), and price P, (t).
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In the equetions (4) — (6) above the values m), My, M 2 0 are condants.

The meaning d equations (4) — (6) is as follows. When the money demand and supply
are not equd, the price of money changes. If demand for money exceeds the one€' s supply, the
price of money goes up, and it goes down in another drcumaances. When the price of money
changes, the money supply changes. When the price of money increases, the money supply
goes up, and it goes down in another circumstances. Also when the price of money changes, the
demand for money experiences the oppressive effect. When the price of money increases the

demand for money goes down, and it goes up in another circumstances.



4. Mutual Impacts of Commodity’s and Monetary Markets

Let me congder the economica modd conggting of the single commodity’ s market and
the monetary market.

At the beginning the commodity’ s supply and demand remain equd, and the
commodity’s market isin an equilibrium pogtion. Also the money supply and demand are equd,

and the money market isin an equilibrium postion aswal.

a) Condder a scenario when the demand for money is changed.

Theincrease of demand for money crestes a growth in the price of money (an interest
rate) and causesinflow of the money supply. The inflow of money supply increases the demand
for commodity, which causes agrowth in the commodity’s price, and hence an increase of the
commodity’ ssupply.

The decrease of demand for money creates areduction in the price of money (an
interest rate) and causes outflow of the money supply. The outflow of money supply decreases
the demand for commodity, which causes areduction in the commodity’ s price, and hence a

decrease of the commodity’ s supply.

b) Condder ascenario when the price of money is changed.



A growth in the price of money (an interest rate) causesinflow of the money supply. It
increases the demand for commodity, which causes a growth in the commodity’s price, and
hence an increase of the commodity’ s supply.

A reduction in the price of money (an interest rate) causes outflow of the money supply.
It decreases the demand for commodity, which causes a reduction in the commodity’s price,

and hence a decrease of the commodity’ s supply.

c) Congder ascenario when the supply of money is changed.

Theincrease of money supply increases the demand for commodity, which causesa
growth in the commodity’s price, and therefore an incresse of the commodity’s supply.

The decrease of money supply decreases the demand for commodity, which causesa
reduction in the commodity’s price, and therefore a decrease of the commodity’ s supply.

d) Congder ascenario when the commodity’s price is changed.

A growth in the commodity’ s price increasesthe commodity’s supply.

A reduction in the commodity’ s price decreasesthe commodity’ s supply.

e) Condder ascenario when the commodity’s supply is changed.

Tha scenaiioistrivid.

5. A Model of Joined Commodity’s and Monetary Markets



Let meinvestigate the scenario (a) how changes on the monetary market impose the
changes on the commodity’s market. For this purpose | shdl operate with the economicd
modd congsting of the Sngle commodity’ s merket and the monetary market.

By using the equations (1) — (6) | am going to formdize the forenamed scenario through
ordinary differentid equations (ODE).

Consumers demand for commodity V,, and commodity' s supply Vg areequd to V,

_ . \V/, (t \Y/ . .
initidly. Thereforeit holds d dst( ) _d cIIDt(t) =v, uil t £t, wherev, 3 0 isacongtant. The

commodity’ spriceisfixed P (t) = P, for t £1,.
Money demend M, and supply M ¢ areequd initidly aswell. Thereforeit holds

dM(t) _dm, (t)
at at

=h, untl t £t, where h, 3 0 isacongant. The price of money (interest

rate) isfixed P, (t)=1, for t£t,.

Since both commodity’ s and money markets are Sationary relative to each other, it
takesplacen, =h, for t £1¢,.

According to our scenario et timet =t, we have the following conditionsfor the
monetary market M, (t,)=M, +D, Mg(t,)=M,, P, (t,)=1, where D* 0.

Therefore[1, 2] the deviation between the money supply M ¢(t) and the money
demand M, (t) for t >t, isdescribed by the second-order linear homogeneous ODE with

congtant coefficients. Solution depends on the roots of characterigic equation. If

”%3 /% the money supply M (t) asymptotically approaches the money demand



M, (t) in exponential-like manner. If 0 < m34< ’% the money supply M (t)

asymptotically approaches the money demand M, (t) in damped-osdillations-like manner.

The change in the money supply causes the changes in the consumers demand for
commodity. Let me look a the correlation between the money supply M 4(t) and the
consumers demand for commodity V, (t) inour modd. It is somewhat “natura” to assume thet
consumers demand for commodity isinversdy proportiond to the commodity’s price.
However in our mode the whole money supply is directed to the Single commodity’s market.

It gives the following cortition for the money and commodity’s marketsin our model
V, (t) = M 4(t) . If we place the solution for the consumers: demand for commodity V;, (t) irto
the second- order ODE describing the commadiity’ s supply V(t) [1, 2], we obtain the second-
order linear nonhomogeneous ODE with congtants coefficients describing the commodity’s
uUpply Vs(t) for t > t, . Itisknown that generd solution of such equation represents the sum of
the particular solution of the equation in question and the generd solution of the corresponding

ordinary differentid equation [8].

6. A Simple Example of Model’s Solution

Condder the following examplewhere a time t = t, we have the following conditions

for the monetary merket dMg’t(tO) = nd';t(tO) =0, M,(t,)=D, M¢(t,) =0 where D 0.



Let me assumein this example for mplicity that m, = 0. Then from (4) — (6) the

second-order ODE describing the money supply M (t) s,

d*M(t)

V). oo o ) M ) =0

or snce

Therefore

Ms(t' to)' MD(t' to):' D>co M(t- to))

Ms(t- t,) = - Dxcos/momy (t - t,))+ D

()

(8)

9)

(10

Atthesametimet =t, we have the following conditionsfor the commodity’ s market

dVs (to) - dv, (to )
dt dt

fallowing condition connecting both these markets V, (t) =M (t).

=Ny, Vs(to)sz(to)z My, Pc(to): P, wheren, =h, ® 0 andthe

Since the consumers demand for commodity V, (t) isdriven by the money supply

M (t) without any fesdback then coefficient | , = 0. Hencefrom (1) — (3) the second -order

ODE describing the commodity’ ssupply Vs (t) is,

V1 A ) mf)=0

(12)
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where V(t,) =0 and dVZI—t(tO): 0.

Consequently from [8]

Vo(t- 1) = DXV s - ) oo, (- 1))+ 1
u

gllxiz'nlxmz 1>42'”1xmz

Thusthe solution of the studied example represents the sum of two snusoid-like

functions.

7. An Extended Example of Model’s Description

Let me combine the egquations (1) — (3) and (4) — (6) into one ODE system,

dVs(t) | ,IR.(t) (13
dit2 ot

dpgt(t):l (M, 1)- V(1) (14
d*M(t) -  dR.(t) | d°P(t) (15)
dt2 Tod 0 di?

dpgt(t) =mAM, ()- M. 1) (16)
d*M, ()~ d’R,(t)

e m o2 (1)

We can rewrite the system (13) — (17) into following ODE sygem,

M)Vl g, I VD) g, - vl = o o - w6
(18
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d? (M, (t)- M () dM, (1)- M, ()

e +1m, xm m +mom, Mo (t)- Ms(t) =1, d(MS(gt_ A0
(19

According to [8, 9] let usreplace (M (t)- V4(t)) =a > and

(M, (t)- M4(t)) = b x** in order to reproduce (18) — (19) asfollows
(k2+1,4 ;% +1,4,)a- mxmxb =0 (20)
-I2><I3><k>a+(k2+mzxms><k+n1xmz)><b=0 (21)
Then one looks for the roots of the characterigtic equation
(k2+|-zl)423>4)4::kll>42) (k2+rg-x$:<q+rrllxrq = 2

determines a and b from system (20) and (21), and finds the generd solutions for
(M(t)- Vs(t) and (M, (t)- M4(t)) asalinesr combination of corresponding particular

solutionsin accordance with [8, 9.

8. A Case of Multiple Producers of Single Commodity

Let me congder fallowing [6] the economica modd where the Sngle commodity is
produced by multiple producers, and explore the impact of the monetary market.

At the beginning the commodity’ stotal supply and demand remain equd, and the
commodity’s market isin an eguilibrium pogtion. Also the money supply and demand are equd,

and the money market isin an equilibrium pogtion aswell.

a) A scenario when the commodity’ s supply by one of the producersis changed.



Theincrease of the commodity’ s supply by one of the producers crestes a reduction of
the commodity’ s price. Thefirg result of the commodity’s price drop is the decrease of
commodity' s supply by another producers. Another result of the commodity’ s price drop isan
increase of the demand for commodity, which causes repectively the inflow of the money
supply, agrowth in the price of money (an interest rate), and a decrease of the demand for
money.

The decrease of the commodity’ s supply by one of the producers creates a growth of
the commodity’ s price. The fird result of the commodity’s price advance is the increase of
commodity’ s supply by another producers. Another result of the commodity’s price advanceis
adecrease of the demand for commodity, which causes respectively the outflow of the money

supply, areduction in the price of money (an interest rate), and an increase of the demand for

money.

b) A scenario when the commodity’ s price is changed.

A growth of the commodity’s price increases the commodity’ s supply by ancther
producers and decreases the demand for commodity. The latter one respectively causesthe
outflow of the money supply, areduction in the price of money (an interest rate), and an
increase of demand for money.

A reduction of the commodity’ s price decreases the commodity’ s supply by another
producers and increases the demand for commodity. The latter one respectively causes the
inflow of the money supply, agrowth in the price of money (an interest rate), and a decrease of

demeand for money.
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c) A scenario when the supply of money is changed.

Theinflow of money supply causes agrowth in the price of money (an interet rate),
and a decrease of demand for money.

The outflow of money supply causes areduction in the price of money (an interest rate),

and an increase of demand for money.
d) A scenario when the price of money (an interest rate) is changed.

A growth in the price of money (an interest rate) causesthe decrease of demand for

money.

A reduction in the price of money (an interest rate) causes the increase of demand for

money.
€) A scenario when the demand for money is changed.
That scenarioistrivid.

Let me write an ODE system, which describes the dynamics of the commodity’s and

monetary markets, where two different producers are supplying a sngle commodity,

dZVS; 0 _, ) P (t) 7
at at

Pl el 2
dt at

Rl {9 Val) v ) 2
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M) _ - dr () | d*R(t) (26)

az a0 dt?

Bl) oo ) ) @
dMo ) 9P ()

Ta ™ @

wherethevdues | ;2 0 and |, 3 O are condants.
We can rewrite ODE system (23) — (28) into the following one using subsequent

notation for thetotal commodity’ ssupply Vs (t) = Vg, (t) + Ve, (t)

PM- Vel AVl R O (0)- v, 0)= mom, o1, 0 w4 0)

dt? t iz @
(29)
dz(MD (dt22- Ms(t))_l_ m, xm, Xd(MD(t()j; Ms(t))+ m xm, >(|V|D(t)- MS('[)):| , A , xd(Ms(tgt' Vs(t))
(30)

wheredl vadues | ;; 3 0 arecongtants, and N 2 1 isthe number of producers.

9. A Case of Multiple Producers and Multiple Commodities

Here | describe markets with multiple commodities supplied by the multiple producers
based on some results of [7].

At firg let me congder the dynamics of the following commodity’ s and monetary
markets. There are multiple distinct commodities, each oneis produced a single producer, and

the supply/demand of commodities relate in the Leontief-like manner [10, 11].

15



Therefore let me introduce asguare matrix A, which congsts of dements a; 2 0

expressing an amount of commodity i needed for the production of one unit of acommodity |,
and M 3 1 isthe number of commodities

To operate with multiple commoditiesit is convenient to work with vector notetion
wherethe vector Vs (t) = (V) ... V. (t))¢ serves for commodities: supply, the vector
Volt)= (Vi) ... v (t))([ serves for commodities’ demand, and the vector
Pc(t)= (Pcl(t) ... P (t))(I serves for commodities prices.

Also et me introduce the vector V(t) of total values of commodities supply and the
vector V, (t) of total vaues of commuodities demand, both of which indlude the redistributed

portionsof commoditiesintended for internd purposes. Smilarly to [10, 11] the vector

[V, () - Vi(t)) relatesto thevector (7 (t)- Vs (t)) through the following metrix equation,
Vo(6)- V= (0)=(1 - A AV (1)- V1)) (3

where | isasguareidentity matrix of sze M . Note that an inversematrix (1 - A)* exidts,

l

<

and conggts of nonnegative dementsif and only if the Frobenius eigen vaue of matrix A is
drictly lessthan one [12].
Let medart withthe ODE system, which destribes the dynamics of astandalone

commodities mer ket, where mulltiple producers are supplying multiple commodities

The second derivative of the vector of commodities supply Vs (t) islinearly

proportional to the change of commoxities prices Pe (t),

16



(32)
wherethe vector L; = (Lll Lo LY )‘I is defined through the following expression

oy _
L) =a |}, dlvelues| j 3 0 arecongtants, and N; 3 1 isthe number of producersi for the

i=1
commodity j .
The change of commodities prices Pc(t) islinearly proportional to the vector of total

commodities deficitisurplus (V (t) - Vs (t)) on the commodity’s market,

dF;i(t) =La o1 - A"V lt)- V() 33)
wherethe vector L 2 = (Il2 v gﬂ)q conssts of congtant values| ) 2 0.

The second derivative of the vector of commodities demand Vo (t) isinversdy-linearly

proportional to the second derivative of commodities prices Pe(t),

d*’Vo(t) . — _d°Pclt
o)., 4P (39
at at
wherethevector Ls =(1% ... Ig")¢oonsistsofconsiantvdueslg3 0.

Thusthe vector (Vo (t)- Vs (t)) for the standalone commodiities’ market can be

defined through the following matrix equation,

dz(vD St)z_ vs(t))+rz L 3 ><(| - A)_l d(\7D(t()j; Vs (t))+E1 xL » X(l - A)_l >‘(\7D (t)' \_/s(t))ZO
(35)
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Now let me combine the sandalone commodities market described by the ODE
system (32) —(34) with the monetary market described earlier by the ODE system (4) — (6).
Then let me assume that changes in the money supply are reflected in the demand for eech

individual commodity in proportions defined by the vector of commodities preferences

_ . ¥
Y=ft ... y") whichoonsistsof constant valuesy ' 3 0 and &y | =1. Onthe other

j=1
hand, the changesin the totd demand for al commodities are reflected in the money supply.

Therefore, the following ODE system describes the dynamics of the joined commodities and

monetary markets,
d2\73(t) = dﬁc(’[)
& @ 39
( =1 - A}V (t)- Vs(t) 37
d2\7D(t)=_E3 d*Pe(t) , 7wy () )
dt? dt? ot

d*Ms(t) _ AP, () Y&, d*PI(1)0

a Ve AgiTge 9
B l) oo ) ) “
dZMD(t):_m3 d’R, (t) (41)

dt? dt?
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We can rewrite the ODE system (36) — (41) into the following one using the definition

N o - q
of the sum of vector's coordinates, sum(;)z a x' ,where x:(x1 xM) ,

j=1

4o -Va) 1 A)-lx@m Tkl - A AT - V)= ¥ om om, oty - )

b-V
dt?
42

d2(|\/|D (-:it?lm(VD))+n]2 xm, yd(MD 'dStquD))_'_ m xm, ><(M o - sum67o))= wm%el__z ST ><(| - A)'1 xd@Dd—;\_/s)g

(43)

10. Conclusion

Here | atempted to exposethe dynamics of the commodity’ s and monetary markets,
and describe them through the ODE systems.

| anticipate that future deve opment of this gpproach will serve athorough understanding
of drivingforcesin market economy, and may expand the operating control of amarket

economy from the current management of an interest rate to much more sophisticated

apparaus.
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