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1 Introduction

Since Eaton and Grossman (1986), one of the major criticisms of the strategic trade literature has been its
non-robustness to the mode of market competition. If trade policy is sensitive to the choice of strategic
variable by firms and governments are uncertain about the mode of competition then strategic trade policy
can be more harmful than beneficial. In this paper, we analyze export subsidies when firms invest in
cost-reducing R&D before the market competition stage. Governments choose export subsidies first. After
observing governments’ choice, firms invest in R&D and then compete in a third market (in prices or
quantities). We find that for sufficiently cost effective R&D! governments subsidize exports independently
of the mode of competition. This suggests that export subsidies are more robust to the type of the market
competition than implied by the recent literature.

Several authors have studied the robustness of strategic trade policy using two kinds of models. In the
first kind, in a two-stage game, governments first commit to output subsidies and then firms compete in the
market. Using this approach Brander and Spencer (1985) show that the optimal trade policy is an export
subsidy under Cournot competition. Eaton and Grossman (1986), however, show that the optimal strategic
trade policy reverses to an export tax if firms compete in prices.? This policy reversal highlights the lack of
robustness of strategic trade policy when governments are uncertain about the mode of competition.

In the second kind of models, actions are chosen in a three-stage game: governments first commit to a
policy, firms then invest in R&D and later compete in the market. In such models, investing in a strate-
gic variable before the market competition stage captures entry barriers, a feature that is fundamental to
oligopolistic market structures (see Sutton, 1991). A further appeal of these models is that they capture firm
commitment to a strategic variable before the competition stage (Grossman, 1988). If firms can make sunk
investments before the market competition stage then governments have two instruments at their disposal:
output and R&D subsidies. If governments use only R&D policy Bagwell and Staiger (1994) show that gov-
ernments subsidize R&D under both Cournot and Bertrand Competition.> Based on this, Brander (1995)
suggests that R&D subsidies seem more robust than output subsidies. Neary and Leahy (2000), however,
dispute Brander’s claim.* They show that when governments use two instruments (an output and a R&D
subsidy at the same time) then both instruments are not robust to the nature of market competition.®

This paper adds another argument against Brander’s claim that R&D subsidies are more robust than

output subsidies. If governments only subsidize exports and firms invest in R&D (before competing in the

1We refer to the cost-effectiveness of R&D as the effect of R&D on marginal costs relative to the cost of investing in R&D.

2The reversal in the optimal export policy is explained by the fact that outputs are strategic substitutes and prices are
strategic complements. See Brander (1995) for a discussion on this.

3Spencer and Brander (1983) had shown the optimality of R&D subsidies under Cournot competition. Bagwell and Staiger
(1994) develop a model where the effect of R&D investment is stochastic. In the case where R&D reduces the mean but does
not affect the variance of costs (the closest case to deterministic R&D), they find that R&D should be subsidized under both
Cournot and Bertrand competition. Maggi (1996) finds a similar result in a model where firms invest in capacities (instead of
R&D) before the competition stage. The optimal policy in his model is to subsidize capacities.

4See Neary and Leahy (2000), page 505.

5Neary and Leahy (2000) show that under Cournot competition governments subsidize exports and tax R&D, a result found
in Spencer and Brander (1983). However, under Bertrand competition, governments will tax exports and subsidize R&D.
The intuition is that governments use export policy to shift profits from foreign firms (as in models without R&D) and use
R&D policy to correct the distortion on R&D generated by the strategic behavior of firms. Therefore, if governments use two
instruments, R&D is no longer robust to changes in the mode of competition.
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market), we show that the optimal trade policy is an export subsidy under both Cournot and Bertrand
competition, provided R&D is sufficiently cost-effective.® This means that output policy is more robust than
previously considered by the literature. This is true especially in industries where the marginal cost of R&D
is not too high relative to its effect on process innovation.

The paper closest to ours are Spencer and Brander (1983) and Neary and Leahy (2000). Spencer and
Brander (1983) show that governments impose an output subsidy under Cournot competition when firms
can invest in R&D before competing in the market. They analyze two cases that are different to ours. First,
they show the optimality of output subsidies if they are set by governments after firms decide their R&D
investment. Second, they show that output subsidies are optimal if they are set jointly with R&D subsidies
before R&D is chosen by firms. In the first part of our paper, we extend their results to the case when
output subsidies are chosen before firms invest in R&D.

In a numerical simulation, Neary and Leahy (2000) show that if governments only use output subsidies
then the Eaton and Grossman trade policy reversal from Cournot to Bertrand competition is still observed
when firms invest in R&D before the market competition stage. In this paper, we show that their result
holds only when R&D is ineffective at reducing marginal costs. Our result becomes clear once one realizes
that the effect of R&D on profits depends on the level of output. Due to output expansion, an export subsidy
increases the ability of domestic R&D to shift profits from the foreign firm. Output expansion, due to the
output subsidy, occurs under both Cournot and Bertrand competition. Therefore, only looking at R&D,
governments have the incentive to subsidize exports both under price and quantity competition.

The sign of the optimal policy depends upon the net effect of the export subsidy on the R&D and the
market competition stage. In a model without R&D, the sign of the strategic trade policy depends on the
strategic complementarity or substitutability of the variables chosen by firms in the market competition
stage. Under R&D and Cournot competition, a unilateral export subsidy increases welfare both in the R&D
and in the market competition stage. This means that governments want to subsidize exports (Spencer and
Brander, 1983). Under Bertrand competition, however, the two effects have the opposite sign. If R&D is
sufficiently cost effective then R&D will be relatively elastic with respect to an export subsidy. This high
elasticity of R&D will make the effect of the output subsidy on the R&D stage stronger than the effect on the
price competition stage. In this case, governments subsidize output under Bertrand competition. Conversely,
if R&D is not sufficiently cost-effective then the effect of an output subsidy on the price competition stage
dominates the effect on the R&D stage and the optimal policy under Bertrand competition is an output tax.

We use the standard third country model of strategic trade as in Spencer and Brander (1983). Two
firms, one located in each country, produce a differentiated good which is exported to a third country. There
is no domestic consumption and welfare is measured as producer surplus (profits) net of subsidy costs.”
In a three stage game, the domestic government first sets an output subsidy s'. This is followed by both

firms simultaneously deciding their investment in cost-reducing R&D (A? and A7). In the third stage, firms

6Spencer and Brander (1983) showed that governments impose an output subsidy under Cournot competition when firms
can invest in R&D before competing in the market. However, they focus on two cases that are different to ours. They show the
optimality of output subsidies if they are set by governments after firms decide their R&D investment. They also show that
output subsidies are optimal if they are set jointly with R&D subsidies and before R&D is chosen by firms.

7Public funds may have an opportunity cost bigger than one (as in Neary [1994]). We abstract from this issue in this analysis.
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compete in the product market simultaneously choosing quantities, or prices. At each stage, all players have
complete information about the moves of the preceding stage. We also assume that governments commit to
an export subsidy while firms commit to their investment in R&D.

We proceed as follows: in section 2 we analyze the benchmark free trade case under Cournot competition
and then introduce the choice of an output subsidy by a domestic government. In section 3 we perform the
same analysis under Bertrand competition. Section 4 presents a numerical simulation that highlights the

effect of the convexity of the cost of R&D over the optimal trade policy. Section 5 concludes.

2 Cournot Competition
2.1 Final Stage: Quantity Competition

Firms first choose R&D investment. Output is chosen in the second stage of the game. R&D investment
generates a process innovation of size A’ (by firm i), imposing a monetary cost of ¢(A?) upon the firm. The
monetary cost is increasing and convex in the extent of process innovation and reduces total and marginal

costs of production. Denoting firms by superscripts and derivatives by subscripts these assumptions translate

into:
4 aCH (zt, AY) 4 0*CH(xt, AY) , 0?CH(xt, AY)
7 — < 1 _—_— > v = 7
Ch DA <0, AA o = zA A = 0 (1)
Gi(AT) > 0,  ¢,(A)>0 (2)

The choice of R&D investment is irreversible and simultaneous for both firms. We assume that goods are
imperfect substitutes and that the own-price effect dominates the cross-price effect:?
oWt a) _ ot )
oxl oxt

<0 (3)

The following assumptions concern the behavior of revenues R'(x?, z7) = x'p’(x?, 27):

Opt i,j
xzp(x )

Ri(a,a) ) < @)
L 20 (el i i (ol i

Ri(ahal) = o2 @) L)) (5)

0 (z%) or’

S Opi ()

Lzt ) = ot/ >

R, (2", ) x e Z 0 (6)
A Op' (2t 27)  Opi(at,xd)
i d) = gl

Ri;(x', 27) T iBwi + i <0 (7

Assumption (4) states that goods ¢ and j are imperfect substitutes, (5) states that the revenue is concave
in own quantity, and is satisfied by demand functions that are not too convex. Assumption (6) states that
revenue decreases (at a decreasing rate) with an increase in the other firm’s output. This is true in particular
for linear demands. Lastly, (7) states that an increase in sales of one good decreases marginal revenue of the

other (again satisfied in the case of a linear demand).

iood Gy 2 Good Gy 2

8Strictly speaking, the condition for the own price effect to dominate the cross price effect is <ap g;j’x )> < (ap g’;i’x ) ) .
k3 i .7

In this paper we restrict our attention to the case of imperfect substitutes, that is % < 0.
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Firm i chooses output, z;, to maximize profits, ITI'(z%, 27, A?) = Ri(z%,27) — C(a?, A?) — ¢(A?) =
2ipi(at, 27) — Ol (2, AY) — ¢(AY), where R (2%, 27) is firm i’s revenue:

el (2,29, A7) = Ri(a',a7) — Ci(a", A) - 6(A")

2t

The first order conditions (FOC) to this maximization problem determine the reaction function z?(z7) of

firm ¢ to changes in firm j's output. These FOCs satisfy

Il = Ri(a!,27) — Ci(a', A7) =0 (8)
with the second order condition
I, = Ri(z',27)—Ci (a',A) <0 (9)
2,0 ( 0 d i(od g 2vi (0 A
_ iap(az‘,Qx)+28p(a:,4a:)_80(:c‘,2A) <0
d (x) Ox* (0x?)

We assume that the second order condition is always satisfied. For later use we need to assume that the
own effect of output on marginal profit is stronger (greater in absolute value) than the cross effect, that is,

IT}; <TI;;. This then implies that,
101, 113, — M,113, > 0 (10)
The solution to the two equations in (8) gives us outputs as a function of R&D levels (chosen in the
previous stage):
ol = g'(Al,AY) (11)
2 = gA(Al,AY) (12)

The slope of firm #’s reaction function is computed by totally differentiating the first order condition (8)

with respect to #! and x? (keeping A' and A2 constant):

(Rfi(mi, ) —C (2, Ai)) dzt + Rﬁj (z%, 27)da? =0 (13)
This then gives us the slope of firm i’s reaction function, which is negative (i.e. strategic substitutes) from
assumptions (7) and (9):

i Ri (2%, 27 Ri (2,27
dot _ Byl@ha) =—.”§,),<o (14)
da? (R (2%, 27) — Ci,(at, AY)) I, (7, 27, AY)

2.1.1 Effect of R&D Investment on output

The effect of R&D investment on output can be seen by totally differentiating the system of two first order
conditions (given by equation 8):
(Rh(azl, x?) — CL (2!, Al)) dzt + Rl (z', 2%)da? — Cla (2, AY)dAY = 0 (15)
R%Z(‘Tla zZ)dxl + (RSQ(QLJ,%Q) - Ca%ar(x27 AQ)) dzz - sz'A(:L'Qa A2)dA2 = 0 (16)
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We thus have the system,

( I (h, 2%, AY) - Ryp(at,2?) ) ( e )

R2,(z!, 2?) 12, (2!, 22, A?%) da?

Cl,(zt, AY)dA?!

T

= ( CQA(J?Q AQ)dAQ ) (17)
Using Cramer’s rule we can write

_ T, (¢!, a7, AT)CL 5 (o, AD) AT — R (2%, 27)C3 5 (27, AT)dAT

H%i(xl»vaAZ)Hg'j(‘Tlv‘Tj?A]) - jo(xl7xJ)R;j(xl’xJ)

(18)

From this we can obtain expressions that give us the effect on output of domestic ((‘112) and foreign R&D

(;Xj)i

o da .Ct .t
qé(N’AJ):dziz e = e >0 (19)
WG, ILy; — Ry Ry 1010, — 10,10,
S da —RL.CI —11:.CY
a(ALA) = dij TP : J?Ri T I : rI[JAH (20)
illy; — RijRi; - 10105, — 1T IT,

where the inequalities come from (1), (7) and (9). The intuition is straightforward: an increase in R&D
expenditure reduces the marginal cost of production and thus shifts out the reaction curve of firm i. Given
that reaction functions are downward sloping (14), this implies that firm 7 produces more output while, firm
7 produces less.

For later use we need to compute q‘zj and sz Differentiating, (20) we obtain

qu = _J P "j N 2 (21)
(Hn‘ﬂjj - Rz’ﬁij)
J i i pi i P i i
i (_RijCzAA) (Hiinjj - Rinij) + R, CiaCrally;
TGi = ) ) 3 (22)
7 J J 7
(Hn‘ﬂjj - Rinij)

Notice that qu is equal to zero for constant marginal costs with respect to output and qu is zero for marginal

costs that are constant with respect to output and linear with respect to R&D.

2.2 R&D investment

In the R&D stage the profit function of firm 7 can be written as 7 (A%, A7) = IT*(¢"(Ai, A;), ¢7 (A, Aj), AY) =
Ri(q¢%, ¢7) — C'(q", A") — ¢'(A). Thus, firm i's FOC in the simultaneous choice of R&D is?,

L. )

HALA) = —— = — - = 2
mAA) =58~ aar Yoo 0 (23)
where gg = —C\ (27, A7) — ¢i(AY), g% = xlw <0, and
j ~II,C
Oa’ _ ysh ), (24)

OA* I TE; — I 1T,

ot _
dxt 0.

9Using the envelope theorem
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Note that this is just a reflection of the effect mentioned before: an increase in R&D by firm i reduces
its marginal cost and increases the quantity produced. Given that quantities are strategic substitutes, this

results in a reduction in the quantity produced by the other firm ().

IT? qu

The strategic effect 55 5% is positive. As a result, firms have an incentive to overinvest in RE€/D. This

decreases rival output and increases own profits. This can be easily seen from (23) where firms choose R&D

o O
to set ga7 < 0.

Noting that Ri(z%, 27) — Ci(x?, A?) = II! = 0, the first order condition for a Nash equilibrium in the
choice of R&D levels can be rewritten as,

THAL AT) = Ri(a',27) gl (AT, AT) — Cp (27, A") — ¢i(A") =0 (25)

K3

with the second order condition,

NI g AR al) i i i i
mi; (A", AY) = Riql; + qj —arnt Cindi — Can — ¢;; <0. (26)

Where, 400" = Ri (2, 27)gi+ R (a7, 27)g] < 0 (by (6), (7), (19) and (20)) and ¢} "5 ¢ gf > 0.

Even if we assume that marginal costs are constant with respect to output and linear with respect to R&D,
(i.e. qgi = 0) we still need to ensure that C 5 + ¢!, is big enough for (26) to hold. This implies that as R&D
increases its cost-effectiveness has to decline fast enough.

We now assume a condition similar to (10). It refers to the effect of R&D on profits. Again, assuming
that own effect of R&D on marginal profits is stronger (bigger in absolute value) than the cross effect (i.e.

i < 7T::j) we get

1.2 12
1Mo — M1aT1 > 0. (27)

Where, 7}, = R7qu + qg% — Ciag). In this case % = R;(x",27)q} + Réj(xi,x-i)qg > 0 (from
(6), (7), (19) and (20)). This, together with (4), (19), (20), (1), and the assumption that marginal costs are

constant with respect to output (so that qu = 0)7 gives us
my = df (Rij(@',29)q) + R (@',a7)q)) = Ciad) < 0. (28)
In order to compute the slope of firm i’s reaction function, we differentiate the first order condition (25):

dah 7l
dAJ . <0 (29)

where the inequality comes from (26) and (28). Thus, R&D expenditures are strategic substitutes.

To understand (28), notice that firm i sets its R&D A’ to satisfy (25). An infinitesimal increase in A’
increases profits for firm 4 since the total cost of production is reduced. Further, the quantity produced
by firm j in the last stage also declines which, in turn, increases the revenues of firm 4.'® This increase in

revenues has to be compared with the cost of increasing R&D ¢ (A?).

10Because of the envelope theorem, the effect of an infinitesimal change on firm i’s R&D on profits through its effect on the
quantity produced by firm ¢ can be ignored
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Consider now an increase in R&D by firm j (A;). An increase in R&D by firm j increases its own quantity
and reduces the quantity of firm i. The most important effect is the reduction in z* (for linear demands the
effect on 27 vanishes), since a lower output implies that own R&D (A?) is less effective at increasing profits.
Since the marginal cost of R&D for firm 1 does not change, this implies that the optimal level of R&D for

firm 1 has to be lower after an increase in A;. Hence gﬁj <0.

2.3 Output subsidies

Suppose that the government 1 subsidizes exports giving a per-unit output subsidy, s', to its domestic firm.

The profit function of firm 1 and firm 2 can then be written as,

Iz, 22 Al s') = RY (2!, 2?) — O (2!, AY) — p(AY) + s'a! =TT (2!, 2%, AY) + s'a! (30)

(2!, 2% A?) = (2!, 2%, A?) = R?*(2h, 2?) — C? (2%, A?) — ¢(A?) (31)
The net domestic benefit of country 1 is simply the profit of the domestic firm minus the cost of the subsidy,
Bl(st) = T'(a', 2% Al s') —s'a! (32)

= Ri(z',2%) - C'(a',AY) — ¢(A")

In the first stage, the problem is similar to the one under free trade. Choosing output, =, firms maximize

profits, IT?(z!, 22, A%, s). The first order condition for the two firms gives us the following expression,

I} = Ri(z', 2% — Ciz', A +s' =0 (33)

ﬁg = R%(xlva:Q) - Ci(x27A2) =0 (34)

with the same second order condition (9).1' The solution of the two equations in (33) gives us equilibrium
outputs (as a function of R&D levels chosen in the second stage and the output subsidy chosen by government

1 in the first stage):
xi = qi(AiaAj751) (35)

Total differentiation of the first order conditions (33) and (34) (keeping A?, A/ and s' constant) gives us
the slope of firm i’s reaction function, which is the same as (14). To see the effect of R&D investment and

subsidies over output, we can totally differentiate the two first order conditions (33) and (34):

Il
o

(Riy (2, z?) — Cl, (z',A")) da' + Ri,y(z', 2%)da® — Ci (2!, AT)dA! + ds!
R%Q(xlvl‘j)dxl + (RSQ(x17x2) - C;za:($2a A2)) dZEQ - CQQ:A(an A2)dA2

(36a)

|
I

(36b)

11Note that I:Izl = Hzl and l:Iij = Héj are the same as under free trade.
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The effect of R&D on output (keeping the output subsidy constant) is the same as under free trade'?
[equations (19) and (20)]. The effect of the subsidy (s') on output is also determined by the effect the
output subsidy has on R&D of both firms. Keeping R&D levels A! and A? fixed, the partial effects are,
2
1)|A1 A2? constant 1 2_H22 2 pl
AT constant 13, 15, — Rip Ry

(A, A% s >0 (37)

2 2
R12 H12

9 ALl A2 1
qsl(AaAaS)‘NM tant . T7L 712 2 Pl 11l 172 T <
A7 constant I 15, — RipRyy My 1I5, — 1,114,

0 (38)

The partial effects state that own output is increasing in own (subsidy) and decreasing in the other
subsidy. However, R&D levels are influenced by the choice of output subsidies. Therefore, the total effect of
a change in s' should take this into account. (Expressions for 67;1 and qfl above would be relevant if output

subsidies are chosen after R&D levels are set.) Using equation (14) we have:

da?

2 _ -1
qsl - q,sl dll:l (39)
Moreover, from (19), (20) we have that,
1
_ N
2 Ga:
Ig = — (41)
Cra

In order to study the effect of imposing an output subsidy before R&D takes place, we now turn to the

R&D stage.

2.3.1 R&D Investment with output subsidies

In the second stage, we can rewrite the profit of a firm as a function of R&D and output subsidies:
TUAL AT sY) = TG (A, Ay, sY), @ (A, A, s, AL sY) = RY(E, ¢7) — CHg, AY) — ¢ (AY) + s'G'. As be-
fore, we can decompose the effect of a change in R&D (for given output subsidies) into a direct and a

oI OF

strategic effect. The strategic effect 5754

is still positive. Therefore, for a given output subsidy, firms
overinvest in R&D.
The first order condition for a Nash equilibrium in the choice of R&D is given by the same first order

condition as in the case of free trade:

Ta (AT A% s = RY(2', 27)qa: (AT, A% sY) — CA (2!, AY) — ¢1(AY) =0 (42)

TA2 (A% AL s1) = Ri(2? 2 )qa= (A% AL, sY) — CA (22, A?) — $7(A?) =0 (43)

With the second order condition, 7%, 5: (A%, A7, s*) < 0. In order to see the effect of output subsidies over
R&D investment, we totally differentiate the two first order conditions. The following proposition states the

effect of an output subsidy on the equilibrium R&D of both firms.

2 - o i o i o _j PN POV
Therefore, ), ; (A*, A7, s, 87) = q; (A", A7) and @), (A", A7, 8%, 87) = ¢ (A, A)
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X2

R&D stage Sy Qutput stage
Cournot Competition Cournot Competition

Ay(Ar;c—s) x1(x2;¢-5)

xi(x2;¢)

4;

Figure 1: Cournot competition: Effect of an output subsidy s imposed by government 1.

Proposition 1 An output subsidy by the domestic government increases the equilibrium level of RE€D chosen

by the domestic firm and reduces the RED level chosen by the foreign firm. That is,

dA!
F > 0 (44)
A2

Proof. See appendix. m

Proposition 1 states that an increase in the subsidy s' shifts the reaction function of both firms in R&D
space. The reaction function of firm 1 shifts outwards while the reaction function of firm 2 shifts inwards.
This is illustrated in the left half of figure 1. An output subsidy s' moves the equilibrium in the R&D
space from point C' (free trade) to point S. This implies that for a small increment in its output subsidy,
firm 1 will be inside its isoprofit contour (m1) passing through the free trade equilibrium point C. This
analysis, however, does not take into account the effect of output subsidies in output space (i.e. in the third
stage). The effect in the output competition stage is illustrated on the right side of figure 1. Notice that an
output subsidy s!, imposed by government 1, increases domestic R&D and lowers foreign R&D (as seen in
the left half of figure 1). This reduces domestic marginal costs beyond the direct effect of the subsidy and
increases foreign marginal costs. In output space, this means that the domestic output reaction function
shifts out and the foreign reaction function shifts in. The resulting equilibrium is at point S, which is inside
the isoprofit contour (1) that passes through the free trade equilibrium at point C. Therefore, an output
subsidy increases welfare for the domestic country both in the R&D and the output stage.

To obtain the optimal output subsidy these two effects need to be included. The net benefit of government
1is BY(st) = 71(AY, A% s1) — slal. Differentiating B'(s') with respect to s' we obtain,
dAZ?
dst

9B, dA!

_ = 1 1 dg!
a1 = TAl —

—1
+7Ta1—x —S8 .
s ds!

+ 7ke (46)
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Recall that, 7!, = R}(2',2?)¢% (A, A%, s') + 2! and 7}, = 0 from the R&D stage. Further,

g, dA! da?
E_qudl+qA2dl+qs1>0. (47)

This last inequality simply states that the total effect of an output subsidy over equilibrium output is positive,
i.e. an output subsidy makes a firm in that country more competitive in the output stage (q_il > 0). Further,
an output subsidy reduces foreign R&D while increasing domestic R&D in the second stage. This in turn

benefits domestic production, i.e. g, i—fll + qu ® > 0. Given this Qfl simplifies to

ds
oB! _, dA? pdg*
@ = 7T1A2 d 1 R2 1 — 8 d 1 (48)
dA? dgt
_ =2 1
= RQ A2d1+R2 1*Sd$1

- B (RSt ) -
The first term reflects the effect of the output subsidy over domestic benefit in the second (R&D) stage.!?
The output subsidy reduces foreign R&D (A?) resulting in an increase in domestic profits. As a result, the
effect of a subsidy s' on benefits in the second stage is positive. The second term captures what happens
in the third (output) stage: an increase in the subsidy s' reduces the quantity produced by the foreign firm
resulting in an increase in domestic revenues (and profits). The third term reﬂects the increased subsidy
expenditure brought about by an increased production for the domestic firm s! d . The sign of the expression

%131 is determined by the net of the three effects pointed out above. Notice that, starting from a subsidy s'

equal to zero, an infinitesimal increase in the output subsidy increases domestic benefit for the subsidizing

country as both the output effect (qﬁl) and the R&D effect ((jig %) move in the same direction.

op
Os!

dA?
7T1A2d1+R2 1>0 (49)

s1=0

To obtain the precise expression for the optimal output subsidy we set %?11 =0:

Proposition 2 When firms compete & la Cournot, the optimal output subsidy s'* is positive:

2 1 (=2 dA%? | =2
T emg | R 1) . 50
8 - dgt _1 > ( )
T qu B+ % +a

Proof. Immediate from (48) m

This proposition extends the results in Spencer and Brander (1983). They analyze the case when an
output subsidy is set after firms invest in R&D and before they choose output. They find that the optimal
output subsidy is positive. They also analyze the case of subsidies to R&D and output before the R&D
stage, finding that output subsidies are also positive. Here we have shown that output subsidies are also
positive under Cournot competition if subsidies are set before R&D investment.

Note that the separation into two effects related to each of the two stages in which firms play will be

useful to characterize the solution in the case of Bertrand competition.

13Since firm 1 is choosing R&D, Al, to maximize profits then an infinitesimal output subsidy s'will not affect benefits.
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3 Bertrand Competition
3.1 Final Stage: Price Competition

Firms simultaneously choose R&D in the first stage and prices in the second. We assume that goods are

imperfect substitutes and that the own-price effect dominates the cross-price effect,

oz (pt, p?) oz (pt, p?)

o < 0< oy (51)
oz’ (p',p?) oz’ (p', p’)

op _Efﬁ' (52)

Using previous notation, revenues and costs can be written as, R*(p', p/) = z(p’, p?)-p* = Ri(z'(p', p), 27 (p', p))
and Ci(p', p/, AY) = Ci(z'(p?, p7), Al), respectively. Revenues are assumed to satisfy the following properties:

B =y s (53)
R p7) = pi%zo (55)
Ry,p) = piagﬁ’;ﬁ”axi(@i;m >0 (56)

Assumption (53) states that goods ¢ and j are (imperfect) substitutes. (54) states that revenue is concave in
its own price, a property which is satisfied by demand functions that are not too convex. Assumption (55)
is the standard case where revenue is increasing, at a non-decreasing rate, in the other firm’s price. This
property, in particular, is satisfied by linear demand functions. Lastly, (56) states that an increase in the
price of one good increases marginal revenue for the other firm. This is again satisfied in the case of linear
demand.

We make the following assumptions about costs (which are equivalent to (1) and (2) in the Cournot case):

N aCi(p', p7, AY) _9*CU(pt,pl, AY)

C = ——< 0, CAM = > 0,
A aA’L — AA 8 (Al>2
A _ 820i(xi,Ai) 8xi(pi,pj) A _ 82Cl($7,A7) a’L‘i’(pi,pj)
YA T Toage op 00 8T Tonmn g (57)
PiAT) > 0,  ¢L(A) >0
i 0CH(plpt AT aC (2t AT) da (', pY)
Cpi o op’ o Oxt op’ <0
PO p A BCH ', A) P (p,pl) | 9PCi (@, A (9 (p' )
Cpipi' - D) - T D) + D) T Z O
(0p") ozt a(p") d (%) I
i 2Ci(p',p?, AY) _ 00 (@', AT) 9% (p',p?) | 02C'(a", AY) O’ (p', p?) O’ (p', ) <0. (38)
Py opiop’ ox’ op'op’ d (x1)? op' ol T
Note that, assumption (52) implies
cul > | (59)
al > [Ca (60)
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Firm i chooses p; to maximize profits: II¢(p’, p/, AY) = Ri(pi,p/) — Ci(pt, p?, AT) — ¢(A?) = i (p', p7) - pi —
Ci(pt,pl, AT) — p(AY), where, Ri(p',p?) and Ci(pi,p, Af) = Ci(zi(p,p?), A) are firm i’s revenue and total

cost:
maxll'(p', p/, AY) = R'(p' ') = C'(p' 97, A7) = 9(A) (61)

The first order condition to this maximization problem gives us the reaction function p’(p’) of firm i. The

FOCs satisfy,
I, = Ri(p',p") — Cli(p',p’, A7) = 0. (62)

The second order conditions are the following:

920 (i Q(oi and 2 (g 0] i
_ 0 (ILQP]) L odu ) O°C (p,pQ,A) <0
d (") op’ a(p')

We assume that the second order condition is satisfied.!*
For later use we need to assume that own effects of output on marginal profits is stronger (bigger in

absolute value) than the cross effect, that is |H§Z| > |H§ This implies that,

il
IT}, 113, — IT},I0%, > 0 (64)

The solution to the two equations in (62) gives us prices as a function of R&D levels chosen in the
previous stage: p' = ’(/)1(A1, A?) and p? = 2 (A, A?). The slope of firm i’s reaction function is obtained by
total differentiation of the first order condition (62) with respect to p* and p? (keeping Al and A? constant):
dpi _ _R%j(pivpj) - O;;ipj (pivpjv Al) _ _H;] (piapja Aq)
dp-j R%i(pivpj) _éiiipi(pivpjaAi) Hgi(pi’pj’Ai)

>0 (65)

Reaction functions are positively sloped (i.e. prices are strategic complements) from assumptions (56), (58)

and (63)). This is a standard result for Bertrand games with differentiated products.

3.2 The Effect of R&D Investment

The effect of R&D investment can be seen by totally differentiating (62):

(Rh(pl,pz) —Chipn (pl,p2,A1)) dp' + (Rig(pl,zf) — Chipo (', 0% Al)) dp® — Chia(p", p?, AV )dAT  =(66)
(l?fz(pl,pQ) —Ch e (pl,pQ,AQ)) dp' + (Rgz(pl,pQ) —C2% 2 (p", 17, AQ)) dp® — C2 A (p",p?, A?)dA®  =(67)
Solving the system using Cramer’s rule we get,

_ H;j(p17p27 Al)é;iA(p17p27 Az)dAl - H::j(plﬂp27 Al)é;jA(plﬂp27 AJ)dAJ
1T (p*, p2, ADIL; (pt, p?, AT) =TI (pt, p?, AT (p*, p?, A7) '

dp’ (68)

2

14Notice that is

aCi(p',AY) _ 8Ci(@',AY) 92 (p'pT) _ o 82C1(IAY) _ 9Ci(al,Al) 9%ai(plpd) | 9°CT(@l,AY) (02 (plpd)

3P7L - Oz’ apq; . (api)Q - Bzt 8(pi)2 B(Zi)Q Bpi
positive for convex demands and non-decreasing marginal costs. The second order condition qu < 0 is satisfied for linear
demands.
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From the expression above we obtain,

. . . dpi H;jCAMZA
YA AT = = Pa
RICEEY dAT TP — TP ITE. <0 (69)
k23 JJ 1) 1)
S —II.CY,
YA AT) = dp A (70)

TAA e, - ngﬂﬁj

1]
where the inequalities come from (56), (57), (58) and (63). The expressions above state that prices are
decreasing both in domestic and foreign R&D. An increase in R&D expenditure reduces the marginal cost
of production shifting the reaction curve of firm i downwards. Given that prices are strategic complements
in (65) this implies that both firm ¢ and firm j charge a lower price.
For later use we need to compute 1/}% and @/}fz Differentiating (70) we obtain

i A A J
. HijcpfAOpigiAHij (1)

(H;iiH;j - ngﬂgij)

Di Y i 177 i 117 i AJ AT i
(_RijcijA) (Hiiﬂjj - Hinij) + HijcijOpJ'ijHii

— —— (72)
(H?HJ. _ ngngj)

Xy

Note that w{j is zero for constant marginal costs with respect to output and 1% is zero for marginal costs

that are constant with respect to output and linear with respect to R&D.

3.3 Choice of R&D investment

In the R&D stage the profit function of firm i can be written as, 7/(A?, A7) = T (4" (A, A;), ¥ (A, Aj), AY) =

Ri(p',p7) — Ci(p', p?, A") — ' (A?). Using the envelope theorem (i.e. %1;: = 0) we can write firm i’s FOC as,

.ot QI OII oy
z ? I = — — —_—
m(ALA) =58 = ani o o (73)

where 91 = —C4 (p',p, A7) — $i(A?) and gg; = pi%p;’pj) -Ci (mi,Ai)% > 0 (as long as prices

3 A
m,C 5
e 117 —117 . 118
(At ¥ A ¥ Rt ¥

effect of an increase in R&D by firm 4 on firm j’s price reaction curve. An increase in R&D by firm i reduces

are greater than marginal cost). Further o — 1/)2’ =

) AT < 0. This last inequality gives us the

its marginal cost thereby reducing its price. Prices being strategic complements, this results in a decline in

the price of firm (j). An increase in firm i’s R&D shifts firm j’s price reaction function inwards.

The strategic effect ggj %K_]i is negative. Firms thus have an incentive to underinvest in R€D in order to

increase the price charged by its rival and therefore increase their own profits. This can be easily seen from

(73) where the optimal choice of R&D leaves gg > 0.

Noting that ]:22 (p',p)) — C’; (pt,p’, A%) = II! = 0, the first order condition for a Nash equilibrium in the

choice of R&D levels can be rewritten as,

m(ALAN) = (Ri(p',p') - CLip' P, Ai)} YHALAT) = CA(p', ), A7) = ¢}(AT) =0 (74)
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With the second order condition!®

i i 1 i i j i dRZ(pl7p7) déij (pz’py’Al) i i i i i i
T (A AY) = (Rj - ij) ol ( jdAi - —= dA - piAwi - Cpmqﬁg — Can — ¢i; <0.

(75)

We also assume a condition similar to (64). This refers to the effect of R&D on profits. We again assume
that the own effect of R&D on marginal profits is stronger (bigger in absolute value) than the cross effect,

that is, 7, < wﬁj. This implies that,

T3y — T1aTig > 0 (76)
where,
D (a A\ L (AR D) ACL LY AYY
Mij = (Rj - CP’) Gt v ( ]dAj - AT — Chinti — Cpin?y (77)

Ri (i i P N dct . (ptp? ,AF
Here, S8 — Ri(pf, pi )t + R (pi,p7)i < 0 (from (55), (56), (69) and (70)) and (jfp) -

C’;ipj (p,p7, Ai)q/};’. + C';j (', p7, Ai)llz?. Both the second order condition (75) and the stability condition

(76) impose bounds on ¢¢; (this is discussed later in the determination of the optimal subsidy).

pI

The cross partial derivative 7. can be signed for the case of linear demand and constant marginal costs

J
(ie. . =Cti, =1

ij pip? pipI
R&D expenditures are strategic substitutes even if firms compete in prices.

= R; = 0). The following proposition establishes that, under these circumstances,

Proposition 3 RE&D expenditures are strategic substitutes for the case of linear demand and constant

marginal costs:
Ty = VIR (0 p7) = Cpiat — Cluath) <0 (78)

Proof. See Appendix. m

Proposition 3 states that an increase in R&D by firm 2 reduces the marginal profitability of R&D by
firm 1. To see how this occurs, notice that firm 1 sets its R&D, Al, to satisfy (74). An infinitesimal increase
in A! has two opposing effects on firm 1’s profits. First, profits increase due to the reducion in total costs
C'. On the other hand the decrease in p? (due to increased R&D, A!) decreases firm revenues.!6 The first

order condition (74) shows this trade off against the increase in the cost of R&D , ¢7(A!).

dlfx’,; (pi,pj) dé;j (Pi anaAi>

Notice that —L"— = Ri(p',p/)yi + RL(p,p))y] < 0 (by (55), (56), (69) and (70)) and —P " =
A N N S dc?; (p*p7,04)
C;ipj (p*, 07, A + C;jpj (P4, p?, AT + C;jA(pl,pJ,Al), In general, % is hard to sign. However, in the case

of linear demand it is equal to C’; J A(pi, p?, A?), which is negative. Assuming that marginal costs are constant with respect to

, o AR ) s .
output and linear with respect to R&D (i.e. 4], = 0), we get 7%, (A", AJ) = o] %ip) - C;,iAw; — 2C’;jA'¢)§ — Ol — Dlse

This expression can only be negative (for (75) to hold) if QC’;jsz + C’ZAA + ¢, is big enough. This is equivalent to saying that

as R&D increases, its cost-effectiveness has to decline fast enough, a condition similar to the Cournot case.
16From the envelope theorem we can ignore the effect on firm 1’s price on its profits.
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Consider now an infinitesimal increase in R&D by firm 2. This reduces both p' and p?. However, the fall
in own price (p?) is greater than the price decline for the rival.}” A bigger price increase for firm 1 means
that it now sells less. Lower output reduces the effectiveness of Al in reducing total costs for firm 1. This
is captured by the last two terms of (78). The first term captures the effect of an increase in A% on the
marginal effect of Al on firm 1’s revenue. The fall in quantity (x!), associated with an increase in A%, makes
the revenue loss of an increase in Al less important. This accounts for ’(/JZ w;f{f (p',p’) being positive.

Note that, the (direct) effect over costs dominates the (indirect) effect over revenue (as shown in the
proof of proposition 3). The positive effect of investing in R&D for firm 1 weakens due to an increase in AZ.
Since the marginal cost of R&D ¢1(A') is unaffected by a change in A2, an increase in foreign R&D (A?)
makes own R&D less attractive. Therefore, firm 1 optimally invests less in R&D in response to an increase
in A', implying that 7}; < 0.

A corollary of the previous proposition is that the slope of firm i’s R&D reaction function is also negative:

dAl Wﬁj
&= <0 (79)

where the inequality comes from (75) and (78). Note that, R&D reaction functions are negatively sloped
(i.e. strategic substiututes) both under Cournot and Bertrand competition because the main effect of R&D
comes through total costs. In both cases an increase in R&D by firm 2 reduces firm 1’s output thereby
decreasing the capacity of A! to reduce firm 1’s total costs. Under Cournot competition, the effect over
marginal revenue adds to this effect over costs. With Bertrand competition the effect over marginal revenue
dampens (but does not dominate) the effect over costs (as shown in proposition 3).

The next section describes the effect of output subsidies over R&D and price choices, under Bertrand

competition.

3.4 Government Policy

Suppose that government 1 imposes an output subsidy s'. The profit function of firm 1 and firm 2 can now

be written as:

ﬁl(p17p2aA1781) = Rl(p17p2) —él(pl,pQ,Al) 7¢(A1)+81 'ml(plaPQ) (80)
= H'(p',p*, A +s' -2 (p',p?) (81)
I (p', p?, A%) = I (p', p?, A?) = R*(p", p*) — C?(p", p*, A?) — ¢(A?). (82)

The net domestic benefit of country 1 is simply the profit of the domestic firm minus the cost of the subsidy,

Bl(s') = m'(@p'p*Alsh) —s' -2 (', p?) (83)
= R'(p,p%) - C' (' AT) — (A
= I'(p',p?AY
17This can be easily seen comparing 1/); and 1/;; on (69) and (70), and recalling that own effects dominate cross effects in the

price stage: )H;J‘ > by (64)

J
Hij
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In the first stage, the problem is similar to the one under free trade: firms maximize IT?(p!, p?, A%, s') choosing

the price p’. The first order condition to this problem is,

] = R%(pl,pQ) — Aél(pl,pZ,Al) +sl==— =0 (84)

M3 = R3(p',p°) — Ca(p",p*, A%) = 0 (85)
with the same second order condition as in (63).!® The solution to the two equations in (84) gives us prices
as a function of the R&D levels of both firms (chosen in the previous stage) and output subsidy s?,

P =U(AL A (36)
Differentiation of (84) and (85), (keeping A’, A7 and s' constant), yields the slope of firm i’s reaction

function. This gives us the same expression as in (65). To see the effect of R&D investment and subsidies

over prices, we differentiate the two first order conditions given in (84) and (85):

L 1.2 A1 1.2 Al 1 ! 1

Rll(p y P )_Oplpl(p P 7A )+S 8(p1)2 dp +

4 — Charhp? AAAY + 0T agt — g
p- — plA(p Py ) +ap1 s =

| 0%t

Dl 1,2 A1 1,2 1
+ <R12(p y P )_Cplpz(p P 7A )+S 8p18p2

(112%2(p1,p2) - C’glpz (p*,p?, Az)) dp* +
+ (R§2(p17p2) - ngpz (pl,pQ, AQ)) dp2 - C[%?A(plaan AQ)dAQ =0
The effect of R&D on prices (keeping output subsidy constant) is the same as in the case of free trade (except
for the terms 31% and 51%). Notice, that these terms are equal to zero for linear demands.!® Note
that, the output subsidy is chosen before firms decide on their R&D. This implies that its effect on prices has
to take into account how the subsidy affects the choice of R&D by both firms. The partial effects, keeping
R&D levels (A! and A?) constant, are:
a1
18, (57)

= <0 88
ALA? constamt  TITTIZ, — T, 1T, (88)

bu(al At s

H%Q (gmi>
2 1 A2 (1 P
Al A% ‘ = <0. 89
Yl ) at,8% constant I}, 113, — 13,10, (89)

Notice that we assume that R&D levels are kept constant, while in fact they are influenced by the choice of
output subsidies. The total effect of a change in s', therefore, has to also take this into account.?’ Using
equation (65) we have:

—9 —1 dp?
Vo = Var gt

18Note that II¢, = IT¢, and lzlﬁj = HZ:]. are the same as in the case of free trade.

9Therefore, s (A%, A7, 5%, 87) = % (A%, AT) and Pl (AT AT 67, 67) = I (A%, AJ) for linear demands [equations (69) and
(70)].

20Expressions for 12)21 and @il (in (88) and (89)) would be relevant if output subsidies are chosen after R&D levels are set.

(90)
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Moreover, from (69) and (70) we have

<1

1 Y ozt

N CIRL o
=2

2 Y ox!

e s ngA (3p1)<0 82)

In order to obtain the effect of imposing an output subsidy (before R&D takes place), we turn now to

the R&D stage.
3.4.1 R&D Investment with output subsidies
Rewriting the profit of the firm as a function of R&D and output subsidies:
TUAL A s = TP (Ag, Agy 8,307 (A, A, s1), AT sY) (93)
RI($07) = 1@ A = ¢(A7) 4 8120 0)

We can decompose the effect of a change in R&D (given output subsidies) into its direct and strategic effect.
The strategic effect has the same components as before, hence it is still negative. Therefore, firms underinvest
in R&D for a given output subsidy, . The first order conditions for a Nash equilibrium in the choice of R&D

are,

ozt N
1t 7 AL 4 ! (—)] G (A1, A2, 81 — CL (p,p% AY) — 91(A1) = 0

Op?
(94)

7_T1Al (Al,A2781) = |:R%(p17p2) -

Fha(AL A% ) = [ p?) - C2 (' 0% A7) vha (A% AL 51) — CR (', 9% A%) = 61(A%) = 0. (95)

With the second order condition 7’721- A <0.

In order to see the effect of output subsidies over R&D investment, we totally differentiate the two first
order conditions given by (94) and (95). The next proposition describes the effect of an output subsidy on
the equilibrium R&D chosen by firms.

Proposition 4 Under Bertrand competition, an output subsidy by the domestic government increases R€SD

of the domestic firm, and reduces RED of the foreign firm:

dA!
o >0 (96)
dA?

Proof. See appendix m

The intuition for this proposition is straightforward once we consider how R&D influences profits. Recall
(from the discussion of proposition 3) that the incentives to invest in R&D decrease if output declines: the
beneficial effects of cost reduction are smaller if output is lower. Consider now an increase in the output

subsidy s'. The output subsidy results in a reduction in the price of both goods. However, p' declines by a
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R&D stage Price stage

Bertrand Competition Bertrand Competition

Ai(Ay;e—s)

pi(p2c-s) ::':. pip2c)

4;

Figure 2: Bertrand Competition: Effect of an output subsidy s imposed by government 1.

greater amount than p?. As a result, output of firm 1 increases while output of firm 2 decreases. The output
expansion creates an even greater incentive for firm 1 to invest in R&D (shifts its R&D reaction function
out). The effect on firm 2 is just the contratry: the incentives for firm 2 to invest in R&D decline (firm 2’s
R&D reaction function shifts in) due to the output subsidy, s'.

This is the same type of effect as was observed under Cournot competition. An increase in the output
subsidy increases quantity produced thereby positively affecting the incentives to invest in R&D for the home
firm. In both cases the foreign firm reduces its R&D due to decreased foreign production. As one would
expect, an output subsidy imposed by the domestic government affects domestic R&D more than foreign
R&D. This result, formalized in the next corollary, is used later to determine the sign of the optimal output

subsidy.

Corollary 5 Under Bertrand competition, the effect of an output subsidy over own RED expenditures is

stronger than over foreign RED expenditures:

(98)

dst

dA!
dst

‘ dA?

Proof. See appendix ®

We can conduct a graphical analysis similar to the Cournot case. As with quantity competition, an
increase in output subsidy (s!) shifts the R&D reaction function of firm 1 out and that of firm 2 in (left
half of figure 2) This means that the equilibrium in R&D space moves from B (free trade) to S. For a small
output subsidy, this leaves firm 1 inside its isoprofit contour (71) that passes through the free trade point
B : just looking at the R&D stage an output subsidy increases welfare for the domestic country. However,
as in the Cournot case, we have to also take into account the effect of the subsidy in the price competition
stage. This is illustrated in the right half of figure 2. As in the case of Cournot competition, an output
subsidy increases domestic and reduces foreign R&D, reducing domestic marginal costs beyond the direct

effect of the subsidy and increasing foreign marginal costs. This means that the domestic price reaction
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function shifts in and the foreign price reaction function shifts out, moving the equilibrium from B to S.
From corollary 5 we know that even if we only take into account the effect of R&D on the price stage, the
reaction function of firm 1 will shift more that the reaction function of firm 2. This leaves point S outside
the isoprofit contour 71 passing through point B in the price space. Therefore an output subsidy reduces
welfare for the home government in the price stage. The net effect on the two stages determines whether an

output subsidy increases or reduces welfare.

Formally, define the net domestic benefit of government 1 as B!(s') = 7!(A!, A% s!) — slxl(ﬂil,ﬂ)g).
Taking the derivative of B*(s') with respect to s:
oB' | dA! " dA?2 a0 g 9t Ay’
9st AN st T 2 dst g 8p1 dst - op? dst (99)
Recall that from the first order condition in the R&D stage, ﬁlAl =0, and,
-1 _ 1 A) + 8_5U1 72 Al A2 (! 1 1
ho= Ry p%) - p(p 05 A) + o Ya (AL A% s+ (100)
e 801
= — 51 + ZC
—1 pl, 1 2 Al 9z \1 ;2 1 A2 1
Tae = |Ra(',p*) —Cp(p',p*, )+ a_p2 Yaz(AY A% s7) (101)
B 1 act iy
B Oxt
<1
gt i odAl |y dA?
s =P — ) +¢A2 ) +Ya (102)
and
=2
d o dA! 5 dA?
1/’ F = Vagr +Vargr H (103)

The last two expressions capture the total effect of the output subsidy over prices. They take into account
that the subsidy also affects the choice of R&D by both firms in the second stage (and these, in turn, affect
prices). This effect (through R&D) is reflected in the first two terms of the expression.

With these expressions we can rewrite %]fll
oB. 2 Or'\ o dA? [ 9Ch ] (0al o [0xldy  Oa'dy)
= — oV gr- 2 Oz’ dy- ox! 4
Ost _p ot ] <3 2>wA @ [p ox! +s] <3p2>wb * | 9pt dst + 8;02@(1_1 )

o drt\ (-2 dAZ o' dg' 0zl dy? (09l [.2 dA® | o
— 1_ L) —st | 1
N _p axl] <3p ) (wA dst L > opt dst + ap® ds' <8p ) {qﬂA dst —Hﬁs}

_ ;0 Ox —o dA? Ox dw xl (o dA!
I a’fl] <3p ) (wA ds” +w31> - [81?1 ds’ + <wA ds’ )]

The first term on the right hand side of (104) shows the effect of the output subsidy over domestic benefit in

)

the second stage (R&D investment). A domestic output subsidy reduces foreign R&D investment (
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which in turn increases the foreign price p?. The increase in p? increases domestic output ' and hence firm
1’s profits. Notice that due to the envelope theorem, the effect of an infinitesimal increase in the subsidy s’
on domestic benefit B! (through domestic R&D) can be ignored.

The second term in (104) captures the effect of an output subsidy over domestic benefit in the third stage
(price competition stage). A domestic output subsidy reduces the foreign price in the price competition stage
({pil < 0). The reduction in the foreign price p? reduces domestic output and profits. Again the envelope

theorem allows us to ignore the effect of the output subsidy on domestic benefits through the domestic price

ph.

Notice that, starting from a subsidy s' equal to zero, an infinitesimal increase in the subsidy increases, or

decreases, domestic benefits if the R&D stage effect (&22 ‘3—?12) is stronger, or weaker, than the price stage

effect, (@30 .
0 0 o dA?
T [pl - Ml} < - ) (wig +w51> (105)

The third term in (104) captures the increase, or decrease, in the subsidy bill brought about by an

05!
Os!

increase, or decrease, in domestic output. It includes the direct effect of the subsidy in the price competition
stage as well as the R&D stage effect and price stage effect. To obtain the expression for the optimal output
subsidy we need to solve
oB?
— =0 106
5el (106)

with the second order condition
9%B!
(9s1)?

Solving (106), the precise expression for the optimal output subsidy is obtained:

S { 1 301] [(g_fﬂ> ({”12 daT +¢31> (108)

Ozl | [oaz1 dv' 311 ¢2 dAt
Opl dst Al gsT

Given that the denominator in (108) is positive,?! the sign of the optimal subsidy depends on whether the

(107)

effect on the R&D stage or on the price stage dominates in the numerator of (108). As we will see, the sign is

21Note that for linear demands and constant marginal costs:

ozl d z! (oo dA? (9 -1 daAt daz 5 dA?
{8;1 df (wAl ds? )] . [wAl +’¢A2 +¢i ("/’Al )

Oz [/-1 -2\ dAl dAa? g
= ot _(wAl —’Y"PA1> P +1/1A2 ‘H/)sl_
azf Kl_ %j) 1+¢NdA +?:1
N Pai ds! ONE
az i} I\ dal I da? 35
1+v—= - _ G
II¢. | ds?! II%. dst Ct.
L kX2 7 pLA_

o) oz’ ]
- a,ﬂ dAliﬁjdA2+l
72622 dsl! 299” ds? 0

83: - ~42\ dA!? 7dA2 1
2 - - 1 - >0
% K 2)dsl+2dsl+0
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ambiguous and depends on the cost of R&D (¢1,) relative to the effectiveness of R&D at reducing marginal

cy 2 ~ig i Al . .
costs of production. Define §# = — &;A S gA(%f;iA ) as the effectiveness of R&D. Notice from (69) that
apt

@'+ is independent of ¢!,. Therefore, ‘(iﬁf is the only term in the numerator of (108) that depends on ¢1};.

The following lemma helps to understand the role of the cost of R&D on the elasticity of R&D to output

subsidies.

Lemma 6 The influence of output subsidies over RED decreases as the marginal cost of RED increases.
Specifically,

dA!
9 dsl

o1,

dA?
9 dst

Ity

< 0 (109)

< 0. (110)

Proof. See Appendix m

An increase in ¢}, makes R&D investment more convex. As a result, R&D is less elastic to an output
subsidy, and therefore the R€D stage effect of an output subsidy in (108) is weaker. Whenever the R&D
stage effect is weak, the optimal output subsidy is influenced more by the price stage effect and should be
optimally set below zero (an output tax).

The domestic government only takes into account the effect of an output subsidy over price competition
when the effect of an output subsidy over foreign R&D is smaller ((bh becomes higher). Contrarily, the
government only takes into account the effect of the output subsidy on the R&D stage when (j)h is small
enough. The following proposition formalizes this result, showing that we could have an output subsidy or

a tax depending on the convexity of the cost of investment in R&D, i.e. ¢§1.22

Proposition 7 Under Bertrand competition, the optimal output subsidy s'* can be positive or negative,
depending on the convexity of the cost of RE€D (WH} The optimal output subsidy is positive (an output
subsidy) when the cost of additional investment in RED is sufficiently low (low ¢%,), and negative (an

output tax) when qﬁil is sufficiently high. Specifically,

3¢ < oo such that if ¢ty > ¢ then s'* <0

J¢ > 0T prg1 — WiA,iAj such that if ¢%, < ¢ then s™ > 0.

Proof. See Appendix m
As ¢ increases, the cost of investng in R&D becomes more convex. A steeper R&D cost function makes

R&D less elastic with respect to an output subsidy. This reduces the effect of the subsidy over the foreign

2t

&

E

é;m 8%2Ci(a?,A%) . . . . opJ
where 0 = ——2—= = — SATHLT ~ Imeasures the effectiveness of R&D at reducing marginal costs of production and v = — 3%
ap? opt

V o
R

2
is a measure of the degree of product differentiation. The inequality comes from ‘ %11—‘ > ‘%2— (Corollary 5) and (1 — 32—)
for v between zero and one.

22Notice, however, that ¢%; is bounded below by the stability condition (76) and therefore cannot take values below 07—"2151 —
WiAjAj' See the proof of lemma 6.
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firm’s R&D reaction function, leaving the effect over the foreign firm price reaction function unaffected. This
implies that the domestic government has an incentive to reduce the output subsidy, or even tax output, as
in the standard Bertrand game without R&D investment.

The following section performs a numerical exercise to highlight the results of price and quantity com-

petition.

4 A Numerical Example

In this example,?® we consider linear demands and constant marginal costs with respect to output. In

particular, assume that the inverse demand for good i is given by:
p'=a— bz + ya7). (111)
With 0 < v < 1. Cost functions are linear in output,
C(z',A") = (c — 0A") 2' (112)

and the monetary cost of A’ units of R&D is quadratic:

(113)

The optimal output subsidy is always positive under Cournot competition, as both the R&D stage effect
(742 ‘(}—%f) and the price stage effect (g% ) have the same sign (see proposition 2). R&D becomes more elastic
with respect to the output subsidy as the cost of R&D becomes flatter (i.e. ¢%; falls). In this case the
government has greater incentives to subsidize output thereby reducing foreign R&D. Figure 3 shows the
optimal subsidy as a function of the cost-effectiveness of R&D (defined as n = Z%). The optimal subsidy is
increasing in 7.

The case of Bertrand competition is a bit more complicated. We have to satisfy (107), the second order
condition of the government maximization problem. It turns out that the optimal subsidy also depends
on the cost—effectiveness of R&D (n). Figure 4 shows the optimal output subsidy, which is increasing in 7
(decreasing in ¢',). Note that as the R&D effect becomes stronger (7 increases) the government reverses its
policy from an output tax to an output subsidy.?* Note also that, interestingly, there is a set of parameter
values for which free trade (s'* = 0) is an equilibrium in the Bertrand case, even in the presence of imperfect
competition.

Tables 1 and 2 present numerical results for v = 0.3 and two different values of (0.3 and 0.7). Notice that
all relevant quantities are positive and that the second order condition for the government’s maximization
problem is satisfied. Table 2 shows that, depending on the cost-effectiveness of R&D (), there could be a

policy reversal under Bertrand competition.2’

23The mathematica code used to generate the numerical results is available from the authors upon request.
24For the Bertrand example in this section, (figure 4), the stability condition (76) translates into

(1-7") (4 —~?)?
22-7)2+v-7)
For the value in the numerical example (v = 0.5), we require n < 1.33929 to satisfy that condition.
25The numerical simulations presented in section 3 of Neary and Leahy (2000) assume, for the Cournot case, a set of
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Figure 3: Cournot: Optimal output subsidy (sl*) as a function of the cost-effectiveness of R&D (77 = ﬁ) .

bo
(fora—c=1,v=0.5)
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Figure 4: Bertrand: Optimal output subsidy (51*) as a function of the cost-effectiveness of R&D (77 = %) :
(fora—c=1,y=0.5)
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Cournot Competition: numerical simulation

Government’s SOC

b

Product differentiation ¥ 0.5 0.5
Cost-effectiveness of R&D n= %Z 0.3 0.7
Price firm 1 pl 0.2765a + 0.7235¢ | 0.0689a + 0.9311c
Price firm 2 p? 0.3035a + 0.6965¢ | 0.1349a + 0.8651c¢
Output firm 1 2t 0.5004( — ) 0.6648( — )
Output firm 2 x2 0.4463 (abc) 0.5328 (abc)
R&D firm 1 AT 0.1601 (%<) 0.4964 (<)
R&D firm 2 A? 0.1428 (7<) 0.3977 (%5°)
Unit profit firm 1 m! =pl —c+s! 0.3403 (a — ¢) 0.1684 (a — ¢)
Unit profit firm 2 m?=p?—c 0.3035 (a — ¢) 0.1349 (a — ¢)
Total profits firm 1 ! 0.2076{4=< 0.2659 (4=
Total profits firm 2 n? 0.1652 = 0.1707 95
Benefits country 1 B! 0.1757% 0.1998%
Benefits country 2 B? 0.1652% 0.1707%
Optimal output subsidy | s'* 0.0638 (a — ¢) 0.0995 (a — ¢)
9°B! — 0.5987 —0.8141

b

Table 1: Numerical simulation under Cournot Competition in the third stage

Bertrand Competition: numerical simulations

Product differentiation vy 0.5 0.5
Cost-effectiveness of R&D n= %Z 0.3 0.7

Price firm 1 p! 0.2575a + 0.7425¢ | 0.0483a + 0.9517¢
Price firm 2 P2 0.2422a + 0.7578¢ | 0.0598a + 0.9401c
Output firm 1 ! 0.4848 (43°) 0.6422 (<)
Output firm 2 z? 0.5154 (%< 0.6191 (%)
R&D firm 1 Al 0.1357 (45°) 0.4196 (%5°)
R&D firm 2 A? 0.1443 (%5) 0.4044 (2)
Unit profit firm 1 m! =pl —c+ st 0.2278 (a — ¢) 0.0621 (a — ¢)
Unit profit firm 2 m? =p? —c¢ 0.2422 (a — ¢) 0.0598 (a — ¢)
Total profits firm 1 mt 0.1455% 0.1836%
Total profits firm 2 n? 0.1645 =< 0.1706 4=
Benefits country 1 B! 0.1599 L2 0.1747L-<"
Benefits country 2 B? 0.1645% 0.1706@
Optimal output subsidy | s'* —0.0297 (a — ¢) 0.0138 (a — ¢)
Government’s SOC —;(SZE; —MS% —%

Table 2: Numerical simulation under Bertrand Competition in the third stage

24
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5 Conclusions

This paper shows that for sufficiently cost effective R&D the trade policy reversal in Eaton and Grossman
(1986) is not observed. Our result suggests that output subsidies are more robust than otherwise implied by
the literature on strategic trade. If exporting industries make long run investments before competing in the
market then governments have a case for using output subsidies even if they are uncertain about the mode
of competition in the market.

We show that a necessary condition for output subsidies to be robust is that R&D be sufficiently cost
effective. If the cost of R&D is too convex then R&D expenditures will be relatively inelastic to the export
subsidy. In this case, the effect of an export subsidy on R&D will be negligible and will thus be arbitrarily
close to the case when there is no R&D investment (Brander and Spencer (1985), Eaton and Grossman
(1986)). If R&D costs are not too convex then R&D is responsive to an output subsidy. In this case, the effect
of the output subsidy on the R&D stage reinforces the effect of the output subsidy on the market competition
stage under Cournot competition, and dominates it under Bertrand competition. Thus, regardless of the
mode of competition, the optimal policy is an output subsidy if R&D is sufficiently cost-effective.

Our condition on the curvature of the cost of R&D is reminiscent of Maggi (1996). In his model, firms
invest in capacity and then compete in prices in the product market. Maggi shows that going from Cournot
to Bertrand competition the optimal policy changes from an output subsidy to a tax. The key parameter
is his model is the convexity of the cost function. A more convex cost function (i.e. steeper marginal cost)
results in firm behavior closer to price competition. The optimal trade policy in this case is an output tax.
Contrarily, a flatter marginal cost implies that the optimal policy is an output subsidy. In contrast to Maggi
(1996), in our model marginal costs are constant. Under Bertrand competition, whether the optimal policy
is an output subsidy or a tax, depends on the convexity of the cost of R&D . Under Cournot competition,

the optimal trade policy is always an output subsidy.

parameters, which with our notation, imply b =y =60 =a—c=1and n = % = 0.2. For that set of parameters we obtain

an optimal subsidy s* = 0.3089, which roughly corresponds to what they refer to as the second—best optimal output subsidy.
This is represented by the intersection of the flatter line with the vertical axis in their figure 3.
1

For the Bertrand simulation, they use a set of parameters b=60 =a—c=1and n = 3= 0.4, with inverse demands

' =a—b(p' —p’)

which means that cross price effects are as strong as own price effects. Therefore we cannot compare directly with their
results. They find that the optimal output subsidy is negative (point C in their figure 4). If we set v = 0.5 with their other
parameters, in our simulation we obtain a negative output subsidy (i.e. a tax) equal to s* = —0.0224. We only need to have a
cost—effectiveness of R&D beyond 0.6 to obtain a positive output subsidy, as shown in figure 4.
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Appendix

A Proof of Proposition 1

Differentiate totally the two first order conditions given by (42). These equations can be rewritten in a more

compact way as:

ﬁ1A1A1dA1 +77T1A1A2dA2 +77T1A151d81 =0 (114)
TAIA2dAY + 740 02dA% 4 752 0dst =0 (115)
and using Cramer’s rule:
dAT TN A T TAAi TAs (116)
T — o — —
ds LNINLYNIN I NINLYNIN

In order to obtain the value of the expressions in (116) we first need to sign the total effect of subsidies
over marginal revenues (including the effect over the last stage (quantity competition). We therefore have

dRi(zt, 2?)

G = B e @ £ Ryt 2?)@h <0 (117)

dR2(xt, 2?)

ds? = R%l(x17x2)q;1 + R%2(x17x2)q§1 >0 (118)

by (6), (7), (37) and (38). Using these signs we can now turn to the elements in (116)
. dRj(z',27)

Taiar = BiGhiai + Qa5 — Cialar — Can = 61 <0 (119)
» y . dRi(2%, 27) i
TAINT = quinAj + qJN‘de —Cealnai <0 (120)
dRL (2!, 22
ﬁ'lAlsl = R%qilsl + qQAl % — C;Aq;l >0 (121)

—1 dR%(‘xl7 xQ)

ﬁ-QAQsl = R%qlAQSl + Qa2 E — Cqu’fl <0 (122)

where the first inequality is the second order condition of the maximization in the R&D stage, the second
inequality repeats (28), and the last two inequalities are derived from (117), (118), (37), (38), (20) and noting

that for linear demand and constant marginal costs, T&- is independent of s'. Therefore

1 =2 —1 —1 )
dA T TA2A2T ALt +7TA1A27TA251 >0 (123)
dsl  Th, A\ 1Th2n2 — ThinaT2

ATALTAZA2 ATA2T ALTA2
dA? _7?11 17_1'22,1 +7_T22 17_7'11,1
— ALALTT A2g AZALTAlg <0 (124)

—5 1 5 =1
dst TA2A2TAIAL — TA2A1TAZAL
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B Proof of Proposition 3.

Note that,

i _ Joi Dt (G ] A i A J
Ty = %%Rij(p ) - CpiM/}j - C’,ﬂA%
T i oA A i A
1L, Chi A IG;CLA i LGN _ i ;055 A
i T1J J 1T TTi T ' PA T 79 J 1T PIA T 11 J 1T
03,115, — 105,10 TI 105, — 105, 1T I, 115,; — 10,10, I, 115; — 105,10,

J i e i i i Y i 177 J 178 i i A i 177 J 178
I, Gl AT O,y R + Gl g1 O3, (TG, — T ) = G (05,6, o (10511, — Hinij)1 -
\L

. . 2
7 J J 7
(Hiiﬂjj - Hz‘jﬂm‘)

Recall that, for linear demands, Hﬁj = EZ Notice also that in the case of linear demands, II' is quadratic
and all second derivatives of II'(p!,p?) are thus constant. Therefore, IT}, = Hi ; and ng = Hﬁj. If we also

have constant marginal costs, all second derivatives of C?(p*, p2, A?) are constant. Therefore C’;, N C’; "

Remember also that |H§Z| > |H§j|, C’;A‘ > CA’;)J-A’ and g;l > % . This implies that
i\ (¢ 2 Cri ZHi )2 ol 2 e — ¢ i) ¢ Cio TG ()
7'['i . ( U) ( piA> +( plA) l]( Il) _( piA) ( LJ) - ij( ii) piA+ pIATTIL piA( LJ)
A 12 -\ 2) 2
() - (,)?)
Ai 2 i\2 _ A i \3 A i i A i\2
B (Cpm) IT; (I15)" = Cpia (T0)" Chip + Cls AL C o (1)
() - (miy)?)’
o) ) [ e i\ 2
_ ( PiA> ()" |my  Cpa L Cpia (%)
- 2 ) i i i
((Hf1>2_(nig)2) _H“ Cpin  Cpin it
v N mid T . i X i \ 2
_ _(Ge) ) 185 &5 g (1)
- 2 v i v Ozt
(m)*-y)?) 5 & & \*6
(Cvi )Z(Hi)fi _
DKL R
() - (m)?)” L
oz’
since v = —g’—x’i is between zero and one and IIi, < 0. Notice that v measures the degree of product
apt

differentiation and is bounded between 0 (independent goods) and 1 (perfect substitutes). m

C Proof of Proposition 4

For the first part of the proof, we will follow similar steps as the proof of proposition 1. We start by
differentiating totally the two first order conditions given by (94) and (95).

TaiardAr + TR p2dA? + 7R ds' =0 (127)

TA2p2dA? 4 TA1 p2dA 4 72 0ds’ =0 (128)
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and using Cramer’s rule:

T ~i =]
dA"  —TpaiaiTaist T A TAGa (129)
1 —i ~J —i ~J
ds TaiaiTAIAT — TAiAT TAIAG

To obtain the value of expressions in (116) we need to obtain the total effect of subsidies over marginal

revenues (including the effect on the last (price competition) stage). We have

%:Rz 0, p)as + RE (0,97 )dbas < O (130)
d j . el —a

% = Ri (0, p")dns + R (' 070k <0 (131)
% = Ry, p)) 0l + R (0, p)00 < 0 (132)

where the inequalities are obtained from (55), (56), (69), (70), (88) and (89).

Turn next to the total effect of R&D over marginal costs:

dC;j(plup]aAl) _ Ol

dAl pp] (plap%Az)/&ZAl +CA’;)JPJ(plap]aAl)’JJJAi +O;JA(pza]yaAl) < 0 (133)

dCA’;)J (pz,p]’ Al)

A7 =Cl (0, AN + (0,07, Ak = 0 (134)
AL LAY
[T = Cp ipd (p 7p]7A )wsl + ijpj(p 7pJ7A )¢i1 =0 (135)

where the inequalities are derived from (57), (58), (69), (70), (88) and (89). We also assume linear demand
and constant marginal cost with respect to output (so that CI’)J pi = C;) ipi = 0). Finally, notice that for linear
demands, the slope of the demand function is not influenced by R&D. Formally:

(%) s )i )
AT T o) YT apap

Va =0 (136)

Using these inequalities we can now turn to the elements of (129). As in the case of free trade (see

proof of proposition 3), we will use the fact that, for linear demands, Hﬁj = R;J and both are quadratic

with constant second derivatives with respect to prices. Therefore, I1}, = H? ; and H{j = Hﬁj. If we also

have constant marginal costs, all second derivatives of Ci (pt, p?, A?) are constant. Therefore C’;} A= Cp] A-

. . - - dci; (p'p?, A% dC?;(ptp? AY)
For linear demand and constant marginal costs we have wmm = Vpaini = — a7 = —ft—= =

val > (Gl

d(d%l = C'ZA = 0. Remember also that |H | > |H

that

. All these imply

i | dpJ
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~ A dx>
_ s A 82\ - o [dRL(p%pY) dACL(p?ph, AN - d (W)
7T1A1A1 = (R% - C;Q +s! (8—pl>) Yariar + YA 2dA1 -— dAl + st dAT
A~ 71 A~ 72 A~
_C;mwal - C;mwAl — CAn — 611
-2 (1 51 A A1 1 A1 52
= Y (waal - C;QA) — Chiathar — Cpaathar — ¢1
B —H%C;lA R%2H32C;1A C’l C’l H%2C;1A C’l —H%C;m ¢1
— - 2 - 1 - 2 -
T30, — I 105, \ I, 003, — TI,104, 772 PANILIEG, — I, PRI, — I, 103,
—1IIi.C1, R | (Mo . . I, C, . —1IIi.C1,
= —=z= 2( Rt zcﬁm> A~ Cha—— s — b1y
(Hz’i> - (Hij) (Hw) - (Hij) (Hn‘) - (Hij) (Hii) - (Hij)
(HZ)B(AZ )2 (i A i\ S A A i A i\ 3
- el (hoke (Th) ke etk ke ()|
- } ; 2 i A i A i i i 3
((HL)Q _ (HL)2) _Hu CpiA IT; sz‘A CpiA 1T, CpiA 1T
N3 (A 2 i o i3 i o - NN
. v oz* oz’ oz’ oz’ oz* oz’ oz’ oz’
B (IT%;) ( 1;1A) 1o \ o  [(loap\ o o 197\ 57 (1o !
- .92 S92\ 2 9 Ozt Ozt 9 Ozt Ozt + dzt | 9 9zt dzt | 9 9zt P11
((H;i) — (sz) ) i opt / op? ap? ap? p* op* op* Op*
()’ (¢55)
ii pm) 1 1 1 1
= ) NN 572—574—14-572—@74}—(15%1
((Hii) - (Hi]') ) )
3 /a2
(I, (Cl. ) -
1% ptA 1
= —— 72—174—1]—% (137)
((m)? - r)?)” L
oz’
where v = —%_-’i measures the degree of product differentiation as in the proof of proposition 3.
api
_ - Ao\ -1 1 [(dR2(pY,p? dC? (p', p?, A?) P P A
Fhepe = (B =C2) Yhons + s ( 1d( A2 ) A2 = Cpeatiar = Cia¥az = CRa = 011

=1 (52 52 A fg 52 2y 1
= Ve (Bhe = Cha) = Chaptias — Chiatine — 6%
= Thia (138)
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~ A dx!
_ . A Ox dRL(pt,p?) dCh (p',p*, AY) d (W)
WlAlAz = <R% - 011)2 +s! (8_pz>) 7/}A1A2 + d’Al QdAQ -— dAZ2 + st dA2
A1 -1 A1 =2
CplAwAZ - CPQA,ZZJAZ
=2 (1 1 A1 1 A1 52
= Y (Rizwy) — Chintaz — Cpap¥ine
_ —T15,C o A, —T01,C% 5 e 01,2 5 e I}, C2
113,11}, — 115,113, 113, 113, — TI3, 114, PO, I3, — 13,104, PO, I, — 115,113,
H; Ci, HZ Ci, . —1II¢. Ci, N H;C’z
- JPA ( JPA >_C;"A . JpAz_beA - Le 2
(IT;;)" Im;)” (13)" — (1) ()" — (11}
i i i 2\ (i (3 A i \3 A i (1)
()’ (c ) + (¢ IA) I, <H,-i> — (Cha) ()" = Gl y (1) Gy + G T (1T

~1
TALg1

_2
TAZAL

{pzAl ( Qwsl + <

() - (miy)?)’

A 2 .3 ro .. )
(Cia) )" [m, ey ey <nz )2
2 i A 7
() - @) [N Gua Gua \1
N 2 3
C’Li H’ILL -
( p A) (IL3) 1Ll oo (139)
P2 iv2\2 |2 4
((Hii) - (1) ) -
A dR2 1, 2 d021(p1,p2,A2) A v A v
= (R2 C )’l/JAzAl +'¢A2 ( 1521}? ) - L dAL - szAdPAl - Of)lAq/}lAl
= Uae (B310) - Chadian — Chadin
= Taiae (140)
N N aajl -9 -9 de(pl,pz) dél?(plaPQaA1> 8.’E1
(R%—C$2+81 <3—p2)>%151+%1< T +<8_p2>

;2 A&QI
ox!
op?

G - C
)) O pTh — O

Rl 112 dx! 112 zl 112 m
H216’ 1A 124422 | 5T +(8x1> Lo 22 o 12
- = o pl - n2
3,10y, — 105,103, | 113,103, — 0,105, \ 0p? PTG, — leﬂb PAIL I, — leﬂb
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(IT5,) ™ — (11%) i G G pia i Mpia \ T
i i
(6_9:1) Ci, (I )3
5T in U 1 1 1 1
S et ety
((miy)* = (m)*)
Al © A 11 1
/7 S 1=+ =+ 1} >0 (141)
2 i \2 4
((Hu> - (Hij) )
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o Nt (ARG ACAGLRAD L,
O (R%—cﬁ)di%l+¢@2< ﬁilp)— p1d§ — C2 00 — Chipat
-1 =~ -2 A -2 A -1
= ¢A2R§1 (p17p2)¢51 - O§2A¢sl - CilAwsl
A 2 dzt 2 ozt 2 ozt
_ M [ M (%) o, M2 (%) oo e (%)
= 21 — Up2pa —Lpia
11, 115, — 13,115, 1T, 113, — 3,115, PO, I3, — II,I1, 7 210, 105, — 113,104,
AL i \2 [ 92! i Ozt i [ ozt
—I5C5ia (115)" (%) o m(g) L m(5e)
= N2 N2 N2 N2 | T YA N2 N2 TPIATN2 PN\ 2
Lz) - (Hz‘j) (Hu) - (Hij) (Hu) - (Hij) (H“) - (Hij)

(
(6w1> — (mi,)” Crin = Coialli; (I)” + Ciin ()" + Ciya (1)
o 2 2\ 2
((m)* - (m)?)

i i)3 ; Ai Ai i\ 2
Coa )" | my,  Ciy Ciin (Hij)
IT;,

D=’y [ G G

)
)

() Coa )" 1 01
)

—=7+ 2y } <0 (142)

P2 a2\2 | 2 4
((Hii - (Hij) ) i
The second order condition (75) means that 7% . < 0, whereas the stability condition (76) implies that

(ﬁiAim)Q > (ﬁiNN)Q. All these mean:

dAl i _ﬁJA"A"ﬁ-lAlsl + ﬁ-iAiAjﬁ-QAQSl 0 143
dst 2 o 2 7 (143)
(WNN) - (ﬂ-AiAJ)
and
dA? —7 i 17?2 . +7Tfi i 7L
— AA A2g1 ATAT T Als] < 0 (144)

y 2 iy 2
ds? (WZiAi) - (WAiAJ‘)

Which is the statement of the proposition.
From (137), (139), (141) and (142) we can also derive the following relationships, to be used later:

Clin ,
TALa <_%> — @11 =0T p1g — P11 = Taini (145)
ar
77'2251 <—%1A) = 197?2281 = ﬁlAiAj (146)
opt
— 1.4
A 0 [l _1 3]
YANYAN 27 47
2 1.4
_2 -3 -1 1 _ i
L VY] L i RS R U (148)
A [%’Y _ %73] 11 ATA
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D Proof of Corollary 5

Note, first, that from (141) and (142), [#h. .| > |74z, | for ¥ between 0 and 1. Also, from (143) and (144):

dA? dA? dA? . dAZ2
ds? dst T dst ds?
— A AT R 1 T AT — T AT a1 s AT
_ AiAITALg AiATTA2,1 AiAITAZs1 AiAT T AL
- . 2 . 2 . 2 . 2
=1 _ (=1 —1 _ (=1
(WNN') (WNN) (Wmm> (WNAJ)

—Tpeas (Tharg +Tao) + Thins (Targ + Tazg)
(Fhiad)” = (Frins)”
— (Taiar = Tains) (Farg + Tazg)
(Fhiat)” = (Fhias)”
| T TRz

Taini T Taind

where the inequality comes from the denominator being negative ((75) and proposition 3), k., > 0 by

(141) and |7h: 0| > |Th2, - =

E Proof of Lemma 6

Before proving the statement of the lemma, we need to derive the restrictions on (;Si ; implied by the second
order condition (75) and the stability condition (76).

From the definition of ﬁiAiA,- in (137), in order to satisfy the second order condition ﬁiAiAi < 0 we need

to ensure
3 /a0 \2
) (HZ‘) (Clm) 1
bl > ——— {72 -t - 1} = 97hi >0 (150)
((Hf:z‘) - (H;fj) )
C’ZA 92C (27, AY) . X
where 0 = — 25 = —=5Ag.r ~ Ineasures how fast marginal costs are reduced per unit of R&D.
apt

On the other hand, the stability condition in (76) translates into:

m)* (i)
) Ca) [y~ 491 1] — o}y

) - ~ 2
TrlAiAj ¢ (H?i)S
(((H:)é)_(né‘)ﬂ? [_%7 +7 - %73]
i ij

2 _ 1.4 1 i

= : 1 471 3 ] - 22511 >1 (151)
[57 — 17 ] TAA;

using (147):
i i i [ =17t 1]
+Ta A, > A
P11+ Ta,nA, TAA, 15— 1]

Pl > OTaia —Taa, >0 (152)
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Since wiAiAj < 0, then only (152) is binding..

From the definition of 941 and 947 (143), (144) and the identities (148), (146), (145) and (147) we have

dA? _ﬁiAiAiﬁ—lAlsl +7?7;AiAj7Tr2A2sl
ds” (Thine) = (Fains)’
(0mhup +0h) Thop + Coipel
(074 —61) = (Fains)
(= (07h)* + 0h07h + (7hin))°)

1
0 (Orh —oh) = (Fhn)’

>0 (153)

—i —2 —i —1
dA? “TpiniTAzet T TRini TAL:
ds? 7 V(7 2

(ﬂ-AiAi> (”Aim)
LN

— 1 iAg —3 —
(_HWIAISI +¢11) 9AJ +7TZAiAj7rlAlsl

(67410 = 0h1)" = (Faia)”

1 =i
¢117TNAJ

1
= : <0 (154)
0 (0mhip —01)" — (Fins)

2

Notice that all the terms in the expressions above do not depend on ¢%1 except, of course ¢%1. Taking the

derivative with respect to ¢},

paal 107k [(07hay —011)” = (Fhin))’] +2 (= (6741,0) + 01107 has + (Fhins)”) (07 hes — o1)
00h 0 (67 = 612)” = (Phea)?)
L 1= (07h0)" 07 R (Fhins)” + 200 (07hi)® = (011)07hup — 2011 (Fhins)
7 (074 —01)" ~ (7aen)”)’
__1(07h) (67his — 01) 4 (Raip)’ (201 - 07ha) (155)
0 (070~ )"~ (2in)?)
pdz i [(07hi - 0h)7 = (Faia)’] + 2607 (07AL - 0h)
aor, 0 ((eﬁglsl —oh)" — <ﬁgw>2)2
17 | (07he)” = 20007k + (91)° — (Fhia)’] + 20017hea 07k — 20070l
0 ((07?;151 —oh)’ - (ﬁiw)2>2
17 [(07800)° - (61)" - (Rhes)’]

1
5 ~ - 2
((9771&51 - ¢%1)2 - (WZNAJ‘)Q)
—q 2 — =1 — —1
1TAiA [(¢%1) - (9”1&51 - ﬂ-AiAJ') (9771A151 +7TA1'AJ')}

- ] 2
’ (0740 = 01)" - (7))
> 0 (156)
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where the inequalities are derived using (152). Sinc 5 12 < 0, the statement of the proposition

follows m

F Proof of Proposition 7

Rewrite the optimal subsidy as

2 =2
p) 1 dA? 4
st =m! <8i) a:/iAdz)dsl dzws_;_ (157)
p apT + Op? dst

where m! = p! — %% + s' > 0 is the gross benefit per unit sold, including the output subsidy. Of course,
m! has to be positive (otherwise firm 1 would have negative profits).

Turn now to the sign of the denominator in (157). It is positive since

dAl o dA?
> (w& +Pae gt +wsl>>
617

At Py dA2 N Yu <¢'Aj At A {pil ))

atdy’ oxldyt_ dal (0 AL dA2
opt dst  0Op? dst op!

d)AIdl +7/1A2 +1/151+(

a L s T e e

oxl i <dA1 H;'J a? % X (_ng dA! dA? gy &))

Iy, dst  dst i, I

dAl 8p1 dA l _ _ dp] dA dAQ l
99z (gl ds! 20
op?
ax - dAY dA2 1 vdAlY  dA?
= Gl @*5@*5”(5(1—51*@*@))

(93: - (dA! 2 vydA? 1 72
= 8—])1¢A1 <F(1—7>—§F+5(1—7>)>0 (158)

(Proposition 4) and (1 - 77) > 3> 0 for v between zero

where the inequality comes fro d A
and one.

Therefore the sign of s'* is the same as the sign of 17122%%12 + 17131 Recall that

_, dAZ y [(dAa? g
1/1A2d T+ Ya = Yae (g*‘ —

YAz

o [(da? gh
= ’(/JAi (g"’wzi

i (dA? g T
= Vai|l T "
s Yai i

i [dA?
= Yni |~ + e 1
va ( st 29) (159)
Since 1/1 '\i is independent of ¢!, then a change in ¢!, only affects < ds (i.e. the R&D stage effect). From

dA2
sl
T 9¢1,
be positive or negative for permissible values of ¢{;.

lemma 6 > 0 and so wN (ﬁ + 27—0) in decreasing on ¢;. Left to show is that zZJlN (% + %) can
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From (154) we have

dAa? 1 NN
ds' 0 (p~1 111 - —i 7 <0 (160)
(07 p10 —d11)” — (Thins)

And so limgr oo 1&1& (% + 5’%) = {pgﬁ’% < 0 and lim g (?1?12 + 5‘%) = +o00. By

con

(z)%l\(gﬁlAlsl _TriAiAj) wAl
tinuity, the claim of the proposition follows. m
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