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Abstract:

We consider a common components model for multivariate fractional cointegration, in which the
s > 1 components have different memory parameters. The cointegrating rank is allowed to exceed 1. The
true cointegrating vectors can be decomposed into orthogonal fractional cointegrating subspaces such
that vectors from distinct subspaces yield cointegrating errors with distinct memory parameters, denoted
by di, for k = 1,...,s. We estimate each cointegrating subspace separately using appropriate sets of
eigenvectors of an averaged periodogram matrix of tapered, differenced observations. The averaging
uses the first m Fourier frequencies, with m fixed. We will show that any vector in the k’th estimated
cointegrating subspace is, with high probability, close to the k’th true cointegrating subspace, in the sense
that the angle between the estimated cointegrating vector and the true cointegrating subspace converges
in probability to zero. This angle is O, (n~%*), where n is the sample size and «y is the shortest distance
between the memory parameters corresponding to the given and adjacent subspaces. We show that
the cointegrating residuals corresponding to an estimated cointegrating vector can be used to obtain
a consistent and asymptotically normal estimate of the memory parameter for the given cointegrating
subspace, using a univariate Gaussian semiparametric estimator with a bandwidth that tends to co more
slowly than n. We also show how these memory parameter estimates can be used to test for fractional
cointegration and to consistently identify the cointegrating subspaces.

Keywords: Fractional cointegration, long memory, tapering, periodogram.

1 Introduction

Fractional cointegration has been the subject of much recent attention. See, for example, the work of
Robinson (1994), Robinson and Marinucci (2001), Marinucci and Robinson (2002), Chen and Hurvich
(2003a). All of these papers assume either that the observed series is bivariate or that the cointegrating
rank is 1. Arguably the most interesting case from an econometric point of view is the situation where
the series is multivariate and has cointegrating rank which may exceed 1. This situation was covered by
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Robinson and Yajima (2002), who considered methods of determining the cointegrating rank, and also
by Chen and Hurvich (2003b), who focused on estimation of the space of cointegrating vectors.

Chen and Hurvich (2003b) studied the properties of eigenvectors of an averaged periodogram matrix
of differenced, tapered observations, averaging over the first m Fourier frequencies, where m is held fixed
as the sample size grows. They showed that the eigenvectors corresponding to the r smallest eigenvalues
(where r is the cointegrating rank) lie close to the space of true cointegrating vectors with high probability.
They also presented an empirical analysis of fractional cointegration in US interest rates for bonds of
seven different maturities. They found evidence that the cointegrating rank was greater than one, and
furthermore, that the memory parameter of the cointegrating errors may take on a variety of values that
differ substantially if cointegrating vectors corresponding to substantially different eigenvalues are used.
This last finding, while of apparent interest from an econometric point of view, could not be explained
directly from the theoretical results presented in Chen and Hurvich (2003b), since they did not attempt
in their theory to separate the space of cointegrating vectors into subspaces yielding different memory
parameters.

The goals of the present paper are to exhibit a model that allows us to highlight these subspaces, to
show that the subspaces and their corresponding memory parameters can be estimated individually, and
to show how to use the residual-based Gaussian semiparametric estimates of the memory parameters to
consistently identify the cointegrating subspaces and to test for fractional cointegration. By contrast,
Chen and Hurvich (2003b) did not consider either testing for cointegration or estimation of the degree of
cointegration.

We first present in Section 2 a semiparametric common components model in which the components
have different memory parameters, while the entries of the observed multivariate series have just one
common memory parameter. Next, we show that the space of cointegrating vectors can be decomposed
into a direct sum of orthogonal cointegrating subspaces such that vectors from distinct subspaces yield
cointegrating errors with distinct memory parameters.

We show in Section 5 that each of these cointegrating subspaces can be separately estimated using
sets of eigenvectors of the averaged periodogram matrix. Since m is held fixed, we are able to obtain a
rate of convergence for the estimated cointegrating vectors that depends only on the difference between
the memory parameters in the given and adjacent subspaces, and is not hampered by the rate of increase
of m as in other related work (cf. Robinson and Marinucci 2001, in the bivariate case).

To each true cointegrating subspace, there corresponds an estimated cointegrating subspace spanned
by an orthonormal set of eigenvectors of the averaged periodogram matrix, where membership in the set
is determined by a partitioning of the sorted observed eigenvalues into contiguous groups, of sizes that
match the dimensions of the corresponding true cointegrating subspaces. We show in Section 4 that the
eigenvalues for the k’th estimated cointegrating subspace are Op(n%k), where n is the sample size, and
dy, is the memory parameter of the cointegrating error for the k’th true cointegrating subspace. This
result, and further refinements of it, plays a key role in our subsequent theory.

We will show in Theorem 1 that any vector in the k’th estimated cointegrating subspace is, with high
probability, close to the k’th true cointegrating subspace, in the sense that the norm of the sine of the
angle between these two subspaces converges in probability to zero. The norm of the sine of this angle is
Op(n=*), where ay is the shortest distance between the memory parameters corresponding to the given
and adjacent subspaces. This implies that the sine of the angle between any vector in the k’th estimated
cointegrating subspace and the k’th true cointegrating subspace is Op(n~**). (We provide more details



on the notion of the sine of the angle between subspaces, and also the sine of the angle between a vector
and a subspace, in Section 5). This convergence rate, which improves as «j increases, is at least as fast
as the rates obtained for existing semiparametric estimators of cointegrating vectors in the bivariate case
(see, eg., Robinson and Marinucci 2001 and the discussion in Chen and Hurvich (2003a)). Furthermore,
we show in Lemma 29 that the normalized eigenvectors of the averaged periodogram matrix converge in
distribution to random vectors that lie in the corresponding cointegrating subspace.

We then show in Section 6 that the cointegrating residuals corresponding to an estimated cointegrating
vector can be used to obtain a consistent and asymptotically normal estimate of the memory parameter for
the given cointegrating subspace, using a univariate Gaussian semiparametric estimator with a bandwidth
that tends to co more slowly than n.

In Section 7, we propose and justify a test for fractional cointegration in the current context. In Section
8 we provide a procedure for consistently identifying the cointegrating subspaces, i.e., for determining
the number of subspaces and their dimensions.

2 A Fractional Common Components Model

Suppose that the original data are a ¢ x 1 time series such that the p — 1" differences {y;} are weakly
stationary with a common memory parameter dy € (—p 4+ 1/2,1/2), where p > 1 is a fixed integer. The
use of p — 1*" differences converts any additive polynomial trend of order p — 1 in the original series
into an additive constant. The value of this constant is irrelevant for our purposes since the estimators
considered here are functions of the discrete Fourier transform at nonzero Fourier frequencies. We can
therefore take the mean of {y;} to be zero, without loss of generality, and our estimators are invariant to
polynomial trends of order p — 1 in the original series.

In order to guarantee that the cointegrating relationships in the stochastic component of the levels
are preserved in the differences, we apply a taper to the differences, that is, we multiply the differences
by a sequence of constants prior to Fourier transformation. This prevents detrimental leakage effects
due to potential overdifferencing, and allows us to obtain uniform results over a wide range of memory
parameters. A convenient family of tapers for use on the differences, and which we will use here, was
given in Hurvich and Chen (2000). The exact form of the taper is given below.

The fractional common components model for the (g x 1) series {y;} with cointegrating rank r (1 <
r < ¢q), and s cointegrating subspaces (1 < s < r), is given by

Yy = Aougo) + Alugl) 4+ -+ Asuts) , (1)

where A, (0 <k < s) are ¢ X ay, full-rank matrices with a9 = ¢ —r and a1 + - - - + as = r such that all
columns of Ay, ..., A, are linearly independent, {ugk)} k=0,...,s, are (ar x 1) processes with memory

parameters {dj};_o, with —p+1/2 < d, <--- < dp < 1/2. Equation (1) can be written as
Y= Azta (2)

where 2z, = vec (ugo), e ,u@) and A = [ Ay - A ] . We will make additional assumptions on {z; }

in Section 3. These assumptions guarantee that {z;} is not cointegrated. The methodology presented in
this paper does not require either r or s to be known.



Remark 1 Our assumption that all entries of {y:} have memory parameter d implies that all rows of
Ap are nonzero. The model (1), without the assumption that all entries of {y:} have a common memory
parameter, could also be entertained, though we do not pursue this here, and would then include the model
considered by Robinson and Yajima (2002).

Next, we exhibit the cointegrating subspaces. For any matrix A, let M(A) denote the column space
of A, and let M+ (A) denote the orthogonal complement of A. Note that, for k =1,...,s,
ML (Ag,...,Ap) C MY (Ag, ..., A 1).
Let Bo =M (Ayp), and By, k =1,...,s, be the subspace such that
ME (Ao, ..., Ap 1) =M (Ag,...,AL) ® By,

and By LM+ (Ag,...,Ay). Hence a vector 3 € By, k € {1,...,s}, satisfies 3’Ay =0, £ =0,...,k—1
and B'Ay # 0. Also B, LBy, for j #k, (j, k) € {0,...,s}, and

RI=By®B1®---®&Bs . (3)
It can be seen from (1) and the preceding discussion that any nonzero vector 5 € By with k € {1,...,s}
produces a cointegrating error series {'y; } with memory parameter di. Thus, Bq,..., B, are the cointe-

grating subspaces. The space By, on the other hand, is the space spanned by the non-cointegrating vectors
in RY. Equation (3) shows that R? may be written as a direct sum of the space of non-cointegrating
vectors and the space of cointegrating vectors, and that the latter space may be further decomposed into
a direct sum of cointegrating subspaces.

3 Assumptions

o

Here, we specify a linear model for the series z; = vec (ut - u,(gs)) . As stated in the previous section, we

assume that {ugk)} k=0,...,s,are (a; x 1) processes with memory parameters {dj};_, with —p+1/2 <
ds < --- < dy <1/2. Define Ny = {1,...,a0} and Ny = {(ap+---+ag—1)+1,...,(ap+---+ag)} for
k=1,...,s.

Let 9y, be a sequence of ¢ x ¢ matrices such that

I DL

:ﬂ -

where for each w € [—m, 7], ¥(w) is a complex-valued matrix such that ¥ (—w) = ¥ (w) and vy is an
identity matrix.

Define the ¢ x 1 vector process {z;} as

2t = Z YrErk (4)

k=—o0



where {&; = (g¢1,...,61,4) } ~ d (0,27%),  is a symmetric positive definite matrix with entries oy,
a,be{1,...,q} and E|je¢]|* < oo, where ||-|| denotes the Euclidean norm. The spectral density matrix
of {z:} is

fW)=9(WEV (v) , wel[-m7a ,
where the superscript * denotes conjugate transposition. We further assume that for w € [—m, 7], the
(a,b)’th entry of ¥ (w) is given by

—iw)~da i w
Uop (w) = (L—e™) "1 (w)e Pav(w) (5)
where d,, = dj, for a € Ny, and dgp < min(dy,dp,) for a € N, b € N, b#a (k,h=0,...,s), and for all
a,b € {1,...,q}, Tap (-) are positive even real-valued functions, ¢ (-) are odd real—valued functions, all

continuously differentiable in an interval containing zero. It follows from (5) that the first derivatives of
Uap(w) satisfy

(@) = O (1Waa (@)W (@)|* 0] 1) (6)

In keeping with (5), we assume that we can write the spectral density matrix of {z;} as

fw)=YWEwY W |, (7)
. i\ —do —iw)—do —iw) —ds _ s .
whereT(w):dlag{(l—e“") 7...,(1—@"“’) ,...,(1—6“") , ,(1—6“") },16 the
a’th diagonal entry is (1 — e‘i“’)fdk foralla € N, (k=0,...,s), and

1 (w) =™ (W) DPT (W), (8)

is positive definite, Hermitian, continuous at zero frequency, and therefore real-valued at zero frequency.
Thus, {z:} is not fractionally cointegrated. (See Robinson and Marinucci, 1998).

4 The Averaged Periodogram Matrix and its Eigenvalues

For any vector sequence of observations {&}}-, define the tapered discrete Fourier transform by

Mmz————fZW%wj
27y | 1‘

where w; = 2mj/n is the j’'th Fourier frequency, and {h;} is the complex-valued taper of Hurvich and
Chen (2000),

ht:O.B(l—em”/"> Ct=1,....m

Note that p = 1 yields the no-tapering case. Next, define the tapered cross-periodogram matrix of two
vector sequences {&};'_; and {(;};_, by

Tec(wj) = Je(w;) JZ (wj)
We will work with the (real part of the) averaged periodogram matrix of a sample of n observations

{ye}ieq, .
I = ZRG {Lyy (wj)}

Jj=1



where m is a fixed positive integer, m > q + 3.

Denote I, (&,¢) = Z;”:l Re {I¢¢(w;)} . We first focus on the asymptotic distribution of I, (z, 2:).
Define the function (for z € R)

Ay(z) = ( 2 >1/2 :

1

(pk_ 1 )(—1)kA(x+27rk) :

=0

p—1
where | o1
AW =7 —
Now, define
vy (2) = ¢ [B, o 2m)) + Ay (o + 2m7)]
v () = & [By o+ 2m7) — By (o 4 27) .

Define the Hermitian positive definite ¢ X ¢ matrix-valued measure Gg on R by

Gy (dz) = II (z) £T(0)IT* () da (9)

for x > 0 and G (—dx) = Gg (dz) where
II(x) = diag (tfiw‘i"/2 |x|_d° L., e imdo/2 |x|_dO b, e T /2 |a:|_d5 ey e imds/2 |x|_ds)
Let U,, and V,, be ¢ x m matrices given by

U,=d,'Re(J.1,...,Jom) and  V,=d, ' Im(J.1,...,J..m). (10)

Lemma 1 Let d, be a (q x q) diagonal matriz with i diagonal entry n®™ i € Ny, k = 0,...,s and
Qn = d;nllm (Ztazt) dﬁl = (UW,Vn) (UTHVn)/ Ifm Z q, then

Q. 2 UuU + VvV,

where U =(Uy,...,Uy) and V =(Vi,..., Vi), U;, Vi are ¢ x 1 vectors, and vec (U, V) is a 2mg-variate
normal random variable with zero mean, and covariance matriz E determined by

B (U,07) = [ v (@) o )G (da)

R

MW@:AWMW@MWM,

E(U;V}) = /Rvj (z) vk, (2)Go (dz) .

Furthermore, UU’ 4+ V'V’ is positive definite and has distinct eigenvalues with probability 1.



Proof. The proof is identical to the proof of Lemma 1, Corollary 1 and 2 of Chen and Hurvich (2003b).0]

We next derive upper and lower bounds for the eigenvalues of I,, (v, y:) . We will use the notation A; (-)
for the j’th eigenvalue of a given Hermitian matrix, A; () > Aj41 (+). Also we let A\j = Aj (I (v¢, Y1) -
We have the following lemma.

Lemma 2 )\; =0, (nQdk) ,forj € Ng, k=0,...,s.
In the case k > 1, the upper bound in Lemma 2 strengthens Lemma 4 of Chen and Hurvich (2003b).

Lemma 3 Let j; = max{j:j € Ny} and Qﬁ{“) be the leading j;; x ji principal submatriz of Q,, for

k=0,...,s. Then

—odu D
n”2N > ey (Q(k)> 2l

n

(k)

where ¢, > 0 and njg s a random variable that has no mass at 0.

5 Estimation of the Cointegrating Subspaces

Let X ()= x1() --- xq(-) |, an orthogonal matrix such that x; (-) is the eigenvector corresponding
to the j’th largest eigenvalue A; (-) of a given symmetric ¢ x ¢ matrix, and let Xy () be a matrix with
columns x; (-),j € Ng, for k = 0,...,s. Also we let x; = x; (Im (v,4:)), X=X (I (v4,y:)) and
Xe= X (Im (yt,yt)). For k=0,1,...,s, let Bx be a ¢ X a; matrix with orthonormal columns such that
M(Bi) =Brandlet B=| By --- B, |.Since B'B =1, it follows that for any ¢ x ¢ matrix P, B'PB
is similar to P, i.e., A; (P) = A; (B'PB) and x; (P) = B'y; (B'PB).

Define
P= B/Im (yt7 yt) B ,

and partition ® into (s + 1)® blocks, such that the (k,¢) block ®5, has dimension (aj x ag), for k, ¢ =
0,...,s. Define ®p = diag [®qp, ..., Pss|, and A® = & — P, so that

D=, + AP

We have
I (yt,ye) = B®B =B®;,B + BA®B' = H+AH

so we can think of I,, (y¢, y:) as a perturbed version of H. Using results by Barlow and Slapnicar (2000)
on perturbation theory for eigenvalues and eigenvectors of nonrandom Hermitian matrices, we will show
in Lemma 4 that the k’th estimated cointegrating subspace M(X}) is close to M(Xy, (H)) in the sense
that the norm of the sine of the angle between the two subspaces converges to 0 in probability.

Let © (+,-) denote the matrix of canonical angles between two subspaces of the same dimension (see,
e.g., Stewart and Sun 1990, p.43). The notion of the sine of the angle between two subspaces of the same
dimension is given in Davis and Kahan (1970). For simplicity, suppose that S and T are both real ¢ X a
matrices (¢ > a) with orthonormal columns. Then the orthogonal projector into M (T) is given by TT’,



and the projector into the orthogonal complement M= (T) of M (T) is given by I — TT’, where I is a
g % q identity matrix. The sine of the angle between M (S) and M (T) is an a X @ matrix defined in Davis
and Kahan (1970), and denoted by sin©® (M (S), M (T)). It follows from Davis and Kahan (1970, page
10) that ||sin® (M (S), M (T))||» = ||(I — TT")SS|| . where ||-|| is the Frobenius norm. It follows from
Stewart and Sun (1990, Corollary 5.4, p. 43) that

Isin® (V(8), M (T) | = || (T4)'s| (11)

where T+ is a matrix with orthonormal columns spanning M= (T), so that H (TL)/ SH is the square
F

root of the sum of the squared lengths of the residuals from the orthogonal projections of the columns of
S on the space M (T).

For any nonzero vector x € M (S), the sine of the angle between x and the subspace M (T) is a real
number defined as

sin 6 (x, M (T)) = I
See Wedin (1983, p. 274). It then follows from (11) that

xglj\%gcs) |sin 6 (z, M (T))| < H (TL)/ SHF

In Lemma 5, we show that under the additional assumption that the process is Gaussian, M(Xy, (H))
is equal to By with probability approaching one, for £ =0,...,s. Lemmas 4 and 5 taken together imply
our Theorem 1, stating that if the process is Gaussian, the k’th estimated cointegrating subspace M (Xy)
is close to the corresponding true cointegrating subspace By, in the sense that || sin ©® {M (Xy),Bi} ||Fr =
Op(n~“*), where ay is the shortest distance between the memory parameters corresponding to the given
and adjacent subspaces, i.e.,

do —di k=0,
ar =< min{(dg-1 —di),(dr —dr+1)} k=1,...,s—1
ds—1 — ds k=s

Lemma 4 The sine of the angle between M (Xy) and M (X (H)) satisfies

[[sin © {M (X}, (H)) , M (Xp)}H|p = Op (™)

The following Gaussianity assumption is sufficient for obtaining a rate at which P (M (X (H)) # By)
converges to zero. More specifically, the assumption allows us to bound the inverse second moment of
eigenvalues of Q,. We believe that such bounds, and therefore Lemma 5, hold without the Gaussianity
assumption, but we will not pursue this here.

Assumption 1 The process {e:} in (4) is Gaussian.

Lemma 5 Under Assumption 1, P (M (X, (H)) # By) = O (n72%), k=0,...,s.



The following theorem is a corollary of Lemmas 4 and 5.

Theorem 1 Under Assumption 1,

Isin© {M (Xi) , B}l p = Op(n=%) k=0,...,s.

6 Estimation of the Memory Parameters Using Cointegrating
Residuals

Let b be any ¢ x 1 vector in M (Xy) with length one, where k € {0,...,s} is fixed but not necessarily
known. For example, if b is a unit eigenvector of the averaged periodogram matrix corresponding to one
of the sorted eigenvalues of this matrix, then there exists some k € {0,...,s} such that b € M (Xy),
though k is unknown since it depends on the unknown s and ag,...,as. We then use this vector b to
construct the residual process {v;}, where

v = Wy = Y Aou® + U A 4o Y A ot AL, (12)

The periodogram of {v;} is
Iy (wj) =bV'AL, (wj) A'b.

We consider the Gaussian semiparametric estimator (GSE; see Kunsch, 1987, Robinson, 1995b) for d
based on {v;},

. ~ 1
= 1 = 1 — ~ 1
dy, = arg min R(d) =1logG (d) — 2d Zl logw; |, (13)

m7l .
Jj=

where © = [A1, Ag], —p+ 0.5 < Ay < Ay < 0.5, w; =2mj/n, j=j+(p—1)/2, and

3

NLpp(wy) 1 AV ALL(w)A'D

w:Qd My < wi2d

1
m - -
" j=1 J Jj=1 J

Here, we use slightly shifted Fourier frequencies w; to parallel corresponding shifts inherent in our tapering
scheme and thereby reduce finite-sample bias, as was also done in Hurvich and Chen (2000).

The two theorems below establish the consistency and the limiting distribution of the czk, under some
additional conditions on the transfer function , a*(w) = 7ap (W) €'%2*); see (5). Following Hurvich et
al (2002), we define a smoothness class for transfer functions as follows. For 4 > 1 and 1 < p < 2,
let £* (11, p) be the set of continuously differentiable functions w on [—m, x| such that for all z,y with
|z[ € (0,7], ly| € (0,7],

maxo<z<x [u(2)|
ming<. < [u(2)]

u(@) —uly)| _ |y —2|

S

— )

minOSzSﬂ |u(z)‘ o min(|a:|, |y|)’
and

W/ (z) — v/ (y)] |y — x|~V

ming<. < [u(2)| = [min(|z|, [y])]*"



It follows from the discussion in Hurvich, et al (2002) that if a* is the transfer function of a stationary
and invertible autoregressive moving average process, or of a stationary and invertible fractional Gaussian
noise, then a* € L* (u, p) for some p, with p = 2.

We now state an assumption on a*.
Assumption 2 a* € L* (u, p) for some p > 1, and some p € (1,2].

Note that this assumption is global in that it pertains to the behavior of a* at all frequencies. By
contrast, our estimation of the dj, is based on frequencies in a shrinking neighborhood around zero. It
seems plausible, then, that a local version of Assumption 2 would suffice for our purposes, though we do
not pursue this here.

The following standard assumption is needed to establish the consistency of dy.

Assumption 3a. As n — oo,

Theorem 2 Under Assumptions 1, 2 and 3a, for k € {0,...,s}, di 2 dy.

The next assumption is used for establishing the asymptotic normality of m}/ 2 (dk — dk), for the

particular fixed value of k under consideration.

Assumption 3b. (i) If k€ {1,...,s}, dg—1 —di > 1/2. (ii) If k € {0,...,s — 1}, as n — o0,

142(dy—d
1 mpnt (dx "“)log2 M,

e T a0

Note that part (i) is vacuous is k = 0, and part (ii) is vacuous if k = s. Assumption 3b may be compared
with the assumptions in Theorems 2 and 4 of Velasco (2003), which he required for residual-based
estimators of the memory parameters of a bivariate fractionally cointegrated system.

To present the asymptotic variance of cfk, we define

~ T(4p—3)I'(p)
P T4(2p - 1)

Theorem 3 Under Assumptions 1,2 and 3b, for k € {0,...,s},

mi/? (di = di) =2 N (0,@,/4).

Note that in Theorem 3, the limiting distribution of m}/ 2 (cik — dk> has mean zero. This asymptotic

unbiasedness is ensured by Assumption 3b, which places strong restrictions on the separation between

10



the memory parameters and also places a potentially stringent upper bound on the bandwidth m,,. A
much weaker and indeed more standard assumption involving only m,, is the following.

Assumption 3c. As n — oo,

1 "20log? my,
T ST

Mn, n2e

If we account for the asymptotic bias, which can be determined from Corollary 10, and use Assumption
3c, we obtain the following result.

Corollary 1 Under Assumptions 1, 2, and 3¢, for k € {0, ..., s},

mi/ (dy = di = i) 25 N (0,,/4),

where i, = Op (mrdf_dk*l + wfr{"n_dk“), the O, (mi’“_d’““) term is vacuous if k = 0, and the O, (w;irfn_dﬂl)

term is vacuous if k = s.

Theorems 2, 3, and Corollary 1 pertain to a GSE estimator based on the residual series {b'y; }, where
b is any vector in M (Xy). In practice, b will typically be an eigenvector of the averaged periodogram
matrix corresponding to one of the sorted eigenvalues of this matrix, so that b is indeed in M (Xy)
for some k, but k is unknown. See the discussion at the beginning of this section. Here, we present
some results on estimators of memory parameters based on the residual series constructed from an
eigenvector corresponding to a particular sorted eigenvalue of the averaged periodogram matrix. Let w;

~ ~ ~ /
be a g x 1 residual series, wy = X'y, and d = (du, cee dqq) be the vector of univariate GSE estimates of
d = (di1,...,dgq)" based on w;. First note that by Lemma 29 and the remark that follows it, X£>X(H)7

where X(H) is a continuous function of U and V in Lemma 1. We will need the following assumption
for our results.

Assumption 3d. (i) For all k € {0,...,s}, a > 1/2. (ii) As n — o0,

142¢ 2
1 L M log” my, -0
M, n2¢

where £ = min{ming ax, p}.

Theorem 4 Under Assumptions 1, 2 and 3d,

P

mi/z (CZ _ d) PN <07 Tp (diagﬂ)_l o o Qo (diagﬂ)_1> ,

where i i
Q=E (X'AfT 0) A’X) :

Remark 2 Simulation results not shown here reveal that the small-sample bias is reduced and the variance
is stabilized if the GSE estimators omit the first m + p — 1 frequencies. This does not affect the validity

11



of Theorem 4. The proof of Lemma 28 provides some motivation for this omission. Note that if no
frequencies are omitted, then the first m + p — 1 frequencies are used twice: once for estimating the
cointegrating vector, and once for estimating the memory parameter. If the frequencies are omitted, the
finite-sample approzimation to the variance in Hurvich and Chen (2000) is quite accurate.

Theorem 4 yields the following result on the asymptotic distribution of m,ll/ 2 (daa — (fbb — (doa — dbb))

under conditions that ensure asymptotic unbiasedness.

Corollary 2 Under the assumptions of Theorem 4, for a,b € {1,...,q}, a # b,

2
1/2(5 _ 5. _ — b % - Hap
my, (daa dbb (daa dbb)) — N (07 2 (1 Qaabe>> .

Next, we modify Corollary 2 to include a bias term, thereby allowing for weaker assumptions.

Corollary 3 Ifa € Ni, b € Ny, for k,h € {0,...,s} then under the assumptions of Corollary 1,

2
o (5 B R _ _ o~ D N & 1— %
m,, (daa dpb (d‘w dbb) Mn) —> (O’ 2 < Qaalb

where

[in = Op (mik*dk—l + mglhfdh_1 + w:lrfnfdk-pl + wgrﬁjdh*—l) )

7 Testing for Fractional Cointegration

In model (1), used throughout the paper thus far, we have assumed that s > 1, so that cointegration

exists. Here, we expand model (1) to include the case of no cointegration (s = 0, or equivalently, r = 0),
that is,

— AL© 14

Yt 0Uy (14)

where Ag is ¢ X ¢ with linearly independent columns, and all entries of ugo) have memory parameter dg.

In practice, it is of interest to test for the presence of fractional cointegration. Such a test was proposed
by Marinucci and Robinson (2001, pp. 236-237), following from an idea originally suggested in a different
context by Hausman (1978), using a comparison of two estimates of dy, one based on a multivariate
Gaussian semiparametric estimator (see Lobato 1999) using {y:}}_; with an imposed restriction that
all entries have the same memory parameter, and the other estimator based on a univariate Gaussian
semiparametric estimator of dy using (say) the first entry {y1,.} of {y+}. It seems possible to use this idea
together with differencing and tapering to yield a test for fractional integration in the current context,
though we do not pursue this here. We focus instead on residual based methods, in which estimated
memory parameters based on the various cointegrating residual series are compared. In a bivariate
context, Velasco (2003) has considered properties of semiparametric memory parameter estimates based
on cointegrating residuals under certain assumptions on the rate of convergence of the semiparametric
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estimator of the cointegrating parameters. However, he did not present a test for cointegration since his
assumptions ruled out the no-cointegration case.

For our GSE estimators d based on cointegrating residuals, we have the following extensions of The-
orem 4 and Corollary 2 to the no-cointegration case (14).

Corollary 4 Under Assumptions 1, 2 and Sc, if there is no cointegration,
A [} _ _
ml/2 (d - d) N Y (0, =2 (diag®?) ™! o2 0 Qo (diagh) 1) ,

where i i
Q=E (X’AfT (0) A'x) .

Corollary 5 Under Assumptions 1, 2 and 3¢, if there is no cointegration, for a,b € {1,...,q},
. . P 02
Y2 (dua = du) 2 N (0,2 (1= 522 ) ).
m,) aa bb ) — ) 2 Qaabe

Corollary 5 and Corollary 3 justify a conservative hypothesis test for the null hypothesis of no coin-
tegration based on the test statistic T}, = mi/ 2 ((fu — (qu), whereby for a nominal level « test the null
hypothesis is rejected in favor of the cointegration alternative hypothesis if and only if T, > (®,,/2) 124, /2-
Here, a bandwidth m,, satisfying Assumption 3c should be used. The test is conservative since (®,/2) is
an upper bound for the asymptotic variance of T,.

In the next section, we provide a procedure for consistently identifying the cointegrating subspaces,
assuming that there is cointegration, i.e., we will assume model (1) with s > 0. In practice, before applying
the procedure, we recommend pre-testing for cointegration using the test we have just described.

8 Identification of the Cointegrating Subspaces

Given data from model (1), assumed to possess fractional cointegration, the number s > 0 of cointegrating
subspaces and their dimensions ag, ..., as as well as the dimension ag of the non-cointegrating space will
be unknown in general. Here, we provide a procedure for consistently identifying s, ag,...,as, under
Assumption 1, which we make throughout this section. The procedure is based on the GSE estimates
dii, ..., chq formed from cointegrating residuals described in Section 6. The primary drawback of the
procedure is that it requires the user to specify a lower bound on the minimum separation between
the memory parameters. This minimum separation will typically also be unknown in practice, so the
procedure we will describe here is not completely satisfactory. However, we note that such lower bounds
on the minimum separation arise implicitly or explicitly in other works on semiparametric fractional
cointegration. (See Robinson and Yajima 2002 Assumption D, and Velasco 2003, Theorems 2 and 4). In
the current context, the need for such a lower bound is due to the nonstandard term fi,, appearing in
Corollary 3. This term increases as the separation of the relevant memory parameters decreases.

Now, suppose that s > 0 and let 6* > 0 be the minimum separation between the memory parameters,
0* =min(dg — dy,...,ds—1 — ds). If §* > 1/2, the procedure is straightforward, as we will explain later.

13



If 0 < 6* < 1/2, fix values of 6 € (0,0*) and € € (1/2 — §,1/2). This can be done provided that we have
(or can correctly guess) a lower bound § € (0,1/2) for §*. We now work with the pairs of GSE estimators
chj, ch+1,j+1, j=1,...,q— 1, where the bandwidth m,, satisfies Assumption 3c. Fix a value of C' > 0.
For each j € {1,...,q — 1}, we declare that d;; — d;41 j+1 # 0 if and only if

djj = djs1,501 > COmy ' /2Fe

We show here that for each j this procedure makes the correct decision as to whether or not d;; = dj1,j+1
with a probability that tends to 1 as n increases. Our assumptions imply that for each k € {0,...,s}
d — dr41 > 6 and dy, — di—1 < —9 whenever the left hand sides of these inequalities are well-defined, so

the remainder term in Corollary 3 may be written as
i =0 -0 4

and Corollary 3 implies that for all j € {1,...,¢— 1},

djj — dj1 g1 = djj — djr e + Oplmy V% +my° + (my, /n)°]

Thus, . R R A
Pldj; — djs1,j+1 > Cm, 2T} = P{m}/*~d;; — dj1,541 > C}

— P{m}l/2fe(djj o j+1,j+1) + Op[m;f 4 m}L/27676 + (mn/n)1/276+6] N C}
Our assumptions imply that 1/2 —e — ¢ < 0 and 1/2 — e+ § > 0. It follows that if dj; = d;11 ;41 then

P{dj; — djs1541 > Cm, " *H} =0

On the other hand, if djj 7é dj+1,j+1 then

Pldj; — dji1j41 > Cm 20} = PAm)/>(dj; — djg1j41) + op(my/* ™) > C} — 1

n

In view of the above discussion, we have the following procedure for identifying the cointegrating sub-
spaces. The procedure is a formalization of the simple idea that we can set the group boundaries at
the points where the estimates of the memory parameters differ by a sufficient amount. First, we es-
timate s by §, the number values of j € {1,...,q — 1} such that (fjj — dj+1,j+1 > Cmp/?*°. Then
§ — s almost surely, as long as s > 0, as we are assuming here. If § = 0 then the procedure termi-
nates without identifying any of the cointegrating spaces, but we will not dwell on this scenario since
our assumptions imply that P{§ = 0} — 0. Henceforth, we assume that § > 1. We estimate a¢ by
ap =min{j € {1,...,q — 1} : djj - czj+17j+1 > Cm;1/2+6}. Then ag — ag almost surely. If § = 1 we set
a1 = q — ap and the procedure terminates. If § > 1 then for each k € {1,...,8 — 1} we estimate a; by

ar =min{j € {1,...,q—(ao+ -+ + ar—1) — 1} :

—1/2+€
jtottrnr gtaottan_s — Gj+ao+tan_s+1j+aottar+1 > Cmy }

and we set s = g—(ao+...+as—1). From the discussion above, it follows that §, ao, ..., Gz are consistent
estimators of s, ag, ..., as, respectively.

Finally, we discuss a modified version of the above procedure for the case 6* > 1/2. In this case,
we compare the GSE estimators d;; and d;i1 41 for j = 1,...,¢q, using a bandwidth m,, satisfying
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Assumption 3d, part (ii), with £ = min{d*, p}. Fix an € € (0,1/2) and a C' > 0. Then, proceeding as
above, for each j € {1,...,q — 1}, we declare that d;; — dj;1 41 # 0 if and only if cijj — ch+1,]»+1 >
Cmg 1/2+¢ " The justification for this procedure follows a simplified version of the argument given for
the case §* < 1/2, but here we can use Corollary 2, which contains no bias term, instead of the more

complicated Corollary 3.

9 Appendix

9.1 Proofs For Section 4

Proof of Lemma 2: For £k =0,1,...,s, let By be a ¢ X ax matrix with orthonormal columns such that
M(Bi) =Brandlet B=[ By --- B, |.Let ®=B'I,, (y;,y:) B. Since B'B = I, we have \; (®) =
Aj. Let zﬁk) = (ugk),...,u,(fs)) ,k=1,...5 and z,go) = z. Let A(F) = [ Ay -+ A ], k=0,1,...,s.

We first partition ® into (s 4+ 1) x (s + 1) blocks, such that the (k, £) block has dimension (ay, x az). Note
that
® =B'AlL, (2,2)A'B,

where B’A is an upper triangular block matrix. We have

&, = BLAWT, (zﬁ’“% zt“)) AOB,  for k< kl=0,1,...,s , (15)

Fix a value of k € {0,...,s}. Note that by Lemma 1, all the elements in the kth block, ®, are
O, (nzdk) . Now

S Y N (@) =0, (n*%).
JENK JENLU---UN, v=Fk

See, for example, Theorem 14 of Magnus and Neudecker (1999, p. 211). We have A\; = O, (n2dk) , for

j € N,..OO

Proof of Lemma 3: We construct another similar matrix for I, (y:,y:). Let €5 = M (Ay), and Cg,
k=0,...,s—1, be the subspaces such that

ML (Aggrs . A) =ML (Ag, ..., AL) @ Cy,

and C, LML (Ay,...,A,). Hence a vector o € Gy, satisfies /Ay =0, £ = k+1,...,s and o/ Ay # 0.
Also C; LGy, for j # k. For k € {0, ..., s}, let Ci, be a g X ax matrix with orthonormal columns such that
M (Cy) = Cx and let C = [ Cy -+ Cq ] Since C'C =1, Q@ = C'I,,, (y¢,y:) C is similar to L, (y,y:) -

From Lemma 1, Qg,k ) converges in distribution to a matrix that is positive definite with probability
one. Since an eigenvalue of a matrix is a continuous function of the entries of the matrix, we conclude

that Aj- (QEP) , the smallest eigenvalue of Q%k), converges in distribution to a random variable that

has no mass at zero. The proof can be completed by showing that n=2dux Ajr 2 Ay ( 7(11@)) . Let
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gf’“) = (xt, ugl) ...,ugk)) ,k=1,...5, and Zt(o) = x;. Let &5{” be the leading j;; x j; principal submatrix

)

of d,,. By Corollary 2.2.1 of Anderson and Das Gupta (1963),
N (Im (F,27)) = g (aPQPAP) =y (dP) aj; (QU) Az (A1) = nx; (QWF) . (16)

We have \; (2) = A;. Note that
Q= C/AIWL (Zt, Zt) .A/C7

where C’A is a lower triangular block matrix. Let P(*) = CE’ A®) where A = [ Ay - Ay ] ,
k=0,1,...,s and C® is defined similarly. Let Q) denote the leading Ji % ji principal submatrix of

Q. We have
Q® —pky (Eik)%k)) p

Notice that P*) and I,,, Eik), Eik) are square matrices with the same dimension. Since A;» (Q(k)) and

Ajix (Im (E,gk), %{tk))>are the smallest eigenvalues of Q) and I,,, (%ﬁk), %fk)) respectively,

" o Q® g PO (éfk), Efk)) PH' o pmpry,
Aji (Q ) TR T ve R W PEPHE o o
PO, (9,50 PW a W/ POP®
> min , min{ ———
a a/P(k)P(k) o « oo

o (Im (Eik)%k))) N (P(k)P(k)’)
= eej; (In (37.2P))

By the Sturmian Separation Theorem (Rao 1973, p. 64, or Theorem 12, Magnus and Neudecker 1999, p.
210), the above equation and Equation (16),

Hence n*2d“’<)\j;; > ck)\j]: ( Slk)) .0

9.2 Proofs For Section 5

Proof of Lemma 4: Since X (H) = [ Xo(H) -+ X1 (H) Xy (H) -+ X (H) ], we
have

Jsin © £ (X (H)), M (X < [ (X8 (0) X< D2 10k (B) X4,
0=0,04£k

—|dr—d —ap
by Lemma 7.0]

16



Proof of Lemma 5: For k=1,...,s— 1, we have

P (M (Xk (H)) = Bk) =P ({MXk (H) N @gSk_;[Bg = 0} n {MXk (H) n @62k+13€ = 0}) .
Hence

P (M (X (H)) # Bi)

P ({MXy (H) N @r<p—1Be # 0} U {MXy, (H) N ©e>p41B¢ # 0})
P (MXk (H) n @zgkflgg 7£ 0) + P(MXk (H) N @22k+134 # 0)
9] (n—2d1ﬁ1+2dk + n_2dk:+2dk+1) ,

IN

by Lemma 11. Similarly,
P (M (Xo (H)) # Bo) = 0, (n_2d0+2d1)

and
P (M (X, (H)) # By) = O, (n 24112

We have completed the proof..J

We will need the following lemma for the proof of Lemma 7.

Lemma 6 Let K =diag (B{Ao,...,B.A;), then
d,'ed;' % K (UU +VV') K/,

where d,,, U and V are defined as in Lemma 1.

Proof. We write ® = KI,, (2, 2:) K + R, where R is a symmetric matrix with its (k, £)th entry
Ry = B, ALy (ug’“% z§‘“>) AGYB, L B AR (zg’““), u§‘)) A}B,
+BLAKHT (zt(k“),z,g“l)) AR,
for k<¢,0=0,1,...,(s—1),
Ry, = BLACHOL, (o) 210) ALVB,,
for k < s, and Rss = 0. Now
d;'®d; ' =d;'KI,, (z,2)K'd; ' +d;'Rd, .
Since d;'K =diag (n~ %0 B{Ay,...,n"%=BLA,), we have
d; K1, (2, 2) K'd; ' 25 K (UU + VV) K/,
by Lemma 1. We complete the proof by showing ||d;1Rd,:1 || = 0, (1) .Note that
R =0, (nd"'+d“1 + nd"'*ﬁd@) , for k < ¢,
and the (k,¢)th entry of d;'Rd, " is
n~ % "%Ry, = 0,(1), for k < /.

Since d;;'Rd, ! is symmetric, we have completed the proof.]
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Corollary 6 Fork =0,1,...,s, the limiting distribution of n=2% ® ;. is positive definite and has distinct
eigenvalues with probability 1. Furthermore,

n=2 (@) 2 QP

where ng) is a random variable that has no mass at 0.

Proof. By Lemma 6,

0@y 2 By (UHUW + VIVET) ARy,

m

where Uk) = (Ul(k), o ﬁf)) and V®) = (Vl(k), o Vn(lk)) , Ui(k), Vj(k) are aj, % 1 vectors, and vec {Ui(k), Vj(k)}

is a 2mayg-variate normal random variable with zero mean, and covariance determined by

jik=1

B(UO0) = [ @) 5 @G0 (o),
]E(Vi(k)vj(k),> :/RVz‘ () vj (2)Go w (da)
B (UV) = [ (@) @G0 (o).

Here Go ki (dx) is the kth diagonal block Gg (dx). We see that the limiting distribution of n= 2Py, is
positive definite and has distinct eigenvalues with probability 1. Hence all of its eigenvalues converge in
distribution to random variables with no mass at 0.0]

Corollary 7 Fori € Ny, k=0,...,s, n 2%\, (®p) L, fi(k),where fi(k) is a random variable that has
no mass at zero.

Lemma 7 | X} (H) Xy = O, (n~1%=dl) | for all £,k € {0,1,..., s} with £ # k.

Proof: Since ||X7 (H) Xy||, = [IX} (®p) B'BX (@), = [X] (®p) Xy (®)||r, we prove this lemma
by showing that Wi m
||KZT ('I)D) Xk (<I’)||F = Op (n—\dk—de\> .

Let A = diag {)\;,j =1,...,q} and A®) = {);, j € Ni}. We define A (®p) and A®) (&) similarly for
® . We will use the bound for the error in two subspaces within the nonzero space form Theorem 4.1,
Barlow and Slapni¢ar (2000) (which can be shown to apply in our context with probability one), that is,

|A=Y2 (@p) X* (®p) ARX () A/2|
relgap (A (®p), AKR) ’

1XZ (®p) Xy (@) <

where
Ai (@) —A; (®p)

AN (@p) A (@)

J

relgap (A(f) (®p) ,A(k)> = iENTianN/
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We will prove this lemma by showing that

|47 @p)x* (@p) A@x (2) A2 =0, (1) (17)
and X
— —|dr—de|
relgap (A (&), AK)) Op (n ) : (18)

By Lemmas 2, 3 and Corollary 7, relgap (A(e) (®p) ,A(’“)) =0, (n'dk‘_d“) and n~19% 4l relgap (A(‘Z) (®p) 7A(k)) >
Se,k, where ¢z 1 is a random variable that has no mass at 0. We have (18). We next prove (17). Note that
by Lemmas 1 and 6,

d,®'d, > K (UU' +VV) 'K
Hence
d, X ((I)) A_1/2 = Op (1) ,

since d,,®7'd,, = d, X (®) A~Y/2A1/2X/ (®) d,, = O, (1) . Similarly,
AV (®p) X (@p)d, =0, (1).
We have
HA*W (®p) X* () ABX (B) A*WHF
- HA—W (®5) X* (®p)d,d-*A®d 1 d, X (D) A—1/2HF
< |[A2(@p) X (@1)d,
=0,(1),
by Lemma 6. Hence || X (®p) Xy (®)| = Op (nfldrdel) i

gt aed, |

duX (®) A~ 1/2 H
F

We need the following two lemmas for the proof of Lemma 10.

Lemma 8 Under Assumption 1, there exists a finite constant C' not depending on n such that for all
sufficiently large n,
E [\ (Q,Y)] <cC.

Proof: Note that
Qn = (U'ru Vn) (Una Vn)/ 5

where U,, and V,, are defined in Equation (10). Let

T(Wn) = )‘% (Q:Ll) y
where W,,= vec (U,,, V,,). By Assumption 1, W,, ~ N (0,Z,), where &E,, = cov (W,,) and B, — E,
the covariance matrix of vec (U, V) in Lemma 1. It was shown in Chen and Hurvich (2003b) that E is
positive definite. Thus for all sufficiently large n, &, is invertible and A; (2,,) — A1 (E) > 0.

For all sufficiently large n,

Bz, [T (W,)] = (2m) " &,/ T (2) e 5022y,

n
RZm,q
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Since 2'E, 12" > 2'x/ 1 (E,,), we have
e—x'E;Iw/Q < e—x/x/Z)\l(En)-

Since A1 (B,,) — A1 (E) > 0 and since |En|71/2 — |E|71/2 > 0, there exist constants C; > 0 and Cy > 0

such that for all sufficiently large n,

Ez, [T(W) <Oy | T(x)e @'/ 2de = C,

n
R2ma

a finite constant which does not depend on n. The above integral is the second moment of the largest
eigenvalue of an inverse Wishart matrix and hence is bounded by a finite constant (Siskind,1972), in view
of our assumption that m > ¢ + 3.0J

Lemma 9 Let d;’“) = diag (ndk‘, on® o pfes o pdus )/ . Then, under Assumption 1, there exists a

positive constant C' such that for all sufficiently large n,

EYZ [\ (n*H @ )] <C |, k=0,....s

Proof: We have
&, = BLAW],, (z,ﬁ’“), z,Ek)) AB,

1 -1

=B AMAP (aP) L (,2) (aP) P ADB,
1 -1

—3J { (@) L (2P, 27) (a) } b

J=B;AMd}®,
We will use the inequality of Exercise 19 on page 238 of Magnus and Neudecker (1999). That is,

wit < [o{ () (0) (o) )

<@ {(d%’“)_l L (4, 27) (dﬁf“))_l}_l (@3

where

It follows that

trace &, < trace (JJ’)f1 J {(dg‘?))_l I, (zt(k),zgk)) (d%’“))_l}l J (JJ')i1
(dnk)) _1}1 trace { (3313 (JJ’)_I}
(dnk)) - }_1 trace (JJ/)_1 .

-1 —1) 1
Since there exists a finite constant C such that F [)\% {(dgl’f)) I, (zﬁ’ﬂv zEk)> (dglk)) } ] < C for
all sufficiently large n by Lemma 8, the proof will be completed by showing that
trace (JJ')f1 =0 (n72%).

20



For k < s, we write
J=B,A®a®

—B,[ Ay AGHD ] [ n®L - 0 } 7

0 d’(nk+1)

then
33 = n*" Bl ALA} By + B AT ARTDR,.

For k£ = s, the second term on the RHS is 0. Since both matrices on the RHS are symmetric and positive
definite,
AapJI' > Ao, [0 B ALABy]

(see, for example, Exercise 1 on page 204 of Magnus and Neudecker 1999.) We have
A (33) 7 <n [BLARALB] T = 0 (n2).

O

Lemma 10 Define Ejy to be an event, Exp = {Aa, (®rr) > M (Pee)}, 0 < k < ¢ < s. Then, under
Assumption 1,
P (Eg,) = O (n~2d+2de)

Proof: For ¢/ > k, { =1,...,s, we have, by Chebyshev’s inequality and the Cauchy-Schwartz inequality,
P(Egp) = P{Xa, (Prr) < A1 (Pee)}
N (B4
— p{dp2dit2de <w> > 1}
{ n= N, (®Prr) )

< p2dkt2deg m
n—2dk /\ak ((I)kk)

2R/ ()2 (2 )| BV {)\% (nfzqu)kk)ﬂ}
22 EL [trace? (n~ 2 @ )| B1/2 {)\% (n72dk¢.kk)—l}

— O (n72dk+2d£) ,

IA

IN

since E [trace2 (n‘zd“I)gg)] < C by Assumption 1 and Lemma 1 and E [/\% (n_Qd“I’kk)_l} < C by
Lemma 9. (J

Lemma 11 Under Assumption 1,

P{MX;, (H) N@e<p, B, # 0} = O (n~2"m+20) (19)
forhi <k, k=1,...,s and

P{MX;, (H) N @¢>p,Bj # 0} = O (n 2% F2dn2) (20)

forho >k, k=0,...,s—1.
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Proof: Since H = B®pB’, we have X, (H) = BX, (®p). Since ®p is a block diagonal matrix,
Az((I)D) S {)\j ((I)kk)|k:0,...,8, j: 1,..‘,ak}
and for \; (®p) such that \; (®p) = A; (Pri) ,

Xi (@p) = (0,...,0,x; (1) ,0,...0)",

i.e., the first j;_, entries are all zero. Define Ej¢ to be an event, Epp = {Aq, (®rn) > A1 (Per)}, 0 < h <
¢ < s. We first prove (19).

P{MX}, (H) N &r<p, Br # 0} :P(Xk (®p)#[0 Y ]/)’

where the 0 in [ 0Y ]/ has dimension j; x ak, and Y has full rank. We have for hy <k, k=1,...,s

P(Xk('IJD);A[O Y ]’):P U E5 | < Z P(ES) =0 Z 22 | O (2 +20)

0:4<hy 0:4<h, 0:4<hy

by Lemma 10. Similarly, for (20),
P {MX. (H) 1 G20, Be £ 0} = P (X (@) £ [ 2 0]'),

where the 0 in [ Z 0 ]/ has dimension (q - j;';z) X ay, and Z has full rank. We have for hy > k, k =
0,...,s—1,

P(xk(%)ﬂz 0 ]’):P U Eo]< Y PE) =0 3 a2ht2i) = 0 (n20+20a)

00>y £:0>hoy 00>y
O

9.3 Proofs For Section 6

In this section, we will use the following decomposition and notation for the proofs. We write
VAL, (w;) A'b — V' Af (w;) A'b = VAR (w;) A'b+ V'AS (w;) A, (21)

where
R (w;) = Lz (w)) = @ () Le () ©* ()
d
" S (wj) = W (w5) Lee () @* (w5) = £ (w5 -
We will also use the following notation:

R
Lo, (d) = . > W AR (w;) A'b,
j=1
M, (d) = —— 3" w2/ AS (w)) A,
n j=1
R
Fon, (d) = — > Wi AF (w;) A'D. (22)

j=1
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Proof of Theorem 2. For 1/4 > ¢ > 0, let N5 = {d: |d — di| < 6} . Then for S (d) = R(d) — R (dy),

P (|de— di| 2 6) = P (d e Nz ©) P(NiglmfeR(d) < ;ﬁ@R(d)) §P<Niglmf65(d) go),
5 )

where Define ©1 = {d: A <d < Ay}, where A = Ay when d, < 1/2+ Ay and di, > A > dj, — 1/2
otherwise. Note that d —dy, > —1/2 for all d € ©1. When d, > 1/24+ Ay, define O = {d : A1 < d < A},
and otherwise take O5 to be empty. Hence

P(‘cfk—dk’ za) §P< inf S (d) go) +P<ié12fS(d) go) —o(1)

Ngﬂ@1
by Lemmas 14 and 15.0J

Proof of Theorem 3. By Theorem 2, c/l\k satisfies

OR (cik) _ OR (dy,) 0’R (d)

0= dp, — d 23
ad od T o@ (i = di) (23)
where ‘(i— dk‘ < ’dk - dk-‘ . Let
12 1SN -
Zn:2mn1/221/j (I&‘E(wj)_z)v ijlogj_minzlog]a
Jj=1 Jj=1
and let 1
30 = GV AL (0)Z, ] (0) Ajb,
where

G = b AT (0) ALb = b/ AL T (0) W] (0) ALb

and \IIL (w) is a ¢ x aj, sub-matrix of ¥ (w) = [‘I’% (w) -+ ¥l (w)| in (8). By Lemmas 24 and 25,

S

R (d)
p
and SR (d
mﬂ% =3, +0,(1). (25)

Following from Lemmas 0 and 8 of Hurvich and Chen (2000), the (u,v)th entry of Z,,
Znuw 2 N (0,49,02,) .
With a similar computation for the variance above and equation (46) in the proof of Lemma 17, we obtain
E (Zyuyvr Znusvs) — 4Pp0uvpTugn,
Following from the Cramer-Wold device, we have

vecZy 2 Z ~N (0,40,2 ® ) . (26)
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By Corollary 15 , b LA i),
VAL (0)ZAL T (0)D
3n2>o k J]rc/() I/c ];()0:23, (27)
VALE, (0)ZALP, (0)b

where b is independent of Z by Lemma 26. Let
/ i /7
90:(9017'-'790q) =v, (0) 10,

we have for £/ =1,2,...,

() = 2[s ()

B 1 q °
=FE Py—T) Z PurPor " (Pugg%’vwE (Zulvl s Zuzzvze|b)‘|
_(‘P 290) U1,V1, 0 U2e,V20=1
_ ) q
=E s 20 Z Puy Poy *** Pugy P B (Zuyoy - - Z“%”N)
_(‘P 290) UL,V U, V2p=1

q

~Jeorae,) 1
=E 244' ’ 20 Z
L (90 290) UL,V1, 0 ,U2¢,V2¢=1

PurPor " PuorPogeOuivy *° Uuzw2z‘|

240!
and
E (32@—1) — 07
since for a zero mean multivariate normal (Y73, ..., Ys,) with cov (Y,Y3) = pap, E(Y1,...,Y2—1) =0 and
E(lea -7Y2€) = prl * o Progs
where (w1, ...,wy) is a partition of (1,...,2¢) with all |w,| = 2 and w consists all these partitions (a

total of 2% (2¢)!/¢! partitions). Since all the moments of 3 match those of a N (0,4®,), we have
3 ~N(0,4®,).
Together with (23), (24), (25), and (27), we have proved the Theorem.[I

We will need the following two lemmas.

Lemma 12 Ifb € M (Xy) and ||b]| = 1, then under Assumption 1,
VA, =0, (n~td)

forh<k, k=1,... s, and
VAL =0,(1),

fork=0,...,s.
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Lemma 13 Ifbe M (Xy), k=0,...,s, and ||b|| = 1, then under Assumption 1,
[V ARl = c(1—ex),

where ¢ > 0 and e = O, (n™).
Proof of Lemma 12: Since X (H) is an orthogonal matrix and MX (H) = RY,

b= Z Xg (H) Cy,
=0
where
co =X, (H)b=0, (n*‘drdf‘)

by Lemma 7. Furthermore, for ¢ > h,
E X} (H) Apll] = E [ X} (H) Anl| Lovx, (1) co,nns,)] +E {HXZ (H) Ayl 1{ng<Hm@j§h93j¢o}}

< 0+ B 11X, (H) Anll Lo, o, o, 201

=E [tf&cel/Q (A}, X, (H) X} (H) Ap) 1{MXZ(H)m@jgh,93ﬁéo}}

< E [trace! 2 (A}, Ay) trace!/? (X, () X (D) Ly ox, e o, o) |
= [ s [P {MX, () 0 @<, B; # 0}/
= O (ndnrde)
by exercise 12 (iii) of Chapter 11 in Magnus and Neudecker (1999) and Lemma 11. For £ < h,
E[|IX; (H) Axfl =0(1).
We have for h < k,

WAL= ¢X)(H) A,

=0
= > X H) AL+ ) X} (H) A,

t:0<h 0>h
_ Op E n—detdr + E n—dntde—detdy + E n~dntde—di+de
t:<h h<t<k >k

=0, (nfdh“l"‘) .

For h = k, the above equation is of O, (1) since ¢, = O, (1) and E[|| X}, (H) Ax|] = O (1).0

Proof of Lemma 13: Note that

AL = || X () Ap+ Y X[ (H) Ay
=004k
> (e X5 () Al = || >0 X} (H) Ay,
0=0,0+#£k

25



Using (28), we have

S

2 2 2
L=l ZIIXe Yee = lleel® = llewl” + D lleell®,
£=0

£=0,0#£k
and i
2 —2ay,
Y leel® =0, (n72). (32)
£=0,0#£k
by Lemma 4. Thus,
lewl* =1 =0y (n=>). (33)
y (32), (29) and (30),
, 7 ‘ 1/2
2 —ag
Yooy E A< | D el DD I (H) Ay =0, (n7). (34)
0=0,04£k £=0,0#£k 0=0,04k

Furthermore, if MXy, (H) = By, then there exists an ax X a orthogonal matrix D such that
X (H) =BiD
since both X (H) and By, are matrices with orthonormal columns. We have
||CkH2 = trace {C;]:)B;#A]C (B%Ak)_l (A;Bk)_l A%BkD/Ck}

/ 112 / 2

< |Bran ™| loBAL|
’ - 2

— || Bran ™| X o Al

It follows that i
kX5 () Al > || BRAw) ™| llenl® = € (1= 00)

where &, = O, (n72%F) by (33). By (31), (34) and the above equation, ||t/Ay|| > C (1 — &, — &), where
€ = Op (n™*). We have completed the proof.r

Lemma 14 Under the assumptions of Theorem 2, P (infyene, S (d) <0) =o(1).

Proof. Let
U(d)=2(d—d)—log{2(d—dy)+1}
and
-~ M ~ 2(d—dy)
_ o G dk) G (d) 2(d—dk) +1 J
T (d) = log G g G —log . ; p

—1

NElr)

2(d— dk{ Zlog}—(logmn—l) ,
=1
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where

J

_ g L NR e
Gd) =G, - > W

=1
and
G = ALfT(0) A}b.
Then
S(d)=U(d)—T(d)
We have

P( inf S(d)<0) <P( inf U(d)<supT(d)|>.

NEN©, N¢MO, o,

Following the same arguments as in page 1635 of Robinson (1995b), it is sufficient to show that

G (d) - G (d)
2 T~ o, (1). 35
oF G (d) o (1 (35)
Note that, by Corollary 11,
G (d) = CGw2*4) > O (1 — ) w2{@=). (36)

where ¢, = O, (n~*") . By Lemmas 18, 19 and 22, for d € 01,
~ 1 2 2(d—d _ e
G(d) =G ()| =L, (@) + M, () + Fn, (d) =G~ Z W) = oy (Wit Py e) (3T)
]:

where L, , M, and F,, are defined in (22). We have completed the proof.(]
Lemma 15 Under the assumptions of Theorem 2, P (infg, S (d) <0) =0, (1).

Proof. Following from the proof on page 1638-39 of Robinson (1995b), we write

S (d) =1og {D(d) /D (dy)

where
N 1 M 3 2(d—dy) 1 M _
D=3 (F) T md =5 e
Let
¢ ~ N\ 2(A—dy)
(%) ; <j<er
_ e
a; = <\ 2(A1—dy)
(£) e <j<m,
Note that e ~ m,, /e, thus
2(A—dy)
< 1<j<e
Qo ~ 2A1—dy) (38)
(%) ev < j<my



mMn (

By choosing A < dj, — % + 4%, so that m.* i

— 1) > 1 for all sufficiently large m,,, we have

P(i&fS(d)§0>§P . %( 1), (w) <0 ) =P 1§(aj_1)fu:~(wj)§0

my = My, = g ]—Qdk
1 & I
<p (o — 1) E“;;k)—l >1
My, i=1 gw;

1 = (a] - 1) (Ivv (wj) B 1) _ 1 n (aj B 1) IU,U (Wj) Iv'u (wj)

—2d —2d
n i gw; k n i gw; " WAF (w;) A'b
1 & VAR (w;) A'b
et vAF (w;) A%
L VAS (w;) A'b
> (- 1) YAS (w;) Ab (39)
Mo VAF (w- )A/b

We will first show that the second and the third terms of (39) are o, (1) . By (48) in the proof of Lemma
18, VAR (wj) A'b = O, (wj_zd’“j*p/z) . Thus by Corollary 11, the second term is of

1/2
1 My B 1 My B
Op m*nZ(aj +1) 2 =0, - Zaf +m; % | =0,(1) (40)
j=1 j=1
since )7 af = (mn( ) 4 mlog m) by equation 3.24 of Robinson (1995b). The third term of (39)
is bounded by
[e”] m,
1 b'AS (w;) A'b 1 . b'AS (wj)A'b
o — 1 (wj) I (Oéj _ 1) (wJ) .
L e VAF (w;) AB| TS vAF (w;) A%

Following from Corollary 11 and (38), the first term of the above equation is of

]
0, w22 L 5™ u28y A8 () A | = 0, (@22 Mo, (A)) = 0 (w2 DWEA=W)) — 0, (1)

my
j=1

by Lemma 19 since 0 > A — dj, > —1/2, and since e” ~ m,, /e, the second term is

1 7\ A ) i AS (W) A'D
o[ 8 (L)),

—2dy,
n j:[e“]+1 n W,

J

by Lemma 20. The lemma will follow if the first term of (39) is also 0, (1). By Lemma 21 and Corollary
12,
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and

ngQd’“ w:de (jdk*qu +wf‘lk*dk+1 —|—(,uf)
1— J :Op J 72dk3 J —O (jdk dy 1)
vAF (w;) A% w:
Thus, the first term of (39) is
Moy, gwjz k 1 Moy,
L5 R RS
mn WAf («;) A% Qw mn i
1/2
1 [<2 s dp—d
]:

p (1)

by the same argument for (40). We have completed the proof. [J

Lemma 16 Let Ry, (wj) be the (a,b)th entry of R (w;),

E|Rap ()] < C 1 — 7| et ) oo/ g 1 g and 1<j < [n/2)

under Assumption 2.

Proof. Let J., (w;) be the jth element of J, (w;), the DFT of 2. By (4),

q
o (W5) Z Iz, (W5) (41)
b=1
where
oo, (W) = th ! (Z Vk,abEt—k b) et
27 > AT 1‘
Hence
q q
Rap (wj) = T2, (W) Ty, (W) — Z Way (‘*G) Je, (w5) Zﬁbv (‘*G) Je, (w))
u=1 v=1
= ZZ (Jzau (Wy)j%v (wj) = Yau (W]) Je, (wj) Yoy (wj) jEu)
u=1v=1
¢ q
= ZZ (\I’au (“Z) Wiy ( ) (Aau,jAbv,] ,jB 7_7)) (42)
u=1v=1
where
Aguj = O and B, ; = Je, (w;) (43)
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From Lemmas 9 and 10 of Hurvich et. al (2002),

T
By — Byl < 0| [ e
[ (43)
J
<o, (1)

Now

Agu,jAboj = BujBuj = (Aau,j — Buj) (Abo,j — Bu,j) + Buj (Abw,j — Bu,j) + Bu,j (Agu,j — Bu,j) -
By Cauchy Schwarz inequality,

E |Aau,jzbv,j - Bu,jEUJ |2
< 3E ‘Aau,j - Bu7j|2 ’va,j - Ev,j‘z +E |Bu,j|2 ‘va,j - EUJ' |2 +E |§Uvj‘2 ‘AauJ a Bu’j|2

1/2 1/2 1/2
<3 (E |Aauj — Bujl E|Ap; — Bw»|4) + (E |Buj|* E|Aby,; — Bv,j\4) + (E 1By ;" E|Aqu,; — Bw-|4)
<o) e )] = i, ()

We have from (42),

q q . o - 1/2
E ‘Rab| < Z Z ’\I/au ((‘LG) \I]bv (W‘})’ (IE |Aau,jAbU,j - Bu,ij,j|2)

u=1v=1

7 q 0 id

<CY D -] o) s () Taw (w5) 572
u=1v=1

PN A

<C sup  Tap (W) |1 —e | (daat bb)ZZj_p/Q
we(0,wmy, ] u—1 v—1
a,b=1,..., q

where the constant C' does not depend on n. O

Lemma 17 Let Sy, (w) be the (a,b)th entry of S (w;). Then, for 1 < j k <[n/2]

— i —iw:\ |~ (daatdbp) .
E|sab<wj-)sab<w;c>|<{gf(l—e 1) (1 —em™)] ikl <p

/n, otherwise

Proof: Note that

and



Now

E ‘Sab (Wj) Z Z auy aug ((Uk) \I/b'ul (‘*G) \Ilbvz (W]})

U, u2= 1 v1,V2= 1

X E[(Lee,uroy (W5) = Ouson) (Tee ugvs (Wk) = Tugwy )] -

Note that E (Jz, (w;) Jz, (wi)) =0, 1 < j,k <n/2 and E (J., (w;) Je, (w)) =0if | — k| > p and

- Ouv j—k 219 -2
E(J., (w)) Je, (wg)) = — (—1) ( . > 1o , (46)
( J ) p p—1+j—k {li—kl<p}

2p — 2
c’”( p—1 >

E [(Tecurvy (W5) = Tuywy) Tee uzvs (W) = Tuzwy)]
= E [Lecurvn (W5) Lec uzvs (Wk)] = Ouyoy Tuzoy

= cum (Jsul (wj) Jauz (wr) aj&ul (wj) ajauz (wk)) +E (Jaul (Wj)jeuz (wk)) E (JauQ (w;) jsul (wk)) .
(47)

where

see Hurvich et. al (2002). Hence

The second term is nonzero only if |j — k| < p. We now show that the cumulant is of O (nil) . Let
K4 = Ccum (st,ul ) gt,ug ) gt,vl ) st,vz) ) 1 S Uy, U2,v1, 02 S q.

Then

cum (Jsu1 (wj) s Jen, (Wi), 751,1 (wj) s Je,, (wk))

_M(c )///an '—.’El)an(Wk—ZL'Q)E (wj-f-(ﬂg)an(Wk—l'l—mg—xg)dxldwgdl'g
pT

2
1 p—= :
= K4 <C n) Z Z ( 4y ) ( ) ) ( >(_1)K1+€2+€d+€4
p ty,t2,t3,ta=1401,05,030,=0

i(w.: to—w. to— ; _ ; — ; —
xé(‘”ﬁr‘l“""“”“*@z 2—Wjtezts wk+g4t4)///em1(t1 t4)ew2(t2 t4)ezm3(t3 t4)d.1‘1d.132d.133

. 1 2 pz_f p—1\/p—1\/p—1\/p—1 (_1)z1+52+53+£4 i: oW+ —t5—tyt
CpTL 61 162 63 64
ly,02,03£4=0 t=1

4

Combining the above bound and equation (46) and (47), we have

E [(Ies,ulvl (Wj) - O'ulvl) (IEE,UQUQ (Wk) - O'ugvg)] = C(j, k,p,ul, U1, U2, U2) 1{|j—k\<p} +0 (nil)
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and

E |Sab (5) Sap (wi)| < C zq: zq: (|%aur ()] [Zawe @) [Tous (07) ] [ W0z (@3)]) Letgmiepy + 0 (07)

uy,u2=1wv1,va=1

. _ — |—(daa+d
<C sup Tob (w) . |1 _ efzw3| (daa~+dpy) 1 — e~ Wk (daa+dus) 1{|j,k‘<p} +0 (n—l)
we(0,wm,, ]
a,b=1,..., q
= O e 1m0 ()

O

Lemma 18 Let L,,,(d) be defined in (22). Then for d — dj, > —3, there exists an € > 0 such that

under Assumptions 1 and 2.

Proof. Let Ry (w;) be the (h,£)th block matrix of R (w;). By Lemmas 12 and 16,

Oy (2= tn—degy e j=p/2) | 0 <
W AnRue (w;) Alb = { O (wyd jfp/2) hot>k (48)
0, ndk_dhw;drd‘j_”/z) h<k >k

for 0 < h,l/ <sand1<j<m,. Wehave

1 mn s s
= m— 3 w2 Ap Ry (w5) Ab
j=1 h=0 =0
1 =
_ gd Qdk—2dk,1 —2di—1 ;—p/2 —2dy, :—p/2 dy—dg_1, ,—dk—1—dk :—p/2
=0, p E wj w; j +w; T +n w; J

j=1

J
1 &
?d 2dk —p/2 Qdk de 1 dk dk 1
A D D S € 1 o)

m
L

|
S

Oy (w2d 2dk g 2dk=2d=1 o0, ), 2d —2d, —p/2<1
Oy (w2d 2k, p/2)7 2d—2d, —p/2>1

{

Corollary 8 Ford—dy > —1,

O

Lo, (d) = op (wzd 2dy, —1/2—6)

Mn

under the assumptions of Theorem 2.
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Lemma 19 Let M,,, (d) be defined in (22). Then for d — dy > —%, there exists an e > 0 such that

M, (d) = op (wit=¥m )

mMn

under Assumptions 1 and 2.

Proof. Let Sy (d) be the (h,£)th block matrix of S (d). Following from Lemma 17,

2

My

. Z:akdshg w]) =0 miiz:

2d—dj — dg 2d dp—dy

d 2dy, —2d,

i

O 2dh+2de 4dm—2log mn) , A4d —2dp —2dy < —
O dd—2dn—2deyp 1Y 4d — 2dp — 2dy > —1

Hence we have

i Oy (niwtde=2im 1og! 2, ), 24— dy — do < ~1/2
Zw~ She (@) = 12 (49)
Op (i dn=demy,V/2), 2d — dj, —dy > —1/2
Let
MPD (d) = b A, - Zwﬂshg (w;) | Apb.
n i
By Lemma 13 (subCointe2) and (49), we have, for h, ¢ < k,
—dp—de+2dy ,dp+de—2d,, —1 14 51/2 —d — —
M0 @) - Op (n~ %~ der2depintde=2dm -2 log mn), 2d —dp —dy < —1/2
e O, w?ﬁ_d"_dfn_d“_df”dkm;lm) : 2d —dp —d¢ > —1/2
0, (w2d72dkm7172d+2dk 1og1/2 mn> , 2d—dp —dp < —1/2 (50)
] o (w2d 2k 1/2+€) , o —dy —dg > —1/2
where £ > 0. By the same lemma and (49), we have, for h, ¢ > k,
MO (d) = 0, (w2t 112) = 0, (w2020 2y 172 61
and for h < k, £ > k,
A0 () 0, (n—dntdrpdntde=2dp, ~11,1/2 mn) 2 —dy—d < —1/2
" 0, (w2d—dn—dep=dn-+d m_1/2) , 2 —dy —dy > —1/2
0p (w2d=2dkpy 1=2d+2dk |og V2mn), 2d—dy —dp < —1/2
= ; 1/2+di—d (52)
op (w2 e —de, VEHAY) O 9d—dy — dy > —1/2
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Hence,

M, (d) = Z ZMSZ;D (d) = Op (w72nd7;2dkm;e) )

h=0 ¢=0
since 2dy — dj, — dg > 0 in (51) and —1 — 2d + 2d;, < 0 in (50) and (52). O

Corollary 9 For d — di > —i,

(h0) (g O (w’%ib_%km’:w) , h=t=k
Mo, (d) = 0, (de—Qdkmgl/Q*G

My

) , otherwise

under the assumptions of Theorem 2.
Proof. The corollary follows by the fact that —1 — 2d + 2dj, < —1/2 for d — dj, > —% in (50) and (52).00

Lemma 20 Let § be a positive constant, 6 < 1, then

1 Z” § O\ YAS (w) A’
m m —2dy, =op (1)
n . n W,

j=dmny, J

under the assumptions of Theorem 2.

Proof. Following the similar computation for (49)
2

1 My j 2(A1—dg) Sy (w) My,
J _ —4dg+2dp+2d 2(2d—2A1—1 4N —2d;, —2d
E Z < > o = O | =24 h zmn( k 1—1) Z G h ¢
n wj j=dmn,

— O (w4dk_2dh_2d[m_l) .

Mn n

1 My, . 2(A1—dg) S .
1 <]> ht (Wj) _ Op <w2dk7dh,7dlm;1/2> .

mn mn w-ﬁ2dk fn

j=dmn J

By Lemma 12, we have

0, mfﬂk‘dh‘dﬂ/?) . ht<k
1 & (7 VA S (w)) 1/2
VAL — > (m> “a | Alb = Op (wi s / ) hot >k

J

Op (witdemy 2 < k>

My,

The Lemma follows from the fact that

LS (L) ASLA g L SE () A ) Al
—2dy, - L ‘
mp j=dmmn n OJj k h,t=0 Mn j=démn, m wj '
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Lemma 21 Under Assumptions 1 and 2,

VAR () A’ =V Agfi (w05) Apb = Oy (wy 20 (j=thmr =) )

for1 <j<m,, and

b,Akfkk (LUJ) A;b _ gwj—Qdk — Op (wj_Qd“'p) '

Furthermore, there exist two constants, C7 and Cy such that
&) >g2€2(1—6k)

where €, = Op (R™%%) .

Proof. Since by Lemma 12,
p (1w 220t} | h < RO < R

, jfdhfde) , h,t >k ’ (53)
. j—dk—dzjdk*dh) h < k,f >k

bIAhfhg (wj) A%b =

S & O
&

S

we have

VA (w;) A'b =/ Apfiy, (w)) Arb+ > Y b At (wy) Ajb

h=0 ¢=0
I#£k

_ b/Akfkk (wj) A;Cb + Op (Cl)j_2dkjdk_dk71 4 wj—Qkorl + wj—dk—korl)

= b Agfir (wj) Axb+ Oy (wJde (jdk_dkfl + “’jk_dkH)) '
Since (7) and Assumption 2 imply that

frr (W) = £}, (0)w 2% 40 (w™25P) as w — 0,
we have by Lemma 12,
W Afy, (w;) A = U ALE], (0) Ajbw > +0, (||b’Ak||2 W;de)
_ gw;2dk + Op (w‘;Qdk‘l’P) .
Furthermore,
VAR, (0) AL = w2 Ay (£, (0)) IV AR]* = Coy ™™ (1 - &)

by Lemma 13. The upper bound for G is due to the fact that

G s (£4 ) 1A 15 = A (£ (0)) 1AL] -
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Lemma 22 Let Fy,, (d) be defined in (22). Then for d — dy > —%, there exists an e > 0 such that

]_—mn (d)_g f,%niin 2d :Op( 2d— Qdkm )

m,,,

under the assumptions of Theorem 2.

Proof. Let the aj, x ay matrix f,¢ (w) be the (h,£) block matrix of f (w), then

Fon ( Z Z W At (wy) A
j 1 h,=0
1 Mn S
— Z W At (wi) V' A + m— Z > Z W A (w)) Ajb.
" =1 j=1h=0£=0
I#£k
By Lemma 21,
1 Moy Mp 1 Mn
— >y Ak (w)) VA = Zw” PO, | — Y W
n =1 j=1

_ gwgr;iandk + Op (w2d72dk+P)

My,

the second term of (54) is

J L _ dr— di—d
0, sz_d 2dy, (]dk dio1 4,0 k+1)
m J J
=1
=

My, n

p
O, (w22 (i = it 7)) 20— dy gy > 1

O

Corollary 10 Under the assumptions of Theorem 2,

Fin (di) = G = Oy (migh =Pt e —diesn)

n My,

the O, (mzk_dk’l) term is vacuous if k =0, and the O, ( fr’f dk“) term is vacuous if k = s.

Corollary 11 Under Assumptions 1 and 2, b’ Af (w;) A’b > ij_zdk (1 —ex)

Proof. By (53),

b Af (w;) Ab=1 Zk: Anfie (w;) Al lb+o, ( e dk“) .

h,6=0

36
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By Assumption and Lemmas 12 and 13,

k k k
VY Anfie () AL ) b=0' | 30w AL, ()AL | b+ 0, (w0 Y D ALAL
h,0=0 h,0=0 h, =0

k
> w2 in {£1(0)} D V'ALALDAL + O, (w)7)
h,0=0

—2d —
ZC’wj2 k(l—ek)—i—Op(wjp).
The corollary follows.[]

Corollary 12 Under Assumptions 1 and 2, I, (wj) = O, (w;w’“) .

Proof. By (21), (48) and (53),
Loy () = VAR (w;) A'b+ I'AS (w;) A’b + b Af (w;) A'b

— V/AS () A'b+ Oy ().

By Lemmas 12 and 17,

k—1 s
bAS (Wj) A'b = 0, E w;dh*dfndmc—dh_dl + § w;dh*dz + E w;dh*dlndk_dh
h =0 o=k h<k,t>k

— Op (w‘]—Qdk (j2dk72d)€_1 + 1 +jdk7dk—l)) .

O

Lemma 23 Define

e 1 o ~\ @ Ivv j
F, (d)Z*mn ) ~ (log j) T:(;dj),
j=c i

then for any d such that |d — di| < |dj, — di|,

Fo (d) = Fu (di) + 0, (1),

fora=0,1,2, under the assumptions of Theorem 2.

Proof. Let

It is sufficient to show that



fora =0,1,2. Let M ={d: log® my, x |d — di| < €}, where € > 0, is fixed to be such that 2e < log® m,,
with a proper n. Following the same lines of the proof on page 1642 in Robinson (1995b), for n > 0,

P (‘Ea (J) _ B, (dk)‘ > (T>2d>

<P (@ (dg) > 7726 (log mn)%a) + P (log3 M,

cf—dk‘>5). (55)
The first probability is bounded by
A n 2—a Ui 2—a
P (‘G(dk) g] > -1 (logmy,) ) +P (g > 1 (logmy,) ) .

Both probabilities tend to 0 for ¢ sufficiently small since ‘@ (dr) — g’ =0, (1) and G < C by Lemma 21.

To show the second probability of (55) tending to 0, we only have to verify that

G (d) - G (d)
G (d)

sup =o0p (log_6 mn) .

©1NNg

Following from (36) and (37) in the proof of Lemma 14,

G (d) - G (d) G (d) - G (d)
G (d) G (d)

sup
©1NNj

= 0p (m;e) .

©1
O

Lemma 24 Let d be such that ‘ci— dk‘ < ’a?k —dy,

, then under the assumptions of Theorem 2,
62R (dk) p
“odr — 4.

Proof. By Lemma 23, we have

wr(i)1{6,(0)0 (i) -2 (9)

dd? G2 (d)
1 (Fa ) + 0 1)) (Fo () + 0 1)) — (B () + 0 )}

(Fo () + 0, (1)

4{ Py (d) Fo (d) - F? (d1)}
= — +o0,(1) as n — oo.
E§ (di)

By Lemmas 18, 19 and 22,

~ 1 lo a~ 1 ln a Ivv (w]‘)
Fy (dy) — G Zlog =l Zlog j <w~2d’“ — g)
j=1 ]=1 ]
< log”my, |Lmn (dy) + M, (di) + Frnn (dy) — G

=0y (m,,“log"my) .
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By the same reasoning as (4.10) in Robinson (1995b),

(92R (CZ) Mn 1 My - 2 »
—p =4 Zlog m—n;mgy (140, (1) + 0, (1) & 4.
O

Lemma 25 Under the assumptions of Theorem 3,

d) 1
/208 Ly s @t (0) 2, (0) Ajb = 0, (1),

" od g
where
- - LA, -
Zn:2m;1/221/j (Iee (wy) — %) and vj :log]fm—ZIOgj.
j=1 =1

Proof. Note that
OR(d) 2 i v Ly (w;)
- m

ad n i WG (d)

Since G (di,) — G = op (1) by (37) and E v =0,

OR (d Canr ([ Ly (wy
m;/2% - gmn1/2zyj ( 5233 - 1> (1+0,(1)).

= \9Y;
and
R (d )
mb/2 220k ( K _ —b/A w1 (0)Z, W), (0) Ajb

o f$0, (L)) -8t wmm}
J=1 7"

+om 12 {Z ng (w26 A (w)) ALb) — b ALEL (0) Z, %] (0) %b} +op(1), (56

1

where Sj¢(wj) is the (h, £)th block of S(w;) defined in (21). Let

MU (d) = = >~ w30 AnSie (05) AR,
n =1
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the first term of (56) is

My ] q
2m;1/2 Vj?dk Im; (Wj) - gw;—Qdk + Z b/AhShg (wj) AZb
Jj=1 gwi u,v=0
v#k
o9mi/? log m., 4 (ht)
< ¢ Lo, (di) + Fm, (dr) — G+ Z M7 (dy)
u,z;;o
vk
=0p (1) )

by (21), (22), Corollaries 8, 9, 10 and Assumption 3b. Since

Sk (W) = [1— €™ | B (w)) [ (w)) — 2] W] (w))

= W MW (0) 1 (w5) — B L (0) + O (w%77))

the second term in (56) is

J ne

o mit/2 logm
0, | m;1/? Z vi? | =0, | ———— | =0, (1)
j=1

by Lemma 12 and Assumption 3b. We have shown that both terms on the RHS of (56) are o, (1) hence
completed the proof.[]

Lemma 26 Let U, and V,, be defined as in Equation (10), U,,, V,, and E as in Lemma 1, and Z,, as
in Lemma 25. Under Assumptions 1 and 2,

vec (Zn, Uy, V) 2 vec (Z,U, V)

where
vec(Z,U, V)~ N(0,A)
and
A 2P, X ®3 0
0 = |7

hence vec(Z) and vec (U, V) are independent.

Proof. Note that
E [vec (Z,) vec (U,,V,)'] =0,

for every n since by Assumption 1, each element of the LHS is the product of three zero mean normal
random variables. By Lemma 28 and the corollary of Theorem 25.12 of Billingsley (1995),

E [vec (Z) vec (U, V)] = 0.

The lemma follows from the Cramer-Wold device. [J
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Lemma 28 gives the uniform integrability of vec (Z,)vec (U,, V,) so that the previous lemma will
follow. The proof of Lemma 28 requires a bound for the covariance of the normalized DFTs at wy and
wj, k < j. Although Lemma 12 of Hurvich et. al (2002) provides such a bound for all d and p, their
bound tends to infinity for d € (—p+ 1/2,—p + 1) when k is fixed and p > 2. We obtain a new bound
for d < 0 and p > 2 in the next lemma which gives a sufficient bound for our purposes when combined
with Lemma 12 of Hurvich et. al (2002).

Lemma 27 Let {£:} be a univariate process with spectral density

—2d

o (w)[?

where d € (—=p+1,0), p > 2 and o* (w) € L* (i, p) for some > 1 and p € (1,2], and L* is defined in
Assumption 2. Let J (w) be the tapered DFT of {&},_,. Then ford <0 and 1<k <j<|[(n—1)/2],

J(w) I (wy) J(wp) T ()
EQ“%@fWWﬁN+E<ﬂ“wwﬂW%J

Proof. We will only derive this bound for the first term on the LHS, since the derivation for the other
term is similar. Let = (w; + wk) /2, y = (w; — wg) /2 so that w; = z +y and wy, = = — y. Then

2
g —iw
f(W):ghfe |

<R G+ k)T

E( (@) ] @) = [ 1) Dup(w; —w) Doy (wr — w) do

—T

— [Tt 0+ 1= Dy (o) Doy 0+ )
= /ﬂg(y;w) Ay (z3w) de.
0
Let Wi ={w:0<w<x/2}, Wo={w:2/2 <w<min(3z/2,7)} and W5 = {w : min (3z/2,7) <w < 7},

g(y;w)=fw—-y)+ flw+y)

and
Ay, (z;w) = Dy p (. —w) Dy p (x4 w) .
Then
J(wr) J(wy) 12y e o Vde— S
E <f1/2 (Z%) f1/2(w5)> =712 w;)f 1/2(%;)/0 9 (y;w) Ay (z3w) do = ;qa (z,y),
where

Ga (x,y) = f_1/2(w3)f_1/2 (w]}) / g (y;w) A, (x;w) dw.

By Assumption 2,
—2d —2d
93 < € (Jw =917+l +917) .
Also by Lemma 0 of Hurvich and Chen (2000),

A, (z;w)| <Cn(l+njz—w|) P +n|lz+w|)?, (57)
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for —ar<zr—-—w,z+w<ar, 0<a<?2.
Since w(jir)/a < T —w < Witk 2 and Wiiggy2 < T +w < W3(jyk) 2 for w € Wi,
A, (zw) <Cn(j+ k)P
by (57) and since w(j_py/a — Wikj2 <Y —w <Y = W—py2 and wi_py2 < Y+ w < Wi+ Wik for

L«JEW1,

z/2
o1 (o)) < Ot G+ 072 [ (jo—al > oyl
0

. —2 —2d — —2d
< Cwjwiin (74 k)" Wik /4 <|w<j—k)/2| + Wiyt [wis2 + @ 4] )
< Cwlwin (G + k) w28 < Cjke ( + k)22 (58)

For w € Ws,
Ay (zw)<Cn(G+k) P(1+nlz—w)™®

because w3(j1x)/4 < T+ w < min {w5(J+k)/4,7T+w(j+k)/2}. Furthermore, since ffooo (1+nlz|)) Pdr <

en~tand |g (y;w)| < C’{ws_ffk +w_f5dk} < Cw;? +k, we have

oo

lg2 (4, k)| < Cw}iwkwﬁkn(]—i—k) / (1+nlz—w) Pdo < Cjik? (j_|_k;)—2d—li. (59)

— 00

For w € W3 = {w : min (3z/2,7) < w < 7} and assuming that 3z/2 < 7, we have ws(j1rya < T +w <
T+ w(jtk)/2- We further break g3 into two integrals,

& (k) = /W 9 (55) — 9 (y:2)] A (2:0) 1wy e

and
@@ (k) = / 19 (5:9) — 9 (550)] D (20) Lo ooy o,
W3

Since |z — w| > tw for w € W,
|An (z;w) l{z_wgﬂ}’ <Cn(l+nw) P(1+n(rx+w) < Cn~2pt+1,=2p, (60)
Because D, , (+) is 2m-periodic and | Dy, , ()| is symmetric around —w,_1,
|Dnp (z + w)| = [Dpp (21 — (2 + w) —wp—1)|.
Hence

|An (#30) Lgyosny| SCn(l+nlz—w)) P (1+n2r - (z+w))"
<Cn(l+nlr—w) P A+nlz—w)™
< Cn~ 2Py, (61)

since 27 — (z + w)| > |z — w| for z,w € [0,7] . Since |w + y| < 2w and |y — w| = w — y < w for w € W,

g (yw) < Cw™?
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Thus for b€ {1,2}, we have by (60), (61) and the above equation,

o0
)ng) (4, k:)‘ < Cn_2p+1w;lw,‘§/ w2d=2r g, < Cn_2p+1wdwdwj_fg p+l dek:d (j+ k)72d72p+1 .
W3(j+k)/4
(62)
Combining (58), (59) and (62),

J(wr) T (wy)
fY2 (wp) 1% (w5)

< Cj G+ k)T G ) TP < Ot G k)T

O

Corollary 13 Let {&} be the process defined in Lemma 27 with d € (—p+1/2,1/2). For k < K < oo,
and1<k<(j—p+1)<[(n—1)/2],

J(we) J(w;) | _ [ Clog(1+5)j9", d>o0.
F172 (wp) F72(w3) Cjld=r, d<0.

Proof. By Lemma 12 of Hurvich, et. al (2002), the LHS is bounded by

Ck~ldljld=11og (1 + j), p=1

d . d
ClU-RThri(5) +G-m {hl B+ (%) } SEEA
J J
which reduces to
Clog (1 + j) !4~

for d > 0. If we use this together with Lemma 27 | the corollary follows.[d

Lemma 28 Let J,, (wp) be the ath element of J, (wy) and Zy, . be the (u,v)th entry of Z,,. Then under
the assumptions of Theorem 3,

E ( _2daalzz aa (Wh) Z2

n,uv

)<oo,

forit<h<m+pandl<a,u,v<gq.

Proof. We will use the notation .J,, (w;), Aab,j, and By, ; defined in (41) and (43). Following from (41),

B 1 q o .
E (n 2% 1. qa (wh) Zp ) = T R Z Z Vi, Vi, [ 2y, (@n) Sz, (Wh) Tec i (W5)) Tee,un (wh)}
™ b1,ba=1 j1,j2=1
1 1 _
= nQdaamn Z \IIabl (wﬁ) \Ijabg (wiz)
bl,b2:1

M,
X E : leijE abl,hAllbz hBuy JlB JlB 7J2B 712]
J1,d2=1

C q My
< m § : E : lel/sz abhhAabQ,hB ’J1B 7J1B 7J2B Jz] )

™ b1ba=1 |j1,j2=1
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2daa

since n~ Uap, (w5) Wap, (w5)] < C by (5). It is sufficient to show that
My
— > v, 5E [Aab, nAaby 1By Bo jy Bujy B jy | < 00 (63)
" j1,j2=1

for 1 < by, by < g. Since Agp; and B, ; are zero mean normal random variables. The expectation in (63)
is a sum of 15 products of three expectations which are all the possible pair-partitions of the 6 random
variables. Thus the LHS of (63) can be decomposed accordingly. Many terms of this decomposition are
zero since E [By j, By,j,] = 0 and }-;v; = 0. Here we show the finiteness for only two nonzero terms,
since the rest of the terms can be handled analogously. By Corollary 13, for 1 < a,b,u < ¢q, h < j,
h<m+pandj=1,...,my,

Clog(1+34)791, d>0.
cjld=r, d<0. "’

|IE (Aab,hAau,j)| + ‘E (Aab,hzav,j” = {
Note that by (45), E ’Aabl,hzab%ﬂ < Ch. Applying the above bound together with (44), we have
E (Aab,hBu,j) =E (Aab,hAau,j) +E [Aab,h (Bu,j - Aau,j)]
1/2
<O (a2 01+ C17) + (E|Awnl E|Buy — Awusl?)
< I 2 0} + O51 4 2 = 0 (712) (64)

where € > 0. Let ¢ = m + p,

Z Vj,Vjo B [Aaby 1 Bujy | E [Aaby,nBu,js ) E [Bu,jy Bu,js ]

™ j1,42=1
10 My e e
log™ mp Z Z |E [Aaby nBuji ) E [Aaby,nBo,js ) E [Bujy Bu.js |
ji=cja=c
c—1 m, . o
+C Z Z UE [Aabl,hBu,jl] E [Aabg,th,jg] E Bv,jl Bu,h] |
Ji=1j2=1
—0 logm ~1/2e =1/2-¢4 logm, | 0 log m?2
B Z Jh J2 {lj1—gal<p} T mn = P )
J1,j2=c
since the summation over ji,j» € {1,...,c¢— 1} is O (m;') . Also

Z Vi Vi B [Aaby nAaby, 1] E [Bu,jy Bo,js] E [Bu,j, Bujs)

" j1,g2=1
= Cpvar (Zy,) < oo.

The proof is completed.[]

The next corollary is a corollary of Lemma 4.
Corollary 14 | Xy (H) — Xi||p = Op (n7).
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Proof. Note that since both H and I,,, are symmetric, a multiplication of —1 to x; (H) or x; will still
retain the properties. We can assume that xjx; (H) > 0. We have

X5 (H) — X |3 < ag max [|x; (H) — x;[> < C maxsin® 0 (x;, x; (H))
JENK JEN
< C[lsin®© {M (X (H)) , M (Xp) I3

by the definition of the sin © bound. O

Lemma 29 Under Assumption 1, the eigenvectors of H,
D ¢ .
Xj(H)Hfj(VeC(UﬂV))7 ]:17"'aq7

where éj are continuous functions of vec (U, V) and U,V are defined in Lemma 1.

Proof. Since x; (H) = B’x; (®p), it is sufficient to show that
D . ‘
Xj (QD) — S (VGC(U,V)), J = 17 » 4,
where ¢; are continuous functions of vec (U, V). Let b, = d; '®pd;!
B =X (B0) A () X (8.

First note that under Assumption 1, the eigenvalues of E p are distinct with probability 1 by Okamoto
(1973). Since both ®p and ®p are block diagonal matrices,

&p=d X' («iD) A (513[,) X (IIFD) d-' =X’ (EIBD) d'A (?{SD) d;'x (ZIBD) .

This implies that
X' (®p) = X' (%) and A (®p) = d. 1A (fI»SD) d:t.

Let K be defined as in Lemma 6 and we rewrite U,, and V,, in (10) as
U= (U0, 00 and v, = (VO V)

where U%k) and Vﬁf) are ax x m matrices. Since K is a block diagonal matrix,

&p = d,'K'd, diag ( UOUY .. uPUY ) dKd;!
=K’ diag( U%O)U%O)/ U%S)Ugf)' )K

It follows that B b
Xi (®0) = x5 (B0) == (vee (Un, Vi) = (vee (U, V),

and
x; (H) = B'x; (®p) - B¢ (vec (U, V).
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Remark 3 Let X (®p) = [& (vec (U, V), ..., & (vee (U, V)] and X (H) = |£; (vec (U, V)),..., & (vec (U,V))} =

[ X, (H) -+ X;(H) ] . Since X(@D) is a diagonal block matriz, X (H) = B'X, (®p) € By

Corollary 15 Let b be a g X 1 vector in M (Xy) with length one, then under Assumption 1,
D o o
b—b:=¢&(vec(U,V)),

where f is a continuous function with respect to vec (U, V) and U,V are defined in Lemma 1.

Proof. The corollary follows from Lemma 29 and Corollary 14 and b = ¢/Xj, for some ay x 1 vector c.[J
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