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Abstract: A general framework is proposed for (auto)regression nonparametric es-
timation of recurrent time series in a class of Hilbert Markov processes with a Lipschitz
conditional mean. This includes various nonstationarities by relaxing usual dependence
assumptions as mixing or ergodicity, which are replaced with recurrence. The corner-
stone of design-adaptation is a data-driven bandwidth choice based on an empirical bias
variance tradeoff, giving rise to a random consistency rate for a uniform kernel esti-
mator. The estimator converges with this random rate, which is the optimal minimax
random rate over the considered class of recurrent time series. Extensions to general ker-
nel estimators are investigated. For weak dependent time-series, the order of the random
rate coincides with the deterministic minimax rate previously derived. New deterministic

estimation rates are obtained for modified Box-Cox transformations of Random Walks.

Résumsé : On propose un cadre général pour ’estimation nonparamétrique ponctuelle
de la fonction d’autorégression dans une classe de processus de Markov récurrent a
valeurs Hilbert, et de moyenne conditionnelle Lipschitz. Ce nouveau cadre incorpore de
nombreux type de nonstationnarité, en relaxant les conditions usuelles de mélangeance
ou d’ergodicité au profit d’une hypothése de récurrence. La clé de I’approche proposée est
un equilibre biais-variance empirique qui permet de choisir une fenétre optimale aléatoire,
donnant lieu & une vitesse de convergence aléatoire pour un estimateur & noyau uniforme.
Cette vitesse s’adapte automatiquement & chacun des processus considérés, est optimale
dans un cadre minimax, et est aussi atteinte par des estimateurs a noyau plus généraux.
Dans le cas de processus faiblement dépendants, I’ordre de la vitesse aléatoire coincide
avec les taux minimax connus. De nouvelles vitesses sont obtenues pour une famille de

transformations Box-Cox modifiées appliquées & la marche aléatoire.
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1. Introduction Since Roussas (1969), the nonparametric literature for dependent data
has considerably grown, due in particular to an increasing interest on nonlinear modelling. See
Tjgstheim (1994) for a review of such subtle interplays. A vast majority of work deals with the
mixing stationary framework, see Bosq (1998), Fan and Yao (2003), or Gyorfi, Hardle, Sarda and
Vieu (1989) and the references therein. Some, as Delecroix (1987), Morvai, Yakowitz and Gyorfi
(1996), Yakowitz, Gyorfi, Kieffer and Morvai (1999) among others have pushed the limits to
stationary ergodic time series. The recurrence properties of ergodic processes, as formalized by
the Law of Large Numbers, provide indeed an intuitively appealing sufficient condition for con-
sistency of local smoothers. However, as argued in Karlsen and Tjgstheim (2001) who impulsed
new directions for nonparametric analysis of time series, this is too restrictive for active research
areas as long range dependence or unit root processes, see Robinson (1997) and Phillips and
Park (1998) for nonparametric approaches. The ergodic assumption imposes that the number of
visits to the estimation domain, over which nonparametric regression is performed, must remain
proportional to the sample size, a condition that does not hold for many nonstationary models
of interest. An alternative is to weaken ergodicity by assuming that the process is recurrent
over the estimation domain. An important difficulty is that it becomes practically relevant to
view recurrence as an unknown characteristic of the observations. As a matter of fact, arti-
cles investigating nonparametric estimation under recurrence remain exceptions. The retained
framework deals with Harris-recurrent Markov processes, as in Yakowitz (1993) for a sequential
nearest-neighbor regression estimator. Karlsen and Tjgstheim (2001) established consistency
and asymptotic normality of kernel estimators for g-null recurrent time series. Closer to our
approach but in the context of diffusion models is Delattre, Hoffmann and Kessler (2002) who
considered adaptation to the unknown recurrence rate. See also Blanke (2004) for the potentially

related issue of adapting to sample path smoothness.

In the present paper, nonparametric pointwise estimation of the Lipschitz conditional mean
given the past of a recurrent Hilbert-valued Markov time series is considered. The point of view
developed here differs from Karlsen and Tjgstheim (2001) whose approach leads in particular
to extend standard bias variance analysis to G-null recurrent processes. However, their results
hold for bandwidths restricted with the recurrence rate of the observations, which should be
partially known. By contrast, our design-adaptive approach replaces bandwidth choices based on
asymptotic expansion of the mean squared error with an empirical bias variance tradeoff which
does not require such a priori information. The expression “design-adaptation” was coined
out in Fan (1992) for local polynomial estimators which converge under weak conditions on
the i.i.d. covariate distribution. Such an approach was extended in Guerre (2000) to cover
arbitrary designs. Guerre (2000) considered, to capture the unknown recurrence features of

the covariates, data-driven bandwidths and random rates as standardization of nonparametric
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estimators. In the context of chaotic data, Guerre and Magés (1998) built on a data-driven
standardization, see also Berlinet and Biau (2001). The dynamic-adaptive approach of Delattre
et al. (2002) is crucially based on data-driven bandwidth and random standardization, see
also Spokoiny (2000) for smoothness adaptation under ergodic paths. The interest of data-
driven standardization has also been acknowledged in the context of smoothness adaptation,
see Hoffmann and Lepski (2002), as well as in the probability literature, see Chen (1999a) for
the Law of Iterated Logarithm under Harris-recurrence and the discussion therein.

More specifically, the distinctive merits of the design-adaptive approach for recurrent time
series are as follows. First, a general framework is proposed for Markov processes valued in
Hilbert spaces which avoid mixing conditions, allowing so for a wide range of nonstationarities.
The focus is set on recurrence over the estimation domain, with a recurrence rate which is
considered as an unknown characteristic of the observations. Second, an empirical bias variance
tradeoff for a uniform kernel estimator allows to propose a baseline data-driven design-adaptive
bandwidth, which gives rise to a random consistency rate. The resulting regression estimator
converges with this rate and automatically adapts to a wide range of local recurrence behaviors.
Extensions to a more general radial kernel estimators is also investigated. Third, the random rate
derived from the design-adaptive bandwidth is shown to be optimal in a minimax sense. In case
of weak dependent time series, the deterministic exact order of the random rate coincides with
the minimax optimal order previously derived. How design-adaptation deals with nonstationary
processes is illustrated here with the example of a modified Box-Cox transformation of the
Gaussian Random Walk.

The rest of the paper is divided in three sections and two appendices. Section 2 presents
the design-adaptive approach, our baseline nonparametric regression estimator as well as po-
tential improvements, with a non technical overview of our main results. Section 3 groups our
assumptions and states the main results. Section 4 gives the deterministic order of the optimal
data-driven rate for some examples of time series. Proofs of our main results (i.e. Theorems
1 to 4 and Corollary 1) are given in Appendix A, while Appendix B gathers proofs of more

illustrative results as Propositions 1 and 2.

2. Design-adaptive nonparametric regression estimation: an overview Let (X, ||-||)
be an Hilbert space with inner product < -,- > and norm || - |. Consider T' + 1 observations

Xo,..., X7 from a time series valued in X', with
Xy =m(Xi—1) +er, Eled Xio1,..., Xo] = 0 and E[|le;]|*| X¢—1, - - ., Xo] < o2

for all ¢ > 1. Assume that the (auto)regression function m(-) is Lipschitz over a bounded open

subset D of X, i.e. that ||m(z)—m(z")|| < L||x—2'|| for all z, 2’ in D. The purpose is to estimate
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m(z) for z in D, assuming that the number of visits of the X;_1’s to the estimation domain D,

T
Np(D) = ZH(XH eD),
t=1
diverges with the sample size, a condition referred as a Recurrence Condition in what follows.
A solution to that issue is to average the X;’s over the X;_; close enough to z, as done by the
radial uniform kernel estimate

T
where N7 (b) = > 1(||Xi—1 — 2| <b) ,

t=1

S X I (| Xy — 2 <)
Nr(b)

(2.1) mr(x;b) =

setting mr(x;b) = 0 if Np(b) = 0. Before introducing our choice of the bandwidth b, we present

some examples of time series to motivate design-adaptation and the framework of Section 3.

EXAMPLE 1: LINEAR AUTOREGRESSIVE MODELS. A baseline example to motivate our approach
is the simple AR (1) model

Xt:athl"'etv |CL|§]_,

with i.i.d. e; such that Ee; = 0 and Var(e;) = o2. The dependence structure of {X;,t > 0}
drastically differs following |a|] < 1 or @ = 1. In the former, the process is asymptotically
stationary with an invariant probability and the order of Np(D) is T by the Law of Large
Numbers. This model fits the framework of nonparametric estimation for dependent variables.
On the other hand, the AR(1) model is nonstationary with X; = X, + 22:1 e; when a = 1,
the Lebesgue measure is invariant, and Nz (D) has the smaller order v/7T. This is outside the
scope of the vast majority of the nonparametric literature. Since the recurrence features of
this model are highly sensitive to the unknown parameter a, it is therefore desirable to design
nonparametric methods which can adapt to the time series at hand. Such features are shared
by many parametric models as linear or threshold autoregressive models of higher order models

which may generate more sophisticated seasonal nonstationarities, see Tong (1990).

EXAMPLE 2: NONLINEAR AUTOREGRESSIVE MODELS. More complex recurrent time series include
nonlinear Markov processes of order d. Consider an univariate d-Markov time series {Y;,¢ > 0}.
Let {e:,t > 1} be the associated innovation process e = Y; — E[Y;|Y;_1,...,Y;:_4] assuming
that Var[e|Y;_1,...,Y;_q] < 02. Under time homogeneity, the process admits an autoregressive
representation Y; = p(Yi—1,...,Yi—a) + ¢, where the conditional mean pu(Y;_1,...,Yi_q) =
E[Y;|Y;_1,...,Y;_4] is the parameter of interest. Taking X = R? equipped with the usual
Euclidean norm and X; = (V;,...,Y:—_q41)" vield that {X;,t > 0} is Markov with

X, =m(X;—1) + e where m(Xy—1) = (u(Yic1, ..., Yiea), Yic1, .., Yicag)
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and e; = (¢4,0,...,0)". Note that mr(x;b) could be changed into its first entry for such rep-
resentation since the d — 1 last components of m(-) are known. As it can be expected from
Example 1, the probability structure of such nonparametric models is extremely complex and
developing practical tests for hypothesis as mixing decay conditions seems out of reach in prac-
tical applications. A more reasonable strategy is to postulate a weaker Recurrence Condition
over D. Conditions ensuring recurrence of such processes have been investigated, see Meyn and

Tweedie (1993) and the references therein, and Proposition 1 below.

EXAMPLE 3: NONLINEAR TRANSFORMATION OF A RECURRENT PROCESS. As mentioned in
Karlsen and Tjgstheim (2001), a nonparametric class of recurrent time series can be obtained
by transforming a baseline recurrent process {Y;,¢ > 0}, as for instance the AR(1) considered
in Example 1. Indeed, if X; = H(Y;) where H(:) is one to one and H(D) is a subset of D,
then the number of visits of the X;_1’s to D diverges if the one of the Y;_1’s does. A family of
transformations H () in the spirit of the Box-Cox transformation will be applied to the Gaussian
Random Walk in Section 4 to exemplify the capability of the design-adaptive approach to cope

with nonstationary time series given by ill-conditioned transformation H(-).

In the expression (2.1) of the nonparametric estimator pr(x;b), the parameter b is a band-
width which indicates the closeness of the X;_1’s to x. A crucial issue is the choice of b. For
the general class of nonparametric autoregressive models under consideration, usual standard
bandwidth choice using asymptotic expansion of the mean squared error of my(x;b) are unlikely
to apply since the time series at hand can be nonstationary. On the other hand, it is still possible
to obtain a random order for the estimation error my(z;b) — m(z) which decomposes into the
two following terms,

Yy (X)) = m(@) T(| Xo—y — a]| < b)
Nr(b)
> e (| X1 — @] <b)
Nr(b) 7

mr(x;b) — m(x)

+

where the first sum is viewed as a bias term while the second corresponds to a stochastic error.
Since m(+) is Lipschitz over D, the bias term is bounded by Lb for any x in D provided that b is
small enough. Since Zle el (|| X¢—1 — || < b) is a sum of martingale differences, we have, for
the stochastic error term times N (b),

T 2

S e (X1 — 2 <)

t=1

T
= S E(1(1Xe-1 — ol < D) Eflle]* X1, -, Xo])

t=1

E

T T
+23° 3 E(L(1 X1 all < B)T(Xe1 — all ) fer, Blew| Xo1,. ., Xo.])
t=1t'=t+1
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< o*ENr (D) .

It then follows, from the Markov inequality, that the stochastic term times Np(b) is of order
UN%/Q(b), so that the resulting order of the stochastic term is J/N%/Q(b). Combining the bounds
for the squared bias and stochastic terms gives, for the regression estimator

o2 \ /2
(2.2) mr(x;b) — m(z) = Op <<L2b2 + NT(b)> ) .

Therefore, mr(x;br) is a consistent estimator of m(z) as soon as the deterministic by asymp-
totically vanishes and Nr(br) diverges in probability. However, achieving a divergent Nz (br)
supposes some a priori information on the recurrence of the process {X;, ¢ > 0} which may not
be available in practice. An alternative to such an ad hoc deterministic choice is to let the sample
Xo, ..., X1 suggests a proper bandwidth according to an empirical bias variance tradeoff. As in
Guerre (2000), it is technically convenient in a first step to bound the right-hand side of (2.2)
with max(L2b?, 0% /N7 (b)) and to propose

2
~ o~ o
by = br(x; L,0) = arg min max ng%, ——— | i.e., for instance,
b=0 Nr(br

(2.3) br = min {b>0; L*b>Nr(b) > 6} so that minmax (LQE?F, Oi ) = L%b% .
b>0 Np(br)

Note that Ny (ZT) > 0 so that mT(:L';ZT) is defined without ambiguity. That by in (2.3) achieves
miny>o max(L2b2, 02 /N7 (b)), equal to ng%, is easily seen from a graph, since 02 /Np(-) is cadlag
(right-continuous, left-limit) and decreases from +oo to o2 /T, while L?b? continuously increases
from 0 to +o00. The bandwidth ZT accounts for the local recurrence properties of the process at
x, which is the purpose of design-adaptation, since ET decreases when the number of X;_;’s in
small vicinities of = increases.

For the choice (2.3) of by, one would expect that the order for the estimation error (2.2) is

1 1
(24) RT = RT(I';L,U) = =

(minbzomaX(L%Q’#zzb)))lm TZT

However, the order m(z;gT) —m(z) = Op(1/Rr) cannot be directly derived from (2.2) which
does not hold for a data-driven bandwidth as ET. However, empirical processes techniques can be
helpful to achieve such a result. This necessitates to restrict to a class of Markov processes as done
with Definition 1 in Section 3. Theorem 2 then shows that the estimation error m(z; br) — m(z)
is of order 1/Ry uniformly over the considered class, without mixing or ergodicity conditions.
A pleasant feature is that Ry can be interpreted as a random convergence rate. Since Np(b)
increases with b and T, it is easily seen from (2.4) that Ry increases with the sample size, as any

of the power function of T" which are usually considered as a normalization in nonparametric
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inference. However, choosing such a deterministic standardization necessitates some a priori
information on the dynamic of the process at hand. For instance, the optimal minimax rate
to estimate a Lipschitz conditional mean is 7/ under weak dependence and becomes T/6
for a recurrent Random Walk. By contrast, Theorem 4 shows that Ry is an optimal minimax
random rate over a class including these two kind of time series. On the other hand, R may
have a slower deterministic equivalent than the minimax rates derived for more specific classes
of processes, due to an excess of generality. As addressed in Section 4, the exact order of Ry
coincides with the minimax rates for weak dependent time series or recurrent Random Walks.
This suggests that the design-adaptive approach is not affected by a loss due to its capability
to deal with a large class of recurrent time series.

Therefore, potential improvements of the simple estimator mT(x,ZT) are limited to decrease
Rp with a constant multiplicative factor. An alternative design-adaptive estimator builds on

the more general radial kernel smoother

ST XK (I\Xt SE wu)
R ES

The kernel K (-) is taken nonnegative, so that 0 < K(-) < 1 can be assumed without loss of

(2.5) pr(z;h) = pr(zsh, K) =

generality. As my(x;b), the estimation error ur(z; h) —m(x) decomposes into a bias a stochastic
terms which can be used to propose a design-adaptive h. To achieve a better performance than

mT(gc;ET)7 a more precise bound than Lh for the bias term of up(z; h) is considered. Define

T Xi_1—x
S X — af K (el
T Xy q— ’
Zt:lK(H = wl\)

T
e , _ o (11 Xi—1 — 2|
Np(hK) = Np(hyz, K) = ?ZIK (h ,

ZtT:1K 1 Xe_1—=| Z K [ Xe— 1= z||
Vr(h) = Vr(hiz K) = (Zt 1K2<( \xfhl ))> ( ((h K) )) ’

BT(h) = BT(h;ac,K) =

where LBp(h) is the improved bias bound while o/ VTl/ *(h) gives the order of the stochastic
error of fir(z;h). A major difference with the bounds Lb and (T/Nlew/2(b) used for myp(xz;b)
is that LBr(h) and o/ VTI/ ?(h) are not necessarily monotone. This complicates the study of
a bandwidth achieving the minimum of ((LBz(h))? + o2/Vy(h))Y/? which replaces the right-
hand side of (2.2). To overcome this technicality, we have introduced the “K-number of visits”
Nrp(h; K) which parallels Np(b), and increases with h if K(-) decreases over R*. The choice of
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an optimal bandwidth BT for pr(z; h) is based upon a pilot bandwidth BOT as follows:

(2.6) hor = hOT(J; L,0% K) =min{h > 0; L’h*Np(h; K) > 0*} ,
o2

with, for some kg > 1,

(2.7) hr = hy(x; L, 0, ko, K) = arg hrg%{nT (L BZ(h

Hp = {h > 0;h < rkohor, Nr(hor: K) /ko < NT(h K), Vip(h) < koNp(hor; K)}
1

(28) Rr(K) = Ry (2 L, 0, ko, K) = - s
(£2B3(hr) + 02/ Vi (i)

The pilot bandwidth EOT parallels the optimal bandwidth BT of my(x;b) with N (b) changed
into Np(h; K). However, since 0 < K(-) < 1 implies that Nr(h; K) < Nr(h), /,LT(J?;BOT)
does not have a better order than mT(x;gT), while uT(x;?LT) can improve on mT(z;gT) and
,uT(:c;EOT), up to a limitation due to the constraints of Hp. The variable Rp(K) is viewed as

the random rate of ,uT(ac;ﬁT), see Theorem 3 which parallels Theorem 2.

3. Assumptions and main results

3.1. Assumptions We assume that the kernel function K (-) in (2.5) satisfies:

AssuMPTION K.  The kernel K(-) is continuously decreasing from R™ to [0,1], with compact
support [0,1] and K(0) = 1. K(-) has bounded variations and K(z) > k1 > 0 for z in [0,1/2].

Assumption K ensures in particular that Np(h; K) is continuously increasing in h. Let us now
introduce our assumptions for {X;,t > 0}. The reader is referred to Meyn and Tweedie (1993)
or Nummelin (1984) for a general exposition of the theory of Markov processes, see also Karlsen
and Tjgstheim (2001) for an overview covering most of the results needed here. The process
{X¢,t > 0} is Markov of order 1, with values in (X,S) where the Borel field S is countably
generated. The space X' with inner product < -,- > and norm || - || is a real Hilbert space with
finite or infinite dimension. The system {v;,j > 1} generates X, assuming that the v;’s with j
less than the dimension of X’ form an orthonormal basis while the other vanish, i.e. for X = R?
as in Example 2, (v1,...,vq) is the canonical basis and vgy; = 0, j > 1. The estimation set D
is a bounded open subset of X. The distribution of {X;,¢ > 0} is denoted P.

The definition of the class Pp(L, o) of admissible time series involves some additional quan-

tities. Consider a probability measure P over X, with P(D) =1 and

(3.1) E(h) = inf P({y € D: |ly — 2| < h}) is continuous,
S

with £(h) > 0 for h > 0 and limy,_.. F(h) = 1.
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Recall that e¢; = Z;il < e, v5 > v;. The standard deviation o is identified with a sequence
{0j,j > 1} of nonnegative numbers with o1 > 0, Zjoil UJQ- = 02 and Z;‘;l 0j < koo for some
ko > 1. In addition to L > 0 and o, consider p in [0, 1), an integer number d > 1 as in Example

2, and a positive sequence n, which typically diverges with a slow rate as In 7'

DEFINITION 1. The class Pp(L,0) = Pp(L,0;p, P,d, ,np, k2) is the family of distributions
P such that

i. P is the distribution of a time-homogeneous Markov process {X¢,t > 0}, with

(3.2) P (|| Xt — z|| = h for somet > 0) =0 for all z in D and all h > 0,
(3.3) EpNp (D) > ny for all T > 0.
ii. The regression m(-) = Ep[X41|Xy = -] is L-Lipschitz over D, i.e. |m(z) — m(a')| <

Lllz — 2’| for all z, 2’ in D.

iti. The innovation term e; = Xy — m(Xi—1) satisfies sup,cp E [< et, Vj >2 Xy = x} < 032-

and sup,ep El/8 [< et,vj >° |Xt_1] < koo forallj > 1.

iv. P satisfies the Minorization Condition P(Xiyq € A|X, = x) > (1 — p?)P(A)(z € D) for
any Borel subset A of D.

The following condition on P(-) and p allows to consider a subclass P5(L,0) C Pp(L,0) of

univariate Markov processes with Gaussian innovations.

ASSUMPTION P.  Assume that X =R and d = 1. Let P, be the N'(0,02) distribution for the
innovation term. Then the distribution P(-) and p in Definition 1-(iv) are such that, for any

Borel subset A of D, inf,,,|<,cs11 Py (m+e; € A) > (1 —p)P(A).

Under Assumption P, a choice of P(-) is a uniform distribution since the Gaussian density is
positive continuous. The quantities p, P, d, ny and ks in Definition 1 need not to be known
and are only used to obtain rate-consistency uniformly over Pp(L,0). The Condition (3.2)
ensures that the [|X;—; — z||’s has a continuous distribution. The condition (3.3) imposes a
minimal recurrence rate over D. The Minorization Condition (iv) is used in Markov processes
Theory in the so-called splitting technique, see Meyn and Tweedie (1993), Nummelin (1984),
and Karlsen and Tjgstheim (2001) for nonparametric statistical applications. The conditions
(3.3) and (iv) impose some important qualitative restrictions on the evolution equation X; =
m(X;—1)+e;. The next Proposition briefly recalls some simple assumptions ensuring recurrence

and a Minorization Condition in the setup of Example 2.
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PROPOSITION 1.  Let {Y;,t > 0} be a time-homogeneous Markov process of order d with
the autoregressive representation Yy = pu(Yi—1,...,Ye—q) + &t for t > d. Let {Xy,t > 0} with
Xi = (Yy,...,Yi_ay1)' and m(-) be as in Ezample 2 with X = R<. Assume that

(a) The distribution of e; given (Yi—1,...,Yi_q) = Xi—1 = = has a probability density function

f(e|x) which is bounded away from 0 and continuous with respect to (¢, ) in R x RY.
(b) The regression function u(-) is continuous over R%,

(¢) There is a continuous U(-) from R? to RT with lim|,) o U(z) = 0o, an integer number
d' > 0 and a compact subset C of R? such that Ep[U (X a)|X: = 2] < U(x) for all x in
R4\ C.

Let D be any bounded subset of R%. Then the Continuity Condition (3.2) holds under (a) and
(b), and there exists a distribution P satisfying (8.1) and a p in [0,1) such that {X;,t > 0} verifies
the Minorization Condition of Definition 1-(iv). Under (a), (b) and (c¢), Ep N7 (D) diverges.

Assumption (c) is the so-called drift condition, see e.g. Meyn and Tweedie (1993) and Tong
(1990). The choice U(z) = ||z|? yields (c) if |[m(x)||*> + Varp[X:|X;—1 = x] < |z||?, so that
|lm(z)|| can behave as ||z|| when ||z|| grows, as in the case of the Random Walk. Better choices
of U(-) gives weaker restrictions on m(-), see Meyn and Tweedie (1993, Theorem 9.5.6). Meyn
and Tweedie (1993, Theorem 9.4.2) gives a converse to Proposition 1 which ensures existence
of such U(+) provided P(limp_,oc N7 (D) = 00| Xy = x) =1 for all x.

3.2. Main results A major difficulty in the study of mT(a:;gT) and /,LT(x;iAzT) is due to the
fact that the bandwidths ET and ET are data-driven. A first step to overcome this dependence

is to show that Np (D) has a deterministic exact order which diverges, as done in Theorem 1.

THEOREM 1. Let Np(D) = Zle I(X:—1 € D). Then, for each P in Pp(L, s), there exists a
deterministic diverging sequence np = np(P) which gives the exact order of Np(D) in probability
uniformly over Pp(L,s), i.e.

P
lim  inf P (”T() < Ny (D) < nT(]P’)z) =1.
T,2+00 PEP(L,0) z

Theorem 1 is a uniform version of Theorem 2.1 in Chen (1999b), and is proven using the splitting
technique. The next two results build on Theorem 1 to bound the stochastic fluctuations of ET

and ET, which gives the rate-consistency of mT(m;gT) and MT(gc;ﬁT).
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THEOREM 2. Let my(x;b), by = bp(x; L, o) and Ry = Ry(x; L, o) be as in (2.1), (2.3) and
(2.4). Then, for any x in D, Ry (mT(a:;gT) - m(aj)) is bounded in probability uniformly over
Pp(L, o), i.e.

lim sup P (RT HmT(:U; br) — m(x)H > z) =0 for any x in D.
T,z——+o0 PePp(L,o)

THEOREM 3. Assume that the kernel function K(-) satisfies Assumption K. Let ur(x;h) =
pr(z;h, K), hr = ET(JS‘;L,O', ko, K) and Rp(K) = Ry(x; L, 0, ko, K) be as in (2.5), (2.7) and
(2.8). Then, for any x in D, Rp(K) (,uT(x;ET) - m(m)) is bounded in probability uniformly
over Pp(L,0), and the random rates Rt and Ry (K) are of the same order i.e.

~

(3.4) lim sup P (RT(K) HMT(iE; hr) — m(x)H > z) =0
T,2—=+00 pePp(L,0)

(3.5) and QH—\/liRT < Ryp(K) < \/koRr for any x in D.

At the difference of Theorem 1, the proofs of Theorems 2 and 3 avoid using a splitting argument,
which may forbid extension to continuous-time processes or random fields. The proofs of The-
orems 2 and 3 build instead on results from Orey (1959) used in Yakowitz (1993). A first step
notes that mp (x;ET) averages over values of X; 1 in D for ET small enough. Hence the proof of
Theorems 2 and 3 rely on the so-called “process on D” of Orey (1959) given by the successive
values of {X;_1,t > 1} in D. As recalled in Lemma A.1 in Appendix A, the process on D is
®-mixing with exponential decay. This allows to find the exact order of the bandwidth BT when
the bound for N7 (D) in Theorem 1 holds. This gives the order of Ry =1/ (L@T) which is used
to bound the stochastic error term of mT(x;BT) — m(x) using a maximal inequality, leading to
Theorem 2. Theorem 3 is proven similarly using the restrictions in (2.7) for hr. Compared to
Karlsen and Tjgstheim (2001), Theorems 2 and 3 do not restrict the dynamics of the time series
to B-null recurrence and avoid technical smoothness conditions on its invariant measure.
Achieving uniform results in Theorems 1 to 3 necessitates the uniform Recurrence Condi-
tion (3.3) over the class Pp(L, o), together with (3.1) which bounds from below the transition
probability of X; given X;_4 in Definition 1-(iv). Without these restrictions the lagged process
{X:_1,t > 1} may not visit the vicinity of some z in D, so that it can be conjectured that consis-
tent estimators of m(x) do not exist. Under these conditions, the rate Ry diverges in probability
with the sample size, showing that mT(x;gT) and ,uT(:zr;ET) are consistent estimators of m(x).
However Ry can diverge slowly, with an order ranging from 1 to v/T as seen from (2.4). Section

4 shows that all these orders can be achieved.
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In view of the bound (3.5) in Theorem 3, my(x;br) and pr(x; hr) converge to m(x) with
the same rate Rp. But the upper bound Ry (K) < /koRr in (3.5) suggests that it can be an
artifact due to choice of the set Hy = Hp (ko) of admissible bandwidths in (2.7), since taking
ko = +00 may give a better kernel estimator. This raises the issue of the rate optimality, i.e. of
the existence of estimator converging to m(x) faster than Rr. The two next results show that
R is the minimax optimal random estimation rate of m(x) over Pp(L, o). Theorem 4 below

adopts a local minimax framework. Define, for any Py in Pp(L,0), z in D and € > 0,
Vu(Pose) = {P € Pp(L,0);[|m(x) — mo(z)|| < €} ,

where m(-) = Ep[X¢| X:—1 = -] and my(-) = Ep,[X¢|Xt—1 = -]. Theorem 4 and Corollary 1 are
stated for univariate Markov time series, but multivariate extension with higher Markov order

can be proven similarly.

THEOREM 4. Let Ry = Rr(x;L,0) be as in (2.4) and assume that Assumption P holds.
Consider a sequence of i.i.d. N'(0,0?%) innovation terms {e;,t > 0}. Let Py be the distribution
of {XP,t > 0} with X§ = eg and X = mo(X{_,) + e, where the regression function mo(-) is
continuous over R and L/2-Lipschitz over D, with sup,cp |mo(z)| < k3 for k3 as in Assumption
P. Assume also that there is a real continuous function U(-) > 0 with lim,| o U(z) = +00 such
that

(3.6) Ep, [U(X{4q) |X? = 2] <U(z) for allz in R\ D',

where D' is a finite closed interval containing D.
Then there exists a diverging sequence np > 0 such that Py is in Pp(L, o), and there is a
z > 0 such that, for any x in D,
liminfinf sup P(Rr|mr(z) —m(z)|| > z) > 0 for any € > 0,
T—+oomr pey, (Pose)

where inf,. is the infimum over all the possible estimators my(-) using Xo, ..., Xr.

The lower bound of Theorem 4 shows that Ry is an optimal estimation rate in the local minimax
sense, i.e. that estimator converging to m(z) faster than Ry uniformly over V,(Py;€) does not
exist. The Drift Condition (3.6) is in line with Proposition 1. The next Corollary shows that

Ry is a global minimax estimation rate over Pp(L, o).

COROLLARY 1. Assume that Assumption P holds and that supp~,(ng/T) is small enough.
Then, for any x inD and uniformly over Pp(L, o), the fastest rate of convergence of any estimator
mr(x) to m(x) is Ry, i.e. there is a z > 0 with

liminfinf sup P (Rr|mr(z) — m(x)|| > 2z) >0 for all x in D.
T—+oomr pepp(L,0)
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4. Examples of design-adaptation Finding the exact deterministic order of the random
rate Ry can be useful to calibrate the sample size T' to achieve a given precision for some
specific class of time series. It also illustrates how the design-adaptive approach can cope with
irregular recurrence behaviors of the observations at hand. For the sake of simplicity we consider
univariate time series {X;,¢ > 0} and focus on the estimation of m(0) with D = (—1,1). We
first recall some results of Guerre (2000) for the regression model ¥; = m(X;) + e;. Consider

the modified Box-Cox transformation

H,o(y) =sgn(y)fly|*, with o,0 >0, sgn(y) =1ify>0,sgn(y) =-1if y <0,

1/«
so that H;le(x) = sgn(x) (?) =Hy/n0-1/0(7) .

Guerre (2000) considered a design X; = H, 9(U;) where the U, are i.i.d. uniform random
variables. The X;’s have density (z/6)'/~ 1 g(2) /() which is ill-conditioned at 0, that is can
vanish or diverge, except for « = 1. Standard nonparametric methods are usually limited to o =
1, see e.g. Stone (1980), while the design-adaptive approach deals with all values of the unknown
a. Both the expression of H, () and of the design density are helpful to understand how «
and 6 affect the design repartition in the vicinity of 0. Indeed, for = € D, limgy_, 4 o0 Hoo(z) =0
while lim,_.0 Hy,0(z) = Osgn(x). Therefore {X;,t > 0} visits small neighborhoods of 0 more
frequently for large o and small . The counterpart of the random rate Ry in Guerre (2000) is
equivalent to (L?/(o20'/«))®/Ratl)pe/(2e+1) /T, in probability. These deterministic rates range
from 1 for o« = 0 to V/T for a = +o0o0, the rate 1 being achieved with the constant design X; = 1
while v/T corresponds to X; = 0 for all t. For o = 1, the order of Ry is T'/3, the usual minimax
rate for Lipschitz regression functions, see Stone (1980) among others.

Let us now return to the time series context. Such results carry over to transformations
of weak dependent Markov time series and we consider now the case of transformations of a
Gaussian Random Walk. As shown below, the Gaussian Random Walk is more spread out than

a weak dependent process so that slower rates will be achieved. Set

Y, =Y;_1 + g with Yy = go, so that Y¥; = Zf:o gi, where the g;’s are i.i.d. N(0,1),
(4.1) Xy = Hop(Yy) for t > 0.
Because Hy g(-) is one to one, {X; = Hq 9(Y:),t > 0} is also a Markov process. Since

Xe=Hypo(Y:) =Hup (H1/a7971/a(Xt71) + gt)

Xi-1
=Hap(g:) + / H&,e (Hl/aﬂ*l/"‘(z) + gt) H{/aﬁ,l/a(z)dz )
0
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with EH, 0(g:) = 0, we have
m(x) = Ep[X;|X; 1 = 2] = E[Hao (Hy/a0-1/0 (1) + 91)]
/ Hl/ae 1a(2)E [ aG(Hl/ae 10 (2 )—i—gt)}dzsothat

m(x) 1/a9 e )E[ (Hl/a9 10 (T )+9t)] )

which gives sup,cp |m/(z)| < oo for a < 1, and,

sup Ep[le;|??| Xy = 2] < 2271 (sup Ep[| X¢ || X;_1 = x] 4 sup |m(x)|2p) <00,
€D €D €D

for any p > 1, where ¢; is the innovation term X; —m(X;_1). Therefore, for o < 1, the time series
{X¢,t > 0} satisfies Conditions (ii) and (iii) of Definition 1 for some L and o depending upon
a and 0. The parameters a and 6 drive the recurrence of the transformed process {X;,t > 1}
as seen from its invariant measure. The Gaussian Random Walk {Y;,¢ > 0} is a null-recurrent
process with the Lebesgue measure as invariant measure, so that {X; = H,¢(Y;),t > 0} is
also null-recurrent with invariant measure (x/6)/*~'dz/(a#), which parallels the density of
the design Hy 9(Ut) of Guerre (2000). The invariant density diverges at 0 for a > 1, indicating
clustering at 0, while its vanishes for o < 1. This contrasts with the rate of Ep Ny (D), which is
VT for all a, 6. Indeed, since the Y;_;’s are N(0,t), the expression of H, (-) yields

EpNr(D) = il@ <|Yt1 < 911/a> = éﬂ" (IN(O, ]S W)

z T
\/ﬂﬁl/a\f Vorot/e

The order /T is smaller than the order T achieved by the number of visits of weak dependent
Markov processes. A more precise asymptotic study of Ry and Nr(D) necessitates to introduce
the local time {A(w,s),w € R,s € Rt} of a standard Brownian Motion {W(s),s € RT}. The
local time is the density function of the occupation time fot I(W(s) € A)ds with respect to

Lebesgue measure, i.e.

/ T(w € A)A(w, £)dw = / IW(s) € A)ds |

see Revuz and Yor (1991) for a more detailed exposition. In particular, A(0,1) has the distribu-

tion of the absolute value of a standard normal variables.

PROPOSITION 2. Let {Xy,t > 0} be as in (4.1), with a,0 > 0, x = 0 and D = (—1,1).
Define Ry = Rr(0;L,0) as in (2.4). Then, for any L,o > 0, (T~Y2Np(D) , T-2/4e+2Ry)
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converges in distribution to

9A(0,1) 1 (2L2A(0,1))*/Z Y
o1/a T, a201/a :

Compared with the weak dependence case, the order of Ry now increases from 1 to 7'/ with an
upper bound T"/4 given by the order of N%/ 2(1)). Combining Proposition 2 and Theorems 2 and

4a+2) for the estimation of the regression

3 give, for a < 1, new deterministic minimax rates 7%/(
function m(0) over vicinities Vy(P; €) of the model (4.1). In the regular case oo = 1, the exact
order of Ry is T/ which is slower than the rate 7"/3 achieved for weak dependent processes
due to a lower recurrence rate /T for Np(D) in place of T. An estimation procedure in the
spirit of Delattre et al. (2002), or a bias-variance tradeoff based on the asymptotic expansions
of Karlsen and Tjgstheim (2001), give estimators which also achieved this optimal rate.
However, such procedures would be less efficient than the design-adaptive approach if o # 1.
From a heuristical viewpoint, these procedures parallel standard bias variance analysis, viewing
Nr(D), instead of the sample size, as the relevant number of observations to estimate m(0).
See also Spokoiny (2000) who imposes a condition corresponding to the ergodic case. According
to such analogy, the order of the stochastic term is 1/(Np(D)b)'/? with a bias bounded by b
time a constant. Balancing this two terms suggests a bandwidth of order N, 1 3(’D) in place
of the usual T—/3 order for estimating Lipschitz functions. But the proof of Proposition 2
shows that the order of the stochastic error of mp(z;b) is 1/(Np(D)b'/*)'/2 for small b, as seen
from (B.2.3) in Appendix B, instead of 1/(Np(D)b)Y/2. Tt follows that a bandwidth of order
qul/g(’D) ~p T~V gives a rate min((T1/27—1/60)1/2 T1/6)) ~ TGa=1)/12« for o < 1, which
is, for o < 1, smaller than the rate 7%/ (4*+2) of the design-adaptive approach. The superiority
of the design-adaptive approach comes from the empirical bias-variance tradeoff leading to the
choice (2.3) of ZT, while its competitors use a more theoretical bias-variance tradeoff which is
not appropriate for the range a < 1 of transformations of the Random Walk. Note that the
gain can be important since a bandwidth of order N, 1 3(D) give an estimator which is not
consistent if o < 1/3, showing the interest of design-adaptation which can automatically cope

with irregular local recurrence behaviors of the sample.

APPENDIX A: PROOFS OF MAIN RESULTS.

A.1. Additional notations and conventions Let {r;,i > 1} be the successive epochs where the
process {X¢_1,t > 1} visits D, i.e.

T1 :inf{tZI,Xt,1 GD} yoee 3 Tht1 :inf{t>Tk;Xt71 GD} s
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and let ;1 = X,,_1 be the associated values of the process, the so-called “process on D” in the Orey
(1959) terminology, which is also an homogeneous Markov process. Define 7; = e-;, and let F; be the

Borel field generated by z;—1,1i—1, ..., Zo0,n0. Set
(ALY 0i(f) =<miyv; >, wilf) =07 (G) — Belnf G)IF] , Gi(h) = wi(G) — Eelwi ()| Fi] -
Let {®x,k > 0} be the ®-mixing coefficients of the Markov process {x;,i > 0}, i.e.
Py, = O, (P) = sup sup |P(zn4+k € Blzn € A) — P (2n4r € B)| .
n20 4 with P(z,€4)>0,B
Consider now the estimation procedure. We aim to give, as far as possible, a unified treatment for
mr(z;b) and pr(x; k) which coincide if K(z) =1(z < 1). For A C R, define
1 . —
Ki(zio1) = Ki(zio1;2) = —/ I (M € A) dK*(2)
0
where the negative differential term dK?(z) is minus the Dirac mass at 1 if K(z) = I(z < 1),
in which case Ka(zi—1) = I(]Jzi—1 — 2|| € A). Note that K?(||z;—1 — x|/h) = K(Qfoo’h](:viq) =
— fol I(||zi—1 — 2|| < 2zh) dK?(z), which increases with h under Assumption K. Since x is in D which is
open, the regression estimators mT(x;BT), MT(J;;EOT) and mT(x;ﬁT) averages over the X;_1’s in D,
that is over the x;_1’s, when ET, ?LQT and 7LT are small enough. We therefore introduce some counter-
parts for Nr(h; K), the stochastic errors of mr(z;b) and ur(z;h), ET, and hor defined with respect
to {z;,i > 0}. For § € R and A C R, define

n

v (8) = v (B2, K) = ZKQ(M>wAA):ZKi(Hxi_ﬁxH),

noticing that v,((—oo,8]) = vn(B). Observe that Nr(8; K) = vn,(p)(8) for B small enough. The
counterpart of the stochastic term is X, (3)/vn(8) with

(A12) Su(9) = S (i) = 3o (L=l

The counterpart of the bandwidths ZT and lAmT is

(A.1.3) ,?J)\n = Bn(ac, L,o,K)= argrégirolmax <Lﬁ7 ) = min {ﬁ > 0; L2ﬁ2yn(ﬁ) > 0'2} 7

o
Vn(B)
using the same convention than in (2.3). It is easily seen that an as ZT, decreases with the sample
size under Assumption K or if K(z) = I(z < 1), see e.g. Lemma A.2-(i) for a proof of a similar
statement. The definitions (2.3) and (2.6) of br and hor yields that by = BNT(D) if K(z) =1(z <0)
and lALOT = BNT@) as soon as BNT@, or ET and BOT, are small enough.

We now introduce some deterministic counterparts for v, (-) and Bn Define, for 4 >0 and A CR

(A1d)  Fi(B) = Fi(5;2,P, K) = Bk (W} -/ "B (e — ol < 2B)dK(2)
0

(A.15) F,.(8 ZF = Ep[vn(8)/n] , F;(A) = EpKa(zi—1), Fa(A) = %ZE‘(A)-
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Under Assumption K or if K(z) = I(z < 1), F;(-) and F,(-) are cumulative distribution functions.

With the same convention as in (A.1.3), set
(A.1.6) Bn = Pn(, L,0,P, K) = min {3 > 0; L’n*Fn (5 P,z) > 0”}

In what follows, [z] is the integer part of z € R and, C;, C or C’ stand for constants which does not

depend upon P in Pp(L, o). The constant C' or C’' may vary from line to line.

A.2. Intermediate results We begin with a lemma for the process on D.

LEMMA A.1. Assume that K(z) = 1(z < 1) or satisfies Assumption K. Let {F;(-) = Fi(:;z,P, K),i >
1} and {Fn(-) = Fo(;2,P,K),n > 1} be as in (A.1.4)-(A.1.5). For any distribution P in Pp(L,0),

we have:

i. For any j > 1, the sequences {n:(j),7 > 1}, {wi(j),i > 1} and {¢:(j),i > 1} defined in (A.1.1)
are F; centered martingale differences, with

Een; ()| F:] < oF , Belw? (§)|F:] < r20; and Ee[CF(5)F] < 8k507

ii. The ®-mizing coefficients of {x;,1 > 0} are such that ®x(P) < 2p" for all k > 0.

iti. For any x in D, the F;(-)’s are continuous, have a limit F(-) = F(-;z,P, K) when i grows which
is such that F(3) > (p® —1) fol F(B82)dK?(z). The Fn(")’s are continuous with Fn(8) > 0 for all
B >0 andn>d+ 1. Moreover
i— — 1
sup [Fi(8) — F(8)] < p'~" and sup [F(8;P,z) — F(B; P, z)] < —— .
320 820 n(1—p)
w. There exists a constant C1 = C1(p, k2, K(-)) > 0 such that, for any 1 <nq < nz and any A C R,

(A.2.1) Var]p< > Ki(xi1)> < (1+%> (naFny (A) =1 Fpy (A))

i=ni+1

3
72 _ _ 1/3
(A-2.2) B Y K@) <6 (14 maFag(4) = mFo, (4)" 1) 7
i=nq+1
RS ' - ERCIEY
(A.2.3) Ef || Y Kawia)m gCla((1+n2Fn2(A)—anm(A)) —1)
i=n1+1

Proof of Lemma A.1 : (i) follows from Definition 1-(iii), the Strong Markov Property, Ep[w?(4)|F;] <
Ee[n; ()| Fi), Be[¢F ()| Fi] < Eplwi (5)IFi] < Ee[nf (5)1Fi] + 6Bz [ni ()| FiER (07 (4)|Fi] + Es[n? (4)|Fi).

(i) and (iii). Take x = 0 € D without loss of generality, and let = denote now a variable. Set
P(z,A) =P(X: € A|Xog = z), Pp(z,A) =P(z1 € Alzo = x). We have, for all A C D,
Poe.A) = Pla,A)+ [ Plado) PG, )+ Pz, da1) P(21, dwa) P(r2, A) + -
X\D x\p Jx\p

> P(z,A),
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which implies Pp(z,dy) > P(z,dy) for (almost) all z,y in D. Hence
P(zitq € Alz; =) = /PD(xd_l,A)P'D(l’d_Q,dfd—l) XX Pp(x,de1) > P(Xira € Al X =x) ,
and then, by Definition 1-(iv)
(A.2.4) P(ziya € Alz; = x) > (1 — p*)P(A) for any A C D and z € D.

This implies by Theorem 16.2.4 of Meyn and Tweedie (1993) that {z;,4 > 0} has an invariant distri-
bution 7p(-) with
(A.2.5) sup |P(zi—1 € Alzo =x) —mp(A)| < p' "

A,zeD

This gives, for all A with P(z,, € A) > 0,

|P(@nik € Blon € A) — P(znix € B)|

< P(zn+x € Blan € A) — 0 (Zntk € B)| + |P(zntx € B) — mp(Tnix € B)
1

= B, e A) (P(zn1k € Blzn = 2) — mp(Tnik € B)) P(z, € dz)

T€EA

=+ §2pka

/ (P(zn+k € Blxn =) — mp(Tnyr € B)) P(xy € dx)
xeD

and then &y S 2" Set pi(B8) = P(|lzi-1|l < B), Pn(8) = X7, pi(B)/n and p(B) = mp(|zil| < B),

so that F;(83) = ffol pi(28)dK?(z) and Fo(B) = ffol P, (28)dK?(z) by (A.1.4). We have p(8) =
InP ||$z+d|| < Bl = w)ﬂv(dw) > (1= p)P(|lz:]l < B) = (1~ p")E(B) by (A.2.4) and (3.1), which
gives F(8) = — fo (zB)dK?(z) > (p?—1) fo (28)dK?(2). (3.2) yields that the p;(-)’s are continuous.

Hence the F;(:)’s and F',(-)’s are continuous. (A.2.4) gives
Pita+1(B) = P(||zitall < B) = / P(||lzirdll < Blai = 2)P(x; € do) 2 (1 — p*)P(||zi+all < B)
D

so that pi+a+1(8) > 0 for 3> 0 by (3.1). Hence F;(3) >0 and F,(8) >0 for 3> 0 and 4,n > d + 1.
(A.2.5) gives supgq [pi(8) — p(8)] < p"~t. Hence integrating with respect to dK?(z) yields

n

sup|F(8) = F(9) < 5"~ sup [Fu(8) = F() < Y <

_1
n(l—p)

(). Set yi(z) = ]I(”x’ il ¢ A) and define now p;(-) as pi(z) = P(yi(z) = 1), so that
i) = = [ w(are), A = - / PR

’COV]}» (KA(xifl),KA(iL'jfl)H SA /0 |COV]P> (yi(z),yj 1 ‘dK dK ( )
with Varp(yi(2)) = pi(2)(1 — pi(2)) < pi(z) and for i < j,

|Cove (yi(2),y; ()| = |P(y; (z) = 1yi(z) = 1) — p; (') | pi(2) < ®(j —i)pi(z) -
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Since — fol dK?(z) = 1, it follows that

Var[p< Z Ki(iﬂzl)) S E Val"]p (Ki(m,‘,1))+2 Z Z ’COV]p (Ki(:vifl),Ki(l'jfﬂ)’

i=ni+1 i=nq+1 i=ni+1j=i+1
2 2 2
SZ/psz +22//psz VAK2(2') Y ®(k)
i=ni1+1 i=n1+1 k=1
4p -
_(1+1—) > Fi(A),
- i=n1+1

which gives (A.2.1). For (A.2.2), set Zg = {(i1,42,13);n1+1 < i1 < iz < i3 < nz} and Zo = {(i1,42);n1+
1 <y < iz < n2}. This gives

E]p Z Ki(xi_l) :E]p / < Z yl(z)> dK Z/ <H Z] dK Z])>
i=nq+1 0 Ni=ni+1 0,1] =1
+IZQ/[0,1]2 Ep <J1:[1 Yi; (Zj)dKQ(Zj)> - i—n1+1/0 Ep (yi(z))dKZ(Z)} .

We have, for i1 < iz < i3,
Ep(yir (21)¥is (22)Yi5 (23)) = P(yiz(23) = Uyis (22) = 1,4 (21) = DP(yin (22) = iy (21) = 1)piy (21)
< (pis(23) + (i — i2)) (piy (22) + P(i2 — i1)) piy (21)
= piy (21)Pis (22)pig (23) + piy (21)piy (22) (i3 — i2)
+pir (21)pis (23) P (i2 — i1) + iy (21) P (i3 — i2)P(i2 —i1) ,
Er(yiy (21)Yi5(22)) = P(yiz (22) = yiy (21) = Dpiy (21) < pis (22)piy (21) + iy (21) @ (32 — i) -

Summing gives

na n
D P (20)piy (22)@(i3 —i2) <2 Y pi(z) Y pinl22) Z pT
I3 i1=n1+1 ig=i1+1 i3=iz+1
2% na n2
S > pi(z) Z pi(z2)
i=ni1+1 Jj=i+1
no no no
D P ()i ()@ —in) <20 Y pilz1) >, pPTT D pi(za)
i1=n1+1 ig=ig+1 ig=in+1
2 n3 na
S > pilz1) Z pi(2s)
i=n1+1 Jj=i+1
D pi(20)®(iz —i)®(is —ir) <4 D> pu(an) Y, pRT Y pRTE
I3 i1=ny1+1 ig=i1+1 ig=io+1

2 n2

4p
< W Z pi(z1),

i=n1+1
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n2 n2

S p(a)0lis i) <2 S pu(m) S g < 2”p 3 pala) .

Iy 11=n1+1 i9=11+1 i1=n1+1

It follows that

> Ki(wi)

i=ni1+1

<cC > Fiy (A)Fi, (A)Fiy (A) + > Fiy (A)Fi, (A) + f:

n1+1<iq,ig,i3<ng n1+1<iy,ig<ng i=ni+1
—c [(nﬁm (A) = 01 Fny (A))° + (12Fny (A) = 11 Fy (A))° + m2F oy (A) — 1y Fy (A)]
< C[(14 naFny(4) = mFay (4))" =1]

which is (A.2.2). For (A.2.3), set S; = > 72 1 Ka(zi—1)mi(j), S =312 N Ka(zi—1)m = 2;11 S;vj,

so that we have to bound Eﬂﬁ/ %|1S]|6. The triangular inequality gives

6
oo
E Sjvj
=1

) <nt (Sl <Sees,

Jj=1 j=1 =
and we now bound the IE%,/ 65]6 ’s. The Burkholder inequality (see e.g. Chow and Teicher (1998), Theorem
1 p. 396), convexity inequality, and the definition of w;(j), (;(j) in (A.1.1) give that there are some

1/6 1/6 1/6
EJP’/ ||SH6 = E]P/ = E[P’/

constants C' > 0 such that

6 6
1 1 "2 1 o2
EgS; =Ef ( > KA(wi—l)m(j)) < CEg > K3 (zio)n2(5)
i=n1+1 i=ni1+1
r no 3 ng 3716
<C E]P’( > fo(l’il)EP[n?(jﬂfi]) +EP< > fo(wil)wi(j)> }
L i=ni1+1 i=ni1+1

1

<cC O‘?E[P< Z Ki(:mﬂ) -HEIP( Z Kﬁx(iﬂi1)(EP[W?(j)|fi]+§i(j))>

i=ni+1 i=ni+1

=

3
2

<C a?&»( ZKi(mil)) +H30?EP< > Ki(mil)) +]E]p< ZKi(xil)Ci(j))

i=ni+1 i=ni1+1 i=ni1+1

ol

3
1

<C a?Eu»( ZKi(mil)) +H§’U?EP< ZK,‘%(:@Q) +Ep< ZKZ(Iil)CE(J'))

i=ni+1 i=ni1+1 i=ni1+1

Observe that 0 < K3(-) < 1 gives K7 (zi—1) < KA(zi—1) for p = 2,4, that E|Z|?/? = E|Z|*/?1(|Z] <
1)+ E|Z*(Z > 1) < E|Z| + E|Z|?, and that E*3|Z| < E|Z| 4+ E2|Z|. This together the Holder

inequality yield

EP( ZKﬁ(xi_l)) SEP( ZKi(wi—1)> + ) EeKi(zi1),

i=n1+1 t=n1+1 i=n1+1
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EP( > Ki@i—l)ﬁ(i)) §E§< > fo(l’i—l)E[Cf(jﬂfi]) §(8H20j)6E§< > Kﬁ@i—l))

i=ni1+1 i=ni1+1 i=ni1+1
ng ng
< (8kaa;)° EP( > fo(ﬂ?il)) +]En2»< > fo(%il))} -
i=n1+1 i=ni+1
S . . . . 1/6 o6 — — 3 1/6 .
ubstituting then gives, using (A.2.2), E;/"S; < Co; [(1 +noFn,(A) —niFn, (A)" — 1} . Summing
over j gives (A.2.3), using the bound of E'/®||S||%, since Yo, 05 <o 0

We now turn to the theoretical bandwidths of (A.1.6).

LEMMA A.2. Assume that K(z) = I(z < 1) or satisfies Assumption K, and let {3, =
Bn(z,L,o,P,K),n > 1} be as in (A.1.6). Then

i. For any P € Pp(L,0) and x € D, B, decreases with n, L*nB2F,.(3,) = o for n > 1, and
nF,(Bn) is increasing.

it. There exists a positive sequence {

= B,.(L,0,K),n > 1} which does depend upon = in D and
P in Pp(L, o), such that lim, . 3, =0

, and, for any x in D andn > 1,

0,2

sup Bn < Bn and inf  nFL(8.) > —5 .
PEPp(L,0) PEPp(L,0) ( L%i

iti. For zo > 1, set n1 = [n/20] and na = [nzo]. Then there exists a constant Co = C2(z0) > 0 such

that

Co . LFu(Be)  _ P,

Zg ”QFnz (Bns) 22

for allmi > 1, P in Pp(L,0) and x in D.

Sla Zana"'»”??

Proof of Lemma A.2 : (). Since nF',(8) = F1(8) +-- -+ Fn(8), L*(n+1)8*Fry1(8) > L*nB°F,(B)
and then L?*(n+1)82F,11(8,) > o2 by definition of 3., so that 8,11 < 8n by (A.1.6). The continuity
of the Fp(-)’s stated in Lemma A.1-(iii) gives L*nB2F,(3,) = o? since 3 € RT — L?*B%F,(B)

continuously increases from 0 to infinity. It follows that nFn(8.) = 02 /(L*(2) decreases.

(i3). Tt is sufficient to prove the first inequality by (i). Set F,(8) = (p* —1) fol F(B2)dK? (%), which
continuously increases from 0 to 1 by (3.1). Lemma A.1-(iii) gives F,(-) > F;(-)) — 1/n(1 — p) for all
z in D and P in Pp(L,0). Hence L*nB*F,(3) > L*nB* (F(8) — 1/n(1 — p)). Note that there is a
B,,, which does not depend on P, such that

L*np, (EK@) - ﬁ) =0’

Then B, < B, for all P in Pp(L,0) since L2nB-Fn(B,) > . That lim, ..o 3, = 0 is a direct

consequence of (3.1) which givesF ,(-) > 0 over R}.
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(ii4). It is sufficient to bound n1Fp, (Bn,)/(n2Fn,(Bn,)) by (i), which implies that this ratio is
(Bns/Bny)* < 1. For the lower bound, 8n; > Bn, and Lemma A.1-(iii) yield

nl?”l (/3”1) > i?nl (5711) > i FTH (/6”1) > ii Fn1 (/B’ﬂl)
nQFn2(6n2) N Zg F?Lz(ﬁvn) n Zg F(ﬁnl) + m - Z(Q) Fn1(5n1) + m + m
1

(4 ;) L(l L)
== [1-— 5 (143 > 1= — i
23 1 F oy (Bny) + 125 <1+%) &) 02 /(L2B,,) + 1& (1+%)

for all P € Pp(L,0) and 2 € D, where the last lower bound goes to 1/25 when n grows. i

The next lemma shows in particular that Bn /Br goes to 1 in probability.

LEMMA A.3. Assume that K(z) = I(z < 1) or satisfies Assumption K, and let {3, =
Bn(z,L,0,P,K),n > 1} be as in (A.1.6) and {Bn = Bn(x,L,U,K),n > 1} as in (A.1.3). Define

ny, ng as in Lemma A.2, with n1 = [n/z0] and nz = [nzo] for some zg > 1. Consider the event

(Fo(Be) Sy _ LFu(Be)
to)? <we(Be) < e

Then, for any x in D, limn, . infpep,, (2,0 P (E1n(€)) = 1 for all € in (0,1).

Ein(e) = {(1 — )8 < Be < (14 €, forl:nl,...,nz} )

Proof of Lemma A.3 : For brevity, assume x = 0 € D. Consider the event

L L?BFve(Be) _ }
En(9) = {1 5 < 7”%?@(@) <146,0=mn1,...,n2p ,8>0.
Since B¢ decreases and L2BZ¢F(8¢) = 0> by Lemma A.2-(i), we have
LQB/?W(BE) > LQﬁszVZ(ﬁWz) > L2/872L2Vn1 (ﬁn’z) _ L2ﬁ7212VH1 (/3"2) _ Uny (an)
LABFFe(Be) — LBFFe(Be) — LBFFe(Be) L1202, Fny(Bns)  m2Fny(Bny)
LQﬁt?W(BZ) < LQﬁleVZ(ﬁnl) < LQBTZLanz (ﬁnl) _ LQﬂilynz(BTH) _ Vnz(an)
LUBFF(Be) — LAUBFF(Be) ~— LABFFe(Be)  L*n1fBE, Fuy(Bny) 1 Fny (Bny)

Let Ef,(d) be the event “E1,(d) is false”. The upper and lower bounds above, the Markov inequality,
(A.2.1) in Lemma A.1, and Lemmas A.1-(iii) and A.2-(i,ii) give

pp) <P (2 Cul oy ) g () o)
an’”l (ﬂ’ﬂl) n2Fn2 (ﬂr@)

<1 (Varu»(vnz (Bus)) | Ve (v, (%)3) 7
(ann1 (/B’ﬂl)) (nan2 (ﬂ"2)>

S 52
with Y220 Bn)) o mPuB) o _C g2
(n2Fn2(ﬁn2)) (nan2(ﬂn2)) nanz(an)

2

Var[p;(ym(ﬁm)g <cC ”fm(ﬂm) < Cmfm(ﬂm) + 1sz (n% + n%) < C < CBQ
(annl (/8711)) (annl (ﬁnl))

(nlfnl (Bnl))2 Tl (Bay) T "

Hence limy, . 4 oo infpepy, (1,0) P (E1n(d)) = 1 for any 6 > 0. Consider now the event

Eon(e) ={(1—6)Be < Be < 1+ €)Bp,l=m1,...,m0},0<e<1.



22 EMMANUEL GUERRE

(A.1.3) gives, since v¢(8) increases with 3 and o2 = L2G2(F (By),
Ean(e) = {L*(1 — €)*Bive (1 — €)Be) < 0°, L* (1 + €)*Bive (1 + €)Be) > 07, £ € [n1,n2]}
D {L2(1 — 6)26214 (Be) < 02,L2(1 + 5)2@21/@ (Be) > PN A= [nl,nz]}
_ { L Lzﬂfﬂ(ﬁz) <1
(1+6)? = L2BF(Be) (1=
for some 0 € (0,1). Hence lim, .o infpepy, (1,0) P(E2n(€)) = 1. The definition (A.1.3) of Be gives

~ o? o? _ CF(Be)
MMZB@ZLM+W@_O+W’

(e [nl,nzl} D Ein(9)

£=n1,...,n2 on Eay(e).

For the upper bound of l/g(ae), note that (3.2) implies that there is no ties among the z;’s P-almost
surely. Consequently, there is a 8 < Bg close enough to Bg such that v,(8) = w(@) — 1 and with

L*p? (V@(Bg) - 1) < o2. Taking 3 — f in this inequality gives, on Ean(c),
~ o? o? LF¢(Be)

n < — 1< 1=
)< Lm T S e T T -2

This ends the proof of the Lemma since infpepy, (r,0) infn; <¢<ns £F¢(B¢) — +oo by Lemma A.2-(ii). O

+1,£=n1,...,n2 on FEay(e).

LEMMA A.4. Assume that K(z) = I(z < 1) or satisfies Assumption K, and consider {8, =
Bn(z,L,0,P,K),n > 1}, {ﬁn = Bn(m,L,a,K),n > 1} as in (A.1.6), (A.1.3). Let ni, na be as in
Lemma A.2, with n1 = [n/z0] and na = [nzo] for some zo > 1, and consider a random measurable
sequence {Yn,n > 1} such that there is a k5 > 1, with for all x in D,

(A.2.6) lim inf P (Vé(ﬁ[) <ve(Fe) < Ii5l/g(§e) for all £ =mnq,... ,ng) =1.
5

n—+o0 PePp (L,o) K

Then there exists some deterministic sequences {Bin,n > 1}, {Ban,n > 1}, which depend upon zo, P,
in D, L and 02, such that, for

Ty = n2Fny (Bny) = 0%/ (L*62,) > o2/ (L*BS) ,

we have

(A.2.7) nkrfoo Pepig(fL’a)IP (Bin <7 < Bon foralll=mni,...,n2) =1,
(A.2.8) nﬂzliﬁrr}roopepiél(fhg)]p (% < sz(jj) <z foralll=na,.. .,n2> =1,
(A.2.9) O% < @% < C4 for all B € [Bin, Bon] and € € [y, na),

for ni > 1, and where 3, is as in Lemma A.2-(ii), with a constant Cx = Ca(z0, ks, L,a) > 1.

Proof of Lemma A.4 : recall that infpep, (L) nrn diverges when n grows. Let Co = Ca(z0) with
Cs/2¢ < 1be as in Lemma A.2-(iii). The continuity of the Fy(-)’s from Lemma A.1-(iii) and ni Fp1(-) <
ngfw () give that there are 1, < B2n with

Cy nry

n2Fp, (Bin) = - and n1 Fy, (B2n) = 3ksnry, .
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It follows that (A.2.9) holds by definition of 7, and Lemma A.1-(iii) which gives for some C4

(Fe(B) > mFn, (Bin) = 11 Fny (Brn) - 1”_1p (nil n n%)
02(1+0(1)) Nnrn ni ( 1 n 1 ) > nrn

3kszda 3 1—p = Cy’

n1 na

éfe(ﬁ) S n2f”2(ﬂ2n) S annl (ﬂQn) + 1n_2p (nil + nLZ)

1 1
- 3z§f<;5(1 + o(1))nr, + n2 (— + —) < Cynry,.
1—p \n No

(A.2.8) follows from (A.2.6), definition of r,, Lemmas A.3 and A.2-(iii). (A.2.7) holds if

I inf P D41< w3 ) — 1 for all el =1.
Jm ok (ve(Bin) + 1 < ve(Fe) < ve(Ban) or all £ € [n1,n2])

lim inf
n—-+oo PEPp(L,o)

P (anrn/(2z§) -1

< wve(Fe) < 2ksnry, for all £ € [nl,ng}) =1.
K5

Therefore, since v¢(Bin) < Uny(Bin) and ve(B2n) > vn, (B2n), it is sufficient to show that

2 —
im  inf P v, (Bu) 4 1< 2m/CR) 1

2657 < U —1for £ € [ni,n =1.
n—+oo PePp (L,0) s 5T'n n1 (ﬁ2n) [ 1 2}

But the definition of 31, and (2, and Lemma A.1-(A.2.1) yield

C n . 4
Eptn, (B1n) = Ii522 % with Varp (Vny (B1n)) < <1 + ipp)
0

Coy nrn
K528 3

I

4
Epvn, (B2n) = 3ksnr, with Varp (vn, (82n)) < 3ks (1 + ﬁ) nrn ,

with nr, > 02/(L23i) for all P € Pp(L, o), so that the Markov inequality shows that the latter limit
holds. It follows that (A.2.7) is true. O

The next lemma is used for the stochastic error terms of the nonparametric regression estimators.
LEMMA A.5. Take K(z) = I(z < 1) or assume that Assumption K holds. Let ni, ny be as in

Lemma A.2, with n1 = [n/z0] and na = [nzo] for some zo > 1. Consider a random measurable sequence

{An,n > 1} satisfying the condition (A.2.6) of Lemma A.4. Then, for any z in D,

>z>—0.

Proof of Lemma A.5 : Assume z = 0 € D for brevity. By Lemma A.4-(A.2.8), it is sufficient to prove

RG] (B z) =0.

Se(e)

lim sup P max
( v, (i)

1,2+ pepy(L,0) n1<f<nj

lim sup P( max
nry

”’z_’+°°]P>€PfD(L,U) np<~t<ngs
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Let B1, and B2, be as in Lemma A.4. Define, for A = (A1, A2) in [0, 1]2,

671()\1) = ﬁln + Al(ﬁ?n - ﬁln) 5 n()\Z) =ni+ (n2 - nl))\Z ) Sn(>\) = \/TllT Z K (gl‘l(;\llq) M-
" 1<i<n(A2) "

(A.2.7) and the Markov inequality show that the Lemma is proven if

(A.2.10) sup  Ep° max [|S,(W)|°<C.
PEPp(L,o) A€[0,1]2

The proof of (A.2.10) builds on a maximal inequality given in van der Vaart and Wellner (1996,
Corollary 2.2.5). A first step is to bound the increments of ||S,(-)|. We have, for any X, X' in [0,1]?,

EY 11O = [[SnW)||® < By [|Sa (A1, A2) = Su (M, A2)[|© +Ep/® [|Sn(N1, A2) — Su(N,X5)||°

The bound (A.2.3) of Lemma A.1-(iv) yields for the first item, assuming A; < A}

6
1 1/6
By [[Sn(Ar, A2) = Su(N1, Ao)]|° = Ep > Kowsaop @) m
VT 1<i<n(2) '
_ _ , 3 1/6
C [(14 n2 (Fua(Ba (M) = Fra(Ba (X)) = 1] ,
(A.2.11) < = Cdin (A1, N))
nr,
For the increment with respect to A2, (A.2.3) yields, for A2 < Aj,
6
T e [EZ|
Ey/%[[Sn (A, A2) — Sn(M5, AD)]|° = Ep > K ( n;
b 7 » . A/
vir o cienty V)
1/6

3 1/6 3
C’ [(1 + Zn(,\2)<ign(,\/2) Fz(ﬂn()\ll))) — 1} c’ {(1 + Zn(Az)<i§n(A/2) Fi(ﬁgn)> — 1}
<

<

nry, nry
Now, Lemma A.1-(iii), the definition of 7, together with Lemma A.2-(ii), give
— 1 ni—
Z Fz(/BQn) S Z (Fnz(ﬁ2n)+m+p . 1) Scnrn|A2—)\l2| )

n(X2)<i<n(Ay) n(A2)<i<n(A\y)

and then,

1/6
(14 nralhe — X)) — 1]

nrn

(A.212)  Ep|[Su(AM,A2) — Su(M5, AD)]|° < Cdan(Aa, Ay) = C

Substituting (A.2.11)-(A.2.12) into the bound for IE]%,,/GHSn(/\) — S, (\)]|° yields
E/ %180 (A) = Su(W)]|® < Cdn (A, X) where dp (A, X) = din (A1, A1) + dan (A2, A5) .

Note that dy(-,-) is a semimetric on [0, 1]2. We now bound the covering numbers of [0, 1] with respect
to dn(-,-). Observe that din(A1,A]) < € and dan(X2, A5) < € are equivalent to, by (A.2.11)-(A.2.12),

1/3

n2 |Fn2 (Bn(M)) = Fiy (5n()\/1))| < ((”Tn)366 + 1) 1 < 7
nrn nrn
36 1/3
P\Qﬁ)\,ﬂg((nm)e +1) 71362.

nry
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F,,(+) is a cumulative distribution function and we used its quantiles to cover [0,1]. It follows from
(A.2.9) that the number of d,-balls with radius e necessary to cover [0,1]? is bounded by C/e*.
Since (A.2.9), (A.2.11) and (A.2.12) yield that the d,-diameter of [0,1]® can be bounded by a § > 0
independently of n and P, Corollary 2.2.5 of van der Vaart and Wellner (1996) shows that

"5
de
; REL/6 S)\_S)\/6<C/7[<.
H)E':;l(pluﬂ) v >‘~)‘I/I‘15?Sfl]2|” al ” nl )H| - o €2/3 o0

This implies (A.2.10) since suppep, (1 o) Ep'°[1S4(0,1)]|° is finite by (A.2.3) and (A.2.9). O

A.8. Proofs of main results

A.3.1. Proof of Theorem 1. We proceed with the so called split chain technique, see e.g. Meyn
and Tweedie (1993, Section 5.1) and Nummelin (1984, Section 4.4). We briefly recall some results
of the split chain technique useful for the proof, and refer the reader to the references above for a
broader overview. We begin with the case d = 1. Under the Minorization Condition of Definition
1-(iv), one can embed {X¢,t > 0} into a larger probability space on which a sequence {Z;,t > 0} of
{0, 1}-valued random variables is defined such that {X;,¢ > 0} = {(Xy, Z:),t > 0} is a Markov process
on X* = X x {0, 1}. With a little abuse of language, we use P to denote the distribution of {X{,¢ > 0}.
The process {X{,t > 0} has an atom a* =D x {1}, with

(X;€a}={Z =1}, P(X, € A|Z = 1,X;_,,...,Xs) = P(A) and
(A.3.1) P(Z=1|Xe, X/ 1,....X3)=(1—p)(X: €D),

see (4.16b,c) in Nummelin (1984). This extends to the case d > 1 using (17.21) in Meyn and Tweedie
(1993) to the d-step Markov chains {Xg4i+k,t > 0}, k =0,...,d — 1. In the proof, we restrict to d =1
since the case d > 1 can be similarly dealt with by considering each of the d-step Markov chains,
because, for each T', at least one of them has a expected number of visits larger than n,/d.

Let 71 be the first epoch at which {X; ;,t > 1} visits a*, i.e. 77 = inf{t > 1;Z;—1 =1}. By
the strong Markov property, {X;_ 1,t > 71}, as {X; 1,t > 71} given 71 < T, is a Markov chain
with the transition of {X{,¢ > 0}, initialized in the atom distribution given by P(Z,x_, = 0) = 0,
]P’(Xfl*,l S A,ZT{«,l = 1) = P(A). The proof is divided in three steps. In the first step, we bound
P(ry > T). In the second step, we find a deterministic order for the number of visits N7 (a*) =
Zthl I1(Zi—1=1) = ZtT:Tf I(Z¢—1 = 1) to the atom a*. The last step concludes.

Step 1. The visit time 1. (A.3.1) gives

T—-1
P(ri >T) =P (Zr1=0,...,Z0=0)= [[ P(Z:=0|Z: =0,i <t —1) x P(Zo = 0)
t=1
T—1 T
=[] -0 -pPX:eD)=]] (1~ (1-p)P(Xe—1 € D)) and then,
t=0 t=1
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so that suppep,, (1,,) P(71 > T) < exp (—(1 — p)ny) — 0 when 7' — +o0 by (3.3).

Step 2. The number of visits Ni(a™). Set nir = nir(P) = Ep[Nr(a™)|ri < T], observing that

Ni(a™) =0when 71 > T. (A.3.1) gives (1—p)Ep Nz (D) = EpN7(a™) = nir (1 — P(r{ > T)). Therefore,
SUPpepy (r,0) P(T1 > T') < exp (—(1 — p)ny) proven in Step 1 and (3.3) yield

(A.3.2) sup (A~ p)EeNT(D) _ 1] = sup EpN7(a™) _ 1‘ <exp(—(1 - p)ng)
PEPp(L,0) nir (P) PePp(L,0) | T (P)
so that inf nir(P) > Cnyp .
PePp(L,o)

The bound (2.4) of Chen (1999a) for N3 (o) = Nj(a*)—1 = ZZ;TI*H I(Zi—1 = 1) yields, for any § > 0,
Er [Ni(a")1 (Ni(a") 2 ) | < T|< P[Nia?) 281 <T] (5414 B [Nia") [rf < 7))
=P[Nz(a") > 1+ |r <T](6+ nir) with
Ep [ﬁ;(a*)ﬂ (N;(a*) > 5) I < T]: rar —1— Ep [ﬁ;(a*)ﬂ (ﬁ;(a*) < 5) I < T] >nir —1-6,
where the last bound is, for T large, positive for all P in Pp(L, o) by (A.3.2). Rearranging gives
nir —1—9

+0
Take 6 = nir/z — 1> 0 for T large enough and all P € Pp(L, o) by (A.3.2). Substituting yields

(A.3.3) P(N7(a®) > 1+4) > P(rf <T) .

lim  inf P(”ﬁ < Np(a™) < n1T2> —1,

T,z—+oc0 PEPp(L,0) z
since the Markov inequality gives limsupr_, , .. SUPpep, (1,0) P (172 < Np(a®)) < 1/2.
Step 8. The number of visits Nr(D). Set nr = (1 — p)nir and observe that N7 (a*) < Nz (D) so that
P(nr/z < Ni(a*)) < P(nr/z < Nr(D)) and then imz . oo infpep,(1,0) P (nr/2 < Nr(D)) = 1. The
Markov inequality and (A.3.2) give limsupy_ . SuPpepy, (1,0) P (N7 (D) > nrz) = 1/2. O

A.3.2. Proof of Theorem 2. Assume for brevity that = 0 € D. Since Ry = 1/Lbr and
Rr < N%/Q(ZT)/U by (2.3), the bias variance decomposition of mr(0; br) yields

(A.3.4) Ry H’”T (0:5r) - H . HZt L (m(Xi—1) Nizzfi))uoxt_u gBT)H
HZ (|Xt 1] <bT) et
JNI/Q(bT)

Consider € > 0. By Theorem 1, there is a zo > 1 such that for nir = [nr/z20], ner = [nr20], we have,

(A.3.5)

(A.3.6) liminf inf P (E3r)>1-—¢/2, where Esr = {nir < Nr(D) < nar}.
T—oco PEPp(L,o)

Observe that (3.3) and (A.3.2) yield that niz > np. = [Cngy/20] — +oo for all P in Pp(L, o). Since
the estimation point 0 is in the open D, there is a 8 > 0 such that {z € X;||z|| < 8} C D. Let §,, be
as in Lemma A.2-(ii), so that BQIT < /2 for T large enough. Therefore, definitions (2.3) and (A.1.3)
of by and B, (A.3.6), Lemmas A.3 and A.2-(ii) yield that

(A.3.7) liminf  inf P (Ear) > 1 — ¢ where By = {BT = Brypy < B} N Esr .

T—o00 PEPp(L,o)
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On Eyr, mT(O;gT) averages over D. In this case, (A.3.4)-(A.3.5) and Definition 1-(ii) yield

= Breon]

1
oV 2y (Brr ()

Ry | (05r) = m(0)| < 1+

Therefore, taking 3, = B, in Condition (A.2.6) of Lemmas A.4 and A.5 yields that

lim sup sup P (RT HmT(O;/I;T) — m(O)H >z on E4T) =0,
T,z—+o00 PEPp(L,0)

and Theorem 2 is proven since € > 0 can be arbitrarily small in (A.3.6)-(A.3.7). O

A.3.3. Proof of Theorem 3. Take z =0 € D for brevity. We begin with (3.5). Under Assumption

K, Nr(-; K) is continuous increasing, and

Br(h) <h, Nr(h)>Nr(hK)>Y K (I\X;ln) I (HXHH < g) > K3Nr(h/2)

T Xe—all)) 2 T ez (I1Xe—all)) 2
Vir(h) = (?:J{((,)’j ?; > (Z*ZIK ((X" |)>) = Ne(h K) .
; 1K2 t—1 K2 th—l

Observe that the definition (2.6) of ﬁOT gives LQiAng = UQ/NT(IAmT; K). Define

) ~1/2
s _ 2,2 T
. = Ny (hor; K) /o = (mlIOlmaX (L L Nr(h; K))) .

Nz (3 K) < Nr(+) yields Ror < Rr and Np(; K) > k1 N7 (-/2) implies

I

Ror =

2 4 o2 4
< 2,2 o < 2 2 _

< imes (V0 et ) < i (V002 6 ) =
so that k1Rr/2 < Ror < Rr. We now bound Rr(K) with Ror. Because LBr(h) < Lh, UQ/VT(h) <

JQ/NT(h; K) and ﬁgT is in Hr, we have

2

o o? 2
Vr(h)

) < 2max LQTL?)TyAi = R
Nt (h(Q)T;K) 0T

% = hlg%_LnT (LQB%(h) +
and ROT/\/§ < Rr(K). For the upper bound, observe that VT(ﬁT) < KQNT(iALOT;K) = koo?R2r by
definition of Hz and (2.7). This gives Rr(K) < V%/Z(?LT)/O' < V/FoRor. Hence Ror/v2 < Rr(K) <
VEoRor with k1Rr/2 < Ror < Rr, and then (3.5).

The proof of (3.4) follows the same steps than the Proof of Theorem 2 and is briefly detailed. Since
Rr(K) < 1/LBr(hr) and

V%/Q(?LT) 1 23:11{ (Hthﬂ/hT)

Rr(K) < = — —
=T o Ni(hr); K)

the bias-variance decomposition gives that Rr(K) HMT(O;ﬁT) —m(0)|| is bounded by

1 [ ety —mOon & (B2t) | S K (Bt o

LBr(hr) SIK (%) oNy/*(hr; K)
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Now, (A.3.7) yields that ﬁOT = BNT(D) with a large probability, and ET < HoiALOT by definition of Hr.

Hence /LT(O;TLT) averages on D with large probability. Setting A, (py = hr gives in this case

~ by 5
Rr(K) H/U'T(O§ hr) — m(O)H <14 H 1\1";"2(D) (ZNT('D))” ]
OVN (D) ('YNT(D))

Since Nr(+; K) < Vr(+; K), the bounds in Hr implies

1 = _ .
o VNr(®) <5NT<D)> < vnp@) (Inz () < Kovap(o) <5NT<D>) :

that is Condition (A.2.6) in Lemmas A.4 and A.5, which gives (3.4). O
A.3.4. Proof of Theorem 4 and Corollary 1. Take D = (—1,1) and x* = 0 without loss of
generality. Recall that the {e;,t > 0} are i.i.d. N(0,0?), and let P be the associated distribution. The

proof of Theorem 4 is divided in four steps.

Step 1. Construction of a family of alternatives and choice of np. Consider a 1/2-Lipschitz function
p(-) : R [0,1/2] with support [0,1] and p(0) = 1/2, as p(z) = (1 — |z[)Ij_1,17(x)/2. Define
x
b
with m°(-) = limp—om®(-) = mo(-). Note that m®(z) is continuous over R, L-Lipschitz over D, that
sup,cp [m’(z)| < w3 + 1 and m®(z) = mo(z) for all « in R\ D, for all b in [0, min(1,1/L)]. Let P’ be
the distribution of {X?,t > 0} where X§ = ep and X? = m(X?_,) + e, so that P’ satisfies Definition

(A.3.8) m®(z) = mo(z) + Lbu( ) , be[0,min(1,1/L)],

satisfy the Drift Condition (c) of Proposition 1, as well as (a) and (b) since m”(-) is continuous and the
e¢’s are 1.i.d. normal variables. Hence Proposition 1 and Assumption P yield that (3.2) and Definition
1-(iv) hold with limr .o Eps N7 (D) = oo for all b in [0, min(1,1/L)].

Set ng = infye(o,min(1,1/5)] Epp N7 (D) so that Epy Nr(D) > np for all b in [0, min(1,1/L)]. Recall
that n, must diverge to define a class Pp(L, o). Observe that b — X} is continuous for all ¢ > 0 so

that the Lebesgue Dominated Convergence Theorem yields that

T-1
nr(b) = Ep Nr(D) =Bz | Y I(X{ € D)| > Py(eo € D) >0
=0
is continuous for all 7' > 0. Since 1/nr(-) decreases with T and limr .o 1/nr(b) = 0 for all b

in [0,min(1,1/L)], the Dini Theorem yields that 1/n; = SuPyc(omin(1,1/z) 1/nr(b) — 0. Hence

limr—.o Ny = 0o and, for this choice of ny, P is in Pp(L,o) for all b in [0, min(1,1/L)].

Step 2. A contiguous alternative Py = Pip. Consider a z > 1 to be chosen large enough. Under (3.2)
and Definition 1-(iv) with (3.1), arguing as for Lemma A.2-(i) shows that there is a by = br(z) \, 0
such that

2 T 2
. 2,2 a . 2,2 0 g
(A.3.9) br = mln{b > 0; L°b"Ep, N7 (b) > ;}, or equivalently L°b ;,1 P (| X, 1| < br) = T
Abbreviate P'T, mPT (), {thT,t > 0} in P1, mi(:), {X{,t > 0} respectively. (A.3.8) yields that

|m1(0) — mo(0)] < Lbp/2 so that Py is in Vo(Po,€) for T large enough. Normality of the e;’s and
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(A.3.8) show that the loglikelihood ratio L7 = In(dP,/dPo)(Xo, ..., Xr) writes

T 2
Lbr Xia L b X1
Lr = 5 2 u ( b ) E ( ) under Pg.

Note that the choice of u(-) in (A.3.8), and (A.3.9) give

L%p? X, L%p? L?b2.Ep, N7 (b 1
JEH»U( Iy ( “))s TZPO (1Xems| < br) < Z0rERNr(br) _ 1

202 br 802 824
Lbr L2bT Xt 1 1
(M55 )o) = 2 S (B < L
t=1
and then, for any z > 1,

T 2 2,2 T
Lb X L*b X 1
< 1/2 Lor Z t—1 T 2 ( At—1 < =
Ero |£7] < By ( o? P\ ) B 202 a br — 22

Therefore the Markov inequality gives, for any 2’ > 0,

k2
22

(A.3.10) supPo (|Lr| > 2') <
T>1

Step 3. The random rate Rt under Po and Pi. Recall that Rr = 1/(LBT) with br as in (2.3).
Therefore, the definition (A.3.9) of br gives for z > 1 and under Py,

1 ~
Py (RT > 2z2LbT) = Po (br <2%br) = Po (o7 < 42°L7V} Ny (22°br))

]E]po Nt (bT)

> Py (0 < 422L*b7Nr (br)) = Po ( 1

< Nr (bT)> :

To find a lower bound for the probability above will be done using the split chain {X;,t > 0} =
{(Xt, Zt),t > 0} defined in the Proof of Theorem 1, and Nj(a*,br) = Y1, 1(Zi—1 = 1,|Xs| < br) <
Nr(br). Observe that {Z;—1 = 1,|X¢| < br} C @™ is an atom of the split chain for T' large enough.
Therefore, arguing as for (A.3.3) in the proof of Theorem 1, with N7 (a*,br), Nr(br) in place of
Ni(a*), N1 (D), gives

(1= 1) Ep,Nr (br)
(1+ 1) Ep,Nr (br)

(1+0(1)) = 2(1+0(1))

Under P1, (A.3.10) gives

1 1
> = — > —
]P)1 (RT = 222LbT) E]po I:H (RT =35, 2Lb ) exp([,T)] 3P <RT = 222Lb [,T = In 3)
14 0(1) +o(1) In3
> ———= P >1 S .
> o (17| > m3) > = —~

Hence

(A.3.11)  liminf max P(Er(z))>

. - 1
fminf  max with Er(z) = {RT > m}, for z large enough.

S| =
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Step 4. Proof of the lower bound. Because P1 is in Vo (Po;€) for T large enough, (A.3.11) gives, for
any 2z’ > 0,
liminfinf sup P (RT|mT ) m(0)| > z/)
T=oo 1 pevy(Pose)

> liminfinf max P (Rp|mr(0) —m(0)| > 2', Er(z))

T—oco mp PeE{Py,P1}

> liminfinf max P (|mr(0) — m(0)] > 2L 2°br, Er(2)) .

T—oo mp Pe{Py,P1}
Since m1(0) = mo(0) + Lbr /2 by choice of u(-) in (A.3.8), the triangular inequality gives
N Lb P
]P1 (|mT(0) — m1(0)| Z 2LZ’Z2bT,ET(Z)) > ]P1 TT — \mT(O) — mo(O)‘ 2 2L2,22bT7ET(Z))

Lb
(l mr( (0)] < —2T — 2L bT,ET(z)) .

Take 2’ with Lbr/2 — 2Lz’ 2%br = 2L2' 2%br, i.e. 2/ = 1/(82%), 2L2'2*br = Lbr /4. Substituting gives

liminf inf  sup (RTWLT (0) — i)

T—oo mp peyy(Py;e) 822

. L ~ L
> lim inf inf max {IP’O (|mT(O) mo(0)] > % Br(z )) Py (|mT(O) — mo(0)] < %,ET(Z)) }
—0o0 mTp
The maximum above is the maximum error on Er(z) of a test xr which accepts P =Py, i.e. xr =0,
if and only if |m1r(0) — mo(0)| < Lbr/4. It follows that
liminf inf  sup (RT|ﬁlT(O) —m(0)] > i)

1> 2>
T—00 T pevy (Pose) 8z

> liminf inf max {Po (x7 = 1, E7(2)) ,P1 (xr =0, Er(2))}.

T—oo XT

But, for any test xr,
Py (xr =0, Er(2)) = /H(XT =1, Er(z)) exp(Lr)dPo > exp(—2) /H(XT =1,Lr > —2,Er(2))dPo
> exp(—z) (Po (L1 > —2,Er(2)) —Po (xr = 1, E7(2))), and then
infmax [Po (xr = 1, Br(2)),P1 (xr = 0, Er(2))] 2 in, max [p, exp(—2) (Po(Lr > —2z, Er(2)) — p)]

exp(—2z)
~ 1+exp(—2)

_exp(—2z)
T 1+exp(—2)
Hence (A.3.10) and (A.3.11) show that
liminfinf  sup (RT|r’hT(0) —m(0)| > L) > %22)) (1 _ 1) ,
z

T—00 T pevy(Pose) = 822 1+ exp(— 6 =z

Po(Lr =2 =z, Er(2)) 2 (Po (Er(2)) = Po (IL1] = 2)) -

with a lower bound which is strictly positive for z large enough, hence Theorem 4. O

Corollary 1 follows from minor modifications of the proof of Theorem 4 detailed now. Let Py be
the distribution of {e;,t > 0} with mo(-) = 0, which is such that (3.6) holds for U(z) = z* and any
D’ with [~0,0] C D’ since Ep[ei,1|e:] = 0. Assumption P ensures that Py is in Pp(L,0) provided
that TP,(e; € D) > np. The perturbations P° of Py defined through (A.3.8) satisfy a Minorization
Condition P*(X;1+1 € A|X¢ = ) > (1—p')P'(A) for all z in R and A C R, where P’(dy) is proportional
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t0 inf || <ng+1 €xp(—(y —m)?/20°)dy > 0. This ensures that Ep N (D) > T(1 — p')P'(D) > 0, so that
these P° are in Pp(L,0) provided supps,(ny/T) > (1 — p')P'(D). Corollary 1 then follows since
SUPpepy (1,0) P(Br M7 (0) = m(0)] = 2) = suppey, (gy;e) P(Rr|mr(0) — m(0)] > 2). o

APPENDIX B: PROOF OF PROPOSITIONS 1 AND 2

B.1. Proof of Proposition 1. Set xt+ = (yt,...,Yt—a+1) and note that Y; given Xy 1 = 1
has density f(y — m(z¢—1)|zt—1) which is positive continuous in (y,z) under (a) and (b). Define
fp(y) = infrep f(y — m(z)|xz) which is positive continuous for bounded D. We have for any subset A
of R? and integer number n > 1,

n—1

(B.1.1)  P(X: € AlXi—p = 24-n) = /H(xt eA) [ £ wew —mlzir1) lwes—1)dyes -
k=0

Since the sphere {y € R% ||y — || = h} has vanishing Lebesgue measure, (B.1.1) yields P(||X; — x| =
h|Xi—qg = ) = 0, so that P(]| X — z|| = h) = 0 for all ¢, which implies (3.2). We now check the
Minorization Condition. Let D’ = [[_, [a,b] be such that D C D’. (B.1.1) yields, for any x;_q in D,

d—1

P(X, € AlXt_u = 50_a) > /H(mt € AND) [[ £ W — m(@e—n1) o041 ) Wwep1 € D')dye
k=0

> (10 € AND) [T for () Mororr € D)y = (1= p) [ U € A)f i)
k=0

d

where, by construction of D’ = [];_,[a, b] and since z;_q is in D C D',

d—1 d—1
1—pp = /]I(mt € D) H for We—r) l(ye—« € [a,b])dyi—r = /H(Et € D) H for (Ye—r) dye—r ,
k=0 k=0
fp(ae) = ft_pr H Jor (Ye—k) W(ye—r € [a,b]) = xt €D) H for (Ye—k)
k=0

If D is a bounded open subset of R?, 0 < pp < 1 and iD(-) is a positive continuous density over D.
Hence f (-) defines a Pp(-) satisfying (3.1) and P(X1a € A|Xy = a¢) > (1 — pp)Pp(A)l(z: € D) for
any Borel set A C D, which is the Minorization Condition of Definition 1-(iv).

We now show that Ep N7 (D) diverges for any D with positive Lebesgue measure. Under (a) and (b),
arguing as above yields a Minorization Condition P(X4q4 € A|X: = z¢) > (1 — pe)P.(A)I(z € C) for
any compact C with positive Lebesgue measure, showing that the level sets of U(+), {z € R*; U(x) < r}
are small for r large enough. (B.1.1), (a) and (b) implies that {X;,¢ > 0} is Lebesgue-irreducible, so
that (c) and Theorem 8.4.3 in Meyn and Tweedie (1993) yield that {X;,¢ > 0} is Lebesgue recurrent,

i.e. Ep[Nr(D)|Xo = z] — oo for almost all z. Hence limp_.oo Ep N7 (D) = 0. O
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B.2. Proof of Proposition 2. (4.1) gives

(B.2.2) Np(b Z]I<|Yt < ( ) /"> — NY ((Z)W) where N (b) = 37 I(|Yi 1| < b).

Consider a sequence by > 0 going to 0 with limy_ VThr = +0o. Theorem 2 of Akonom (1993, p.
70) gives that {Y%,t > 0} can be reconstructed on a larger probability space jointly with a standard
Brownian motion {W(s),s € R} such that

NY (br)
— )| <br)ds =o0(1), as.
brVT bT\F I ) M,
Observe that
1 T 4 T \/T br /NT
— | I(W(s)| <br)ds < I(VT|W(s) <bd:—/ Mw, 1)d
= [ rw < by as £ T (VAW ) < br) ds = V] |

— 2X(0, 1) a.s

by continuity of the local time. Define now, for k = - K,..., K,

1 291/a 2a+1 b 1 201/(1 2a+1
T (2M\0, 1)) = (LNT) e VR T (L?ﬁ) ’
2 (1 n ﬁ)

(1) v (e )"}

noticing that limr_ 4. \Fbk 7 = oo. Hence the Skohorod device gives that {Y;, ¢ > 0} can be recon-
structed jointly with a variable A(0,1) such that, by (B.2.2) and the limits above,
Nr(D) _ 2X(0,1)

\/T gl
k=—-K,...,K. On the event Fk, set

1

+o0(1), Nr(ber) = 2VTA(0,1) (b”> (1+0(1)) as.,

(B.2.3) ;

_ 1 \* 1\ *+L

) 1 k-1 1 k
by = bi,7 if <1+ﬁ) < A(0,1) < (1+ﬁ) yk=-K+1,... K,

setting QK!T = EKyT =1 outside Ek. It follows that

=1.

T . br b,
B.2.4 < < on E with m sup ——
( ) bKT <br <bgr K, Wit li S>p1 =

(B.2.3) gives, on Ex

(2a+1)/a

L?b% + N1 (b ) = 2VTL?X(0, 1)== (1+0(1)) <o’(1+0(1)) as.,

91/
—(2a+1)/a

LY+ Nr(bxe,r) = 2VTLAA(0, 1)%(1 +0(1)) > (14 o(1)) as.,

and then, since Ry = 1/(Lbr) with br as in (2.3),

( T—a/(4a+2) P a/(4a+2)R T—a/(4a+2)

LbK’T(l—Fe) - - LbKT(l—e)

T—o0

EK) =1 for any € > 0.
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Hence (B.2.4), (B.2.3), lim7,k—oo P(Fx) = 1 and definition of by yields Proposition 2. o
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