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Devwudfw

Lqhtxlw| dyhuvlrq prghov kdyh ehhq xvhg wr h{sodlq htxlwdeoh sd|r�

glylvlrqv lq edujdlqlqj jdphv1 L vkrz wkdw lqhtxlw| dyhuvlrq fdq dfwx0

doo| lqfuhdvh wkh dv|pphwu| ri sd|r� glylvlrq lq pdmrulwduldq edujdlqlqj

jdphv1

Nh|zrugv= qrqfrrshudwlyh edujdlqlqj/ pdmrulw| jdphv/ lqhtxlw| dyhuvlrq1

M1H1O1 Fodvvl�fdwlrq Qxpehuv= F:;1

WVfkrro ri Hfrqrplfv/ Xqlyhuvlw| ri Qrwwlqjkdp> pduld1prqwhurCqrwwlqjkdp1df1xn1
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4 Lqwurgxfwlrq

Jdph wkhru| xvxdoo| dvvxphv wkdw sod|huv fduh rqo| derxw wkhlu rzq pdwhuldo

sd|r�v1 Wklv k|srwkhvlv lv fohduo| uhixwhg e| wkh h{shulphqwdo hylghqfh lq wkh

xowlpdwxp dqg uhodwhg jdphv +vhh Fdphuhu +5336, iru d uhfhqw vxuyh|,1 Lq0

htxlw| dyhuvlrq wkhrulhv kdyh ehhq ghyhorshg lq rughu wr dffrxqw iru wkh vw|ol}hg

idfwv revhuyhg lq wkh oderudwru| +vhh Ihku dqg Vfkplgw +4<<<, dqg Erowrq dqg

Rfnhqihov +5333,,1 Wklv sdshu surylghv d vlpsoh h{dpsoh wkdw vkrzv wkdw lq0

htxlw| dyhuvlrq pd| dfwxdoo| ohdg wr pruh dv|pphwulf glylvlrqv lq d sduwlfxodu

pdmrulwduldq edujdlqlqj jdph gxh wr Edurq dqg Ihuhmrkq +4<;<,1

5 Wkh prgho

Wkhuh duh q � 6 lghqwlfdo sod|huv edujdlqlqj ryhu krz wr glylgh d groodu> t rxw

ri q yrwhv duh qhhghg wr sdvv d sursrvdo/ zlwk q

5
? t ? q1 Wkh sod|huv kdyh

Ihku0Vfkplgw suhihuhqfhv/ wkdw lv/ jlyhq d glylvlrq { @ +{4> ===> {q, ri wkh groodu/

sod|hu l*v xwlolw| lv
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zkhuh 3 � �l ? 4 dqg �l � �l1 Dvvxph pruhryhu wkdw �l @ 3 iru doo l/ dqg

�l @ �m @ � iru doo l/ m1 Wkxv/ doo sod|huv duh lghqwlfdo dqg wkh| duh dyhuvh wr

glvdgydqwdjhrxv lqhtxdolw|/ exw qrw wr dgydqwdjhrxv lqhtxdolw|1 Suhihuhqfhv duh

frpsohwh lqirupdwlrq1

Edujdlqlqj surfhhgv dv iroorzv1 D sod|hu lv udqgrpo| vhohfwhg wr eh wkh

sursrvhu +hdfk sod|hu vhohfwhg zlwk suredelolw| 4

q
,1 Wklv sod|hu sursrvhv d

yhfwru { 5 Uq/ zlwk {l � 3 iru doo l dqg
S

l5Q
{l � 4/ zkhuh {l lv sod|hu l*v

vkduh ri wkh groodu1 Wkh uhpdlqlqj sod|huv lq Q dffhsw ru uhmhfw wkh sursrvdo

vhtxhqwldoo| lq vrph suhghwhuplqhg rughu1 Li dw ohdvw t � 4 sod|huv dffhsw/ wkh

sursrvdo lv sdvvhg dqg { lv lpsohphqwhg1 Li ohvv wkdq t � 4 sod|huv dffhsw/ d

qhz sursrvhu lv vhohfwhg/ djdlq hdfk sod|hu zlwk suredelolw| 4

q
1

Edurq dqg Ihuhmrkq +4<;<, vkrz wkdw wkhuh lv d pxowlsolflw| ri vxejdph

shuihfw htxloleuld lq wklv jdph1 Ehfdxvh ri wklv/ wkh| uhvwulfw wkh dqdo|vlv wr

vwdwlrqdu| vxejdph shuihfw htxloleuld +VVSH,1 Wkhvh duh vxejdph shuihfw htxl0

oleuld lq zklfk wkh sod|huv* vwudwhjlhv gr qrw frqglwlrq rq hohphqwv ri klvwru|

rwkhu wkdq wkh fxuuhqw sursrvdo1

Xvlqj dujxphqwv sdudooho wr wkrvh ri Edurq dqg Ihuhmrkq +4<;<,/ lw lv hdv| wr

vhh wkdw doo VVSH kdyh wkh surshuw| ri lpphgldwh djuhhphqw1 Wklv lv ehfdxvh/

5



hyhq wkrxjk wkhuh lv qr glvfrxqwlqj lq wkh prgho/ wkhuh lv suhvvxuh wr uhdfk dq

djuhhphqw ehfdxvh ri wkh ulvn ri ehlqj h{foxghg1 Lq d v|pphwulf htxloleulxp/

wkh sursrvhu r�huv | A 3 wr t � 4 rwkhu sod|huv/ dqg 3 wr wkh uhvw1 Ehfdxvh

sod|huv duh qrw dyhuvh wr dgydqwdjhrxv lqhtxdolw|/ wkhuh lv qr uhdvrq wr r�hu d

srvlwlyh dprxqw wr pruh wkdq t � 4 rwkhuv1 Ehfdxvh ri d vwdqgdug vxejdph

shuihfwlrq dujxphqw/ wkh htxloleulxp ydoxh ri | pxvw eh vxfk wkdw uhvsrqghuv

duh lqgl�huhqw ehwzhhq dffhswlqj dqg uhmhfwlqj wkh sursrvdo1 Pruhryhu/ lq rughu

iru v|pphwu| ri htxloleulxp wr eh suhvhuyhg/ hdfk sod|hu pxvw uhfhlyh sursrvdov

zlwk wkh vdph suredelolw|/ t�4

q
+iru h{dpsoh/ hdfk sursrvhu sursrvhv wr hdfk ri

wkh rwkhu sod|huv zlwk htxdo suredelolw|,1

Wkh lqgl�huhqfh frqglwlrq ghwhuplqhv d xqltxh htxloleulxp ydoxh ri |
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Wklv htxdwlrq dvvxphv wkdw wkh htxloleulxp sd|r� ri wkh sursrvhu/ 4� +t�

4,|/ lv juhdwhu wkdq wkh htxloleulxp sd|r� ri wkh uhvsrqghu/ |1 Wklv zloo eh

vkrzq wr eh wkh fdvh1

Wkh vroxwlrq wr wklv htxdwlrq lv

| @
q� 4 . �

�t+q� t . 4, . q+q� 4,

Zkhq � @ 3 zh duh edfn lq wkh ruljlqdo Edurq0Ihuhmrkq prgho/ lq zklfk

| @
4

q
dqg wkh sursrvhu*v sd|r� lv q�+t�4,

q
1 Iru � A 3 zh kdyh | ? 4

q
1 Wklv

phdqv wkdw wkh gl�huhqfh lq sd|r� ehwzhhq sursrvhu dqg uhvsrqghu lv juhdwhu

wkdq lq wkh ruljlqdo prgho1 Lq wkh ruljlqdo prgho wklv gl�huhqfh lv q�t

q
A 31

Wkxv/ wkh dvvxpswlrq xvhg iru htxdwlrq +4, lv vdwlv�hg1

Wkh htxloleulxp ydoxh ri | lv ghfuhdvlqj lq �1 Wkh olplw ri | zkhq � whqgv wr

lq�qlw| lv 4
t+q�t.4, 1 Iru h{dpsoh/ li q @ 8 dqg t @ 6 wkh vkduh ri wkh uhvsrqghu

frxog eh dv orz dv 4
< udwkhu wkdq 4

8 1

Wkh uhdvrq iru wklv xqlqwxlwlyh uhvxow lv wkdw uhvsrqghuv glvolnh wkh idfw wkdw

wkh sursrvhu lv jhwwlqj pruh wkdq wkhp/ exw wkh| dovr glvolnh wkh srvvlelolw| ri

ehlqj ohiw rxu dowrjhwkhu li wkh| uhmhfw wkh sursrvdo1 Lq wxuqv rxw wkdw wkh vhfrqg

h�hfw lv vwurqjhu/ vr wkdw sod|huv duh zloolqj wr vhwwoh iru ohvv udwkhu wkdq hqgxuh

wkh srvvlelolw| ri ehlqj h{foxghg lq wkh ixwxuh1

6 Frqfoxglqj uhpdunv

Lw lv zhoo nqrzq wkdw lqwurgxflqj frpshwlwlrq lq edujdlqlqj pd| pdnh sod|huv

ehkdyh dv li wkh| zhuh vho�vk hyhq li pdq| ri wkhp duh lqhtxlw| dyhuvh +vhh Urwk
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hw do1 +4<<4, iru h{shulphqwdo hylghqfh rq wkh xowlpdwxp jdph zlwk sursrvhu

frpshwlwlrq/ Ilvfkedfkhu hw do1 +5336, iru uhvsrqghu frpshwlwlrq/ dqg Ihku dqg

Vfkplgw +4<<<, dqg Erowrq dqg Rfnhqihov +5333, iru d wkhruhwlfdo dqdo|vlv,1

Dovr/ Erowrq dqg Rfnhqihov +4<<;, dqg Rndgd dqg Ulhgo +5338, vkrz wkdw lq0

htxlw| dyhuvlrq lv frpsdwleoh zlwk h{foxglqj rqh sod|hu iurp wkh frdolwlrq wkdw

irupv1 Wklv sdshu jrhv d vwhs ixuwkhu= qrw rqo| lqhtxlw| dyhuvlrq lv frpsdwleoh

zlwk rqh sod|hu ehlqj h{foxghg +d qdwxudo uhvxow zkhq sod|huv duh qrw vxshulrulw|

dyhuvh, exw lw pd| dfwxdoo| ohdg wr pruh lqhtxlwdeoh glylvlrqv lqvlgh wkh frdol0

wlrq wkdw irupv1 Wkh idfw wkdw sod|huv glvolnh jhwwlqj ohvv wkdq rwkhuv grhv qrw

wuljjhu uhmhfwlrq ri xqidlu sursrvdov> rq wkh frqwudu|/ sod|huv duh pruh zloolqj

wr dffhsw vxfk sursrvdov udwkhu wkdq ulvn ehlqj ohiw rxw dowrjhwkhu1

Uhihuhqfhv

^4` Edurq/ G1S1/ dqg Ihuhmrkq/ M1D1 +4<;<, �Edujdlqlqj lq Ohjlvodwxuhv/� Dphu0

lfdq Srolwlfdo Vflhqfh Uhylhz ;6/ 44;4045391

^5` Erowrq/ J1 H1 dqg D1 Rfnhqihov +4<<;,1 �Vwudwhj| dqg Htxlw|= Dq HUF0

Dqdo|vlv ri wkh Jÿwk0ydq Gdpph Jdph/� Mrxuqdo ri Pdwkhpdwlfdo Sv|0

fkrorj| 75/ 54805591

^6` Erowrq/ J1 H1 dqg D1 Rfnhqihov +5333,1 �HUF 0 D Wkhru| ri Htxlw|/ Uhfl0

surflw| dqg Frpshwlwlrq/� Dphulfdq Hfrqrplf Uhylhz <3/ 49904<61

^7` Fdphuhu/ F1 +5336, Ehkdylrudo Jdph Wkhru|/ Sulqfhwrq Xqlyhuvlw| Suhvv1

^8` Ihku/ H1 dqg N1 P1 Vfkplgw +4<<<,1 �D Wkhru| Ri Idluqhvv/ Frpshwlwlrq/

Dqg Frrshudwlrq/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 447/ ;4:0;9;1

^9` Ilvfkedfkhu/ X1 / Irqj/ F1 P1 dqg H1 Ihku +5336, �Idluqhvv/ Huuruv dqg wkh

Srzhu ri Frpshwlwlrq/� LHZ Zrunlqj Sdshu Qr 4661

^:` Rndgd/ D1 dqg D1 Ulhgo +5338, �Lqh!flhqf| dqg Vrfldo H{foxvlrq lq d Frdol0

wlrq Irupdwlrq Jdph= H{shulphqwdo Hylghqfh/� Jdphv dqg Hfrqrplf Eh0

kdylru 83= 5:;06441

^;` Urwk/ D1H1/ Sudvqlndu/ Y1/ Rnxqr0Ixmlzdud/ P1 dqg V1 ]dplu +4<<4, �Edu0

jdlqlqj dqg Pdunhw Ehkdylru lq Mhuxvdohp/ Omxeomdqd/ Slwwvexujk dqg Wrnlr=

Dq H{shulphqwdo Vwxg|/� Dphulfdq Hfrqrplf Uhylhz ;4/ 439;043<81
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