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THE EFFECT OF END SLOPE ON THE BUCKLING 

STRESS OF CYLINDRICAL SHELLS 

By C. D. Babcock a n d E .  E. Sechler 

California Institute of Technology 

SUMMARY 

Seamless cylindrical shells with R / t  5 800 were loaded with a 
The radial  displacement of the boundary uniform axial load to  failure. 

was controlled and the boundary slope was measured. 
known, the maximum slope of the shell near the boundary could be 
calculated. If the maximum slope is plotted against the degradation of 
buckling s t r e s s  f rom the classical  value a definite correlation appears. 

With these values 

INTRODUCTION 

Recent papers  on the buckling of shells have focused attention on 

Two common assumptions made in shell analyses are:  
aspects of the buckling problem that have hitherto been either overlooked 
o r  ignored. 
that one can use the membrane solution to give the state of the shell just  
pr ior  to buckling and 2 )  
details of the boundary conditions. 
invalid by Stein (Ref. l ) ,  F isher  (Ref. 2 ) ,  Sobel (Ref. 3)  and others. In 
fact, the effect of these I1negligible" factors  may be so great as to over-  
r ide nearly all other factors. 
detectable by exp e r  im ent a1 method s . 

1) 

that the solution i s  probably insensitive to the 
These concepts have been shown to be 

Since the effect is so large,  it should be 

LIST OF SYMBOLS 

E Young's modulus - psi  

_e height of the end ring - inches 

P p res su re  used to displace end rings - ps i  

P axial load on the shell - l b  

c lass ical  buckling load = 27rRtcrC1 - lb  pCl. 
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s, 

s"  
axial 0- 

0- 
P 

shell radius - inches 

shell thickness - inches 

boundary slope of the shell - radians 

slope of the shell a t  any distance x from the 

boundary - radians 

boundary displacement of the shell - inches 

displacement of the end rings - inches 

radial  displacement of the central  portion of the 

shell - inches 

shell displacement due to end ring rotation - inches 

Poisson's ratio 

axial s t r e s s  - psi 

c lass ical  buckling 

proportional limit 

t - - p s i  R 
E s t r e s s  - 

s t r e s s  - psi  

EXPERIMENTAL PROGRAM 

In an effort to verify experimentally that slight changes at  the 
shell boundary might lead to major changes in the buckling s t ress ,  a 
cylindrical shell was subjected to an axial buckling load while, a t  the 
same time, the shell boundaries were given a controlled radial 
displacement. 
attached in some manner to end rings and the shell is loaded through 
these rings. As the axial load i s  increased, the shell wall t ry s  to expand 
radially due to the Poisson ratio effect but, at the ends this expansion is 
not permitted because of the st i f f  end rings. The shell is ,  therefore, 
subjected to an  axially symmetric radial  deformation near the ends. If ,  
however, provision i s  made to expand the end rings during the loading 
process,  the deformation will be controllable and i ts  effect can be 
studied. 

In the usual experiment, the ends of the shell a r e  
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F o r  the current  program, the rings supporting the ends of the shell 
The tes t  shells were  were expanded by a pressure  diaphragm mechanism. 

copper electroformed cylinders similar to those used in previous experi- 
ments (Ref. 4). The set-up i s  shown in Fig. 1 in which the s t ra in  gages 
on the loading cylinder a r e  used to measure the load and its distribution. 
The two end rings on the shell a r e  identical and a r e  given identical radial  
deformations for any specific test. 

The testing procedure consists of applying an  incremental axial load 
to the cylinder and giving the end rings a radial  displacement which is  some 
fraction of the Poisson ratio expansion of the main shell. The expansion of 
the end rings, GR, for  each tes t  is recorded at the t ime of buckling as well 

as the total load and load distribution. 

The expansion of the shell, i f  it were f r ee  to move radially is  

where 

Pci = 2nRtuCl 

Table 1 and F i g .  2 show the resul ts  of 17  buckling tes t s  for varying values 

CR of $ / gs. At R R 
and, a s  would be expected, this load increases  as the ratio 

increases.  However, it reaches a maximum at c,/ c, = 0. 65 and then 

= 1. 0 at decreases  ra ther  than going up to the expected value of P/P c,/ ss = 1 .  0. Although this seemed to be an  unexplainable anomaly at 
first,the reason is  apparent after looking in detail at  the loading apparatus. 

Since, the radial  expansion load i s  applied to the end ring only, the 
loading cylinder does not expand except at the point where it is attached to  
the end ring. This causes  a very slight rotation of the end ring which, in 
Fig.  1 has  not been considered. 
altered to look into the details of the slope of the cylinder in the boundary 
region rather  than the displacement. 

/ fs = 0, the buckling load is  approximately 0. 65P 

sIi/ s, 
CP 

The objective of the program was then 

By using a long optical lever with a m i r r o r  attached to  the end ring, 
the rotation of the end ring (and of the shell at the end) was measured as  a 
function of the axial load on the shell and the radial  displacement of the 
end ring. Once this is known, we have the radial  displacement and 

the slope do of an axially loaded cylinder f rom which the displacements 
R 
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and slopes can be found for other points along the length of the specimen. 
Calibration showed that the radial deflection and rotation can be given by 

( 3 )  
-5 s = 0 . 8 ~ 1 0  p R 

and 

-5 d, = 4 ,  = 1.2 10 t 0.12 ~ o - ~ P  (4) 

where p is the p re s su re  in the expanding device and P is the axial load 
on the specimen. 
and 4, shown in Fig. 3 ,  giving 

F r o m  ( 3 )  and (4) one can calculate the value of 

where 
5 s =R4,  

and 

O( 0 = 1 . 5  S, t 0.12 ~ o - ~ P  (7) 

Calculating the slope of the shell a t  any point x f rom the end along a 
generator one finds 

o( (4 = 

where 
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p = J1--' P d'= jl+-i P 
pC1 PCR 

The location of 141 maLX depends upon the values of go/ o ( ~ ,  * 
and P. For  example, with PIPcp = 0.7  and = 9. 58 the form of 

the deflected shell surface is shown in F ig .  4 for four values of $,/ f,. 

The value of I.( I max has been calculated for  each of the shells 

tested and is  given in Table 1. 

in F ig .  5 and shows a definite trend of decreasing PIPc. asjd,l max 
increases.  When one considers the magnitudes of the slopes in question 
the scatter of the data is not excessive. Even with extreme care ,  it will 
be difficult to obtain initial end conditions in  which the slopes a r e  known 

A plot of P/Pcl  vs 1 0 ~ 1  max is shown 

to within lo-' radians (0. 5 in. in 2 0  feet). 
modify the tes t  equipment so that essentially zero slope can be held when 

Efforts a r e  now being made to 

g R  = ls to see if  values of P/P approaching 1. 0 can be found. Cl 

I- ~ _ _  .. _ .  
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TABLE I 

3 x 10 

radians 
141 max SR -- Shell t x  10 L P 

No. inches P 

3 

Cl 

1 4. 28 7 . 0 1  0.636 1. 6 1  4 .35  

2 4.41 7. 98 0.656 0 3 .54  

3 4. 76  7 . 9 7  0.767 0.90 2. 19 

4 5. 08 7.00 0.817 0. 92 2. 64 

5 4 .73  6. 92 0.683 1. 19 3. 2 4  

6 3.77 8. 00 0.648 1. 17 2 .  06 

7 4. 16 8. 06 0.612 0 3 .10  

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

4 .06  

3 .80  

3. 88 

4. 18 

3.76 

3 .84  

4. 13 

3.76 

3.73 

3.89 

7.97 

8. 02 

7 .94  

8. 00 

7. 98  

8. 00 

7. 7 2  

8. 02 

8. 02 

8. 00 

0 .753  

0.787 

0.790 

0.655 

0 .691 

0 .700 

0.795 

0.765 

0 .794  

0.703 

0 .79  

1. 10 

0 .43  

0 

0.20 

0.37 

0.33 

0. 58 

0. 52  

1.41 

1. 64  

2. 17 

1. 8 1  

3 .37  

2.39 

1. 7 1  

2.37 

1.. 20 

1.41 

3. 38 
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