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/ The o b 3 e c t  of t h i s  p a p e r  is t o  p r e s e n t  a p r o b a b i l i s t i c  model 

f o r  a n a l y z i n g  changes t h r o u g h  t i m e  i n  a b i n a r y  d y a d i c  r e l a t i o n  on 

a f i n i t e  se t  of p o i n t s .  The t o t a l  r e l a t i o n  on t h e  s e t  takes  t h e  

form of an aggregate of d i r e c t e d  b i n a r y  d y a d i c  r e l a t i o n s  be tween 

o r d e r e d  pairs of p o i n t s  belonging t o  t h e  set; e q u i v a l e n t l y ,  t h e  

t o t a l  r e l a t i o n  on t h e  s e t  can be r e p r e s e n t e d  by means of a digraph  

o r  an i n c i d e n c e  matrix i somorph ic  w i t h  t h e  t o t a l  r e l a t i o n .  Such 

a r e l a t i o n ,  changing  i n  i t s  s t r u c t u r e  a s  t i m e  p r o c e e d s ,  i s  a rea- 

s o n a b l e  m a t h e m a t i c a l  model,  for example,  f o r  t h e  e v o l u t i o n  of i n t e r -  

r e l a t i o n s h i p s  of t h e  m e m b e r s  of a s o c i a l  o r  any o t h e r  group. A 

group  of  t h i s  k i n d  i s  o r g a n i z e d  f o r  a s p e c i f i c  a c t i v i t y  i n v o l v i n g  

some sort of "communication" from one member t o  t he  o t h e r ,  and  may 

be o b s e r v e d  a t  s u c c e s s i v e  d i s c r e t e  p o i n t s  i n  t i m e  g e n e r a t i n g  s ta-  

t i s t i c s  on t h e  e v o l u t i o n a r y  p r o c e s s .  (For a detai led t r e a t m e n t ,  

see [3]). As E matter of f ac t ,  u n d e r  s u i t a b l e  a s s u m p t i o n s ,  t h e  -* 
model  p r e s e n t e d  here has p o t e n t i a l i t i e s  f o r  a p p l i c a t i o n  i n  t h o s e  

s i t u a t i o n s  which can  be r e p r e s e n t e d  mathematically i n  terms of a 

f i n i t e  s e t  of  p o i n t s  and an a l l -or -none  r e l a t i o n s h i p  between 

o r d e r e d  p a i r s  of these p o i n t s .  Some of t h e  o t h e r  examples are 

communication ne tworks ,  e c o l o e y ,  a n i m a l  s o c i o l o g y ,  and management 

s c i e n c e s  ( s e e  [SI), 

---, P be a f i n i t e  s e t  
p2 , IJ 1. I n t r o d u c t i o n :  L e t  A ={P1, 

c o n s i s t i n g  of N p o i n t s ,  and R a b i n a r y  r e l a t i o n  d e f i n e d  on t h e  

s e t  A f o r  e a c h  o r d e r e d  p a i r  of d i s t i n c t  p o i n t s  Pi, P 

t o  A. 

P ) t h e n  e i t h e r  R ( i , j )  -& 1 or R ( i , j )  = 0. The t o t a l  r e l a t i o n  on 

t h e  set  i s  t h e  aggregate of t h e  d i r e c t e d  binary d y a d i c  r e l a t i o n s  

R ( i , j )  and i s  d e n o t e d  by R ( A ) .  As t i m e  p r o c e e d s ,  some of t h e  

b e l o n g i n g  

I f  R ( i , j )  d o n o t e s  t h e  r e l a t i o n  f o r  t h e  o r d e r e d  pa i r  (P i ,  
3 

3 

r e l a t i o n s  P , ( i , j >  may undergo  a change w h i l e  othere may not. lhue R(A) 



is a € u n c t i o n  of t i m e ,  and t h e  b r o c e s s  may b e  obsezved  a t  SJC- 

cess ive  d iscre te  p o i n t s  i n  t i m e ,  g e n e r a t i n g  s t a t i s t i c s  on t h e  

e v o l u t i o n a r y  p r o c e s s .  

There  a r e  two common b rocedures  f o r  o b t a i n i n g  a s u f f i c i e n t l y  

l a r s e  number of o b s e r v a t i o n s  f o r  Dutnoses  of drawing s t a t i s t i c a l  

i n f e r e n c e s  abou t  a p r o c e s s  i n  t i m e :  (i)  makina a se r ies  o€ ob- 

s e z v a t i o n s  on a s i n q l e  se t  € o r  a s u f f i c i e n t l v  lonq t i m e ,  o r  

(ii) making o b s e w a t i o n s  i n  p a r a l l e l  on a number o€ s i m i l a r  se ts  

f o r  a r e l a t i v e l y  s h o r t e r  p e r i o d  of t i m e .  H o v w e r ,  fn many s i t u -  

a t i o n s  w e  are e x c l u d e d  E rom u s i n g  e i t h e r  of t h e s e  p r o c e d u r e s  & e  

t o  pround rules l a i d  down I n  c e r t a i n  a p b l i c a t i o n s .  A d e v i c e  

u s e f u l  in t h e s e  c i r c u m s t a n c e s  i s  t o  c o n s i d e r  t h e  t o t a l  r e l a t i o n  

R ( A )  i n  terms of an aye;reqate  of t h e  s u b r e l a t i o n s  R(a) ,  where 

3 is' a s u b s e t ,  of f i x e d  s i z e  n, of A. 

For 8 d e t a i l e d  discussion of t h i s  abproach ,  w e  refer the r e a d e r  

t o  121 o r  131. 

There a re  two e q u i v a l e n t  r e o r e s e n t a t i o n s  of R ( l i ) :  f i r s t ,  

in t e rms  of a d i r e c t e d  cz;raDh ( o r  s i m p l y  d i g r a p h )  r ( A ) ,  a n d  

second,  i n  terms of an i n c i d e n c e  m a t r i x  C ( A ) ,  Ve give below 

some r e l e v a n t  def i n i t i o n s  and n o t a t i o n s .  

The d ig raph  r ( A )  c o n s i s t s  of N v e r t i c e s  P1, P2, ---, PN - 
c o r r e s p o n d i n g  t o  t h e  p o i n t s  of A, and d i r e c t e d  edqes  P P 

shown by means of d i r e c t e d  l i n e s  f rom p i  t o  PJ c o r r e s p o n d i n g  

t o  R ( i , J )  = 1; R ( i , j )  = 0 i s  shown by  absence  of d i r e c t e d  edges  

f r o m  Pi t o  PI' r ( 4 )  i s  s a i d  t o  b e  of o r d e r  PI' i f  i t  consists of 

e x a c t l y  N v e r t i c e s  i r r e s o e c t i v e  of the n a T b e r  of edges. A d i -  

i j  

r e c t e d  p a t h  from P i  t o  ?, is given  by a c h a i n  of d i r e c t e d  edRes 
A- A 

of t h e  form Pip i  Pi Pi , --- s P i L ? j *  Ve n o t e  t h a t  by d e f i n i -  1' 1 2 
t i o n ,  Dresence  of l o o p s  ( d i r e c t e d  e d s e s  j o i n i n g  a o o i n t  t o  it- 
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I 

s e l f )  i s  n o t  a l lowed,  a n d  t h a t  t h e r e  canno t  b e  more t h a n  one di- 

r e c t e d  edge  j o i n i n g  any o r d e r e d  p a i r  of p o i n t s ,  A d i r e c t e d  p a t h  

of l e n g t h  L (L > 1 )  f r o m  Pi t o  i t s e l f  is c a l l e d  a c y c l e  of l e n g t h  

L, F i n a l l y ,  a p o i n t  PI i s  s a i d  t o  b e  a c c e s s i b l e  f r o m  a p o i n t  Pi 

i f  t h e r e  is a d i r e c t e d  p a t h  from Pi t o  P j ;  when t h i s  h a m e n s  t h e  

o r d e r e d  p a i r  ( P i P j )  is c a l l e d  an a c c e s s i b l e  v a i r ,  

The i n c i d e n c e  matr ix  C(A) is a m a t r i x  of z e r o s  a n d  ones  

s u c h  t h a t  i t s  r o w s  a n d  columns c o r r e s p o n d  t o  t h e  p o i n t s  i n  A, a n d  

t h e  e l e m e n t  C i j  of C ( A )  is one, o r  z e r o  co r re spond ine :  t o  

R ( i , j )  = 1 o r  0 ,  A m a t r i x  C i s  s a i d  t o  b e  p o s i t i v e  i f  a l l  i t s  

e l e m e n t s  a r e  p o s i t i v e ,  and is d e n o t e d  by C > 0 .  The e lement -  

w i s e  (Badsnard)  p r o d r c t  of two matr ices  C and D i s  d e n o t e d  by 

C*D. 

Cor respond ing  t o  t h e  s u b r e l a t i o n  R(a)  t h e r e  is a s u b d i g r a p h  

r ( a )  of r ( A ) ,  c o n s i s t i n g  of a l l  t h e  d i r e c t e d  edges  i n  A which 

connec t  p o i n t s  of s u b s e t  a, and a p r i n c i o a l  d i a g o n a l  s l l bma t r ix  

C(a), of C ( A ) ,  such  t h a t  i t s  rows and  columns c o r r e s o o n d  t o  

t h e  p o i n t s  of t h e  s u b s e t  a. 

2 ,  C l a s s i f i c a t i o n  of_ r e l a t i o n s .  It i s  e a s i l y  s e e n  t h a t  

t h e  number of d i f f e r e n t  €oms in which R(A) may be o b s e m e d  is 

2N(N-1) ,  which is e x t r e m e l y  l a r q e .  

p u r p o s e s  w e  r e q u i r e  t h a t  t h e  n u n b e r  of d i s t i n c t  " s t a t e s "  in which 

R(A)  may b e  o b s e r v e d  s h o u l d  not  be  e x c e s s i v e ,  Ve may, f i r s t  of 

a l l ,  i g k o r e  t h e  l a b e l s  of t h e  set A (in t h o s e  c a s e s  where t h e  

l a b e l l i n g  of p o i n t s  is of no p a r t i c u l a r  i m o o r t a n c e ) ,  and  o b t a i n  

e q u i v a l e n c e  cXasses ,  u n d e r  D e r w t a t i o n s ,  of t h e  class of rela- 

t i o n s  R(A). The number of t h e s e  e q u i v a l e n c e  c l a s s e s ,  a l t h o u q h  mu& 

smal le r  t h a n  t h e  t o t a l  number of d i f f e r e n t  f o m s  of R(A) , is 
s t i l l  quite l a r g e .  For example,  f o r  M - 5 t h e s e  numbers are 

-3 - 
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8 , 5 0 8  a n d  1,048,576 r e s p e c t i v e l y .  

. 

Next, w e  obsexve t h a t  r e l a t i o n s  b e l o n s i n g  t o  d i f f e r e n t ,  b u t  

n e a r l y  a l i k e ,  e q u i v a l e n c e  c lasses  a r e  n o t  m o d i f i e d v e r y  much by 

t h e  a d d i t i o n  or d e l e t i o n  of a f ew d i r e c t e d  d y a d i c  r e l a t i o n s  

R ( i , j ) .  Accord ing ly ,  w e  may group some of t h e s e  e q u i v a l e n c e  

classes t o g e t h e r  t o  obtain more manageable  numbem of e m p i r i -  

c a l l y  o b s e w a b l e ,  r m t u a l l y  e x c l u s i v e  and  e x h a u s t i v e  c l a s s e s ,  

s u c h  t h a t  a t  any p o i n t  i n  t i m e  R ( A )  map b e l o n q  t o  one and  o n l y  

one of t h e s e  c l a s s e s .  C l e a r l y  t h i s  c o u l d  b e  a c h i e v e d  i n  many 

w a y s .  W e  p r e s e n t  h e r e  t h r e e  p a r t i c u l a r  c l a s s i f i c a t i o n  schemes: 

t h e  c o n n e c t i v i t y  c l a s s i f  i c a t f o n ,  t h e  a c c e s s i b i l i t y  c l a s s i f  ica- 

t i o n ,  a n d  t h e  w e i g h t e d  c l a s s i f i c a t i o n .  F o r  t h i s  u u m o s e  w e  

f i n d  it c o n v e n i e n t  t o  u s e  t h e  T r a p h i c  r e p r e s e n t a t i o n ,  -T(A), of 

t h e  r e l a t i o n  R ( A ) .  

The c o n n e c t i v i t y  c l a s s i f i c a t i o n  is b a s e d  on t h e  s t r e n g t h  

of connec tedness  arrd is a s t a n d a r d  t o p o l o q i c a l  c l a s s i f i c a t i o n :  

r (A)  is s a i d  t o  be s t r o n g l y  connec ted  i f  each  point of A i s  

a c c e s s i b l e  f tom every o t h e r  p o i n t  of A ;  u n i l a t e r a l l y  c o n n e c t e d  

i f  for every p a i r  of p o i n t s  b e l o n g i n g  to A t h e r e  i s  a d i r e c t e d  

p a t h  from a t  l eas t  one of them t o  t h e  o t h e r ;  weakly  c o n n e c t e d  

U if t h e r e  is a c h a i n  of c o n n e c t i o n s ,  i g n o r i n g  a l l  d i r e c t i o n s ,  

f r o m  each  p o i n t  of A t o  every o t h e r  p o i n t  of A; d i s c o n n e c t e d  

if i t  is n o t  even weakly connec ted .  These c l a s s e s  may be d e f i n e d  
h 

more s t r i c t l y ,  i n  an obv ious  manner, t o  o b t a i n  f o u r  m u t u a l l y  ex- 

c l u s i v e  a n d  e x h a u s t i v e  c l a s s e s :  

if i t  is s t r o n g l y  c o n n e c t e d ;  in s t a t e  s if 'It i s  u n i l a t e r a l l y  
2 

c o n n e c t e d  b u t  n o t  s t r o n g l y  connec ted ;  i n  s t a t e  s1 i f  i t  is 

weakly c o n n e c t e d  b u t  n o t  u n i l a t e r a l l y  c o n n e c t e d ;  i n  s t a t e  so 

i f  i t  i s  d i s c o n n e c t e d ,  

r ( A )  i s  s a i d  t o  b e  in s t a t e  s3 
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The a c c e s s i b i l i t y  c l a s s i f i c a t i o n  is b a s e d  on t h e  number of 

Y 

a c c e s s i b l e  o z d e r e d  pairs in t h e  d i g r a p h  r ( A ) :  r ( A )  is s a i d  t o  

be  i n  s t a t e  s i  i€ i t  c o n s i s t s  of e x a c t l y  i a c c e s s i b l e  o r d e r e d  

p a i r s .  By d e f i n i t i o n  t h e  a c c e s s i b i l i t y  classes a r e  m u t u a l l y  ex- 

c l u s i v e  a n d  e x h a u s t i v e ,  a n d  t h e  n u a b e r  of classes denends on N, 

t h e  o r d e r  of r ( A ) .  

The s t m c t u r e  of t h e  r e l a t i o n  R(A) is d e t e r m i n e d  by t h e  

symnet ric r e l a t i o n  of a c c e s s i b i l i t y  in b o t h  d i r e c t i o n s  between 

p a i r s  of elements of A. This r e l a t i o n  is an e q u i v a l e n c e  r e l a -  

t i o n  on t h e  s e t  A,  s e p a r a t i n g  i t  i n t o  d i s j o i n t  e q u i v a l e n c e  s e t s ,  

in e a c h  of which every p o i n t  is a c c e s s i b l e  f r o m  e v e r y  o t h e r  

p o i n t .  F u r t h e r ,  t h e  r e s i c b a l  one-way r e l a t i o n s  i n & c e  a n a r t i a l  

o r d e r i n g  on t h e s e  e q u i v a l e n c e  sets.  L e t  t h e r e  b e  m e q u i v a l e n c e  

s e t s  AI, AZ, --- , Am of s izes  R1, N2, ---, N,, r e s p e c t i v e l y ,  

where  (Ai I i = l ,Z,---  ,m) c o n s t i t u t e s  a D a r t i t i o n  of A, and 

C Ni = I. If p denotes t h e  nuqbe r  of a c c e s s i b l e  o r d e r e d  p a i r s  

in (A), it can  b e  shown ( s e e  ( 2 1 ) .  

m 
i s 1  

Theorem 2.1 p can t a k e  only  v a l u e s  of t h e  form 

w h e r e  G I -  1, i f  t h e  se ts  a n d  

A, a r e  o r d e r e d  in t h e  p a r t i a l  o r d e r i n g  1), a n d  0 

o t h e r w i s e .  

The w e i s h t e d  c l a s s i f i c a t i o n  is a r e f i n e m e n t  of t h e  accessi-  

b i l i t y  c l a s s i f i c a t i o n ,  o b t a i n e d  by assianin!:  t o  an a c c e s s i b l e  

o r d e r e d  p a i r  (P i ,P j )  a w e i E h t  of N-L if t h e  l e n g t h  of m t n i m a l  

d i r e c t e d  p a t h  f r o m  P i  t o  P is L, and  a weiRht  of zero t o  a l l  

t h o s e  ordered p a i r s  which are  not a c c e s s i b l e .  
1 
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I 

D e t a i l s  of t h e s e  c l a s s i f i c a t i o n s  may b e  f o u n d  i n  [ 2 ]  o r  

[ 3 ] ,  I n  t h i s  p a p e r  we d i scuss  sone s t a t i s t i c a l  r e s u l t s  for t h e  

f i r s t  two c l a s s i f i c a t i o n s ,  namely, t h e  c o n n e c t i v i t y  and  t h e  

a c c e s s i b i l i t y  c l a s s i f i c a t i o n s .  

3. Enumerat ion of s u b r e l a t i o n s .  S i n c e  o u r  approach  con- 

s i s t s  of c o n s i d e r i n g  R(A) as  an a g g r e q a t e  of s u b r e l a t i o n s  R ( a ) ,  

i t  i s  n e c e s s a r y  t h a t  w e  find fornal  procec i r res  for enumera t ion  

of s u b r e l a t i o n s  R(a)  which a r e ,  (i) in s t a t e s  si (i = 0 ,1 ,2 ,3 )  

a t  any f i x e d  t ine  t, and (ii) i n  s t a t e s  s o j ,  sIj, s2, ,  s 3 j  a t  

t i m e s  t j = 1,2,---,h. 
j r  

L e t  G i ( t )  denote  t h e  number of s u b r e l a t i o n s  of s i z e  n ,  

which are i n  s t a t e  si  (i  - 0,1,2,3) a t  t i n e  t. To f i n d  t h e  

v a l u e  of %i(t) ,  f o r  any t, w e  d e f i n e  a f u n c t i o n  f on t h e  c lass  

of s u b r e l a t i o n s ,  { R ( a ) ,  a c A ) ,  w i t h  t h e  s e t  of s t a t e s  { s i )  as 

i t s  ranger  we s a y  t h a t  

if R(a)  is in s t a t e  si  

o t h e r w i s e .  

Thus R n i ( t )  is e q u a l  t o  t h e  number of t h o s e  R(a)  f o r  which 

€(R(a))5 s i  a t  time t ,  and the main problem i s  t h a t  of b e i n g  

a b l e  t o  e v a l u a t e  t h e  f u n c t i o n  f t ( R ( a ) )  a t  t i m e  t f o r  e v e r y  

R(a). W e  a l s o  n o t e  t h a t  t h e  t o t a l  number of s u b r e l a t i o n s  

s3 o r  s if a n d  o n l y  if, {[C*(a ) ln - l+  
[ c % a ) l n - l )  > o m  

if and o n l y  if, [ m a )  + 
3 O r  s2 Oc43]n-i > 0 ,  

S 

so  i f  , and only if, [C*(a) + C1?a)In-' $ O m  

f ( R ( a )  In 
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i 

where  C(a)  i s  t h e  co r re soond inq  q a t r i x  r e a r e s e n t a t i o n ( d e f i n e d  

e a r l i e r )  of R ( a ) ;  and  C*(a) = C(a) + I ,  I b e i n g  t h e  n x n i d e n t i t y  

m a t  ri x. 

A proof of t h i s  theorerrl mag b e  f o u n d  i n  ( 2 1  o r  [ 4 ] b  

This  t h e o r e a  can be  s t a t e d  more s t r i c t l y  i n  an obv ious  way 

t o  o b t a i n  t h e  v a l u e s  of %i ( t ) .  Fu r the rmore ,  i t  can  b e  Program- 

med on a computer  t o  c a r r y  ou t  t h e  cornbuta t ions  i n  an e a s i e r  a n d  

f a s t e r  way, I t  a l s o  f o l l o w s  t h a t  r e o e a t e d  a p b l i c a t i o n  of t h i s  

t heo rem g i v e s  u s  t h e  number of v a r i o u s  (h-1) -order  t r a n s i t i o n s  

f roa  s t a t e  sil a t  t iqe tl to s t a t e  sih a t  t i m e  t h  t h rough  s t a t e s  

S i 2 ,  a t  t ines  t2 ,  --- resDe c t i v  e ly , ' t h - l  

S i m i l a r l y ,  i f  q i ( t )  denotes  t h e  number of n-Doint s u b r e l a -  

t i o n s  i n  s t a t e  s i  a t  t i m e  t, t h e n  t h e  f o l l o w i n q  theorem e l v e s  t h e  

v a l u e s  of R i i ( t )  € o r  a l l  a d m i s s i b l e  v a l u e s  of i. 

Theorem 3,2 

€'(R(a)) - s i  i f ,  and only i f  t h e  number of non-zero en- 

t r i e s  i n  t h e  m a t r i x  [C*(a)ln-l is e x a c t l y  n + i ,  where € '  i s  a 

f u n c t i o n  on ( R ( a ) ,  a C A )  w i t h  i t s  ranee  a s  t h e  s e t  csj). The 

Droof of t h i s  t h e o r e n  may be found i n  [Z], 

As b e f o r e ,  a r e p e a t e d  a p o l i c a t i o n  of t h i s  theorem c o u n t s  

t h e  number of (h-1)-order  t r a n s i t i o n s  € o r  t h e  a c c e s s i b t l i t y  c lass i -  

f i c a t i o n ,  and  i t  c a n  b e  programmed on a computer  € o r  c o m n u t a t i o n a l  

p u r p o s e s  . 
It may b e  men t ioned  h e r e  t h a t  an (h-1) -order  t r a n s i t i o n  t a b l e  

f o r  a g iven  s e t  o f  d a t a  can be r educed  t o  o b t a i n  a l l  t h e  t r a n s i -  

t i o n  t a b l e s  of o r d e r  l ess  than  h, as w e l l  a s  t h e  v a l u e s  of 

R n i ( t )  ( o r  xi(t)) f o r  t = t l ,  t2 ,  --- 9 

4, S t o c h a s t i c  n r o c e s s .  The change i n  R(A) o v e r  a p e r i o d  of 

t i m e  map now b e  d e s c r i b e d  as a s t o c h a s t i c  p r o c e s s  and  s t a n d a r d  



Y 

. 

t e s t s  a n d  t e c h n i q u e s  may b e  u s e d  t o  draw s t a t i s t i c a l  i n f e r e n c e s  

i n  t i m e  € o r  s u c h  a p r o c e s s ,  The sirnolest case i s  t h a t  of a Maz- 

kov c h a i n  model w i t h  u n s u e c i f i e d  Flarkovian o r o o e r t y ,  a n d  s u c h  a 

model can b e  a n a l y z e d ,  u s i n 3  t h e  s t a n d a r d  methods as ,  €or example,  

i n  Cll. 

5 .  D i s t r i b u t i o n  t h e o r y .  The d e r i v a t i o n  of t h e  p r o b a b i l i t y  

d i s t r i b u t i o n s  of 

of compound p r o b a b i l i t i e s ,  an e x p o s i t i o n  of which may b e  f o u n d ,  

f o r  i n s t a n c e ,  i n  F e l l e r  161, and  F r 6 c h e t  f 71. 

random v a r t a b l e s  R,i(RAi) i s  b a s e d  on t h e  t h e o r y  

L e t  Pi deno te  t h e  p r o b a b i l i t y  of t h e  o c c u r r e n c e  of an  e v e n t  

Ei,  i = 1 , 2 , - - - , ~  

deno te  t h e  p r o b a b i l i t y  of t h e  s i m u l t a n e o u s  o c c u r r e n c e  of t h e  

e v e n t s  Ei, El ( i , j  = 1, 2,  0-.. M; i # J ) ;  P 

b i l i t y  of t h e  s i n u l t a n e o u s  o c c u r r e n c e  of t h e  events  Ei, 

(i,  j, k p 1, 2 ,  -0- , M; i j f k ) ;  a n d  so on. Def ine  sums 

( E i ' s  a r e  n o t  n e c e s s a r i l y  i n d e p e n d e n t ) ;  Pil 

denote  t h e  p roba- 
i j k  

Ek 

be r e s ~ e c t i v e l p  t h e  p r o b a b i l i t i e s  of t h e  simul- Cml If P(rn)  and P 

t a n e o u s  o c c u r r e a c e  of e x a c t l y ,  and  a t  l e a s t  m among M e v e n t s ,  

t h e n  t h e  p r i n c i p l e  of i n c l u s i o n  and  e x c l u s i o n  ( F e l l e r ,  [ a ] ,  

C h a p t e r  4) o,ives immedia t e ly  

and 

+ P(m+l) (MI 
+ 0-- + P 



d e n o t e  t h e  K-th f a c t o r i a l  moment of  t h e  d i s t r i b u t i o n .  Let a ( k )  

Then 

= k! Sk ( F r e c h e t  [TI). 
'(k) 

I n  p a r t i c u l a r ,  

s1 Mean = 
2 V a r i a n c e  = 2S2 + S1 - SI 

We make use  of t h e  above r e l a t i o n s h i p s  and  fo rmulae  t o  de- l 
i r i v e  r e s u l t s  f o r  t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  of t h e  random v a r i -  

ables Rni(RAi). 

L e t  t h e  p o i n t  Pi hold r e l a t i o n  R v i t h  di ( 0  $ di 5 N - 1 )  

o t h e r  p o i n t s  i n  t h e  s e t  A; i n  d i g r a p h  r ( A ) ,  d i  i s  t h e  number o f  

d i r e c t e d  edges  s t a r t i n g  from Pi. 

of  t h e  p o i n t  Pi, and assume t h a t  f o r  any i, di i s  f i x e d ,  and t h e  

We say t h a t  di i s  t h e  "va lency"  

di d i r e c t e d  edges  emana t ing  from Pi f o l l o w  a h y p e r g e o m e t r i c  l a w .  

We a l s o  assume t h a t  t h e  d i s t r i b u t i o n  of  t h e  t e r m i n a l s  of t h e  

d i r e c t e d  edges  o r i g i n a t i n g  a t  Pi is c o m p l e t e l y  random. If all I 

t h e  ai's are e q u a l  (dl= 

r e s t r i c t e d  c a s e ;  o t h e r w i s e  t h e  g e n e r a l  u n r e s t r i c t e d  c a s e .  The 

- dN= d,  s a y )  w e  have  t h e  s i m p l e  d2= ---- ~ 

I 

r e s u l t s  f o r  t h e  g e n e r a l  c a s e  g e t  q u i t e  c o m p l i c a t e d  and  as such  ~ 

most of t h e  r e s u l t s  p r e s e n t e d  h e r e  are f o r  t h e  r e s t r i c t e d  c a s e .  
~ 

~ 

Under t h e  a s sumpt ions  s t a t e d  above,  it i s  e a s y  t o  see t h a t  

and so on. 
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We can now d e r i v e ,  a t  l e a s t  t h e o r e t i c a l l y ,  t h e  p r o b a b i l i t i e s  

of t h e  t y p e  P[f(R(a))= si ] ,  P M R ( a l ) ) =  s i ,  f ( R ( a 2 ) ) =  s , l ,  0-- ¶ 

where al, a a r e  two d i s t i n c t  s u b s e t s ,  04  s i z e  n ,  of t h e  se t  A. 
2 

By computing t h e  suns of t h e  form 

(k)* P t h e  moments a 
(m)’ ~ m ] ’  w e  may o b t a i n  t h e  p r o b a b i l i t i e s  P 

aad t h e  e x a c t  p r o b a b i l i t y  d i s t r i b u t i o n s  of t h e  random v a r i a b l e s  

However, these computa t ions  become e x t r e m e l y  t e d i o u s  even  

f o r  s m a l l  v a l u e s  of n,  and t h e  d e r i v a t i o n  o f  e x a c t  d i s t r i b u t i o n s  

becomes a lmos t  imposs ib l e .  As a consequence  we p ropose ,  l a t e r  

on, simple approx ima t ions  which are compara t ive ly  much easier  t o  

o b t a i n ,  and are, t h e r e f o r e ,  of p r a c t i c a l  impor t ance .  F u r t h e r -  

more, a l t h o u g h  t h e  r e s u l t s  f o r  t h e  r e s t r i c t e d  c a s e  may be ob= 

t a i n e d  as a s p e c i a l  c a s e  of t h e  g e n e r a l  c a s e  (by  p u t t i n g  dl= 

d = ---- - dm= d, s a y ) ,  w e  p r e s e n t  the t w o  c a s e s  s e p a r a t e l y  due t o  
2 

t h e  marked s i m p l i c i t y  of  t h e  former .  

In w h a t  follows, w e  need t h e  fo l lowfng  n o t a t i o n s .  

f unc t i ons F a c t o r i a l  n o t a t i o n :  x ( 0 )  = x ( x  - 1) -0- ( x  0 e + I), 

--- d ; and power sums vm = fdim.  The 
im 

u m = c ail d i e  
i <i <,--<i 1 2  m 

f u n c t i o n s  u, may be expressed i n  t e r n s  o f  t h e  sums vm ( P e r r o n ,  

[91); f o r  ml, 4 ,  t h e s e  r e l a t i o n s  are 

1 u = v  1 
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3 u 3  = (v, - 3 5 5  + 2v3)/3: 

= (v: - 6v2vf + 3v2 + 8v v - 6v4) /4!  u4 2 3 1  

6. Dyadic case :  n = 2. For  d i g r a p h s  ( o r  s u b d i g r a p h s )  of 

o r d e r  two,  t h e  c o n n e c t i v i t y  and t h e  a c c e s s i b i l i t y  c l a s s i f i c a -  

t i o n s  sre  i d e n t i c a l ;  t h e r e  a r e  only t h r e e  d i f f e r e n t  s ta tes  

= 8 ' )  in which a two-poin t  s u b r e l a t i o n  may - 
(s3= s;; s 2' = si; so' 0 
be found,  and R = R i 2  , R& R;l, Rz0t R h o .  (See  141). L e t  

a = CPJ, P 1 be a two-poin t  s u b s e t  of t h e  set  A, and l e t  R(a )  
2 3" 

k 
be t h e  c o r r e s p o n d i n g  s u b r e l a t i o n .  

is i n  s t a t e  s i f  t h e r e  are two d i r e c t e d  edges i n  I'(a): one 

f rom P3 t o  Pk, and t h e  o t h e r  from Pg t o  P ; i n  s t a t e  s 2 i f  

It i s  s e e n  e a s i l y  t h a t  R ( a )  

3 

3 
t he re  i s  only one d i r e c t e d  edge i n  r ( a ) :  

o r  from P 

a l l  i n  I '(a). As such ,  

e i t h e r  f rom P t o  Pk, 

t o  P i n  s t a t e  so if the re  a r e  no d i r e c t e d  edges  a t  
3 

k J '  

P[f (R(a) )=  s 2 ]  = {d (N-1-d ) + dk(N-1-d ) } / ( N - l ) 2 ,  
3 k J 

P [ f ( R ( a ) ) =  s o ]  - (N-1-d ) ( N - l - d k ) / ( N - l ) 2 .  
1 

and 

Furthermore, 

s i  
E ( R Z i )  = S = C P [ f ( R ( a ) )  = 

1 i  a - 
where the  summation extends over  a l l  the  ( N ) unordered p a i r s  

2 
in t h e  set  A .  We may w r i t e  

N 

f <k=l  
E(R2i) = P [ f ( R ( a ) )  a s i ]  

, g iven  above, o b t a i n  
si 

and u s i n g  the  v a l u e s  of P f f ( R ( 8 ) )  - 
the  e x p r e s s i o n s  f o r  E(R 1, i = 0,2,3. In  the  res tr i c ted  c a s e  

( a l l  dits equal  t o  d ,  say)  the p r o b a b i l i t i e s  P [ f ( R ( a ) )  = 

remain the  same f o r  any of  the s u b s e t s  a ,  and therefore, 

2i 

si 
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Simple  r e d u c t i o n s  g i v e  u s  the following theorem: 

Theorem 6.1 For t h e  g e n e r a l  case ,  

E ( R 2 3 )  - (v2 - v ) /  2(13-1)* 
1 2 

1 
E ( R 2 2 )  = v1 - (v2  - v2)/(N-1)  2 

E ( R 2 0 )  = N(N-1)/2 - v1 + (v2 - v 2 ) /  2(N-1)2. 
1 

F o r  t h e  res t r ic ted  c a s e ,  - Nd2/ 2(N-1) 

E(B22) = Nd(N-1-d) / ( N - 1 )  

E(R20)  = N(N-1-dI2/ 2(N-1) 

L e t  V(B ) d e n o t e  t h e  v a r i a n c e s  o f  t h e  random v e r i a b l e s  R n i  ni 
Theorem 6.2 For t h e  g e n e r a l  case,  

V(R23)  = (6u4 - u ') /(N-l)  4 + 2(-4u4 + u3u1 - 3u3)/  

V(B22)  - 4(6u4 - u ') /(N-l)  4 + 8(-4u + u u - 3u3)/  

2 
( ~ - 1 ) 3 ( ~ - 2 )  + u2/  (~ -1 )  2 

2 4 3 1  
( N - I ) ~ ( N - z )  + 4u2 / (N- l l2  

V(R20)  - (6u4 - u 2)/!W-l)4 + 2(-4u4 + u u - 3u3)/  
2 3 1  

( w ) ~ ( N - ~ )  + u 2 / ( N - l )  2 

For  t h e  r e s t r i c t e d  c a s e ,  

V(R2s )  = Nd2(N-1-d) 2 / 2(N-l)  3 

V ( R 2 2 )  = 2Nd2 (N-1-d) 2 /  (N-1) 
V ( R Z 0 )  = Nd2(N-1-d) 2 / 2(N-1)3 

P r o o f .  

t h e  random v a r i a b l e  R (m * 1,2,---) ,  so t h a t  V ( R  ) = 

L e t  Smi d e n o t e  t h e  sum S , d e f i n e d  in s e c t i o n  5 ,  for m 

25. 2 i  
2 .  The suus S , equal t o  E(R ), a l r e a d y  have  2 s 2 i  + sli - sli I f  21 

been  o b t a i n e d  i n  t h e  p r e v i o u s  theorem,  and as s u c h ,  w e  o n l y  

need  t o  compute t h e  sums S (i = 3 , 2 , 0 ) .  
2 1  

-12- 



where a - {P ,P 3 ,  a2 = {Ph,Pi  are  
1 J k  

any two d i f f e r e n t  s u b s e t s  of t h e  se t  A, and t h e  summation 

e x t e n d s  o v e r  a l l  such s u b s e t s  of A. If t h e  s u b s e t s  al,  a 

composed o f  f o u r  d i f f e r e n t  p o i n t s ,  t h e n  t h e  two e v e n t s  [ f ( R ( a l ) )  

= s i ] ,  [ f ( B ( a 2 ) )  = s 3 a r e  i n d e p e n d e n t ,  and 

are  
2 

i 

However, i f  t h e  s u b s e t s  have one  p o i n t  i n  common ( i f  b o t h  t h e  

p o i n t s  are common, w e  do not have  d i f f e r e n t  s u b s e t s  a l ,  a 2 ) ,  

t h e n  t h e  e v e n t s  [ f ( R ( a  ) )  * s i J ,  [ f (R(a , ) )  = si] s a y  P = Pk, h 

are n o t  i n d e p e n d e n t ,  and w e  have  t o  compute t h e  compound pro-  
1 

b a b i l i t y  P [ f ( R ( a l ) )  = st and f ( R ( a 2 ) )  0 siJ* 

Thus , 

where t h e  f i r s t  summation i s  o v e r  

a l l  p a i r s  of d i s j o i n t  s u b s e t s  a a and t h e  second summation 1' 2 '  

i s  o v e r  t h e  r ema ln iog  p a i r s  of ( d i f f e r e n t )  s u b s e t s  a a 1' 2 

( w i t h  one p o i n t  i n  common). 

Each s e t  of f c u r  d i f f e r e n t  p o i n t s  may form a p a i r  of dyads  

i n  t h r e e  ways, and each  set  o f  t h r e e  d i f f e r e n t  p o i n t s  may have  

any of t h e  t h r e e  p o i n t s  as the common p o i n t  in t h e  p a i r  of  

dyads.  With t h e s e  c o n s i d e r a t i o n s ,  w e  may w r i t e  
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These p r o b a b i l i t i e s  are  e a s i l y  o b t a i n a b l e ,  and these sums now 

can b e  computed in terms of t h e  power sums v 's (p= 1,2,---). 

The e x p r e s s i o n s  V(R ) = S + S - S t h e n  are computed 
21 21 l i  li 

t o  g i v e  t h e  v a r i a n c e s  f o r  t h e  g e n e r a l  case. The v a r i a n c e s  f o r  

P 

d2e---= dNP 
t h e  r e s t r i c t e d  c a s e  can b e  o b t a i n e d  by p u t t i n g  d = 

d in t h e  e x p r e s s i o n s  f o r  t he  g e n e r a l  c a s e ;  however,  t h e r e  is 
1 

r a t h e r  a s i m p l e  way of o b t a i n i n g  them d i r e c t l y .  

For f i x e d  i ,  t h e  p r o b a b i l i t y  P [ f ( R ( a , ) ) =  s ] i s  t h e  same 

f o r  any s u b s e t  a of A; t h e  compound p r o b a b i l i t y  P [ f ( R ( a  ) )  = 

si  and f ( R ( a 2 ) )  = s i ] ,  where a 

i 

1 1 
and a have  one p o i n t  in 1 2 

common, is a l s o  t h e  same f o r  e v e r y  s u c h  p a i r  o f  s u b s e t s .  

F u r t h e r ,  t h e  number of ways of  c h o o s i n g  f o u r  d i f f e r e n t  p o i n t s  

f rom N p o i n t s  and forming  two dyads from them i s  3 (4); t h e  

number of ways of choosing t h r e e  d i f f e r e n t  p o i n t s  f rom N 

p o i n t s  and forming  two dyads from them is 3 ( ). T h e r e f o r e ,  

S2i - 3(:) P[ f (R(a ) )=  s i l 2  + 3(:) P [ f ( R ( a l ) ) =  S i ,  and  

N 

N 
3 

where  t h e  s u b s e t s  a and a have  one p o i n t  i n  common. The 

sums S 

p u t e d  r a t h e r  e a s i l y .  

1 2 
b e i n g  known, t h e  v a r i a n c e s  V(R2i )  c an  now b e  com- 

li' 

We n o t e  t h a t  t h e  computa t ion  of t h e  compound p r o b a b i l i t y  

P [ f ( R ( a l ) ) =  s i ,  and f ( R ( a  I ) =  s i ]  h a s  t o  b e  c a r r i e d  o u t  

r a t h e r  c a r e f u l l y .  
2 

For example t h e  compound e v e n t  [ f ( R ( a  1 ) )= 

s2 and f ( R ( a  ) I =  s2]  may t a k e  p l a c e  in any one of  t h e  f o l -  2 

-14- 



lowing  f o u r  ways: 

c 

, 

In t h e  s u b d i g r a p h  r ( a l )  t h e  d i r e c t e d  edge may be  from ei-  

t h e r  P o r  from Pk t o  P ; w i t h  e i t h e r  of t h e s e  two c a s e s  

t h e  s u b d i g r a p h  r ( a  ) may a l s o  have  a d i r e c t e d  edge  e i t h e r  from 

Pk t o  p, o r  f rom P, t o  P 

t h e s e  f o u r  cases w i l l  be  d i f f e r e n t  i n  g e n e r a l  and need t o  be  

t o  P 
j k 1 

2 

The p r o b a b i l i t i e s  f o r  each  of  k‘ 

e v a l u a t e d  s e p a r a t e l y  and c a r e f u l l y .  

To o b t a i n  h i g h e r  moments of  t h e  random v a r i a b l e s  R Z i ,  w e  

need  t o  compute t h e  sums S m 2 3 ,  The number of  d i f f e r e n t  

t y p e s  of terms i n  Sm r a p i d l y  i n c r e a s e s  and t h e  r e s u l t i n g  e x p r e s -  

sions f o r  Sm become r a t h e r  compl i ca t ed  a l g e b r a i c a l l y ,  b u t  t h e  

p r i n c i p l e s  of  computa t ion  remain t h e  same. We g i v e  h e r e  t h e  

mi ’ 

d e r i v a t i o n  o f  S f o r  t h e  r e s t r i c t e d  c a s e ,  t o  i l l u s t r a t e  3 , 3 ’  
t h e  method. The sum 

where t h e  summation e x t e n d s  o v e r  a l l  t h e  t r i p l e s  of  two-poin t  

s u b s e t s  al= €P P I ,  a 2 o {P k, Pg3, a3= {Pm, P n I .  Fo r  any 
i’ 5 

p a r t i c u l a r  t r i p l e  of  s u b s e t s  a l ,  a and a t h e  number of d i s -  

t i n c t  p o i n t s  i n  t h e  t h r e e  s u b s e t s  may b e  s i x ,  f i v e ,  f o u r  o r  
2’  3 

t h r e e ;  t h e r e  i s  o n l y  one way of  fo rming  a t r i p l e  of  two- 

p o i n t  s u b s e t s  on t h r e e  p o i n t s .  I f  t h e  p o i n t s  a re  P P i’ j’ pL’  

t h e n  t h e  only p o s s i b l e  t r i p l e  i s  {Pi ,  Pj), { P i ,  Pg3,  and 

{Pj, P,I* Thus S c o n s i s t s  of f i v e  d i f f e r e n t  k i n d s  of  terms, 33 

and t h e r e  are ( f )  6 1  d i f f e r e n t  ways o f  o b t a i n i n g  t h e  
3!2!2!2 ! 

1 
f i r s t  k i n d  of  t e r m  ( s i x  d i s t i n c t  p o i n t s ) ;  (N).&,_ ways o f  5 2 . 2 .  
o b t a i n i n g  t h e  second k i n d  of t e r m  ( f i v e  d i s t i n c t  p o i n t s ) ;  

t- 
(N) ways of  o b t a i n i n g  t h e  t h i r d  k i n d  of t e r m  ( f o u r  
4 2 .  



d i s t i n c t  p o i n t s ) ;  (N) ways of o b t a i n i n g  t h e  f o u r t h  k i n d  

o f  t e r m  ( f o u r  d i s t i n c t  p o i n t s ) ;  (!) ways of  o b t a i n i n g  t h e  

f i f t h  k i n d  of  term ( t h r e e  d i s t i n c t  p o i n t s ) .  The p r o b a b i l i t y  

e l e m e n t  o f  each t y p e  i s  de termined  e a s l l y ,  and 

4 23 

2 
(d-1I2 + (N) 4~ (d-1) (d-2) 

(N-2) ( N - 3 )  + (N) 4 4: 2: [&] (N-2)2 

7.  T r i a d i c  C a s e :  n = 3. The complex i ty  o f  problems 

conce rned  w i t h  t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  of  t h e  random 

v a r i a b l e s  R ( R '  ) i n c r e a s e s  many t i m e s  f o r  n > 2. I n  
n i  n i  

g e n e r a l ,  a s u b r e l a t i o n  may b e l o n g  t o  a g i v e n  s t a t e  si (si) 

t h r o u g h  s e v e r a l  d i f f e r e n t  k i n d s  of s t r u c t u r e s  ( n o n - l a b e l l e d  

d i g r a p h s ) .  Consequen t ly ,  t h e  computa t ions  of  v a r i o u s  

p r o b a b i l i t i e s  of t h e  t y p e  P [ f ( R ( a ) )  = s i ] ,  P ( f ( R ( a l ) )  = s i ,  

f ( R ( a 2 ) )  = s i ] ,  --- become i n c r e a s i n g l y  more i n v o l v e d ,  and 

i t  becomes a l m o s t  i m p o s s i b l e  t o  o b t a i n  t h e  v a r i o u s  sums Sm 

even  f o r  m = 2, and t h e  r e s t r i c t e d  c a s e .  As a m a t t e r  of f a c t ,  

for t h e  g e n e r a l  case,  even  f o r  n = 2 ,  t h e  e x p r e s s i o n s  f o r  

s 2  are q u i t e  i n v o l v e d  (see l a s t  s e c t i o n ) .  However, t h e  

p r i n c i p l e  i n o v l v e d  i s  q u i t e  s i m p l e ,  and t h e o r e t i c a l l y  t h e r e  

seems t o  b e  no d i f f i c u l t y  i n  computing t h e s e .  

L e t  a s u b r e l a t i o n  R(a) b e  found i n  s t a t e  s t h r o u g h  one, i 
--- 8 

127 i I  
and o n l y  one ,  of I d i f f e r e n t  s t r u c t u r e s  s i l ,  S 



( each  of  t y p e  s i ) .  Then 

F o r  t h e  r e s t r i c t e d  case,  
.. 1 

where al and a2 are  any two d i s t i n c t  t h r e e - p o i n t  s u b s e t s  

of t h e  s e t  A .  We may r e w r i t e  

I 
C P [ f ( R ( a l ) )  = s and f ( R ( a 2 ) )  = siql  

i P  
+ E  

p # q - 1  
al * a2 

I I 
+ e  E(R3ipR3iq)  = s 2 i p  

p < q = l  P'l 

To c a l c u l a t e  S and E(R R ) for t h e  r e s t r i c t e d  
Zip 3 i p  3 i q  

case,  w e  n o t i c e  t h a t  t h e  v a r i o u s  p r o b a b i l i t i e s  dc n o t  depend 

on which s u b s e t s  a 

d i f f e r e n t  p a i r s  of t r i a d s  ( t h r e e - p o i n t  s u b s e t s )  w i t h  no p o i n t s  

N 6' and a 1 2 are t a k e n ,  and t h e r e  a r e  ( 6 ) 3 t 3 ~ 2 1  

-17- 



i n  common; (N) 5 :  d i f f e r e n t  p a i r s  of t r i a d s  w i t h  one 5 2!2!2! 

p o i n t  i n  common; (4 )2 !21  4' d i f f e r e n t  p a i r s  o f  t r a i d s  w i t h  

two p o i n t s  i n  comnon. T h e r e f o r e ,  

f P [ f ( R ( a ) )  = s' 

P[ f (R(a i ) )  = 8 and f (R(a , ) )  = s { 

6 :  
s 2 i p  (:)313!2! i P  

51 N 
+ ( 5 )  2!2!2! i P  i P  

a a have  one  p o i n t  i n  common I 
1 2  

N 5 :  P [ f ( R ( a l ) ) =  s and f ( R ( a 2 ) ) =  s 1 
+ ( 5 )  212121 i P  i q  

ala2 have  one p o i n t  in common] 

a a have two p o i n t s  in common] 
1 2  

W e  g i v e  below,  w i t h o u t  p r o o f ,  t h e  e x p e c t e d  v a l u e s  of 

t h e  random v a r i z b l e s  R and R '  f o r  the r e s t r i c t e d  case.  

The e x p r e s s i o n s  f o r  t h e  v a r i a n c e s  a r e  q u i t e  l e n g t h y  and as 
31 31 

s u c h  a re  not g i v e n  h e r e ;  t h e s e  may b e  found ,  however ,  in [ 2 ] .  

Theorem 7 .1  F o r  t h e  r e s t r i c t e d  c a s e ,  

E ( R ~ ~ )  = Nd3[2N3 - 1 5 N 2  + 3 0 N  - 18 + 3d(N2-3) 

-6d2(N-1) + 2d3] 

/ 6(N-1)2(N-2)2 
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E(R32) = N(N-1-d)d’ f 2 N 3  - 12N2 + 23N - 1 4  + d(5N-8) 

-4d2(N-1) +2d3] 

/ 2(N-1)2(N-2)2 

E(B31) = Nd(N-1-d)2(N-2-d) [-(N-2) + 2d(N-1) - 2d2]  

/ 2(N-1)2(N-2)2 

E ( R 3 0 )  = N(N-1-d)3(N-2-d) [ ( N - 2 ) *  + 4d(N-2) - 2d2] 

/ 6(N-1)2(N-2)2 

Theorem 7 . 2  For  t h e  r e s t r i c t e d  c a s e ,  

33 E ( R i 6 )  * E ( R  

E ( R i 4 )  = Nd2(N-1-d) (2N-3-d) [-(N-2) + 2d(N-1) - 2d2]  

1, given in theorem 7 . 1  

/ 2(N-1)2(N-2) 2 

= Nd’(N-1-d) [-(2N-3)(N-2) + d(4N2 -9N +4) 

2 2 / 2(N-1) (N-2) 

2 E(R’ ) = Nd (N-1-d)2 (N-2-d) / (N-1)2(N-2) 
33 

2 
E(Ri2)  Nd(N-l-d)2 (B-2-d) [-(N-2) + 3d(N-1) -3d ] 

/ 2(N-1)2 (N-2)2 

E(Ril)  = Nd(N-l-d)3 (N-2-d)’ / (N-1)’ (N-2)2 

E(Rio) N(N-l-d)3 (N-2-d) 3 / 6(N-1)2 (N-2)2 

8 .  Approximate P r o b a b i l i t y  D i s t r i b u t i o n s .  We p r e s e n t  

now s i m p l e  approx ima t ions  f o r  t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  

of t h e  random v a r i a b l e s  Rni (n 2 2 )  under  t h e  a s sumpt ion  t h a t  

N i s  q u i t e  l a r g e  compared t o  t h e  d ‘s. When t h i s  happens ,  

t h a t  i s  N >> di (i = 1, 2 ,  --- , N) t h e  p r o b a b i l i t y  of  h a v i n g  

a d i r e c t e d  edge between any o r d e r e d  p a i r  of  p o i n t s  (which i s  

di/(N-1)) is q u i t e  s m a l l  compared t o  t h e  p r o b a b i l i t y  of n o t  

i 

-19- 



h a v i n g  a d i r e c t e d  edge betwaen an  o r d e r e d  p a i r  o f  p o i n t s  

(which i s  1 - d / ( N - l ) ) .  T h e r e f o r e ,  t h e  p r o b a b i l i t y  t h a t  R(a )  

h a s  a c e r t a i n  s t r u c t u r e  i s  p r o p o r t i o n a l  t o  t h e  number of 
i 

d i r e c t e d  edges  i n  i t s  co r re spond ing  d i g r a p h  I'(a), In o t h e r  

words ,  t h e  p r o b a b i l i t y  t h a t  R ( a )  i s  i n  s t a t e  si t h r o u g h  t h o s e  

s t r u c t u r e s  s which have l a r g e  number of d i r e c t e d  e d g e s ,  i s  

q u i t e  s m a l l  and may b e  ignored ;  we may approx ima te  t h e  proba-  

b i l i t y  P[f (R(a))-  s i ]  by t h e  sum of  t h e  p r o b a b i l i t i e s  P[ f  (R(a ) )=  

s I s h a s  sma l l e s t  number of d i r e c t e d  edges  anong s 

i P  

S 
i l '  1 2 %  i P  i P  

--- Y S i I . ]  

L e t  P [ f  ( R ( a ) ) =  si] deno te  t h e  a p p r o x i m a t i o n s  as  d e s c r i b e d  

It i s  e a s y  t o  see above ,  t o  t h e  p r o b a b i l i t i e s  P [ f ( R ( a ) ) =  s i ] .  

t h a t  

i n  t h e  form of  an n - c y c l e ]  

( i t )  T [ f ( R ( a ) ) =  s21 = P [ r ( a )  c o n s i s t s  of n-1 d i r e c t e d  

edges  in t h e  form of an  (n-1)- s t e p  c h a i n ]  

(iii) P [ f ( R ( a ) ) =  s o ]  = h a s  no d i r e c t e d  e d g e s ] ,  n=2,  

P [ r ( a )  h a s  no o r  one d i r e c t e d  e d g e ] ,  

n>2.  

( i v )  P [ f ( R ( a ) ) =  s l ]  - 1 - E'l;[f(R(a))= s i ]  i = 0 , 2 , 3  

These p r o b a b i l i t i e s  can b e  computed e a s i l y  f o r  any n, and 

t h e  approx ima te  p r o b a b i l i t y  d i s t r i b u t i o n s  o b t a i n e d .  

Us ing  t h e  f a c t o r i a l  n o t a t i o n  ,(e) w e  f i n d  a f t e r  some 

r e d u c t i o n s  and approx ima t ions :  

-20- 



genera l  case  

5 (n-1) ! [ d (N- 1-d) (n-2)  I n ,  
[ (N- 1)  (n-l )  In 

r e s t r i c t e d  case 

~ genera l  case  

g e n e r a l  case (n>2)  

r e s t r i c t e d  c a s e  ( n > 2 )  

- 
(iv) P f f ( R ( a ) ) =  s l J  i s  obtained by d i f f e r e n c e ,  i.e. 

1 - C P [ f ( R ( a ) ) =  si] 
i=0,2,3 

-21- 



By i n v e s t i g a t i n g  t h e  forms o f  t h e  approx ima te  p r o b a b i l i t i e s  

c 

- P(Rni= m ] ,  w e  may propose  a p p r o x i m a t i o n s  f o r  t h e  proba-  (m) i 
b i l i t y  d i s t r i b u t i o n s  of t h e  random v a r i a b l e s  Rni .  

b i l l t i e s  P 

f i r s t  t e r m  i n  S (approximated v a l u e s  a s  on page 21) can be  

a p p r o x i m a t e l y  w r i t t e n  as 

The proba-  

k , i  
and t h e  a r e  e x p r e s s e d  i n  t e r m s  o f  t h e  sums S 

k , i  

(pi) i 

T h i s  may be f u r t h e r  a p p r o x i a a t e d  u s i n g  t h e  f a c t  t h a t  N i s  

q u i t e  l a r g e  and d i t s  are  q u i t e  small  (N>>di) .  

The o t h e r  t e r m s  i n  S (i= 3 ,2 ,1 ,0 )  are s e e n  t o  b e ,  a t  
k , i  

most, of o r d e r  0 (l); t h e  number of terms i n  Sk,& depends on ly  

on k, not  on N. Thus f o r  f i x e d  k and d ,  t h e  sum of t h e s e  re- 
N 

main ing  terms t e n d s  t o  zero for i n c r e a s i n g  N, and w e  may 

approx ima te  t o  S by t h e  approximate  v a l u e  of i t s  f i r s t  tern. 
% 

k , i  
we o b t a i n  With t h i s  approx ima te  value, say S k , i  Of ‘k , i  

see i f  i t  i s  t h e  g e n e r a l  t e r m  of a well-known d i s t r i b u t i o n .  

F o r  each of  t h e  random v a r i a b l e s  R ( i - 3 , 2 , 1 , 0 )  we f i n d  n i  
t h a t  P c a n  be  approximated by a g e n e r a l  t e r m  of a P o i s s o n  

(IQ) ,i 
d i s t r i b u t i o n  and hence  the f o l l o w i n g  theorem: 

Theorem 8.1 For l a r g e  N, and d<<N 

-22- 



where 

I 
I .  

N - -  2 

d n-1 
8 - (N- l )dn - l ( l  - -) (1 - 

n n+l  
2 2 

N- - N- - 2 

6 
0 

NU 
= - ( 1  

n! 

d n2-n 
-1 n + 
N- - 

2 
(n-2) ! 

n2-2n+1 d d-1 n-2 
n+ 1 1 ( 1 -  -1 n 

N- - 
2 

N- - 
2 

T h a t  i s ,  t h e  random v a r i a b l e s  R are d i s t r i b u t e d  a p p r o x i m a t e l y  ni 
as Poisson d i s t r i b u t i o n s  with p a r a m e t e r s  8 1 ,  i = 3 , 2 , 1 , 0 .  

W e  may remark t h a t  for t h e  random v a r i a b l e  R o u r  r e s u l t  
n 3  

a g r e e s  w i t h  t h a t  of Katz  [S] who o b t a i n e d  a P o i s s o n  approx i -  

ma t ion  w i t h  p a r a m e t e r  - f o r  t h e  s i m p l e  c a s e  n=2 f o r  t h e  

d i s t r i b u t i o n  of t h e  number o f  mu tua l s  i n  a s o c i a l  group (R 

in o u r  t e r m i n o l o g y ) .  

d2  
2 

23  

9. A s i m p l e  approx ima t ion  f o r  e x p e c t e d  v a t u e s .  We have 

have r a t h e r  in- s e e n  t h a t  t h e  e x p e c t e d  v a l u e s  of Rni and R '  

v o l v e d  e x p r e s s i o n s  even  f o r  modera te  v a l u e s  of n, and a re  com- 
ni 

p u t a t i o n a l l y  d i f f i c u l t  t o  o b t a i n .  Consequen t ly ,  s i m p l e  

a p p r o x i m a t i o n s  for E(Xni) and E(RAi) would b 2  c o n v e n i e n t .  The 

n a t u r a l  way seems t o  be t o  i n v e s t i g a t e  t h e i r  l i m i t i n g  values 

a s  N t e n d s  t o  i n f i n i t y .  

-23- 



L e t  u s  suppose  t h a t  t h e  v a l e n c i e s  d a r e  s i m p l e  l i n e a r  i 

f u n c t i o n s  of N, t h a t  i s  di= e i (N-1) ,  Oc e i  5 1 ( i=1 ,2 , - - -  ,N) : 

B i =  dil (N-1) is t h e  r a t i o  of t h e  number of p o i n t s  w i t h  which 

P h o l d s  t h e  r e l a t i o n  R t o  t h e  t o t a l  number of p o i n t s  w i t h  

which Pi h o l d  t h e  r e l a t i o n  R. I f  N be  l a r g e  enough s o  

i 

t h a t  a l l  Bi's are  a lmos t  t h e  same, or i f  a l l  d i t s  be t h e  same 

( r e s t r i c t e d  case) s o  t h a t  a l l  0 's a r e  e q u a l  t h e n  t h i s  common i 

v a l u e ,  s a y  8, i s  much more meaningfu l  and d e n o t e s  t h e  ' r a t e  of 

v a l e n c y '  f o r  t h e  r e l a t i o n  R(A). L e t  0 = d/(N-1) f o r  t h e  
N - 
C dI/N(N-l) = d/(N-1) f o r  t h e  g e n e r a l  r e s t r i c t e d  c a s e ,  and 0 - 

c a s e ,  where i s  t h e  ' average  v a l e n c y '  (= C d /N) f o r  a p o i n t  

in t h e  s e t  A.  

i-1 N 

i o 1  i 

* * 
L e t  E ( R n i ) =  l i m i t  E(Rni/(:), and E(R' )= l i m i t  E(RAt)/(:)  

We o b t a i n  e a s i l y :  
N*m n i  N+= 

Theorem 9.1 8(R239 Ri2) =* 0' 

* = 1 - 2 0  +e2  E(R20-' R i o  

* 
Theorem 9.2 E(R 5 R i 6 )  = O3(0-2)(2e2-28-1), 

33 * E ( R J =  se2(1-e)2(1+e-e2), 

* 4 

E ( R 3 * ) =  ( 1 - 0 ) ~ ( 1 + 4 0 -  28')  ; 

E ( R ~ ~ ) =  6 e 2  (1-8) 

E ( R '  1- 6e3(1-e)2(2-0), 

* 
* 

34 
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.I 

I -  

* 
Theorem 9 .3  E ( R 4 3 ) =  0 4 ( 6  + 368 - 104e2 + 24e3 + 177e4 -25213~ 

+ 15686 - 488’ + 608) ,  
* 
~ ( ~ ~ 2 ) s  2 s 3 ( i - e I 3 ( 1 2  + 368 - 7282 - 16e3  + 90e4 

- 57135 + lit+), 
* 
E(R41)’ 2e3(1-e j6(52  - 518 + 5 e 3 ) ,  
* 
E(R40)’ ( 1 - 6 ) 6 ( 1  + 68 + 21e2 -7203 +788‘+ -36e5+6e6),  
* 
E ( R ; , ~ ~ ) =  e4(6  + 368 - io4e2+ 24e3 +177e4 -252e5 

* 
+156e6 -48e7 +6e8)= E ( R b 3 ) ,  

* 
E ( R i 9 ) =  884(1-0)3(6 -13e2 + 9 e 3  - e 5 ) ,  

4 * 
E ( R ; ~ ) =  

E ( R ; ~ ) =  

E ( R ; ~ ) =  

E ( R ; ~ ) =  ~ ~ ( 1 - 8 )  (32 + 3 e ) ,  

$(R~ )=  4e2(1-e)’(6 + i i e ) ,  

E ( R ~ ~ ) =  4262(1-e) lo, 

E ( R *  )=  ( i -e )12  

6es (1 -e )  ( i o  - zoe  + 1 4 e 2  - 3 e 3 ) ,  

~ 2 e ~ ( i - e ) ~ ( 6  - e - 5 9 2  + 3831, 

403(1-6)6(8 + 218 - 3082 + 1 ~ 3 1 ,  

* 
* 

* E ( R ; ~ ) =  12e3(1-e) 7 ( 2  + 3 8 1 ,  
* 8 

4 3  * 
11 * 

E(Bil)= 129(1-4) , 
* 

40 

We give below some computa t iona l  checks of t h e s e  l i m i t i n g  

( approx ima te )  v a l u e s  of E ( R  ) and E(RAi) w i t h  t h e i r  e x a c t  

v a l u e s ,  for t h e  p a r t i c u l a r  c a s e s  N = 25 ,  d = 3 ,  n = 2 , 3 ;  and 

ni 

8 = 1 / 8  = 0.125. 
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Table 9 . 1  Showing the approx imate  and e x a c t  v a l u e s  of  E(R ) 
n i  

f o r  n = 2 ,  3 ,  and N = 25,  d = 3.  

n = 2  n * 3  

Exact Approximate Exact App r o x i n a t e  
v a l u e  va lue  va lue  v a l u e  

4 . 7  

65.6 

- 
229.7  

4 . 7  

6 5 . 6  

- 
2 2 9 . 7  

1 0 . 0  

184 .9  

111 .8  

1993 .3  

~ 

1 0 . 3  

1 8 3 . 1  

1 2 6 . 4  

1980.2  

Total 300 300 2300 2300 

T a b l e  9 . 2  Showing the approximate and e x a c t  v a l u e s  o f  E ( R A i )  

f o r  n = 3 ,  and N = 2 5 ,  d = 3 .  

Exact Value Approximate 
v a l u e  

1 0 . 0  

35 .1  

149 .9  

180 .2  

911 .8  

1013 .1  

1 0 . 3  

38 .7  

1 4 4 . 5  

1 8 9 . 6  

884 .8  

1032.2  

T o t a l  2300 2300 
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* 
For 8 = .1,.2,...,.9, t h e  v a l u e s  o f  t h e  ratios E(Rni)  and 

&(R' ) have  been  computed f o r  n - 2,3, and 4 ;  t h e s e  v a l u e s  

a r r a n g e d  i n  t h e  form of  t a b l e s  a r e  g i v e n  i n  [ 2 ] .  I n  a p p l i c a -  
n i  

* * 
t i o n s  t h e s e  t a b l e s  showing r z t i o s  E(R ) and E(P' ), and t h e i r  n i  n i  

c o r r e s p o n d i n g  g raphs  with 8 a s  t h e  independen t  v a r i a b l e  may 

be used:  
* * 

(i) t o  es t imate  t h e  r a t i o s  B(Rni)  o r  E ( R i )  for p r e d e t e r m i n e d  

v a l u e s  of  0 and n, 

( i i )  t o  f i n d  t h a t  v a l u e  of  8 (and h e n c e ,  d )  which f o r  a p r e -  
* 

de te rmined  n, will g i v e  a c e r t a i n  p r e a s s i g n e d  r a t i o  E(R n i  ) or 

( i i i )  t o  f i n d  t h a t  v a l u e  of n which f o r  a f i x e d  0 , w i l l  g i v e  
* * 

a c e r t a i n  p r e a s s i g n e d  r a t i o  E(R ) or E ( R '  1.  n i  n i  
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