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NOTATIONS

a Major axis of meridian
ellipse or radius of circular
cylinder

b Minor axis of meridian

ellipse or height of dome
t Constant shell thickness
An, Bn Coefficients of series

expansion for radial deflec-
tion and stress function,

respectively

A, A, Lamé parameters defined by
equation (A7)

Rl' R2 Principal radii of curvature
of the middle surface of a
shell equal to kav3 and kav,
respectively

Rg Radius of tne parallel circle
of a shell

k B

Q,Q Middle surface coordinates

1

v

(1 + (x2-1) sin?¢ J%

*The letter "A" refers to an equation of the
Appendices.
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Young's modulus

Poisson's ratio

cos §,

number of buckle waves in the
circumferential direction

Total axial tensile load per
unit circumferential length
at the shell equator

Axial tensile load per unit
circumferential length at the
shell equator due to liquid
load and its inertial force

Internal pressure

Rormal load per unit middle
surface area

Additional force components
per unit length in the buckled
shell

Membrane force components per
unit length prior to buckling

Normal buckling displacement
of a meridian point

cos ¢

Altitude angle of the truncated
edge (see Figure 2)

Stress function defined by
equation (2)

Laplacian operator defined by
equation (A4)

Differential operator defined
by equation (AS)

viii



Ky, K,

Principal curvature of
middle surface, see equations
(A10)

Resulting axial force (see
Figure 4)

ix



CHAPTER I

INTRODUCTION

The desire to reduce structural weight in missiles
and space vehicles in order to increase payload has
resulted in thin-walled shell structures subject to
elastic and inelastic buckling as one primary mode of
failure. 1In many instances an adequate buckling analysis
or experimental information is difficult to obtain. Con-
sequently, very crude but hopefully conservative approxi-
mations or idealizations are employed for analysis of the
design. Often designers even avoid entirely particularly
lightweight configurations because of the complete lack
of experimental or theoretical information on potential
instability problems. The results of the above situations
may be either the choice of a design which may not be
near optimum or, perhaps even worse, a very expensive

static test or flight test failure resulting in costly

delays and vehicle modifications.



/This paper discusses a stability problem of a
‘\___’,.w .
missile liquid propellant tank., Primarily, the buckling
of missile shells consists of two factors:

(a) Internal pressure. In shallow shells of
revolution (i.e. where the ratio radius of cylinder "a"
over height of dome "b" is larger than+ 2 ), the internal
pressure can produce circumferential compressive stresses

of sufficient magnitude to cause elastic buckling of the
knuckle part of the shell. 1In 1964, Adachi and Benicek
[l]* made an experimental investigation on buckling of
bulkheads with toroidal transitions between spherical

caps and cylindrical walls under internal pressure.

(b) Axial tension. 1In deeper bulkheads of revo-
lution (i.e. a/b=<+#/2 ), the internal pressure acting on
the concave surface produces predominantly tensile
stresses without introducing the possibility of dome
circumferential buckling. Then, the main cause of
buckling of these kind of shells is axial tensile forces.

This paper, however, discussesfﬁuckling of the

knuckle of the joint between a cylindrical shell and a

*Numbers in bracket refer to the list of references.



semielliptical bulkhead under axial tension:\ Since the
ratio of the length of major to the length of minor axis
of the shell considered is 42 , internal pressure cannot
produce circumferential compressive stresses to cause
elastic buckling. The buckling of this type of shell is
mainly due to axially tensile load (including liquid

load and its inertial force). Viewed from testing patterns,

the buckling of a shell of revolution under axial tension

occurs primarily at the region where its curvature is
largest. Thus, for simplicity, this type of shell may
be replaced by a truncated semielliptical shell under
axial tension to examine its buckling behavior by intro-
ducing adequate boundary conditions.

In 1963, Yao made the investigation on buckling of
a truncated hemisphere under axial tension [2]. A
similar basic idea is employed in this paper, but the
problem discussed in this paper is quite different from
that of Yao's paper.

In the analytic work, Vlasov's small deflection
theory and Galerkin's method are used. The numerical

execution was performed by means of an IBM 709 computer,



CHAPTER II

ANALYSIS

Examing buckling testing patterns, we know that a
shell of revolution under axial tension, as shown in
Figure 1, will buckle primarily at its knuckle part.

Thus it may be possible to examine the buckling behavior
of a truncated semielliptical shell of revolution (shown
in Figure 2) instead of that of a complete semielliptical

one by introducing adequate boundary conditions.

l. Basic Equations

The following geometric relations are introduced:

vl

1
(1+ (k4-1) sinz¢ Ik

R = kav3

R2 = kav

(1)
R = kav sin¢



(a) Equilibrium equation. Using the middle surface
coordinates @ and € , as shown in Figure 3, we know that
the equilibrium condition in the direction normal to the
surface for an elliptical shell element can be expressed

by the following equation [3]

Et’ - .
gy AL W) — D@ 2

where

A = gy (%t et +3ck-nsngeosd )G

+ v4 ox‘?@%j 03)

sing 2

_ / 2?2 os
D= VEp V’sin¢{ % W [C +3(;62—-/)5m§)605@%-

+ 2
t Sing %) (4)

é = stress function

For derivation of these equations see Appendix A.



The additional force components in the buckled

shell wall are given by

_r’, = - :ch;zvz[csczé gé + CO£ ] (5)
T = - ;é‘a"’ -2 Ela (k’—!)&wcossﬁT + 89 ] (6)

l P 2 o9
Tpe = k’a‘v‘singa[ S8 — Vcot9 Jo ] (7)

For derivation of these equations see the Appendix B.
Equations (5), (6) and (7) approximately satisfy
the equations of equilibrium for a shell element in both
the meridional and the circumferential directions.
(b) Compatibility equation. The stress function

# and the normal deflection (J are then related by the

compatibility equation [3]

——AA($) + D) =

(8)



2. Normal Component of Stress Existing Prior to Buckling

In dealing with the problem of stability of a

semielliptical shell of revolution, one must take into

account the normal component of stress existing prior to
buckling.

From equilibrium equations [4] (see Figure 4)

2R, Tgsing + R = 0 (9)

_—[ﬁ’__{.__ﬁl_.g

R, RZ = (10)

2MR'P* - 2map + 13”(02 “RM) =0 (11)

*2 LR
where = "”_P(R R ) 2TTP Ro
and relations (1), we obtain the following expressions

for prebuckling forces

_ 4 P 2,3 2
T?-”—{VE +2k\/(k‘l)[’ kv]}&scé (12)

To,= kavp ~{ o + zgbipy -4} )



During buckling, because of curvature changes,
these finite membrane forces contribute a normal
component. Principal curvature changes of an ellip-

soidal revolutionary shell can be evaluated to be

o'W
ki == gt 5L [3 12 (f* /)smfco#’%s— >] (14)
! 2 ¥ aw
Kz =- £ ar e [V 5624)%% T Co{ﬁbé :] (15)

For derivation of K; and Ky, see Appendix C. The normal

component is

q = -ﬁﬁ-ﬂi - Kz-Tbo

(16)
Therefore, by substituting equations (12), (13), (14)

and (15) into equation (16), and using relations (1)

we obtain the following expression for the normal

component:

q = l;g;j{;? {$4+ 12 Vz(kz—l)s:'n§co5<§>—cot93j%j—

Ve 5 - 2é30 sghar{otd 5

-cot'f ~age ooty 3 - prescigicat’d 2 I3

(17)

a?z +[3VAk-)casY



3. Boundary Conditions

We can aésume that the upper edge of the trun-
cated semielliptical shell of revolution which dis-
places the complete semielliptical one is clamped and
that its lower edge is simply supported, depending
upon the following facts:

(a) The upper edge of the shell is actually
stiffened by the presence of a skirt which supports
the tank. (8ee Figure 5).

(b) The shell will buckle primarily at the
region where its curvature is largest (see indicated
buckling pattern in Figure 2), and buckling does not
arrive at both edges of the truncated semielliptical
shell of revolution .

These conditions may be expressed as

(18)

>

CLI:Z‘%$L== o at §==‘g;
u):%}—‘fzo at gb

W=0 leading to
T§>=T;>e=0 at ¢=%‘and§7o

or, for equations (5), (6) and (7), to

§= %%——:0 at §J=%——and ﬁ (19)
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4. The Method of Approximate Solutions

A possible method of solving the problem would be
first to assume an arbitrary normal deflection function
that satisfies the normal deflection boundary conditions
(18); then equation (8) could be solved for the stress
function § in terms of a particular solution involving
W and the general solution of the homogeneous equation,
the constants of integration being determined by the
stress function boundary conditions. Finally, the
normal deflection function and the derived stress
function can be substituted into equation (2), which
then would be solved by means of the Galerkin method [5].
Because it is difficult to solve for the stress function
in terms of the normal deflection function, however,
this method of solution can be replaced by the equi-
valent process of choosing arbitrary functions that
satisfy the appropriate boundary conditions for both
the stress function ¢ and the normal deflection func-
tion (U and solving both equations (2) and (8) by the
Galerkin method.

Thus,

(20)

jg r“ [%37) AAWH-D(@Y - 9JSwR R, sing dodp = o
b %



1l

¥ T
jz j (LA A@T +DW)]S8" R R, singdedd=o
$, % (21)
where LUr and §* are proper functions subjected
to the boundary conditions given by equations (18) and
(19) and 8 expresses the first variation.
For convenience, the following substitutions

are introduced:

X = cosé, g = cos¢

%—z—(/—x’)z 397
32 2 _ L
o§T = “‘X’)%ﬁ A 9X (22)

_ /
[&2-(k2-1) X3]*

v

<

_ /
[ (X 35

The boundary conditions (18) and (19) then become

w
38 } at x=0 (23)
¢=35—=29°

and

XZ

W=0-xy3W —xgd=o
X
} at Xz/( (24)

_T‘—:O J
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Substituting the relations (22) into equation (3),

we have

XY )x . 2 2
N =X s )XJ W <l-x‘)[k‘ o Xz][ﬁ |- 2(k1)K] S

. | P
+ (/—X))z[kl_(kz__uxzjz 392)
(25)

Therefore,
A MYAVAN

= (/-x2)? [kz*(ﬁz‘/)XzJGQB;T
3
t 2U-x) L A7 - (£7-1)52) 3k 13 - B -1)x] S5
+Ek2—</e’—ux’f{2('7é’ +12)X* 110 4%~ 4

—2(&°-1)(8ox* - 25x2 -36x +3)

+ 2487 [PX2 (1A + 28 (R 1)XCUAY 4+ 442 I?
£ (1) X2 )2

t LR K-)XT>{ B8R 1-XIX (3K -5k 0] [ 14343
—3&-DX] + 4x[2k7 4] 2 IR -6

4
2 2 274 2
207 kR 0x ) P

BLE - (A1) XL =103 - £x] >3
| — X2 X IO

+

[k*- (éz‘//)(zjj 2(/-342 i(éiﬂ_z(/"/{’f) >



(42 - (62-1)x232% ¢
(1-x3)2 26*

+
(26)

Substituting the relations (22) into equation (4), we

have

7 2 2 2 2
_ U -pxc 2 [5L)X2 5K £33N D
D= £3q° { ¥ T (1I-x)[£2 - (k*-1)K*] X

| >
+ U-X2)2(p2 - ($2-1)X*] 96’} (27)

Substituting the relations (22) into equation (17), we

have

g = B BEOXI% (30 skt a J 212
ﬁjaz BXZ é{_(é{_,sz _;Y_ (/.Xz)ZEéa__(éz_u/\,zj 392}

prk- (kt/)x*]g 2 2w / 2 b
B 2%°q {X X2 (AL x? EC —ux*—:ff];)“}

2 2 by
s i

- [
(=X dtpyg VT T -k (28)

e *
Suitable expressions for W and f which satisfy

the boundary conditions (23) and (24) may be taken as

* N
W= AnX*(x-4)(1+0,X") casSME
n=2

(29)
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_ 4~ 5.§°
where an = (5+2n) pr* ~?£+2n}j”

* N
= ZBan(X-j)”cosme
n=2 (30)

Therefore, applying the operator A/ [equation (26)]

on the function (,U* (equation (28)1, we obtain
» N
AL (W) =?’54_§ An{ G- L& (RT3 nt2)int) NG x
—(n+2)(nHINN=1) Gp f X" 2]+ 8 U-XI[ K2~k )y2 ] 5
X[BkExX3 - BALYX]LnR3)(N+2)(NH) A p X"

~(n+2)(n+NG, L " 46 ] [ B2 (h1)x2) 10k ~4

— 2% 1)(Box*-25)2-36x+3) + 20162 +12)x 2

2 2.2 2
+ 24(B*-1)°X O—;’%_fé%ff)jg120—19f4*2][(n+3)(n+2)a,,,y””

~(Nt2)n+1)An f 47+ bx-20 ]+ (k2= (b 14° T

x{ 8 B)0-xIX BF-5 K-y [1434-3 (k)]
+4x[28%+1 - 2061)X*][Bk?- tq(k’—/)x‘]} [(n+3)Gu X"
- (MDA [y ™ 43X2-24)) - 2m*[£2- (k1) x*]*

X [(n+3)(n+2) OnX"“ - (n+2)(N+1)Qn ],y ntéx —,zjj

- B A PR [ (43, 7e2
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- (n+2)0, £y ™+ 352 - 24x)

2r4?_rp2 Jj s 2 2, 2 N
- [k(,(_’f(z)'{f [2¢1-3x% + 42{_’/(’;2(/_/’;;2 o4

2 2
'(H‘On)(")f m"l’ (7_{/6254)/!, f (X f/(/‘fﬂ X"}}mma (31)
Applying the operator [) (------ ) on _EE*( ------ ) we

have

x ﬂ. - 2 2 7{; _
D@) = 2 B, ! XJ)[’;J;’E sl {n(n—/)[X"2(X—I)”

+ 72X o) X -2 )

L5k~ ))x*~5£2+31X Nl ., pn
+ -X)[k? - (%)) x?) Cnx ™ ox-£)+nx w-£"")

[\/

_ m2 n _ n
(I-x2) [R2-(%2-1)x?] XoA) }Cosme (32)

\ >
Applying the operator AN on $ (equation @0)],

we have
ANP) =—7a—2. B, {(/—X’)’ (4% (k)X ] Nin-p(n-2)
n=2

(XA )P - )T 4 SR )7 - f)"

+40X )" 3 )" + 80w IR (K127
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[32x 3k2pxInn-1)n-29 X" o-b) 4 25X - p) ™
A" -2 4y "X 0) P OBk 1)x2 7

. {2 (1752412)X? $10k*~4 -2(k% 1) (Box*-25x3 36y +3)

2y 27/ 212 >4 2 2
+ 241 N2U-N2P 4 28 (K2 DXP(1-x2) +4X YL
A o gy
F 20y -0+ XM= + LA k) x)?

. { 8 (k™ 1) (I-XIx [3&*-5 (2 )x[1+3 £33 (F%1) X?]

+4X[2£%] - 208 CIBE- 19k Yx ] X2 a- )7

r ALy -0+ x-A)" ] BMATEL 2 P-4

/= X2
Ik " o=-4)" +nx"x-4)""- m?[£%- (#2127
(1_*2/2
I 20-3x2) 4 2ELXUND Y ynoy g0
{20-3x%) + RSy }X X-A)

4 2_ 2 279 n

(33)

Performing D on (W), one finds

”» N 2 S 7Z
by ZzAn =) U;,;fﬁ_%q/ { (N+3)(N+2)Gnx "1/
n=

— (s n o4 LER=DX-542131%

« [(N+3) O X2 — (nt2) ap A X + 3X°-2.4x ]

2

— m
(1=XY? (42~ (%% )x]

X2(/Y'f)(/+0,,X”j} cosme
(34)
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Substituting equation (29) into equation (28), we obtain

N 2_ 4 2 Ve
=S A Pr# é(faz/)x J]{(ﬁfﬁ)(l’)fQ)gn)( " ez intt) Gn X"

n=2

tox-24 — i{%[(nfj)dnx "3 iz a fr "

+3X%7 -2407 + (/—)r’)[ér‘i’jk‘—uxzj X ohitag " cosme

_Z A P - h2pxia%

2hig {(m—sj(nm)a,, xnt3

—(n+2 / n+2 3 _ <_ 3(}i])12‘2%2
(n+2)(ne)) g, £ X™* + 647 -24% Gl 2R

[ (n+3)A X" — (n+2)G, AN +3x3 - 2447
J

m? X° 24"
R ERI ETO R R St ey

X2 )1+ 8,57 | casme (35)

Substituting equations (31), (32) and (35), and

relations (1) and (22) into equation (20), we obtain

J f [ 2(,,/,9 73 Z: An { (-x°L&*- kX2 ]* ((nt3)n+2)(n+na, x™
— (h+22(n+Dn(n-1)G, Lx "2) + BU-A Y[ (R )x? f [3(k*-1 X3

— (32 DXIL(MFDNF2) (DY X" = (n+22(n#HNGn LX " + 6]

4 (k7 (kX220 4% +12)%° ~ 2(621)(BoX* 2552 36X +3)

2 24 (R )X (UAYZ+ 28R X" U=K") + 42
+10k*4 + & (A2 )X J:
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« [(nt3)(n+2)0n X" — (n+2)(n+1)0n AX"+6X -2 4]

+ [f2= (h*1)x2] { BF 1)1~ )X [3R*-5 (b px2][1+3kL3(6% 1 )x?]
+AX (247 + [ -20k- )X ]B&A-1 Jk* - DX ) J[(n+3) T X" = 142)4, S 5™
+3x7-24x] - 2m? [ £7- (k0T L0432 G, 4 H - (n2)(n4) 8, I

2 2 2 2
+6X _2!J+ Bm /L[é "(k‘U/\/J‘Z f(n+3)aan+2_(n+2)0nIX’7+/+3X2

I=Xx2
_2/,}] — Lk E/Ei';)/zj/\dj [2(/_3/\/2) + iéé_—ﬁz(j_(,_[/?zjj’w(x‘ﬁ
x° " N 2 2,,y21%
CCI4ayTy + A ((x/-jy/}(/joﬂ)r/ } — S B, LAk 52@ 2y x°]
/ =2

. { nin=)[X "2 =)+ 20y " =) Xy gy 2 ]

(S 1) x2- 542 +3]x nel ., g n,,_ pn-i
T (=X2)[%2 - (k%-1)X?] [nx™ 0= )™ 4 nx -4y J

X - A" ,% y. Pré*-kt)x21*
(I=X)2 (8% (6% 1ux’] } e @

. {(n'f:i)(r)-fQ) 779 Sl (n+2)(nfl)0,,//r”+éx -24 —f%z

. nt3 _ +2 3 - 2 7
[(n+3,q, X (n+2) @y A X "2 +3x% - 24473 + (XD [ (k2 1)x%]

5 N 2 42 274
‘X (X"j)(/‘f’ofv/\’n)} + ZAH fpiﬁ (kz 1)X J {[(nfjj(nf'Z)d,,X"B
h=2

—(N+2 | nt2 3 _ 24 [B3k~)X7-2£7]
(n+2)(n+1) G AX "2 + 63 - 24427 e S

2
(38, X7 — (nt20, X" + 353 ~D px2]+ (:—w[ézz(éi//)ri?

< 3 .
o+ A*jf*-u)(z]X‘(X -£) (118aX") }J)(z(x—lj( 140, X7)

. cas’mode = o (36)
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Substituting equations (33) and (34), and relations

(1) and (22), into equation (21), we obtain

J J kaEt ZB { =X LR?= (b2-1)x* ] nin-1)n-2)[(n-)x™*
(X-A)" +4n)(”‘3(x—/)” o LOSLD )12 (x- f) 72

+anX " -2 1 (n-3)X"(x4) T4 ) + 8u- X[k -k*-1)x2)

CBEVX3- BEOXIN(-Dn-2)[ X3 (- "+ X" -p)”

T X T X ") R (%"-/JX'JB{Z(/M%Q)W
- 2(k~1)(80x* -25X°-36x+3]+410k*-4

2 )2 2., 212 2 4y 2 2 -
e

+ =X =) T X k- ) T+ LA - R 0x2 {8 k)

 U=x0X 387 -5 (K= )XJUI+34%-3(k*-1)X%] 4+ 4x[ 242 +/
— 20X [3£7- 19 A1) ] [y " x-d) "4 nx - 4) "]

-2m3[ k*- (ﬁ‘-/)x’] nn-0)[x"u-4)" + X"/OY L™

+x"o-4" 2J+ 8m ){[éz_;f‘ Yx21° [n)(n-/(/r_j/n_fn)(nu_jjn-j
_ mrkE kXA vy g HERUXRU-X2 ) un,. g0
. {2(/ 3xY + é‘—(k‘-//x’}’Y x-4)

Nev_ g0
+ TS L+ 5 A=tk x5 sy nizag, g

—(n+2ntDa, Ay +6x-24 + U[j,ﬁ'[’/{{_‘éf_l’;;%* [(n+3)3,X™
- (nt+2) A A3 "+ 3x2-204] - (,_wz[[,’f ;k’- VD] xo-d( /mmY?}]

'XJ(X—/}jdx cas?mede = o (37)
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By droppingj cas’mede # o , equations (36)
[

and (37) become

S E'és 1 2rg2
> A, ,2(,.//2)4?03J {("Xz) [k~ (&~ )x21*[(n+3)(ne2)(n+1)n A, X
n=2 A

= (N42) (DN (N=1)Gp f 4 "2 ] + BU-XF VR = k1N P [3 (4%1) X
— BR-DX][(n+3)(N+2)(nt )8, X7 = (N42)(N41)NAy f 5" 46 ]

+[£% (kz_,),w]’[ 20 k%12)x2 —2(f%L1)(8oxy*-25x2 -36)+3)

2 2 2 2
tiop- 4 ¢ 24 Xe(”%z?iﬁjﬁf(ku t4X 2][(n+3)(n+2)

e Qn X" — (nt22(nH)a, Ay "+ 6x -2/)+ [#—(k‘-uxzj{éa(k‘—/)(/—x’)

e X[3R® SR DX JL1+34%-30k*1)X2] +4X[2k%+ 1 -2(4*-1)x%]
- [3%&% - /9(16‘—1))(2]} [(n43)a,x""2 —(nt2) A, Ay "t +3Xx%-24x]

—2m’ [R* - (k)X T [(n43)(n+2)8a X "' = (nt20(n+1) Ay ) "+6x-24]

+ & mz’vﬁfj‘x[f&"j*gz [(nt30Ga ) "2~ nr2)a, Ay " #3407 24y ]

2 2 2 2 2 2/,
- T a-ses + L o cr- 0017

mECU-D)U+Gnk") 7 2 ‘
(5r Jxr oyt apdx

N £
_ ng}_%_j (,_Xg)f/kz_(ktu)(zj% {n(n—u [Xn-z (X—j/ n‘f'%xh—lﬁ"f/ﬁ

n - Eglkl—‘u/\f&—d_kl-fj’]/\’ n-t, 4N n . gyn-t
X" (x-4)"7 ]+ YT (4700 [nx " -+ nX"(x-4)" "]

- m?* noo vz >
-kl X A"y Ay (144 )dy

N
- z Ag_&j!['k{_ (%2 /)ij}’z {[{m—j)(nf-})a,,)("*/— (nt2)(n+1)4, ],f”
n=2 » '

téx-20]- (ﬁ‘fcgﬁfw [(n13)Q, X" -42) A, Ay ™2 4353 5457 +
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m? /
t T3 T gy X AN A" y X2 a-4) (14 G X ) dly
+§ Anﬁ j[kz_(kl./jxij5{[(n+3)(n+2)anx”*3—(n+2/(n+//d,,/ *

nt2

_+é)(5 2/X 1-"% B(k ~1)X2-2k° ][(n+3)a,,x"+3~(n+2/a,,[,y

- (f*-1)X?

3 2 2é2 2
+:3X —ZIX J + (/_Xa)Ekg (kz /j/\,gj[ __/Yz + kz (f‘z /)X‘?]X
: <x-,w<_z+anx”)} X x-L) (14 G X dx =0 (38)
and

nzli B, %aé—t j l{ (=X LR (k*-1) )3T * nin-pin-2)[<n=3)x " (r-4)”
+—4n)(”‘3(x—,f’)a"" + %ﬂix”‘z N-A)"2 gy (- f)"73

4 (=3)X"X=- L)+ 8U-x [k - (kL x PRBRLIX- (3k%1)x]

e nm-Dm-2)[ X" x-H" + :3f72 X2 - ) 4 )rn e

+ X" x-A) "+ [k (k- /)x’]3{2(17k‘+/2)x" - 2(h%1)(8oy* - 252

+ 24 (L)X 21122 12882 )20~ +4x°2 }

_36X+3)+/Ok2"4 ﬁd_(éé_u)(z

=Y [X"20-D" + 2= X" =B X ) 72 ]
+[%*-(k*-1)x*] { Bk*1) (1=yyx [3k- 5 k- 1xJ[1+3%7 -3k 147
+ax [2&+1-2(k%1)x ] [342-19Ck*1)x* J} Loy ™ cx-4)"
+nx"x-£)"" Y - 2om? [k - R AOXT -y [X "2 (x-4)"

- - 27, 8m¥[k* (kX ]
t o= XU X - R ) STAUEEE e

n-i
DXty X o)) - R (2050
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X2 (1 42 4N,y g0 - .
+ A I xno- ) + A0 3= ol

N {
1> A, | -xALR-(RA0x] % { [(n+3)(N+2)G, X ™' = (ne2)(0t) 0, AX
n=2

L [E-x 5k 3] X nt2 nel
16X -20] + (/—xz)[k*—&*— ZS 0, X" - (nt2)a, Ay 743y

-24x] - X2 (x- B (1#@nX ") JA APy = 0

(/ 1)2 é) (kz J

(39)
By integrating equations (38) and (39), we get the

following equations:

y £¢ | |
> {{mion I —Eny +£904,- % 8,) =0
n=

(40)

Cni
(doj An t Zgpg Bn) =0 (a1)
n=2

where J=2.3.4--"N

. . _ a _
Introducing the relation P = Pg + g— (where P

external axial load) into equations (38), we obtain the

following equations

tﬂ
3 sy £ oAty ) =0
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N :
> dnjAn + zaib@t—B,,) = 0 (43)

n=2

where J= 2.3,4 ——---N

For fnj' hnj' qnj' gnj' dnj and enj' see
’ Appendix D.

For a nontrivial solution for AL and Bn' the
determinant of their coefficients in equations (42) and

' (43) must vanish, yielding an algebraic equation in the

\ following form
fmPe + Lump =Fm
(44)

where f£;(m) (i = 1, 2, 3) are rational functions of m.

Equation (44) can be solved for P, i.e.
B =¢m

The minima of P, for various p are the critical values of

the axially tensile loads (Pg).




CHAPTER III

APPLICATION OF A SPECIAL PROBLEM

The general characteristics of the special
semielliptical shell of revolution made of aluminum

alloy 2219 are (see Figure 1l):

a = 198 in

b = 140 in

t = 0.163 in
h = 68 in
l = cosgL
= 0.647
E = 10.6 x 10% 1b/in?
Moo= 0.33

By substituting the above values into equations (42)
and (43) and taking one term in the summation (n = 2) we
find that the determinant of the coefficients of equations

(42) and (43) yields

24
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) - -9 6
(1.6139%/0™* + 0.8357x105m? —0.9543~/07m*~ 0.3388x10'm®) B,

— (0.00405 +2.0894 /073 mP-2.38575/05m*-0.847x107m*®) £

+ 0.7889 -~ 0.0637|m?> +o.ooog7m4 +0.37596 x/0"¢ém*®

+0.1933x/07° M8 = o (45)

Putting internal pressure p equal to 0, 5, 15,
25, 35, 45 and Sspsi respectively, we get the buckling
loads P, for various number of waves (m) (see Tables 1

through 5).

The minima of these buckling loads are the

critical tensile loads for internal pressure 0, 5, 15,
25, 35, 45 and 55P%1 regpectively.

The pértinent numerical execution was performed

by means of an IBM 709 computer.




CHAPTER IV
CONCLUSION AND DISCUSSION

It can be observed from Figure 5 that the
critical load of tension increases with the increase
of internal pressure. This fact indicates that internal
pressure will decrease the degree of buckling of this
type of shell.

Figure 7 shows that there is an approximate linear
relation between critical tension load and internal
pressure in this particular problem. From the equa-
tion (44) we know that, for m = m,, a linear relation
between P, and p holds. m, indicates the argument for
which P, is minimal for a given p. Actually, for all
P the number m  is practically the same, thus giving
the above mentioned linear relation shown in Figure 7.

The subject problem is an interesting one, as
it is a particular example that an elastic system is
buckled by tension, although the real cause of the

instability is the compressive hoop stress. Certainly,

26




there remain many areas for future studies, among them
determination of the buckling load by large deflection

theory and consideration of initial imperfections.
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TABLE 1

BUCKLING FORCES FOR INTERNAL PRESSURE p = oPSi

m Pe 1b/in
10 11782
20 4157
30 2953
40 2343
50 2029
60 1871
70 1804
80 1794
90 1823
100 1883
110 1966
TABLE 2

BUCKLING FORCES FOR INTERNAL PRESSURE p = sPS1

m Pg l1b/in
10 13640
20 5413
30 4203
40 3593
50 3279
60 3121
70 3054
80 3044
90 3073
100 3133
110 3216
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TABLE 3

BUCKLING FORCES FOR INTERNAL PRESSURE p = 15P51

m Pe 1lb/in
10 17357
20 7923
30 6705
40 6094
50 5779
60 5621
70 5554
80 5544
90 5573
100 5633
110 5716
TABLE 4

BUCKLING FORCES FOR INTERNAL PRESSURE p = 25P8i

m Pe 1b/in
10 21074
20 10434
30 9206
40 8594
50 8279
60 8121
70 8054
80 8044
90 8073
100 8133

110 8216
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TABLE 5

BUCKLING FORCES FOR INTERNAL PRESSURE p = 35P5%

m P, 1b/in
10 24791
20 12944
30 11707
40 11094
50 10779
60 10621
70 10554
80 10544
30 10573
100 10632
110 10716
TABLE 6

BUCKLING FORCES FOR INTERNAL PRESSURE p = 45P8i

m Pe 1b/in
10 28507
20 15455
30 14208
40 13594
50 13279
60 13121
70 13054
80 13044
90 13073
100 13133
110 13216




TABLE 7

BUCKLING FORCES FOR INTERNAL PRESSURE p = 55Pf%

m Pe 1b/in
10 32224
20 17966
30 16709
40 16094
50 15779
60 15621
70 15554
80 15544
90 15573
100 15633

110 15716




Figure 1.

General sketch
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Buckling
pattern

Figure 2. Truncated shell geometry and load




Figure 3.

Element of the middle surface
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Figure 5.

Sketch of the upper-end
support of the bulkhead
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APPENDIX A

DERIVATION OF DIFFERENTIAL
OPERATORS A AND D
From reference (3], pp. 264-, 87, we have the
following differential operators for revolutionary

shells

2 cotd | dR s
AN = RT 292 +(.R,R2 R3 dgp)af RIsing 567 (A1)

D—A‘IAZ {agsfé A aga] tS ka5l o

Applying these operators to an elliptical shell

of revolution

R,=— ®aVv?
R,= kaV (a3)
= RaVy?
A,= kaVsind
41
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We arrive at
2 2 2 . 2__
B — {4 11§ o3 psng o)
+vtescd 3o | (A4)

ng g 2_))sin' cosd] 2
D= kBGJvfsin?{ S‘Qﬁﬁ S’?r+[%,§?i +3tk%-1)sin’§ cos$] 5

s
' sy o } (A5)




APPENDIX B

DERIVATION OF ADDITIONAL FORCE COMPONENTS IN
THE BUCKLED SHELL (T4 , Te and T¢9)

From reference [ 3], p. 87, we have

=-S5 A A
To=- 35 59— 7a S A 5
Tyom—ibp (3%~ H %3 - L33 e
The Lamé parameters for elliptical revolutionayry
shells are determined by the expressions
A=R,=kav?,  Ay=R,sing = Ravsin¢ (A7)

and the Codazzi-Gauss conditions [l] reduce to the

relation

dﬁ@%@ _ %,’éf;a_ = R,cosf (38)
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Thus we arrive at .

Tp= ~ L9 35 + < 3

To =~ gageye (3V°(%-) singﬂcwé%r 3;7]

2 2P
T’ k’ V 5,,)? E 8929 -V wté-géLJ (A9)



APPENDIX C

DERIVATION OF THE PARAMETERS OF THE CHANGES
OF CURVATURE (Kl AND Kz)

Rejecting the displacements U and V, in the

formulae for the parameters of the changes of curva-

ture, one finds (3]

gy | A W
Ki= #W(an AA, 98 A, 98
/ | / 2/42 /{ W
Ko=- A 3514 58)— 7'%; 29 A 2$ (A20)

Substituting the following expressions

= kay?, A,=*kaVsin§

into the above equations and using the relation (3]

a’; . 3
7?‘ = kay 60595 (ALll)

one has
= - oy [avapsingeasg 38 + 337
K;== W [:V csC é)_e%[ + cOté J (A12)
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APPENDIX D

gnj' dnj and enj
l., Part I

4 ntjp2)! 21
fnj= Gng I [sm ((nJﬂfﬁs)i = Mn=3)ne2)(rt ) (k*-1)*

, (nt)+i3)! 2 2 4(Nt) t12)!
(RerisgT T (Mmn+a)nt)int2y g y* Tl TEo

) 43
+dna; A Y {L2ninti)(Sk?=1) ~4(nty k™ 2) + 8(24* U]

. (N$2) (n+3)(k‘-lj3%‘-)%*'—l’3%' =2 [n(n-1)Sk*)+2(nt)(5k-2) ]

. 2_ B Anti +10)! 4 (ntjti0)!2!
(n+i)(n+2)(F /)3(,-”._}‘4./2)/ +4m (nt) +13)! }

)t

+-0n0"/?n

7 {(n+2)(n+3)(é‘-/jz[4(nf-/j(/0/é4—8k’+/)

¢ 4_ (h+;+9)!
— N+ (SR* = [0k +)) ~4(6A* -6k +)] FHLIL

+(N+)(n+2) R [ n(n-1) (15k% ~/0k%41) +4(66%~67+1))

ntj+8)! +8)12! nty+g
B8 o BZ o ™ sk

LANN+)(IN+ R (Sk*-5k7+) ~ 40+ 420k % 12424 3)
8Ntk (k- 1)(2k%-1) +2m(n+2) (h*-1) - 4m k-1 7((77%%

+(N+2)(R1)[FM> 1) —ann+0)(n=1) 2 (5k*-54%¢1)
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—om? 2 ntj+é)! (Ht4)12!
— g+ R ED2EZ) = 2mintl) (£ t)J(mj,LB)., +2 4(—,,{;3{@7

y+7
+ana 4 ot {(n+3)k2 [4(nH)(N+2) k2 (k1) (5k%-3)
- NN+ B2 US kR 2087+ 6) ~4 (N$2) k2K ™1) -4 m (nt2)(k*1)

+ 4m*(k*1)] (‘,ﬁﬁ—ff? + (Nt R [N(n+)(n-) &2 (15 k* - 20k7+6)

) +4)!
+ 4(n-) R2R>=1)2 +amin+ kD -4m2(;é‘/JJ—%:TJ+—5))—,

- Y n+j+5
+ m4M } +a"0jX

2
(AF5+1)7 (n+2)(n+3)0,,ajk [2n(n+)

6 2 2 (n+2+3)/
. (BC+2k%-2) -4t k1) +2m éz]mﬁ,%‘_,

( Z {
- 20N+ K3Nn-) kSt 2k2-2) +mgd )AL

ntj+3 (ntJ)! ti+1)!
, 1 4% _, nt _ (ntJ+1).
+@na;nine)(nt2 K5 [-035iom <n+3)———jm+j 1

ntis 2,4 _(Nt12)!
+ 0, 4777 {(prnr2) (n*-nta)(ft) _%/7_7#741/7

_ 2 4 _(Nt13)! 4([’_&22_!_2_!——
— n(n+2)(n+3) n-3) (k*+1) (P50 + S M s
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+ 82k*-1)] E,’,’L’j’i, _ 2(nH)n+2) (k1P [nw-0 (5ki-1)

2 (h+10)! 4 (ntr0)! 2! ntii 4(n+8) 2!
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+ 8(n+2) k2 F*-1)(2k%1) +2n(k*1)M?] "’2'"4_(—'1(7:%32_;_
n :
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