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SUMMARY 

A study has  been  made of the  methods of recovering  the  dis- 

torted  thrust  transient  measurement.  The  distortion  is  caused  mostly 
by  the  heavy  moss  of  the  measuring  thrust  stand. 

Two known  methods  are  reviewed  and  discussed.  The  first  method 

makes  use of  Fourier  series  approximation  and  numerical  computation. 
This  method,  in  general,  requires  the  use  of a digital  computer.  The 
second  method  employs  a  closed-loop  network  connected  in  cascade  with 

the  thrust  stand  output.  The  network  is  realized  by  analog  computer 
simulation. 

A third  method  is  proposed,  which  makes  use of an  open-loop 
network  in  cascade  with  the  thrust  stand  output.  The  overall  system 

is adjusted to achieve a maximally  flat  frequency  response.  Experimental 
results  indicate  that  this  method  is  the  best. 

f i i  



INTRODUCTION 

The measurement   o f   t rans ien t   th rus t   charac te r i s t ics  i s  an  important 

problem. In   ae rospace   t echno logy   t he   s tudy   o f   t h rus t   t r ans i en t s   r equ i r e s  

accu ra t e  measurement of t he   t h rus t   bu i ld -up  and t a i l - o f f  produced  by 

rocket  engines.  This  measurement i s  of ten   compl ica ted  by the   fo l lowing  

f a c t s :  

(1) Noise in   the   measur ing   ins t rument   cor rupts   the   input   s igna l .  

(2) The bandwidth of the  measuring  instrument i s  much smaller 

than  the  bandwidth  of   the  s ignal .  

( 3 )  The dynamic proper t ies   o f   the   measur ing   ins t rument  are time 

vary ing .  

The s u b j e c t   o f   t h i s   p a p e r  i s  t o   i n v e s t i g a t e  methods t o  cope  with 

t h e   d i f f i c u l t y   c a u s e d  by the  second  fact .  

Because  of  the  high  thrust  level ,  the  support ing  f rame of t h e   t h r u s t  

s tand  must be   re la t ive ly   heavy ,   bu t   the   spr ing   cons tan t  of t h e   e n t i r e  

sys t em  canno t   s a t i s f ac to r i ly  be inc reased .   S ince   t he   t h rus t   t r ans i en t  

i s  very  fas t  a t   b u i l d - u p  and t a i l - o f f ,   t h i s   l e a d s   t o   t h e   s i t u a t i o n   t h a t  

the  bandwidth  of  the  measuring  device i s  narrower  than  the  bandwidth  of 

t h r u s t   t r a n s i e n t   s i g n a l .  When t h i s   s i t u a t i o n   e x i s t s   t h e   o u t p u t  of t he  

measuring  device i s  no longer  a r e p l i c a   o f  i t s  inpu t .   F ig .  1 i l l u s t r a t e s  

t h i s  phenomena. 

Two methods  have  been  developed fo r   r ecove ry  of t h e   a c t u a l   t h r u s t  

t r a n s i e n t s  from t h e   d i s t o r t e d  measurement r e s u l t s .  The f i r s t  method makes 

use   o f   Four ie r   se r ies   approximat ion  and numerical  computation.  This 

method, i n   gene ra l ,   r equ i r e s   t he   u se   o f  a d ig i t a l   compute r .  The second 

method  employs a c losed-loop  network  connected  in   cascade  with  the  thrust  

s tand   ou tput  . The closed-loop  network i s  r e a l i z e d  by analog  computer 

s imula t ion .  

2 

These two methods are  reviewed and d i s c u s s e d   i n   t h i s   p a p e r .   I n  

a d d i t i o n ,  a t h i r d  method i s  proposed.  This new method makes use of an 

open-loop  network i n   c a s c a d e   w i t h   t h e   t h r u s t   s t a n d   o u t p u t .  The network 

c a n   b e   r e a l i z e d   e i t h e r  by a simpleRLC  network o r  by analog  computer 

s imulat ion.   Comparison  of   the  experimental   resul ts   us ing  a l l   three  methods 
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Fig. 1. Actual   thrust  signal and t h r u s t  stand output 
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indicate  that  the  proposed  method  is  superior. 

THRUST STAND CHARACTERISTICS 

A thrust  stand  is  normally  considered  to  be  composed  of  simple  masses, 
springs, and  linear  dampings.  Its  dynamic  characteristics can be  determined 

analytically  or  experimentally. In many  cases  the  dynamic  equation of 
a thrust  stand can be  described  satisfactorily  by a  second-order  differential 

equation  of  the  form 

&(t) + DG(t) + h(t) = f(t) (1) 

where x(t)  is  thrust  stand displacement; M, D, and K are  the mass,  damping 
constant,  and  spring  constant  of  thrust  stand,  respectively,  and f(t) is 

the  rocket  thrust. An alternative  form  of (1) is 

- K 2 [ G ( t )  + 2 j Wg;((t) + cuox(t)] 2 = f (t) (2) 

wO 

where 

wO 
=E = undamped  natural  frequency 

D - = (D)w = damping  ratio 2K n 

Thus, the  parameters K, wo, and s completely  specify  the  characteristics 
of the  thrust  stand.  These 3 parameters  are  considered  available  in 

the  following  development. 

Note  that,  if  the  mathematical  expression  for x(t) is known  explicitly, 
f(t) can be obtained  analytically. However,  in our  problem,  only  the  meas- 

ured  time  record of x(t) is  available. 

SERIES APPROXIMATION METHOD 

The  function x(t) can be  represented  in  terms  of  sine  series  over  the 
interval of interest.  This  is  done  by  extending x(t) into  an  odd  periodic 

function  beyond  the  interval  of  interest  as  shown  in  Fi’g. 2. The  period 

3 
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T must  be l a r g e  enough so tha t   t he   impor t an t   po r t ion  of x ( t )  i s  contained 

i n  - Analy t i ca l ly ,  T 
2 .  

x ( t )  = bn s i n  rut 

n= l  

wi th  

J. 

b = 5 j? x ( t )  s i n  ut d t  n T 
0 

and 

w = - .  2n 
T 

Taking  the  Laplace  transforms  of (2)  and (3 )  and n o t i n g   t h a t  

x (0)  = jc(0) = 0 ,  s ince   t he   mo t ion   o f   t he   t h rus t   s t and  s tar ts  from res t ,  

one has 

and 

S u b s t i t u t i n g  (9) i n t o  ( 8 ) ,  t h e   n - t h  term f o r  F ( s )  i s  

wbnK (s2  + 2 coos + w 2, 0 
Fn(s> = 

2 ( s 2  + n co 2 2  
uO 

2 
mbnK Wb*K {* + [ 1 - ( - )  I} 

- - +  - dl s 2  + n u  
2 2  

Taking  the  inverse   Laplace  t ransform of (10) 

wbnK 2 
f n W  = 2 &(t) + bnK {y cos mt + [I- (y) 3 s i n  

"0 

mbnK 2 ~ 0 5  bnK 
=-  

2 '(t) + wo s i n  gn s i n  (rut + 0,) 
wO 

5 



where 

-1 211.5 cu 
0 = t a n  0 

n 

Summing f ( t ) ,  f o r  a l l  n , t o   g i v e   f ( t ) ,  n 
" 

f ( t )  =- WK nb s i n  (rut+ Bn) 
2 n 

wO n= 1 n= 1 
The i n i t i a l   t h r u s t ,   f ( O ) ,  of a phys ica l   rocke t   engine   can   never   be  

in f in i t e .   The re fo re   t he   impu l se   func t ion  term must vanish ,   g iv ing  

t h e   f i n a l   e x p r e s s i o n .  

cg 

f ( t >  - - w, nb n s in   (nu t  + 8,) 
u n=O 

Given the  measured t h r u s t   s t a n d   o u t p u t   x ( t ) ,   t h e   t h r u s t   s t a n d  

i n p u t   f ( t )  i s  obtained by us ing  (6)  and (15). 

The f i r s t   s o u r c e   o f   e r r o r  i s  i n   t h e   e v a l u a t i o n   o f   t h e   F o u r i e r  

c o e f f i c i e n t s  b Eq. ( 6 ) .  The e r r o r   e x i s t s   b e c a u s e   x ( t )  i s  of  an 

i r r egu la r   shape  and cannot be descr ibed  by a s imple   equat ion ,   therefore  

numer ica l   in tegra t ion  must be used .   In   t he   numer i ca l   i n t eg ra t ion   p rocess ,  

t he   exp res s ion   fo r  b has  the  following  form 

n'  

n 

b = k  f x ( t  . )  s i n  mt A t  
n T  1 i 

i =1 

where A t  = - . The e r r o r   c a n  be made small  by us ing  a large  q ,   but   can 

never   be  completely  e l iminated.  
2q 

The running  index n i n  (15) can  never go t o   i n f i n i t y ,   b u t  must 

s t o p   a t  some f i n i t e   v a l u e  N .  Thus ano the r   e r ro r   sou rce  i s  due t o   t h e  

use  of a f i n i t e   s e r i e s   r e p r e s e n t a t i o n .   T h i s   e r r o r   c a n  be made small  by 

choosing N la rge .   Therefore  

m 

f ( t )  = - b4 1 nb s i n  (nut+gn> 
w, n 

U n=O 
6 



CLOSED-LOOP NETWORK METHOD 
This  method,  developed by McGregor and Spouse2,  involves  the  use 

of a s imulated  c losed-loop  network  connected  in   cascade  with  the  thrust  

s t and ,  a s  shown i n   F i g .  3.  I n   t h i s   f i g u r e  F ( s ) ,  X ( s ) ,  and G ( s )  a r e   t h e  

t h r u s t   s t a n d   i n p u t ,   t h r u s t   s t a n d   o u t p u t ,  and co r rec t ed   ou tpu t   r e spec t ive ly .  

T ( s ) ,  t h e   t r a n s f e r   f u n c t i o n   o f   t h e   t h r u s t   s t a n d ,  i s  given by 

The co r rec t ed   ou tpu t   can   ea s i ly  be obtained as 

kA T ( s  
G(s)  = 1 + k(A + D!) T(s )  F ( s )  

where k ,  A ,  and D are a l l   p u r e   g a i n   c o n s t a n t s .   S u b s t i t u t i n g  (16) t o  

(17) and s impl i fy ing   t he   expres s ion ,   g ives  

w2 kA 
0 

with  

uc = u o j n  = undamped na tura l   f requency  

2 3 + woD 
= damping r a t i o  T c =  Jl+kA’ ( 2 2 )  

Comparing (18) and (20) one sees   that   both  are   second  order   systems,   but  

w i t h   d i f f e r e n t  undamped na tu ra l   f r equenc ie s  and d i f f e r e n t  damping r a t i o s .  

E q .  (19)  r e v e a l s   t h a t  G ( s )  can  be made a s   c l o s e   t o  F ( s )  as  one 

p l eases  by c h o o s i n g   s u f f i c i e n t l y   l a r g e  k and A .  This  approach,  however, 

would not  work i n  a p r a c t i c a l   s y s t e m .   I n   t h e   f i r s t   p l a c e ,   v e r y   l a r g e  

va lues  of k and A r e s u l t   i n  a very  wide  system  bandwidth,  which i s  

h igh ly   suscep t ib l e   t o   no i se   con tamina t ion .   Second ly ,   u se   o f   ampl i f i e r s  

wi th   very   h igh   ga ins  may not  be convenient.  

McGregor and Sprouse chose the cons t an t s  k, A, and D i n  such a way 
t h a t  

7 



- Closed-1oop.correction  network 

s imulated  thrust   s tand 

fig. 3. Block  diagram of closed-loop  network method 

t h r u s t  s ta3d  open-loop 
correction network 

f ig .  4. Block  diagram of open-loop network  method 



w = 1h0 
C sc = 0.65 1 

The j u s t i f i c a t i o n   o f   t h i s   c h o i c e  i s  no t   obv ious .   In   gene ra l ,   t he   des i r ed  

value  of  w depends  on  the  re la t ive  magni tudes of the  bandwidth of t he  

t h r u s t   s i g n a l  and LD Eq. (23) may be  optimum f o r  a p a r t i c u l a r   t y p e  of 

t h r u s t   s i g n a l .  However, (23)  i s  c e r t a i n l y   n o t   t h e   b e s t ,  as w i l l  be 

d i scussed   i n   t he   nex t   s ec t ion .  

C 

0 '  

It should  be  pointed  out   that   the   use  of  a closed-loop  system i s  

always  troublesome. The h igh   f requency   phase   sh i f t s   assoc ia ted   wi th   pure  

ga in   ampl i f ie rs  and the   phase   sh i f t   o f   s imu la t ed   t r ans fe r   func t ion  may 

e a s i l y   c a u s e   o s c i l l a t i o n s ,   e s p e c i a l l y   a t   h i g h   f r e q u e n c i e s .   F u r t h e r ,  when 

the  feedback  loop i s  more complex  than  the  forward  path  the  advantage  of 

a closed-loop  system  vanishes .  The noise   genera ted   in   the   s imula ted   th rus t  

s tand  would not  be  reduced by the  use  of   feedback.  

OPEN-LOOP NETWORK METHOD 

F ig .  4 i s  the  block  diagram  of  the  open-loop  network  method, 

where the  cascade  network H ( s )  i s  connec ted   in   cascade   wi th   the   th rus t  

s tand T(s ) .  I n   g e n e r a l ,  H ( s )  has  the  form 

( 2 4 )  

where P(s)  and Q ( s )  are polynomia ls   in  s .  

Mathemat ica l ly ,   the   idea l   cor rec t ion   ne twork   should   have  a 

t r a n s f e r   f u n c t i o n  H ( s )  = T(s)  which i s  t h e   r e c i p r o c a l   o f   t h r u s t   s t a n d  

t r a n s f e r   f u n c t i o n  T(s ) .  Then,   the   corrected  output  i s  
-1  -1 

G ( s )  = T ( s )  X ( s )  = T ( s )   T ( s )  F ( s )  = F ( s )  ( 2 5 )  
-1 

I n  view  of t h e  form  of  T(s),  E q .  (18), T(s )  i s  a g e n e r a l i z e d   d i f f e r e n t i a t o r  

which  has   increasing  gain  with  increasing  f requencies .  Due t o   t h e   e v e r  

p re sen t   ampl i f i e r   no i se ,  i t  i s  almost   impossible   to   s imulate  T ( s )  on a 

real   analog  computer .  

-1 

I n   p r a c t i c e ,  a sa t i s fac tory   cascade   cor rec t ion   ne twork  must 

e i t h e r  have cons tan t   ga in   a t   h igh   f requencies   o r   possess  a low-pass 

9 



c h a r a c t e r i s t i c .   T h i s   r e q u i r e s  that the  denominator   order  of H ( s )  be   equal  

or   g rea te r   than   the   numera tor   o rder .  

It i s  proposed  that   the  numerator Q ( s )  of H ( s )  be made e q u a l   t o  
-1 

T ( s ) .  Then the   co r rec t ed   ou tpu t  i s  
-1 -1 

G ( s )  = # X ( S )  = T(s)F(s )  = - 1 
P(S>  P ( s )  F(s )  

The denominator  polynomial P ( s )  i s  chosen  to   give  an optimum G ( s ) .  I n  

gene ra l ,  one tr ies t o  make the   o rder   o f  P ( s )  as low as poss ib l e  so t h a t  

the  correction  network  be  as  simple as p o s s i b l e .  When the  noise  problem 

i s  not   very  severe ,  i t  i s  o f t e n   s a t i s f a c t o r y   t o  make P ( s )  of   the  same o rde r  

as Q ( s ) .  For  our  present  problem, P ( s )  has  the  form 

s L + 2 J w s + w  L 

P ( s )  = 2 
w 

P 
Then t h e   r a t i o  of t h e   c o r r e c t e d   o u t p u t   t o   t h e   t h r u s t   s t a n d   i n p u t  i s  

2 

A s  mentioned i n   t h e  last  sec t ion ,   t he   cho ice  of w depends  upon 
P 

the   re la t ive   magni tudes  of t he  undamped na tu ra l   f r equency   o f   t he   t h rus t  

s tand  and the   f r equency   con ten t   o f   t he   t h rus t   s igna l .  But f o r  a chosen 

cu , t he  damping r a t i o  i s  s e l e c t e d  so t h a t  M(s) has  a "maximally f l a t "  

proper ty  
P 'SP 

The amplitude  square  of M(s), a t  any  frequency w, i s  

Lr 

4 
On 

(29)  

which i s  a func t ion   of  . The term " m a x i m a l  f l a t n e s s "  means t h a t   t h e  

amplitude  response  of M(s), a s  a funct ion  of   f requency,  i s  made as f l a t  

a s   poss ib l e  . Mathematical ly ,   the   requirement  i s  t h a t   t h e   d e r i v a t i v e  of 

) M  f ,  w i t h   r e s p e c t   t o  w , be  zero a t  w = 0 .  That i s ,  

L 

3 

2 
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- =  dlM12 4 2w2 + h2 ( 2 5 2  - 1) 
dLo2 w + ( 4  JP(uP - 2cu ) (u + up 

- w  4 2 2  2 2  4 = o  
P 

I w = o  - I w = o  
Eq. (30) is satisfied when 

25; - 1 = 0 

,giving  the  desired  damping  ratio 

Therefore,  the  optimum H ( s )  is 
-1 

2s2 -I- 23cu0s + LUo 2 
H ( s )  = 

s 2  + 1.414~ s + LU 2 
P  P 

In general  if P ( s )  is  of n-th order  and  of  the  form 3 

s + a  s + a s  + - - - - + a  n n- 1 n- 2 
1 2 

P ( s )  = 
n 

then 

a n 

A n 
2n-  2 u)2n + Al u) + A2u) 2n-4 + -" 

+ An 

where A 1 s  A23 "-- A are  €unctions  of  a  a - - - -  , a . For  maximal 

flatness , 
n 1' 2' n 

al' 2' 
a --- a are so adjusted  that 

n 

A 1 = A  2 = - " " -  An-1 = 0 
- 

The  network H ( s )  can  easily  be  simulated on an  analog computer, 
or be  realized  by  a RLC circuit  and a pure  gain  amplifier.  The  use 

of  an  open-loop  correction  network  avoids  the  oscillations  caused  by 
feedback.  Furthermore,  the  computer  simulation  of  an  open-loop  network 
is usuallv  simDler  than  that of  a closed-~ooD network. 

(33) 

(34) 

( 3 5 )  

I 

EXAMPLE 

Considering  a  hypothetical  problem  where  the  thrust  stand  dynamic 

is  given  by 



T ( s )  = 100 

s2 + 2s + 100 

wi th  

cu0 = 10 radians/second 

p = 0 . 1  

k = 1, 

and where the   hypothe t ica l   th rus t   bu i ld-up ,   which  i s  t h e   t h r u s t   s t a n d  

inpu t ,  i s  g i v e n   i n   F i g .   5 .   T h r e e   d i f f e r e n t  methods w i l l  be   used  to  

c o r r e c t   t h e   t h r u s t   s t a n d   o u t p u t .  

(37) 

Series  Approximation Method 

The per iod  T i s  s e l e c t e d   t o   b e   1 2   s e c o n d s ,   w h i c h   i s ,  by judgement, 

much l a r g e r   t h a n   t h e   s e t t l i n g   t i m e   o f   t h e   t h r u s t   b u i l d - u p .   T h e r e f o r e ,  

w = - = - = 0.5233  radians  per  second. 2fl 2fl 
T 1 2  

S u b s t i t u t i n g   t h e   v a l u e s  of w K and w i n to   (17 )  and (13) gives  0 9  

N 0.01056nbn 

f ( t >  = 1 s i n  $j sin  (0 .5233nt  + 8,) 
n= 1 

0 = t a n  

n 

- 1 0.01040n 
n 1-0.00274n 2 

The F o u r i e r   c o e f f i c i e n t s ,   b n y   a r e   d e t e r m i n e d  by us ing   (16) ,  

4 
1 P  

b = -  
n 3  x( t i )   S in   0 .5233nt i  A t  

(39) 

i=l 

where the  number q i s  chosen  to  be  120. The computation of  (40) i s  done 

on an IBM 1620  computer. 

f ( t )  i s  f i r s t   c a l c u l a t e d   f o r  N = 20. The c a l c u l a t e d   t h r u s t   s i g n a l  

a long   w i th   t he   ac tua l   t h rus t   s igna l   a r e  shown in  Fig.   6 .   That   twenty 

a r e   i n s u f f i c i e n t  i s  evident   f rom  the  f igure.  The value  of  N i s  then 

i n c r e a s e d   t o  100, and F ( t )  i s  calculated  once  more.  The r e su l t i ng   cu rve  

i s  a l s o  shown i n   F i g .  6 ,  showing a g rea t  improvement. 

Closed-Loop  Network Method 

Using  (23) and (37)   in   (21)  and (22)  gives  

12 



Fig. 5. The hypothe t ica l  t h r u s t  build-up 
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t / l + A  = 10 

So lv ing   fo r  A 

The c losed- lo  

and 

OP n 

D 

.e t w ,  

A = 99 

D = 1 2 . 8  

ork ,   F ig .  3,  i s  then  simulated  on  an  analog  computer. 

The r ecove red   t h rus t   s igna l  i s  recorded   in   F ig .  7.  Comparing 

F i g s .  ( 5 )  and (7) ,  one sees tha t   an   apprec iab le   d i screpancy   occurs  a t  

t h e   f i r s t   p e a k .  The recovered  overshot i s  24% as  compared t o  19% f o r  

t h e   a c t u a l   t h r u s t .  It i s  a l s o   s e e n   t h a t  a heavy  noise i s  r i d i n g  on  the 

recovered   th rus t   curve .   This   no ise  may be  due t o   a m p l i f i e r   n o i s e   o r  

h igh   f r equency   o sc i l l a t ion ,   o r   bo th .  

Open-Loop Network  Method 

For  the  purpose of comparison  with  the  preceding  methods,  choose 

P ( s )  t o  be  second order   having 

Lu = 10 'uo 
P (43 1 

Subs t i t u t ing   (39 )  and (43 )  in to   (32) ,   the   open- loop   cor rec t ion   ne twork  i s  

H ( s )  = 100 s 2  + 2s + 100 

s 2  + 141.4s + 10,000 

and the   ove ra l l   sys t em  t r ans fe r   func t ion  i s  

G ( s )  - 
F ( s )  

- T(s) H ( s )  = 
10,000 

s2 + 141.4s + 10,000 

(44 )  

(45 )  

The network (44 )  i s  simulated on an  analog  computer and then  used 

t o   c o r r e c t   t h e   t h r u s t   s t a n d   o u t p u t .  The r e s u l t  i s  extremely good a s  

shown i n   F i g .  8 .  Comparing F i g s .  ( 5 )  and (a) ,  no appreciable   discrepancy 

i s  noted and no no i se  i s  seen.  

COMPARISON AND CONCLUSION 

I n   t h e  series approximation  method, it may be  assumed t h a t   i f  a 

s u f f i c i e n t  number of  d i v i s i o n s  were taken   for   the   computa t ion   of   the  

F o u r i e r   c o e f f i c i e n t s  by numer ica l   in tegra t ion ,  and i f  a s u f f i c i e n t  number 



1.2 

1.0 

0 . 8  

5 

.E 

% 

Q 

a 

: 0 . 6  

0.4 

0.2 

0 

-1- 
247- 

I 

I I I I I 
I I I I 

0. 1 0.2 0.3 time 
(sec. 1 

Fig. 7. Recovered thrust build-up using 

closed-loop  correction network 

.16 



I 1  i I I I I 

k 

z 0 

0 

I 
I I 
I 

- 
- , - .- , 

0 -.I -." 
0 0. 1 0.2 0.3 time 

I i 

(sec.  ) 

Fig. 8. Recovered thrust build-up us ing  

open-loop correction  network. 



of t e r m s   a r e   u t i l i z e d   i n   t h e  summation  expression,   then  this  method w i l l  

r ep roduce   exac t ly   t he   ac tua l   rocke t   t h rus t .  However, t he  number of 

d iv i s ions   u sed   i n   t he   numer i ca l   i n t eg ra t ion  and the  maximum value  of  n 

in   the  preceding  example  were  not   large  enough  to   produce a ca l cu la t ed  

f ( t )   t h a t   a c c u r a t e l y   r e p r o d u c e s   t h e   a c t u a l   f ( t ) ,  and y e t  i t  took  four  

hours   f rom  the  thrust   s tand  displacement   curve t o  the  IBM 1620 computer 

p r in t -ou t  of t he   t ime   expres s ion   coord ina te s .   Poss ib ly   t h i s   l eng th  of 

t ime  could   be   cu t   in   ha l f  by us ing  a machine t o   r e c o r d   t h e   d a t a   i n s t a n -  

taneous ly   for   comput ing   the   Four ie r   coef f ic ien ts .  However, t h i s  i s  the  

only  improvement i n   t h e   t i m e   r e q u i r e d   t h a t  would  be poss ib l e ,   due   t o   t he  

tremendous  number of ca l cu la t ions   necessa ry   fo r   each   i n s t an t   o f   t ime .  

For N = 100, 84,000 operat ions  were  necessary  to  compute b and 1600 were 

necessa ry   t o  compute f ( t )   a t   e a c h   i n s t a n t   o f   t i m e .   I f  40 i n s t a n t s   o f  

time  were  computed,  then 64,000 + 84,000, i . e . ,  148,000 mathematical 

opera t ions  were requ i r ed .  However, N = 100 i s  too  small .  N should 

probably  be  in  the  neighborhood of 1000 in   o rder   to   p roduce   the   des i red  

accuracy. An N of t h i s  magnitude would r e q u i r e   t h e  number  of  mathematical 

operat ions  to   exceed  the  mil l ion  mark,  and the  t ime  required  on a d i g i t a l  

computer  would  be seve ra l   hour s .  

n 

Therefore ,  i t  i s  concluded  that ,   al though  the  mathematical  method 

i s  poten t ia l ly   exac t ,   the   t ime  requi red   to   p roduce   the   accuracy   des i red  

makes t h i s  method too  cumbersome t o   b e   p r a c t i c a l .  

Both the  closed-loop  network and open-loop  .network  methods  have 

the   advan tage   t ha t   on - l ine   co r rec t ion  i s  r ead i ly   ob ta ined  and  no f u r t h e r  

time i s  required  for   computat ion.  

Comparing F igs .  (7) and ( 8 ) ,  one sees that  the  open-loop  network 

method i s  super ior   to   the   c losed- loop   ne twork  method in   t ha t   t he   fo rmer  

gives  a  more exac t   s igna l   recovery  and has  much l e s s   no i se   con ten t .  

Another  aspect  which must be  considered when d i scuss ing   t he  

advantages  and  disadvantages  of  each  method i s  the  equipment  involved  in 

the   opera t ion  of each method  With the  numerical  method, a d i g i t a l  

computer i s  a n e c e s s i t y .  With the  open  loop and closed  loop  methods,  an 

analog  computer i s  obviously  necessary.  The open  loop method a l s o  

demons t r a t e s   supe r io r i ty   i n   t ha t  i t  requi res   about   ha l f   as  many summing 
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amplifiers and integrators  as  the  closed loop method. 

Therefore, of  the  three methods, the open loop method i s  the best.  

I 
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