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THE CONTROL OF ABSORPTION CROSS-SECTION FOR A NUCLEAR ROCKET 

by 
C . N .  Shen an?, T . C .  Liu 

Rensse l ae r  Poly technic  I n s t i t u t e ,  Troy, New York 

Abstract  

T h e  two energy and one delayed neu t ron  group k i n e t i c s  

e q u a t i o n s  w i t h  a p p r o x i n a t i o n s  a re  employed for t h e  n u c l e a r  

r o c k e t  i n  ttii s pape r .  The pe r t i i rba t ion  e q u a t i o n s  for k i n e t i c s  

a r e  d e r i v e d  w i t h  t h e  assumption that t h e  d e v i a t i o n  f r o m  t h e  

r e f e r e n c e  flux a r e  smal l  i n  comparison w i t h  t h e  r e f e r e n c e  

v a l u e s .  The tempera ture  e f f e c t  due to t h e  change of t h e  Fermi 

A,ye may be compensated by a feedback l o o p .  The a b s o r p t i o n  

c r o s s - s e c t i o n  i s  changed accord ing ly  s o  t h a t  t h e  system will 

be made independent  of t h e  e f f e c t  o f  t empera ture  v a r i a t i o n .  

The s p a t i a l  d i s t r i b u t i o n  o f  t h e  f l u x  and p r e c u r s o r  a r e  

assumed t o  be s i n u s o i d a l  i n  t h e  a x i a l  d i r e c t i o n  o f  the n u c l e a r  

r o c k e t .  t u  v u  LSiri-ic , , , a A L w  L I I  

. .  w i J & . - - & & V  b 

c r o  s s - see*wwlf-l F"-"l"r"b"e" 

m i z a t i o n  r e q u i r e s  the  r e f e r e n c e  f l1 .1~  and p r e c u r s o r  e x p o n e n t i a l l y  

i n  t i m e  to the  maximum power and remaining c o n s t a n t  t h e r e a f t e r .  

A jump of flux occur s  whi le  t h e  r e a c t i v i t y  suddenly changes 

i t s  v a l u e .  A second o p t i m i z a t i o n  procedure i s  thu.s r e q u i r e d  
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to round o f f  t h e  Jump and to minimize t h e  e r r o r  for t h e  f u t u r e  

independent  o f  tlle p a s t  d i s t u r b a n c e  or a r b i t u a r y  s t a r t i n g  error. 

The reduced k i n e t i c s  equa t ions  a r e  o b t a i n e d  from t h e  p e r -  

t u r b e d  e q u a t i o n  by i n t r o d u c i n g  e x p o n e n t i a l  weight ing  func t l -on .  

The i n d e x  of performance i s  choosen to be t h e  i n t e g r a l  o f  t h e  

squa re  e r r o r s  on p e r t u r b e d  neut ron  f l u x  and t h e  c o n t r o l  e f f o r t .  

Maximum p r i n c i p l e  i s  used t o  d e r i v e  t h e  c o n t r o l  laws which i n  

t u r n  de t e rmines  t h e  a b s o r p t i o n  c r o s s - s e c t i o n ,  u s i n g  t h e  measured 

f l u x  a s  feedback w i t h  a v a r i a b l e  g a i n .  The response  of t he  f l u x  

and p r e c u r s o r  having  optimum c o n t r o l  under  d i f f e r e n t  s t a r t i n g  

c o n d i t i o n s  a r e  determined and p l o t t e d .  
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(1) I n t r o d i i c t i o n  

Nuclear  r o c k e t  ( 1 ) y ( 2 )  r e q u i r e s  a f n : : t  s t a r t - u p  w i t h  r e -  

l a t i v e l y  h i g h  r e a c t i v i t y .  The power l e v e l  may i -ncrease  s i x  

decades  i n  one minute .  Lump parameter  model o f  c o n t r o l l i n g  

such a system i s  g iven  by p rev ious  p a p e r s  ( 3 ) ,  (4L (5) of 

one o f  t h e  a u t h o r  wi thout  l i n e a r  approx ima t ion .  I n  t h i s  pape r  

a d i s t r i b u t e d  parameter  model o f  t h e  n u c l e a r  r o c k e t  i s  cons id-  

e r e d .  The a c t u a l  c o n t r o l  o f  the  r e a c t o r  i s  due to t h e  change 

o f  t h e  a b s o r p t i o n  c r o s s - s e c t i o n  by va ry ing  t h e  po i son  from t h e  

c o n t r o l  drum i n  a n u c l e a r  r o c k e t .  

( 2 )  K i n e t i c s  Equa t ions   for^ t he  Reac to r  i n  D i s t r i h i i t e d  Parameters  

The two ene rgy  and one de layed  neu t ron  group r e -  

a c t o r  K i n e t i c s  e q u a t i o n s  a r e :  @ )  

where 91, 4 2  = f a s t  and thermal  n e u t r o n  f l u x ,  r e s p e c t i v e l y ,  

9, D e  = f a s t  and thermal  d i f f u s i o n  c o e f f i c i e n t ,  r e s p e c -  

t i v e l y ,  

= S A  , ‘a = removal and a b s o r p t i o n  c r o s s - s e c t i o n ,  r e s p e c -  

t i v e l y ,  s p a t i a l  and t i m e  dependent .  

Cf = f i s s i o n  c r o s s - s e c t i o n ,  a c o n s t a n t  

h = e q u i v a l e n t  decay c o n s t a n t  for t h e  one de layed  

group c a s e ,  
C = e q u i v a l e n t  c o n c e n t r a t i o n  o f  p r e c u r s o r  f o r  t h e  ! 



D' 
-4- 

one delayed group case ,  

p = f r a c t i o n  of t o t a l  number of f i s s l o n  n e u t r u n s  

which a r e  delayed 

V = average number o f  f a s t  neu t rons  r e l e a s e d  

p e r  P i  s s i o n .  

I n  t he  r e a c t o r  w i t h  a r e l a t i v e l y  l a r g e  f u e l  l o a d i n g  d e n s i t y ,  

t h e  thermal  leakage  term, VD2W2, i s  smal l  compared to t h e  

the rma l  a b s o r p t i o n  r a t e .  

fas t  n e u t r o n s  t h e  te rm f o r  t h e  r a t e  of  change o f  f a s t  neut rons ,  

i . e .  ( K--& ), can be neg lec t ed .  With t h e s e  approximations,  

Equat ions  (1) and ( 2 )  can be w r i t t e n  a s :  

Also, due to t h e  h igh  v e l o c i t y  o f  

1 a@ 

1 
v2 2- ' where R ,  = i n f i n i t e  medium mean l i f e  t ime o f  neuti>on = 

il 

n - $ 2  where T = r e a c t o r  p e r i o d  = - - - . 
dn d@2 
d t  d t  
- -  

a ,  
T Since  - ( ( L ,  Equat ion ( 5 a )  can be approximated a s  

a 2  a 0 1  = - 
=sa 

w i t h  t h e  r e l a t i o n  T = 2 D and n e g l e c t i n g  - 1 1n--r i n  comparison 
= S R  2 

w i t h  t h e  te rm ln( . rCaa2) ,  Equat ions ( 4 )  and ( 5 b )  w i l l  g i v e  
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Rewri te  e q u a t i o n  ( 3 )  

Where Equat ion (7 )  i s  r e p e a t e d  here  for convenience as equ- 

a t i o n s  ( 6 )  and ( 7 )  form t h e  new se t  of k i n e t i c s  e q u a t i o n s .  

The Fermi age z becomes 

T = TR f TT, 

where 
T~ = Fermi age a t  r e f e r e n c e  tempera ture  for g r a p h i t e -  

uranium w i t h  hydrogen a s  c o o l a n t .  

T = i n c r e a s e  of Fermi age from r e f e r e n c e  tempera ture  T 
to a g iven  tempera ture .  

( 3 )  P e r t u r b a t i o n  of K i n e t i c s  Equat ions 

During s t a r t - u p  of a n u c l e a r  r e a c t o r ,  some d i s t u r b a n c e s  

or e r r o r s  may i n t r o d u c e  to cause t he  a c t u a l  v a r i a b l e  (flux) 

away from t h e  r e f e r e n c e  ( d e s i r e d )  v a r i a b l e  (flux). For a 

n u c l e a r  r o c k e t ,  i t  can be assumed t h a t  most of t h e  d i s t r u -  

bances  w i l l  o ccu r  a long  t h e  a x i a l  d i r e c t i o n  of t h e  r e a c t o r .  

The n e u t r o n  f l u x ,  for a r e a c t o r  w i t h  r e f l e c t o r ,  i s  a lmost  

cons t a i i t  i n  t h e  t r a n s v e r s e  d i r e c t i o n .  The a c t u a l  v a r i a b l e s  

can be expres sed  by t h e  sum of t h e  r e f e r e n c e  v a r i a b l e s  and 

t h e i r  d e v i a t i o n s .  If t h o s e  d e v i a t i o n s  r e s u l t e d  from t h e s e  

unexpected d i s t u r b a n c e s  and e r r o r s  a r e  smal l  i n  comparison 

w i t h  the  r e f e r e n c e  va lues ,  t h e  cross product  terms of t h e  

d e v i a t i o n s  may be n e g l e c t e d .  
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Thu s , 

where t h e  s u b s c r i p t s  R r e f e r s  t o  t h e  r e f e r e n c e  v a r i a b l e s .  

S u b s t i t u t i n g  above q u a n t i t i e s  i n t o  Equat ions  ( 6 )  and ( 7 )  and 

n e g l e c t i n g  t h e  h i g h e r  o r d e r  terms, t h e  pe r tu rbed  r e a c t o r  k ine-  

t i c s  e q u a t i o n s  a r e :  

+ " ( l - @ ) C f A @  - hAC = 0, 
. 

(4) Feedback Loop f o r  Compensating R e a c t i v i t y  Feedback Due 

To Temperature  E f f e c t  

? n  t he  K i n e t i c s  e q u a t i o n s  the  te rm most e f f e c t e d  by tempera- 

t u r e  ( i n c l u d i n g  d e n s i t y )  i s  t h e  age, T ~ .  

i s  i n t m d u c e d  such t h a t  t h e  change o f  age due to tergperature ,  

T~ can be compensated by varying t h e  a b s o r p t i o n  c r o s s - s e c t i o n ,  

t h e  p e r t u r b e d  k i n e t i c s  equat ions  d e r i v e d  f rom Equat ions (10) 

and (11) w i l l  be independent of  t empera tu re .  Thus, a much 

more s i m p l e r  mathematics  f o r m  can be o b t a i n e d .  T h i s  i d e a  can 

be  ach ieved  by l e t t i n g  

If a feedback loop 

A Z a ( z , t )  = Ax,  (z,t> + A c , ( z , t )  (12) 
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and 

= 0. A22 A X 2  +-)I - c (0 - [z 7 @ (- T z a2 
z2 R'R R zR = R  R R C R  

Then, t h e  p e r t u r b e d  k i n e t i c s  equa t ion  (10)  becomes 

(14) + AAC = 0. 

The feedback c o n t r o l  can be o b t a i n e d  by s o l v i n g  Equat ion (13) .  

The s o l u t i o n  may be g i v e n  i n  t h e  form 

where G ( z , [ )  i s  t h e  Green ' s  f u n c t i o n  o f  t h e  problem. 

(5) The Reference  V a r i a b l e s  - First Opt imiza t ion  

S ince  the  f l u x  d i s t r i b u t i o n  i n  a r e a c t o r  i s  e s s e n t i a l l y  

s i n u s o i d a l  a x i a l l y ,  i t  i s  r easonab le  t o  assume t h e  r e f e r e n c e  

v a r i a b l e s  as  
7T 

@R = @(t) s i n  - z, a 
7r 

cR = C ( t )  s i n  - z. R 

S u b s t i t u t i n g  t h e  above equa t ions  i n t o  Equa t ions  ( 6 )  and (7), 

one o b t a i n s  

and 
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where 

The r e f e r e n c e  a b s o r p t i o n  c r o s s -  see  t ion ,  CR, i s  assumed inde-  

pendent  of  z for t h e  r e f e r e n c e  s o l u t i o n s  i n  Equat ions ( 6 )  and 

( 7 ) .  The power program or Q i n  n u c l e a r  rocke t  r e q u i r e s  t h a t  

t h e  c? s t a r t s  a t  a low l e v e l  42 and r eaches  a h igh  l e v e l  i n  a 

minimum t ime .  It i s  w e l l  known f r o m  t h e  optimum theory that 

for a bounded c o n t r o l  t h e  optimum process  r e q u i r e s  t he  c o n t r o l  

v a r i a b l e  y ( t )  o p e r a t i n g  a t  i t s  extreme va lue ,  y o r  ze ro ,  1 . e .  

bang-bang type  c o n t r o l  system. Thus t h e  fo l lowing  r e f e r e n c e  

v a r i a b l e  i s  o b t a i n e d  f o r  t h i s  purpose.  

aR(z,t) = aZeyt s i n  z 
O $ t < T 1  

cR(z,t) = Ca6eYt s i n  - 7.r z 
a 

where Q o l s ,  Go's, y and TI a r e  c o n s t a n t s .  The r e f e r e n c e  absorp-  

t i o n  c r o s s - s e c t i o n ,  CR, i s ,  t h e r e f o r e ,  found to be a c o n s t a n t  

a t  each  t i m e  i n t e r v a l ,  
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1 

c o  b 

where C t  = C b s i n c e  CR i s  cont inuous  a t  t = TI .  

It i s  noted  t h a t  a jump o f  r e f e r e n c e  flux o c c u r s  a t  t = TI 

s i n c e  # 4;. 

0 

0 

Equat ion  (17) g i v e s  t h e  s o l u t i o n  o f  a t i m e  optimum prob- 

l e m  by Equat ions  ( 6 )  and ( 7 )  with t h e  r e a c t i v i t y  c o n s t r a i n t  

p c *  ThusJ vc 

o r  

p = - Ak = -y p, ( t h e  c o n s t r a i n t ) ,  
B Y + A  

(6) Transformat ion  o f  Var i ab le s  f o r  the  Pe r tu rbed  K i n e t i c s  

Equa t ions  

Exponen t i a l  weight ing  f u n c t i o n s  to t h e  v a r i a b l e s  A@ ( z ,  t ) 

and AC(z , t )  i n  Equat ions  ( 1 4 )  and ( 1 1 ) a r e  i n t r o d u c e d  as 
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Thus Equat ions  (14) and (1 l )become 

where 

By s u b s t i t u t i n g  the value  of @:(z,t) i n  equa t ion  (17) i n t o  

Equat ion  (?2), one o b t a i n s  

(23) 

Equat ion  ( 2 1 )  i s  f u r t h e r  t ransformed by assuming the per- 

t u r b e d  f l u x  follows a s i n u s o i d a l  d i s t r i b u t i o n  i n  the a x i a l  

d i r e c t i o n ,  t h u s  

= x:(t) s i n  xz, 7r 

c a = X 2 ( t )  a s i n  ZZ.  7r q 

(24) 

The fo l lowing  e q u a t i o n s  are ob ta ined  by s u b s t i t u t i n g  e q u a t i o n  

(18) and ( 2 4 )  i n t o  e q u a t i o n  (21) 

-AaX:(t) + A a a  X , ( t )  - u a (t) = 0 , 
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where 

(26) 
and 

(27) 
Equat ion (27)  admit a s o l u t i o n  o f  t h e  form 

(7) The Cont ro l  System - Second Opt imiza t ion  

I f  t h e  system s t a r t s  w i t h  t h e  r i g h t  i n i t i a l  c o n d i t i o n  i n  

C o / @ o  i n  Equat ion (18) and the r i g h t  control wi th  a jump o f  

Z 

v a r i a b l e s  w i l l  f o l low equat ion  (17) w i t h  no e r r o r .  

t h e  a c t u a l  i n i t i a l  c o n d i t i o n  i s  not always t h e  value g iven  

i n  e q u a t i o n  (18) .  Thus t h e  c o n t r o l  i n  Ca w i l l  d i f f e r  from 

CR by t h e  amount AXa = AX, + aC2. Again t h e  q u a n t i t y  

AZ,(z,t) i s  determined f r o m  equat ion  ( 2 8 )  i f  t h e  c o n t r o l  

a b from CR t o  C R R a t  t = T L ,  then t h e o r e t i c a l l y  t h e  r e a c t o r  

However, 

u ( t )  i s  known. The problem now i s  to f i n d  u ( t )  f o r  any 

s r b i t u a r y  s t a r t i n g  c o n d i t i o n s  o f  x l ( t )  and X 2 ( t )  f o r  equ- 

a t i o n  (25 ) .  

The c o n t r o l  system should be des igned  such t h a t  t h e  

v a r i a b l e s  would f o l l o w  a s  c l o s e  as p o s s i b l e  t h e  r e f e r e n c e  

v a r i a b l e s  g iven  i n  equa t ion  (17) .  For an  i d e a l  system t h e  

v a r i a b l e s  XI, X2, and u i n  equa t ion  (25) should be i d e n t i c a l l y  
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z e r o .  With t h i s  i n  mind we a r e  seek inp  for a minimum of  a 

f u n c t i o n a l  known as  index  o f  performance. 

I n  t h e  r e a c t o r  s t a r t - u p  p rob lem,  pe r tu rbed  npiltron flux 

and t h e  c o n t r o l  e f f o r t  a r e  of i n t e r e s t .  

formance i s ,  t h e r e f o r e ,  chosen as 

An index o f  pe r -  

+ 

where T(a )  i s  weight ing f u n c t i o n .  The weight ing  f u n c t i o n  

i s  assumed to be cont inuous  except  a t  t h e  t ime t = T1 where 

i t  may be d i s c o n t i n u o u s .  It i s  noted  t h a t  t h e  lower l i m i t  

i s  the  p r e s e n t  t ime t i n  equat ion  (29). T h i s  i s  i n  con- 

s i s t a n t  w i t h  t h e  p r i n c i p l e  of Dynamic Programming (7) , which 

i s  to minimize the i n t e g r a l  from t h e  t ime to go no m a t t e r  

where y o u r  p r e s e n t  t ime i s .  If we can measure the per tu rbed  

f l u x  x1 at t h e  p r e s e n t  t ime i t  i s  p o s s i b l e  t o  f i n d  a con- 

trol u ( t )  and t h u s  A & ( t )  u s ing  XI as feedback w i t h  a v a r i -  

a b l e  g a i n .  I n  t h i s  manner the  f u n c t i o n a l  I i n  equa t ion  (29) 

wi1.1  be kep t  a t  a minimum sub jec t ed  to d i s t r u b a n c e  a t  any o t h e r  

t i m e ,  no t  o n l y  to errors a t  t he  s t a r t i n g  c o n d i t i o n s .  The 

above viewpoint  i s  very important  i n  t h a t  t h e  source or cause 

o f  d i s t u r b a n c e  i s  i n m a t e r i a l  a s  f a r  as t h e  output X l ( t )  can 

be d e t e c t e d  and r e a d j u s t e d  by the  c o n t r o l  element producing 

A M t ) .  
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We may d e f i n e  a new v a r i a b l e  X3(a> such that 

t h u s ,  

(8 )  

and D i f f e r e n t i a l  Equat ions  

~ u m  P r i n c i p l e  for a System o f  Algebraic  

By r e a r r a n g i n g  e q u a t i o n  (25) and d i f f e r e n t i a t i n g  equ- 

a t i o n  (30) one o b t a i n s  

where a i s  t h e  f u t u r e  t ime.  

The optimum .system i s  def ined  a s  t h e  system for which 
3 

S(T2) = C CiXi (~=Tz) I  
i=l 

( 3 2 )  c1 = c2 = 0, c3 = 1 * 

i s  a minimum w i t h  r e s p e c t  to u(a). The Hamil tonian i s  

g i v e n  i n  Appendix A i s  

3 

i -  H = 2 pi ( a )  f 
i=l 

(33) 

where  p a r e  t h e  a u x i l i a r y  v a r i a b l e s .  i 
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Thus, 

c 

(34) 

A s u f f i c i e n t  c o n d i t i o n  f o r  a minimum of  S i s  t h a t  t h e  

Hamil tonian H be maximized w i t h  r e s p e c t  to t h e  control v e c t o r  

a t  a l l  t i m e .  

w e  have from e q u a t i o n  (A15) i n  Appendix A ,  

For system w i t h  u n s a t u r a t e d  pe r tu rbed  c o n t r o l  
I 

- -  a aH 
-- 0 = -P&) + Ps(O) 217 u * ,  

o r  

(35) 

where t h e  a s t e r i s k  deno tes  t h e  optimum c o n d i t i o n .  

I n  o r d e r  to complete the  d e r i v a t i o n  o f  t h e  optimum con- 

trol law, i t  i s  n e c e s s a r y  to develop t h e  d i f f e r e n t i a l  equ- 

a t i o n s ( 8 )  for t h e  a u x i l i a r y  v a r i a b l e s .  From e q u a t i o n s  ( A l 3 )  

and (A14) i n  Apperidix A w e  have 

i = l  

i = 2,3. (37) 

Applying e q u a t i o n  (37) t o  equa t ion  (34)  one o b t a i n s  



The f r e e  t e r m i n a l  cond i tons  o r  n a t u r a l  boundary  c o n d i t i o n s  

m e  o b t a i n e d  from e q u a t i o n  (A9) and ( 3 2 ) .  

i . e .  (41) 
( 4 2 )  

It i s  ccnclttded from eqi ia t ions  ( 4 0 )  and ( 4 2 )  that the q u a n t i t y  

p s ( a )  = -1 f o r  a l l  0 ,  (43 )  

S t b s t i t u t i n g  e q u a t i o n  (43)  i n t o  e q u a t i o n s  (38), (39)  and 

(36) r3ne o b t a i n s  

a 
-Aapl(a)  + (h- )  p 2 ( G )  - 2xl(a) = 0 9  

S i m i l a r i l y ,  t h e  d i f f e r e n t i a l  equa t ion  of a u x i l i a r y  v a r i a b l e s  

f o r  i n t e r v a l  TI< a <T2 can be ob ta ined  by changing siuper- 

s c r i p t  a to b and y t o  zero. 
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( 9 )  Optimum Con t ro l  Law 

I n  o r d e r  t o  de t e rmine  the Optimum Con t ro l  law, i t  i s  npc- 

e s s a r y  to solve t h e  a l g e b r a i c  and d i f f e r e n t i a l  eq l la t ions  for 

t h e  a u x i l i a r y  v a r i a b l e s  and t h e  s t a t e  v a r i a b l e s .  

s i m i l a r  t o  Equat ions  (25) and (44 )  a r e  g i v e n  he re  f o r  t h e  

i n t e r v a l  T,St,( T2 

Equat ions  

E l i m i n a t i n g  p1 from Equat ions  (49)  and (47)  

where ab = r l ( A  b )2,  

S u b s t i t u t i n g  Equat ion  (50) i n t o  (45 )  g i v e s  

1 b b  b 
x2 = 7 LAP2 + 2(1* ) XI] .  

2a 

The fol . lowing Equat ion  can be o b t a i n e d  by s u b s t i t u t i n g  

Equa t ion  ( 5 2 )  i n t o  Equat ion  ( 4 6 ) :  



By s o l v i n g  p1 from Equat ion  (47) and s u b s t i t u t i n g  i n t o  Equ- 

a t i o n  (48)  w e  have 

S o l u t i o n  o f  p2 and X1 b from Equat ion ('3) and (E41 a r e  

b p 2 ( a )  = F l ( t )  cos  h w b (o-t) + F 2 ( t )  s i n  h w ( o - t ) ,  (t5) 
L 

b b xF(o) = -7 au [ F l ( t )  s i n  h w (o-t) + F 2 ( t )  00s h w ( a - t ) ] ,  (46) 

where 1 

h for small value o f  a b 

t h e  q u a n t i t y  t i s  c a r r i e d  as a pa rame te r .  

From Equat ion  (52) one o b t a i n s  

b X2 b = - % { F l ( t ) I h  c o s  h wb(a - t )  - cob [l-tab] s i n  h w ( a - t j ]  
2a 

+ F 2 ( t )  [ h s i n  h CD b (a-t) - cu b [l-tar. b 3 cos  h w 

(58) 
Using t h e  c o n d i t i o n  t h a t  XI b i s  e q u a l  to t h e  measured va lue  

a t  a = t. Equa t ion  (56) becomes 
b 

x ? ( t )  = $- F 2 W .  (59) 
Using boundary c o n d i t i o n  (41)  for Equa t ion  (55) one o b t a i n s  

F l ( t )  = - F 2 ( t )  tan h u) b ( T 2 - t )  

b b - - -  - ' t a n  h u) ( T 2 - t )  X l ( t )  , 
b w 
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The Optimum c o n t r o l  law i s  o b t a i n e d  from Equat ion  (50), (5:) 

and (60) 

b b b  A Xi t = __dl [% t a n  h cu ( T 2 - t )  + 13 T1 4 t f Tz 
a cu 

(61) 

It should  be no ted  t h a t  t h e r e  i s  a jump o f  r e f e r e n c e  X1 

a t  t = TI ( s e e  F i g u r e  1) .  T h i s  d i s c o n t i n u i t y  i s  due to t h e  

s i m p l i f i e d  mathematics  e x p r e s s i o n  by dropping  t h e  & a@ t e rm 

i n  t h e  K i n e t i c s  e q u a t i o n  ( 6 ) .  However, t h e  jump does no t  

p h y s i c a l l y  e x i s t  i n  t h e  r e a c t o r  i f  t h e  t e r m  '@lis  n o t  dropped 

from e q u a t i o n  (1). 

r e q u i r e d  t h a t  t h e  a c t u a l  f l u x  be con t inuous  e v e r y  where. T h i s  

r equ i r emen t  i s  e q u i v a l e n t  to l e t  t h e  p r e c u r s o r  and tts d e r i v a -  

t i v e s  be con t inuous  a t  t = TI. 

c o n d i t i o n s  which w i l l  be used  f o r  d e r i v a t i o n  o f  t h e  optimum 

c o n t r o l  law i n  the  i n t e r v a l  t <  TI a r e  imposed a s  f o l l o w s :  

dt 
I n  o r d e r  to modify t h i s  s i t u a t i o n ,  i t  i s  

From t h i s  p o i n t  o f  view, t h e  

a )  The n a t u r a l  boundary c o n d i t i o n  g i v e n  i n  Equat ion  (41), 

b )  The i n i t i a l  c o n d i t i o n  expres sed  as Xg = x.(t) 
(Measured v a l u e ) ,  

la= t 
(62 1 

c )  I n  o r d e r  to keep p r e c u r s o r  con t inuous  a t  t = T1, 

i t  i s  r e q u i r e d  t h a t  

O=T1 (63) a b >  1 x2 
t=T1  

a )  The requi rement  f o r  the  c o n t i n u i t y  o f  d e r i v a t i v e  



- I C ) -  

a 
= h+y f o r  smal l  valueso? a N 

h + w b [l+a ’@ ] tan h a b (T2 - TI) 

c [l+a ] + h tan h w (T2 - T,) ’ b b b 
n =  

G = ( A ? )  s i n  h wa(Tl - t) - ua81+aa1 C O S  h aa(Tl-t). 

H = (AW) cos h w a (T, - t )  - ua[l+aa] s i n  h ua(Tl-t). 

F J r  t h ?  homogeneous 

;he atom r a t i o  about  500, us ing  Ag0.1 sec  -’, p 2 7 . 5 ~ 1 0 - ~ ,  vz2.5, 

“f - 
r e a c t i v i t y ) ,  T2 - TI)/ 60 s e c ,  a n d  rl%..?xlO 

t l y e  f 0 l l O i ; l  -.-: q u a n t i t i e s  a s  

C - U 2 3 5  (Hydrogen a s  c o o l a n t )  r e a c t o r  w i t h  

-1 -̂ ‘0.09 ern-’, ~~“=3;?5 ern 2 w  , y=O.23 see  ( e q u i v a l e n t  t o  69 c e n t s  
4 2  em w e  can approximate 

-4 -1 b rJ a h V  BCf /J 
= 5.7 x 10 cm , A = vpC = 1.875 x cm-’. 

A+? f 
A =  



- 2iJ- 

b d  a N  W b a a 2  0.01, ab 

S u b s t i t u t i n g  some approximate q u a n t i t i e s  g iven  above i n t o  Equat ion 

(63) ,  w e  have 

0.1, CI) = A, cc, = A+y = ysU, and t a n  h uP(T2-T , )  2 1. 

(10)  The Response o f  t h e  Flux and P recu r so r  Having Optimum 

C o n t r o l  

The optimum f l u x ,  @*, sub jec t ed  t o  i n i t i a l  e r r o r s  can be 

o b t a i n e d  by s o l v i n g  the  following d i f f e r e n t i a l  equa t ions  which 

a r e  d e r i v e d  from Equat ions (66) ,  (61) ,  (25)  and (45), 

For the  c a s e  ab 2 0.1, and a" * 0.01  * 

a u b d i . e .  a + 2 = 2; a + 2 = 2 ,  

t h e  s o l u t i o n  o f  Equat ions  (67) and (68) are, 
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b b -h(t-Tl) x1* - &,e 

where 

X E o  = t h e  va lue  of X1 a a t  t = 0 ,  

X l 0  I2 = t h e  va lue  o f  XI b a t  t = T,. 

By u s i n g  t h e  d e f i n r i t i o n  of X: and X1 b i n  e q u a t i o n  ( 2 4 )  and (20 )  

one o b t a i n s  

where 

-Y- @,ad = @ o  a - Q o  b from e q u a t i o n  (18). 
h+y 

(see F igure  1) (73) 

Then 

4* = +R + no, 

a - h t  + @,e a - I 4+ -'1 
- ($,ad - @ , ) e  -(A+y)T1+yt s i n  h (h+y)t } s i n  -p, TT t < Tl (74) 

77- 
@ O  b eyT1,gh(t-T1) + @te~'I'l s i n  7 z .  T l s t <  T2 (75) 

When t = TI ,  i t  i s  known t h a t  

T h e r e f o r e  t h e  d e r i v a t i v e s  of Cb: a t  t = T1 i s  d i s c o n t i n u o u s .  

@?e-AT1 2 0 and @: I Z! @: I 
t = T 1  t = T 1 '  
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S u b s t i t u t i n g  Equat ion  (74)  and (75) i n t o  Equat ion  (7), t h e  

Optimum p r e c u r s o r  a re  o b t a i n e d :  

T l , c  t < T2 (77) 
a 

0 .23  s e c  -1 h 2 0.1 s e e  -1 , 

It can  be proved tha t  a t  t = TI b o t h  C, and a f ~ C *  a r e  con t inuous .  

The r e sponse  of @* and C, a r e  c a l c u l a t e d  f o r  t h e  t y p i c a l  

n u c l e a r  powered r o c k e t  s t a r t - u p ,  i . e .  y 

by u s i n g  e q u a t i o n s  (72), ( 7 3 ) ,  (74)  and (75) with i n i t i a l  e r r o r s  

of  100% and -50%. The r e f e r e n c e  i n i t i a l  power i s  lOKW and f i n a l  

power i s  10 KW. The r a t e  of r ise  of  power i s  one deca.de p e r  t e n  

seconds ,  co r re spond ing  to 69 c e n t s  o f  r e a c t i v i t y .  Two c u r v e s  for 

6 

The a c t u a l  r e sponse  shown i n  f i g u r e  1 i s  very  c l o s e  t o  t h e  d e s i r e d  

r e s p o n s e  even  s u b j e c t e d  to an i n i t i a l  e r r o r  as  h i g h  as 100%. 



(11) Conclusion 

Attempts a r e  made t o  c o n t r o l  t h e  a b s o r p t l o n  c r o s s - s e c t i o n  

o f  t h e  n u c l e a r  rocke t  w i t h  d i s t r i b u t e d  parameter  k i n e t i c s .  Two 

o p t i m i z a t i o n  procedure a r e  taken;  one w i t h  bang-bang c o n t r o l  for 

t h e  r e f e r e n c e  f l u x  and p recu r so r ,  ano the r  to e l i m i n a t e  t h e  jump 

by maximum p r i n c i p l e .  Closed form s o l u t i o n s  for t h e  c o n t r o l  

laws a r e  o b t a i n e d .  
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APPENDIX A 

Maximum P r i n c i p l e  f o r  a System o f  A lgebra i c  and D i f f e r e n t i a l  Equat ions  

The system i s  d e s c r i b e d  by t h e  f o l l o w i n g  set  o f  a l g e b r a i c  

and d i f f e r e n t i a l  e q u a t i o n s :  
. u ) i=1,. . m, r 0 = f i  ( X I  * xm, xm+l . ' xn> xn+l, u1 ' ' UkJ ' 

i = m + l ,  . . n+l  ( A 2 )  

X i ( o ' t )  = X i ( t )  i = 1, . . m, m + l ,  . . . n+l  ( A 3 )  

1 k 
where x. ( a )  a re  s t a t e  v a r i a b l e s  and u 

The problem i s  to minimize 

a r e  c o n t r o l  v a r i a b l e s .  

n+l 

n+ l  n + l  

i=l i =1 
= JT' 7 C.X.da + C CiXi ( a = t )  

L 1 1  t 

The method o f  c a l c u l u s  o f  v a r i a t i o n  may be a p p l l e d  to d e r i v e  t h e  

maximum p r i n c i p l e  f o r  t h e  c a s e  o f  unbounded c o n t r o l  va r i ab le s  for 

f i x e d  t i m e .  The q u a n t i t y  S(T2)  i n  Equa t ion  (A4) remains t he  same 

by i n t r o d u c i n g  Lagrange m u l t i p l i e r s  pi ( a )  to ad j o i n  t he  c o n t r a i n t s  

imposed by e q u a t i o n s  ( A l )  and ( A 2 )  

n+1 n+l  
S (T2) .  = JE2 CiHido + C X (a=t) i=1 i-1 i i  

n+l 0 

i = m + l  



. ' .  

First o r d e r  v a r i a t i o n  are taken  f o r  t h e  s t a t e  and control 

v a r i a b l e s  about  a s t a t i o n a r y  pa th  as 
- 

xi = xi + & E # )  

= x. + & C . ( t )  xi I 1. 

0 - 

S t a t i o n a r y  v a l u e s  of  S(T2) i n  Equat ion  ( A 5 )  a r e  de te rmined  

by t a k i n g  the p a r t i a l  d e r a t i v e  o f  S(T2) w i t h  r e s p e c t  to E and 

s e t t i n g  r e s u l t  to z e r o .  

8 } do 
n+l  ni-1 

i = m + l  i=l ciei + P i t i  - C P i  9 'j 
j=1 

The f i r s t  two tems of t h e  r i g h t - h a n d  s ide  of t h e  above equ- 

a t i o n  may be i n t e g r a t e d  by parts to o b t a i n  the  fo l lowing  

n+l n+ l  a:. 1 
T2 I T- = s  + c p j  d ~ e i  do  

i=l 1 L 'i t 1 i = m + l  

+ ST2 
t 

r 
2: 

k=l  

do  

S i n c e  Equa t ion  ( A 8 )  must be s a t i s f i e d  f o r  a rb i t r a ry  4, and 

t h e  c o e f f i c i e n t s  o f  these terms must be ze ro ,  i . e .  

ci = 0 i = 1 , .  . . . m  

c i  = -P1(T2) i = m+l, . . . . n+l  



( A 1  0) 

n+l a?; 
j=1 . J  1 

6i = - p .  -$-, i = m+1, . . . . n+l  

( A l l )  

If the Hamiltonian is defined as 

n+l 
H = piFi 

id 

then r 
i=l, . . . . m 

i=m+l, . . . . n+l 

k=l ,  . . . . . r 



' A  

Appendix B 

Cond i t ion  for t h e  D e r i v a t i v e  o f  P r e c u r s o r  to be Continuous a t  

t = T, 

By d e f i n i t i o n  o f  e q u a t i o n s  ( 2 0 ) ,  (24), and (17) 

I 
Thus 

For con t inuous  s l o p e  o f  p r e c u r s o r  a t  o = T1 i . e .  

one o b t a i n s  

CE +ACa 



Appendix C :  Optimum Control  Law 

Optimum c o n t r o l  law for t h e  t ime i n t e r v a l  t ( T ,  can be d e r i v e d  

by s o l v i n g  e q u a t i o n  (25) and (44 ) .  

t h a t  o f  i n t e r v a l  TI,< t: T2 

a r b i t r a r y  c o n s t a n t s  F to E 

The s o l u t f o n s  a r e  s i m i l a r  to 

except  s u p e r s c r i p t  b changed to a and 

where 

XI a = F ( E l ( t )  ma s i n  h cua(,r-t) + E 2 ( t )  cos  h cua(o-t) 

x2 a = - -- ' , ( E l ( t )  [ (h- ty )  c o s  h m a ( O - t )  - w a ( l + a a )  s i n  h ma(o - tg  
2a 

+ E 2 ( t )  [ ( h e )  s i n  h coa(u-t) - ~ ~ ( 1 % ~ )  c o s  h m a ( u - t ) ] l  

(c-4) 

and t h e  q u a n t i t y  t h e r e  i s  c a r r i e d  as a pa rame te r .  

A r b i t r a r y  c o n s t a n t s  can be de te rmined  by u s i n g  the  imposed 

c o n d i t i o n s  i n  e q u a t i o n s  (63)  and (64) 

S u b s t i t u t i n g  e q u a t i o n  (58)  i n t o  e q u a t i o n s  (63)  and (64) one 

o b t a i n s  t h e  f o l l o w i n g  e q u a t i o n s ,  r e s p e c t i v e l y :  

(c-5)  

Le t  t = T1 i n  e q u a t i o n  (60) ,  we have 

Fl(T1) = - F2(T1) t a n  h 0 b (T2-T1) (c-7) 



E l i m i n a t i n g  F,(T,)  and F,(T,) among above three e q u a t i o n s  l e a d s  t o  

where 
h+cub(l+ab) t a n  h (u b (T2-T1) 

b b co (l+a ) + h t a n  h UI (T2-T1) 
b n =  

S b s t i t u t i n g  Equat ion  ( C - 4 )  i n t o  Equat ion  ( C - 8 ) ,  we have 

( C - 9 )  

E l ( t )  [ u a G  + (y+wbo)H] + E 2 ( t ) [  (y+wbO)G -t waH] - 2 a a ' F 0  ( c -10 )  

where 

G = (A?) s i n  h cua(T1-t) - c u a ( l  + a a )  c o s  h ua(T1-t) 

H = ( h e )  c o s  h cua(T,-t)  - c u a ( l + a a )  s i n  h coa(T1- t )  

Using t h e  Equat ion  ( C 3 ) ,  the fo l lowing  e q u a t i o n  i s  o b t a i n e d  
a (c-11 ) 

X:(t) = -& E * ( t )  

Combining wi th  e q u a t i o n  (C-10) g ives  

2 a [(yiabO)G + maH] X:(t) - 2a a y 
E&)  = - eo 

waG + (y+wbq H 

The optimum Con t ro l  law i s  ob ta ined  from e q u a t i o n  (C-1) 

(c-12)  

2 c y +  wbg)G + uaHJ X:(t) - a a y  w a + X : ( t ) ) t < T 1  

a 
a waG + (y+wbJI)H 
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