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ABSTRACT 

, 

93u2.6 
The o b j e c t i v e  of t h i s  program is  the a p p l i c a t i o n  of l igh t  

s c a t t e r i n g  t h e o r i e s  t o  h i g h l y  pigmented coa t ings .  

i s  aimed a t  the maximization of the r e f l e c t i o n  of s o l a r  : 6 d i z ~ i .  * .  

The adap ta t ion  of c l a s s i c a l  M i e  t h e o r y  t o  m u l t i p l e  s c a t t e r i n g  h a s  

been extended t o  d i f f e r e n t  r e f r a c t i v e  i n d i c i e s  u s ing  the r a d i a l  

s c a t t e r i n g  d a t a  of Lowan. The concen t r a t ions  of l-rr-,icrc: ;:-.:t- 

icles and f i l m  t h i cknesses  requi red  t o  a t t e n u a t e  an i n c i d e n t  

source t o  1% was c a l u c l a t e d .  The random-walk i n v e s t i g a t i o n s  in- 

volve a d e s c r i t p i o n  of random intercepts of a circle,  the develop- 

ment of the concept of randomly superimposed sc reens ,  and preli-  

minary s t u d i e s  of a Monte Car lo  approach t o  the s imula t ion  of 

s e c t i o n s  through p a i n t  f i l m s .  I t  i s  shown by the use  of randomly 

superimposed s c r e e n s  t h a t  a body composed of 50% s o l i d s  w i l l  per- 

m i t  on ly  0.7% of the inc iden t  l ight t o  p a s s  through 7 equ iva len t  

sc reens .  The  imp l i ca t ions  of t h i s  concept a r e  d iscussed .  The 

experimental  s t u d i e s  du r ing  th i s  pe r iod  r e s u l t e d  i n  the genera t ion  

of an equat ion  w h i c h  r e l a t e s  r e f l e c t a n c e  t o  the thickness of pig- 

mented f i l m s :  

The  program 

1 I- 

I = C 2 t " l  100-Rh 

w h e r e  RA is  the s p e c t r a l  r e f l e c t a n c e  a t  wavelength .X., t i s  the 

t h i c k n e s s  and C1 and C a r e  cons t an t s  a p p l i c a b l e  a t  wavelength A. 2 
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INVESTIGATION OF L I B I T  SCATTERING 
I N  HIGHLY REFLECTING PIGMENTED COATINGS 

I . INTRODUCTION 

The ob jec t ive  of t h i s  program is  the a p p l i c a t i o n  of l ight-  

s c a t t e r i n g  t h e o r i e s  t o  polydisperse ,  h i g h l y  r e f l e c t i n g ,  h i g h l y  

pigmented coa t ings .  The program i s  aimed a t  a d e f i n i t i o n  of 

l i g h t - s c a t t e r i n g  parameters a s soc ia t ed  w i t h  the  maximum ref lec- 

t i o n  of s o l a r  r a d i a t i o n .  

Work t h u s  f a r  h a s  involved (1) a review of l i g h t - s c a t t e r i n g  

theo ry  w i t h  emphasis on t h a t  po r t ion  hold ing  the most promise 

f o r  a p p l i c a t i o n  t o  mul t ip l e  s c a t t e r i n g  ev--._,:s, ( 2 )  the conception 

of t h e o r e t i c a l  approaches and random-walk techniques  w i t h  w h i c h  

t o  t r e a t  the problem of mul t ip le  s c a t t e r i n g ,  and ( 3 )  the gener- 

a t i o n  of d a t a  concerning t h e  o p t i c a l  p r o p e r t i e s  of c a r e f u l l y  

prepared a r r a y s  of s i l v e r  h a l i d e  p a r t i c l e s  d i spe r sed  i n  g e l a t i n .  

The adap ta t ion  of c l a s s i c a l  M i e  t heo ry  t o  mul t ip l e  s c a t t e r -  

i n g  was cont inued by extending the a n a l y s i s  of the m o d e l  system 

d i scussed  i n  the previous  q u a r t e r l y  r e p o r t  (IITRI-C6018-14) 

t o  r e f r a c t i v e  i n d i c e s  of 1.33, 1.44, 1.55, and 2.00 i n  a medium. 

The random-walk i n v e s t i g a t i o n  d iscussed  i n  t h i s  r e p o r t  

i nc ludes  a d e s c r i p t i o n  of random i n t e r c e p t s  of a circle,  t h e  

p r o p e r t i e s  of randomly superimposed sc reens ,  and p re l imina ry  

s t u d i e s  of a Monte Car lo  approach t o  the s imula t ion  of s e c t i o n s  

through p a i n t  f i lms .  Three methods of c o n s t r u c t i n g  random 

i n t e r c e p t s  of a c i rc le  a r e  presented ,  and f u t u r e  s t u d i e s  w i l l  
I l l  R E S E A R C H  I N S T I T U T E  
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c 

involve the use of these techniques t o  c a l u c l a t e  the amount of 

absorpt ion occurr ing  i n  random p a t h s  through pigment p a r t i c l e s .  

The concept of randomly superimposed sc reens  was developed for  

t h e  purpose of s tudying  the r e f l e c t a n c e  of p a i n t  f i lms .  

concept invol t -es  the s imulat ion of l i gh t  through a p a i n t  f i l m .  

An analogous ex tens ion  of t h i s  technique may p e r m i t  the simula- 

t i o n  of s e c t i o n s  through composite bodies  of va r ious  volume 

concen t r a t ions  and con ta in ing  var ious  p a r t i c l e  s i z e s .  

The 

Severa l  sets of monodisperse f i l m s  of s i l v e r  bromide of 

va r ious  p a r t i c l e  t h i cknesses  were prepared. 

the th i ckness  and the r e f l e c t a n c e  a r e  r e l a t e d  by an exponent ia l  

r e l a t i o n s h i p ;  the o p t i c a l  p r o p e r t i e s  of f i l m s  con ta in ing  

f l o c c u l a t e d  dispers ions w e r e  a l s o  inves t iga t ed .  

It was found t h a t  

11. APPLICATION O F  CLASSICAL THEORY TO MULTIPLE SCATTERING 

This d i scuss ion  cont inues the a n a l y s i s  of l ight  s c a t t e r i n g  

of p a r t i c l e s  by the app l i ca t ion  of M i e  theory t o  p a r t i c u l a t e  

a r r ays .  I n  the previous  r e p o r t  (IITRI-C6018-14) a procedure 

was proposed f o r  e s t i m a t i n g  the  a t t e n u a t i o n  of l ight  i n  a 

p a r t i c u l a t e  f i l m .  

r e a l  r e f r a c t i v e  i n d i c e s ,  and it was assumed t h a t  i n  a f i l m  

the s c a t t e r  of the embedded p a r t i c l e s  i n  the foward d i r e c t i o n  

was l i m i t e d  by the angle of t o t a l  r e f l e c t i o n  of t h e  f i lm .  A t  

the s u r f a c e  of ene rg iz ing  l i g h t ,  a l l  l i g h t  ou t s ide  t h i s  angle  

i s  back s c a t t e r e d .  Thus the l i m i t s  imposed by the angle  of 

t o t a l  r e f l e c t i o n  would appear t o  be of value i n  determining 

The method was app l i ed  t o  p a r t i c l e s  w i t h  

I l T  R E S E A R C H  I N S T I T U T E  
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- - %  i-. ,-1 a t t e n u a t i o n  of l i g h t  by p a r t i c l e s  suspended i n  a f i l m .  

I n  the a p p l i c a t i o n  of t h i s  method, it must be noted t h a t  

the r e f r a c t i v e  index of t h e  p a r t i c l e s  is  r e f e r r e d  t o  the 

surrounding medium, which i s  t h e  f i l m  m a t e r i a l .  The c r i t i c a l  

angle  f o r  t o t a l  r e f l e c t i o n  is  a func t ion  of the r e f r a c t i v e  

index of the f i l m  i n  i t s  surrounding medium, i .e. ,  a i r  o r  vac- 

ccum. 

c r i t i c a l  angle of t h e  f i l m  was 45O, and s p h e r i c a l  p a r t i c l e s  of 

1-p r a d i u s  had a r e f r a c t i v e  index of 1 .44  i n  the medium. H e r e  

the e f f e c t  of changing t h e  r e f r a c t i v e  index of the p a r t i c l e s  

and l eav ing  a l l  o the r  parameters unchanged is discussed.  

I n  the example d iscussed  i n  the previous  r e p o r t ,  the 

Thus: 

Angle of t o t a l  r e f l e c t i o n  is 45O 

Forward-scattering cone subtens:  1 . 8 4  s t e r a d i a n s  

P a r t i c l e  r a d i u s  i s  1 p .  

The r 

i s  examined by us ing  t h e  r a d i a l  s c a t t e r i n g  d a t a  of Lowan.' 

c a se  i n  which m = 1.44 i s  a l s o  reviewed. 

.isurn s c a t t e r i n g  cases ,  i n  w h i c h  m = 1.33, 1.55, and 2.00, 

The 
I 

I Condit ions f o r  maximum s c a t t e r  a s  a func t ion  of the para-  

For m e t e r  a = 2 7rr/), 

t h e  c a s e s  i n d i c a t e d ,  t h e  condi t ions  shown i n  Table 1 apply.  

have been given by LaMer and S i n c l a i r . *  

1 
- 

'Lowan, A .  N . ,  "Tables of S c a t t e r i n g  Functions f o r  Sphkjrical 
P a r t i c l e s  , I t  National  Bureau of Standards Applied Matbrmatics 
Series No. 4 . ,  Washington, D.C. , 1948. 

*LaMer, V. and S i n c l a i r ,  D. ,  C?:-v. Rev., 44, 245, 134s. 
I 
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Table 1 

CONDITIONS FOR MAXIMUM SCATTERING 
BY 1-cL TRANSPARENT PARTICLES 

Ref rac t ive  Maximum S c a t t e r i n g  
Index m Cross  Section K h ,m 

1.33 3.9 6.3 1.0 

1.44* 4.0 4.8 1.31 

1.55 4.4 3.6 1.74 

2.00 5.2 2.4 2.62 

* 
The d a t a  of r e p o r t  No.  IITRI-C6018-14 w e r e  r e c a l c u l a t e d  
f r o m  comparison i n  the present  series. 

The r a d i a l  s c a t t e r i n g  i n t e n s i t y  is given by 

where Io i s  the inc iden t  energy per u n i t  a r e a ,  and Ie is  the 

s c a t t e r e d  i n t e n s i t y  per u n i t  s o l i d  angle .  

a r e  the angular  d i s t r i b u t i o n  func t ions  f o r  the two p lane  

p o l a r i z e d  components s c a t t e r e d  by a t r a n s p a r e n t  p a r t i c l e  

i l l umina ted  by incoherent  l i g h t  of wavelength h .  

The t e r m s  il and i2 

B y  us ing  Lowan's d a t a ,  the  s c a t t e r e d  i n t e n s i t i e s  i n  the 

forward d i r e c t e d  cone of 90° included angle  were i n t e g r a t e d  

numer ica l ly  by minimizing the average i n t e n s i t i e s  of the 

s c a t t e r e d  l igh t  i n  t h e  loo  zones be tween Oo and 50°. These 

s c a t t e r e d  i n t e n s i t i e s  correspond t o  the il + i2 t e r m  of Equation 

1 and can be app l i ed  i n  Equation 1 t o  determine the f r a c t i o n  of 

I I T  R E S E A R C H  I N S T I T U T E  
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i nc iden t  energy if s c a t t e r e d  i n t o  the forward cone. By 

comparison w i t h  the t o t a l  s c a t t e r i n g  c r o s s  s e c t i o n ,  the back- 

s c a t t e r  for  one p a r t i c l e  i s  determined, and the a t t e n u a t i o n ,  

can be determined a s  a funct ion of the p a r t i c l e ' s  t r u e  Ka 7 

c r o s s  sec t ion .  All these c a l c u l a t i o n s  have been made and a r e  

t a b u l a t e d  i n  Table 2. 

a r e  t h e n  used t o  Ka 7 
The a t t e n u a t i o n  c r o s s  s e c t i o n s ,  

determine the concent ra t ion  needed t o  a t t e n u a t e  an inc iden t  

source by a s tandard amount. A mul t ip l e  a r r a y  of p a r t i c l e s  

t h a t  do  no t  i n t e r f e r e  w i t h  each o the r  i s  assumed. 

The a t t e n u a t i o n  of a number of p a r t i c l e s  i s  given by 

w h e r e  I i s  the i n t e n s i t y  of t h e  emergent beam. A l l  other  t e r m s  

have been def ined  previous ly .  Equation 2 i s  convenient ly  s t a t e d  

i n  the form 

2.303 l o g  Io/I = K n r 2  N ( 2 a )  a 

I 
For a given a t t e n u a t i o n ,  N i s  determined when the appropr i a t e  

va lues  a r e  ass igned t o  K and r.  By u s i n g  the d a t a  of Table 2 

and ass ign ing  a value of 100 t o  Io/I, i .e. ,  a t t e n u a t i n g  the 

source t o  1%, the va lues  shown i n  Table 3 a r e  obtained. 

a 

The t a b u l a t e d  d a t a  emphasize the increased  a t t e n u a t i o n  

e f f i c i e n c y  of p a r t i c l e s  w i t h  high r e f r a c t i v e  ind ices .  

I 
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Table 2 

SCATTERING PROPERTIES OF 1-p PARTICLES 
OF VARIOUS REFRACTIVE INDICES AT WAVELENGTHS 

CORRESPONDING TO MAXIMUM SCAlTERING CROSS SECTIONS 

A t t e n u a t i o n  I f  'Total Scattered B a c k s c d t t e r  CrOSS 
S c a t t e r i n g  

C r o s s -  Sect i on R e f r a c t  ive 
Index  (m) (K) '1 + '2 x I n t e n s i t y ,  x lo8 I n t e n s i t y ,  x- IO* ( K a )  

1 . 3 3  3.9 1.0 4 4 0  1 0 . 2  12.3 

1.44 4.0 1 . 3  2 6 0  1 0 . 3  12.6 

1 . 5 5  4.4 1 . 7  155 10.9 13.8 

2 . 0 0  5 .2  2 . 6  4 3  6.9 16.4 

2 . 1  0 . 6 7  

2 . 3  0 . 7 3  

2.9 0.92 

9.5 3 . 0  

T a b l e  3 

C<JNCEN'rRA'l'IONS OF 1-p PARTICLE AND FILM THICKNESSES REQUIRED 
TO h'I'I'hNIIATE THF. INCIDENT SIGNAL TO 1% 

_-_________ - - -. ___ __ 

Re Lr't( C i v r  k t t t n u d t i o n  C r o , s  Sec-tion P a r t i c l e  R a d i u s  Par t ic les /cn i  F i l m  T h i c k n e s s , *  
I n d e x  (TI)  (Kd) (N) 111111 b .- 

1 . 3 3  0 . 6 7  1 2.2 x l o8  2 

1 . 4 4  

1..  5 5  

0 . 7 '3 

0.92 

1 2.0 x lo8 2 

1 1.46 x 10* 1 .5  

2 . 0 0  2 . 0 0  1 7 . 3  x 10' 0 . 7  
__ _-_ - -- .--____.._________I_ -- 

* 
F i l m  t l i i c k n e s a  f o ~ -  a n  idealized systeiii o€ n G r l i . n t c r f e r i n y  p a r t i c l e s  spaced 10 a p a r t .  

6 IITRI-C6018-15 



111. RANDOM-WALK TECHNIQUE FOR THE STUDY O F  MULTIPLE SCATTERING 

A. Random I n t e r c e p t s  of a C i r c l e  

The t e r m  random a s  used i n  everday speech, describes a 

system t h a t  i s  not  uniform or i s  nonsystematic.  When the t e r m  

i s  used t o  describe a system t h a t  has  f i n i t e  dimensions i n  space,  

it is  necessary  t o  be very  s p e c i f i c  about the exac t  na tu re  of the 

randomness of the system considered. 

both be random i n  t h e  t e c h n i c a l  sense and y e t  have d i f f e r e n t  

phys i ca l  p r o p e r t i e s .  

the problem of drawing random l i n e s  a c r o s s  a circle.  

t i o n  a r i s e s  i n  the s tudy  of the l i g h t - s c a t t e r i n g  behavior of p a i n t  

f i l m s ,  s i n c e  the average l e n g t h  of i n t e r c e p t s  of a circle repre- 

s e n t s  the average p a t h  of photons through a s p h e r i c a l  pigment 

p a r t i c l e .  

Two s i m i l a r  systems can 

This f a c t  can be i l l u s t r a t e d  by cons ider ing  

This s i t u a -  

One m e t h o d  of cons t ruc t ing  random i n t e r c e p t s  of circles i s  

t o  draw a c i rc le  on a piece of paper and then  t o s s  t h i n  w i r e s  

onto the paper i n  a random manner. The record  of the d i f f e r e n t  

p o s i t i o n s  i n  w h i c h  the w i r e s  f a l l  would then  provide a set of 

random i n t e r c e p t s .  

randomness i s  no t  n e c e s s a r i l y  a t r u e  s imula t ion  of the random 

p a t h s  through a s p h e r i c a l  object .  

However, it can be shown t h a t  t h i s  kind of 

There a r e  three p o s s i b l e  mathematical procedures f o r  con- 

s t r u c t i n g  random i n t e r c e p t s .  

i s  divided i n t o  a convenient set of i n t e r v a l s .  Each i n t e r v a l  

i s  t h e n  a l l o c a t e d  a number. To cons t ruc t  a random i n t e r c e p t ,  

I n  the f i rs t  method the perimeter 
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two numbers wi th in  the appropr ia te  range a r e  selected from ran- 

dom number t a b l e s ,  and a l i n e  i s  drawn between the two cor res -  

ponding p o i n t s  on the p e r i m e t e r .  This method i s  i l l u s t r a t e d  i n  

Figure 1, and an example of t h i s  type of random i n t e r c e p t  i s  

shown i n  Figure 2. 

d iv ided  i n t o  360 i n t e r v a l s  (polar  graph paper )  was used. Random 

numbers between 1 and 360 w e r e  selected, and 20 random l i n e s  

drawn t o  cons t ruc t  the system of random i n t e r c e p t s  given i n  

Figure 2. 

C i r c u l a r  graph paper w i t h  the per imeter  

I n  the second method f o r  cons t ruc t ing  the random l i n e s ,  

the l eng th  of a r a d i a l  l i n e r p  is  chosen f r o m  random number 

t a b l e s ,  and the d i r e c t i o n  of t h i s  l i n e  w i t h  respect t o  some 

fixed d i r e c t i o n ,  8, is a l s o  chosen a t  random. Then the i n t e r -  

cept i s  drawn pe rpenc i r cu la r  t o  t h i s  r ad ius .  The method i s  

a l s o  i l l u s t r a t e d  i n  Figure 1. 

given i n  Figure 3.  

a r e  more probable  i n  m e t h o d  1, and f o r  t h a t  k ind  of randomness, 

the average i n t e r c e p t  l eng th  is small  i n  method 1 t h a n  i n  

m e t h o d  2. 

An example of the system i s  

Figures 2 and 3 show t h a t  s h o r t e r  i n t e r c e p t s  

A t h i rd  method of cons t ruc t ing  the random i n t e r c e p t s  i s  t o  

s p e c i f y  a p o i n t  on the i n t e r c e p t  by us ing  a r ec t angu la r  gr id  

system superimposed upon the c i r c l e .  Then the d i r e c t i o n  of the 

l i n e  a t  t h i s  p o i n t  is  selected a t  random. This is  method 3 i n  

F igure  1. 

method 2 a l l  va lues  of d i r e c t i o n  a r e  e q u a l l y  probable  and a l l  

v a l u e s  of P a r e  e q u a l l y  probable. 

I n  f a c t ,  method 3 is equiva len t  t o  method 2 ,  s i n c e  i n  
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Consider the f a m i l i e s  of i n t e r c e p t s  f o r  a given d i r e c t i o n  

of va r ious  va lues  of r; s ince  each value of r i s  e q u a l l y  probable ,  

a set c -  p a r a l l e l  l i n e s  w i l l  be obtained. Therefore ,  a l l  

p o s s i b l e  i n t e r c e p t s  a r e  formed by r o t a t i n g  a set of p a r a l l e l  

l i n e s  about the center po in t .  As t h e  l i n e s  come c l o s e r  and 

c l o s e r  t o g e t h e r ,  a t  any p o i n t  i n  space there w i l l  be a group 

of i n t e r s e c t i n g  l i n e s  t h a t  a r e  spread uniformly through 360OC. 

This r e s u l t  i s  a l s o  obtained when many i n t e r c e p t s  a r e  drawn 

by m e t h o d  3 .  An a l t e r n a t i v e  viewpoint is  t h a t  x and y s p e c i f y  

a va lue ,  P ,  and t h a t  corresponding va lues  of r and e i n  m e t h o d  

2 w i l l  r e s u l t  i n  an i n t e r c e p t  of the same l e n g t h  and d i r e c t i o n  

a s  choosing x, y ,  and 8. 

The phys ica l  method of cons t ruc t ing  the random i n t e r c e p t s  

described a t  the beginning of t h i s  s e c t i o n  corresponds t o  m e t h o d  

2. That i s ,  i f  we consider  t h e  midpoint of t h e  w i r e  t o s s e d  

onto the paper ,  the p r o b a b i l i t y  of f i n d i n g  t h i s  p o i n t  a t  any 

p o i n t  w i t h i n  the circle  i s  the same f o r  a l l  p o s s i b l e  p o i n t s .  

T h i s  i s  equ iva len t  t o  saying t h a t  a l l  p o s s i b l e  x and y coordin- 

a t e s  f o r  t h i s  f i x e d  reference po in t  on the w i r e  a r e  e q u a l l y  

probable .  On landing ,  a11 poss ib l e  o r i e n t a t i o n s  of the w i r e  

a r e  e q u a l l y  probable:  t h e r e f o r e  the t o s s i n g  of the w i r e  on to  

the c i rc le  is p h y s i c a l l y  equiva len t  t o  method 2. 

Therefore  t h e  w i r e  t o s s i n g  method would give average i n t e r -  

cept l e n g t h s  t h a t  correspond t o  those  obtained g r a p h i c a l l y  by 

u s i n g  m t h o d  2. Now the problem i s  t o  decide which method of 

random i n t e r c e p t  cons t ruc t ion  corresponds t o  r e a l i t y  i n  t h e  
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case  of random p e n e t r a t i o n  of a s p h e r i c a l  o b j e c t ,  and then  t o  

deduce a f i g u r e  i , - r  the average pa th  w i t h i n  t h e  sphere f o r  many 

random events .  This f i g u r e  could then  be used t o  c a l c u l a t e  

the amount of absorp t ion  i n  random p a t h s  through pigment p a r t i c l e s .  

Eventual ly ,  it w i l l  be necessary t o  cons ider  the modi f ica t ions  

necessary f o r  t h e  cons ide ra t ion  of nonspher ica l  p a r t i c l e s .  

Work on s t u d i e s  is i n  progress .  

B. Some P r o p e r t i e s  of Random Systems : Randomly Super imposed 
Screens 

It may be p o s s i b l e  t o  study the r e f l e c t a n c e  of p a i n t  f i l m s  

by cons ider ing  t h a t  the pene t r a t ion  of l i g h t  through the p a i n t  

f i l m  i s  p h y s i c a l l y  the same a s  the Gsne t r a t ion  of l igh t  through 

randomly superimposed screens. I n  th i s  p h y s i c a l  m o d e l  the 

pigment p a r t i c l e s  d e f i n e  the absorbing p o r t i o n s  of the screen.  

An important p rope r ty  of randomly superimposed screens  .: 

the r e s u l t i n g  r e s i d u a l  a r e a ,  when viewed e x a c t l y  perpendicular  

t o  the p lane  of the screen.  This i s  important i n  determining 

the d i r e c t  p e n e t r a t i o n  of an inc ident  beam cf l igh t  when d i f f r a c -  

t i o n  of l igh t  a t  the opening of the screens is  n e g l i g i b l e .  

Consider an a r e a ,  A,  w i t h i n  w h i c h  two laminae, or a r e a s ,  

a l  and a 2 ,  can be p laced  a t  random (Figure 4). 

ness  i n  t h i s  s i t u a t i o n ,  the p o s i t i o n  of t h e  c e n t r o i d  of each 

subarea ( i . e . ,  a l  and a 2 )  i s  spec i f i ed  by x and y c o r r d i n a t e s ,  

w h i c h  a r e  s e l e c t e d  by us ing  random number t a b l e s .  A fixed 

d i r e c t i o n  on the lamina permits random o r i e n t a t i o n ,  i .e . ,  a l l  

d i r e c t i o n s  a r e  e q u a l l y  probable. 

T o  d e f i n e  random- 

If the whole of the a r e a ,  A ,  
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Area A. 
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i s  covered w i t h  N p o i n t s  e q u i d i s t a n t  from each other,  the number 

of p o i n t s  w i th in  al  i s  

The number of p o i n t s  wi th in  a 2  is  

2 N X -  A 

a 

If one p o i n t  wi th in  A is  s e l e c t e d ,  the chance t h a t  it l ies  w i t h -  

i n  either a rea  is  

2 - and - A A 

a al 

The chance t h a t  one p o i n t  w i l l  l i e  wi th in  both  a r e a s  simultane- 

ous ly  i s  

If many e v e n t s  a r e  considered,  the average number of p o i n t s  t h a t  

w i l l  l i e  i n  both  a reas  is 

Therefore  the average over lap  a rea  over many even t s  i s  
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If A i s  t aken  t o  be u n i t y  and a 

of u n i t  a r e a ,  f l  and f 

and a 2  a r e  expressed a s  f r a c t i o n s  1 
then  the  f r a c t i o n a l  a r ea  of over lap  2' 

f o r  many even t s  i s  f l  x f 2 '  

T h i s  d i scuss ion  has  proceeded i n  t e r m s  of many supe rpos i t i ons  

of two a r e a s  wi th in  a tes t  area.  Mathematically,  an extended 

screen  with many random ape r tu re s  of average f r a c t i o n a l  a r e a ,  

f l ,  p laced  above another screen con ta ins  many random a p e r t u r e s  of 

of average f r a c t i o n a l  a r e a ,  f 2 ,  w h i c h  i s  equiva len t  t o  many 

random supe rpos i t i ons  of the two i s o l a t e d  a reas .  

P h y s i c a l l y ,  t h e  d i f f e r e n c e  i s  t h a t  i n  the case  of the t w o  

s c reens  t h e  average is  f o r  many e v e n t s  d i s t r i b u t e d  i n  space,  and 

w h i l e  i n  the case  of t h e  two a r e a s ,  the average i s  f o r  many 

even t s  d i s t r i b u t e d  i n  t i m e .  Therefore the average r e s i d u a l  

exposure f o r  two random screens  superimposed should be fl x f 2 .  

S i m i l a r l y ,  f o r  a series of screens it should be f l  x f 2  x f3'"f 

f o r  n screens .  

Two r e g u l a r  s c reens  superimposed a t  random should be a 

c l o s e  approximation t o  random screens  p laced  on t o p  of each 

o the r .  Therefore the fol lowing experiment was devised t o  t es t  

the reason ing  given i n  t h e  foregoing d i scuss ion .  Consider the 

screen  shown i n  Figure 5. T h i s  sc reen  was chosen t o  fit the 

p r o p o r t i o n s  of the w i r e  openings i n  a 325-mesh screen  -- the 

w i d t h  of the c losed  p r o t i o n s  t o  the openings was 36/44. The 

b a s i c  u n i t  of the screen i s  an open p o r t i o n  44 u n i t s  square ,  

w i t h  opac.ue p o r t i o n s  36 x 80 u n i t s  a long  two sides. Therefore 

the f r a c t i o n a l  opening i n  the screen  is  
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F I G .  5 B A S I C  S C R E E N  ( O P E N  A R E A  0 . 3 0 3 )  

1 7  



442 - = 0.303 
802 

Therefore when two screens a r e  superimposed, the open a rea  i s  

0.092, and f o r  three screens  0.028. A master c i r c u l a r  g r i d  

(F igure  5)  con ta in ing  325 whole square openings was cons t ruc ted  

on paper.  The opaque p o r t i o n s  w e r e  covered w i t h  i n d i a  i n k ,  and 

the openings w e r e  c u t  out w i t h  a s c a l p e l .  T h i s  master was copied 

by Xerography. 

t h i s  copy, and the combination again copied by Xerography. The 

openings common t o  both screens  could be seen c l e a r l y  on t h i s  

The master was then superimposed a t  random on 

copy. T o  measure the open a rea ,  the p o r t i o n s  of the d i s k  cor res -  

ponding t o  t h e  common open area w e r e  c u t  out by us ing  the s c a l p e l .  

The loss i n  f r a c t i o n a l  weight of the d i s k  r e p r e s e n t s  the f r a c t i o n  

of open a r e a  remaining. The experiment was repea ted  f i v e  t i m e s ,  

and the measured f r a c t i o n a l  openings w e r e :  0.098, 0,105, 0.102, 

0.092, and 0.101. 

Consider ing the small  number of squares  involved and the 

m e t h o d  of e v a l u a t i n g  the common a r e a ,  t h e s e  r e s u l t s  can be con- 

sidered t o  s t r o n g l y  i n d i c a t e  the  v a l i d i t y  of t h e  reasoning  used 

i n  p r e d i c t i n g  a va lue  of 0,092. The  disks obtained by the two 

superimposi t ions a r e  shown i n  Figures 6 through 10. The r e s u l t  

of superimposing the o r i g i n a l  master sc reen  randomly on one of 

the double screens  is shown i n  Figure 11. Again, the common 

open a r e a s  of a l l  three screens werc es t imated  by c u t t i n g  away 

t h e  appropr i a t e  p o r t i o n s  of the reporduced d i s k  and measuring 
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the loss i n  weight. The p red ic t ed  open area  f o r  these sc reens  

was 0.028. The measured open area i n  two experiments w e r e  

0.028 and 0.030, which i s  i n  com2lets accord w i t h  p r e d i c t i o n s  

wi th in  experimental  error. 

T h i s  method of t e s t i n g  the e f f e c t  of random superpos i t ion  

of screens is  cheap, quick,  and e f f e c t i v e .  It  is planned t9 

do one more experiment each  with three, f o u r ,  f ive ,  six,  and 

f i n a l l y  seven screens. The pred ic t ed  openings for these va lues  

a r e  given i n  Table 5. 

Table 5 

FRACTIONAL OPENINGS FOR SEVERAL SUPERIMPOSED SCREENS 

N u m b e r  
of Screens F rac t iona l  Open Area 

4 0.0070 

5 0.0020 

6 

7 

0.0006 

0.0002 

Therefore ,  a f t e r  pas s ing  through 7 s c reens  only ,  1 photon 

out  of every  5000 would s t i l l  be t r a v e l l i n g  i n  the o r i g i n a l  

d i r e c t i o n ,  even i f  d i f f r a c t i o n  e f f e c t s  were completely ignored. 

This  r e s u l t  w i l l  be checked by measuring the energy removed from 

a p l ane  p a r a l l e l  beam of l ight  passed through randomly super- 

imposed p i e c e s  of 325-mesh Tyler sc reens .  
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, 

The proport ion of open space i n  t h e  screen s tud ied  i s  30%, 

which corresponds t o  a s o l i d s  concent ra t ion  of 70% i n  a p a i n t  

f i l m .  

exposed on sec t ion ing  a composite body i s  t h e  s a m e  a s  t h a t  of 

t h e  so l id  t o  space i n  t h e  composite body. 

I t  can be shown t h a t  t h e  a r e a  r a t i o  of so l id  t o  space 

Consider t h e  general L ': ? of a -percent  solids. Af te r  n 

equ iva len t  sc reens ,  t h e  percentage a r e a  a v a i l a b l e  for s t r a i g h t -  
n through t r a n s i t i o n s  i s  (1 - a )  . The va lues  for a few values  

of n and a a rz  qiven i n  Table 6. 

T a b l e  6 
FRACTION O F  SPACE AVAILABLE FOR STRAIGHT-THROUGH PASSAGE 

a 
Number of Equivalent  Screens 

3 4 5 6 7 

0.50 0,125 0,062 0.031 0.015 0.007 

0.40 0.216 0,130 0.078 0,047 0.028 

0-30 0,343 0,240 0 168 0 . : : ; "  0.083 

Table 6 shows t h a t  even ignoring d i f f r a c t i o n  e f f e c t s  af ter  

seven sc reens  (which should be equiva len t  t o  about seven diameters)  , 
8% of t h e  energy of t h e  inc iden t  beam w i l l  s t i l l  p e r s i s t  as  a 

d i r e c t i o n a l  element when t h e  f i l m  c o n t a i n s  30% s o l i d s .  The 

g e n e r a l  ex tens ion  of t h i s  t reatment  and t h e  imp l i ca t ions  of 

t h e  data a r e  being pursued. 
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C. Simulation of Sec t ions  throuqh P a i n t  F i l m s  

P r o p e r t i e s  of random screens have been d iscussed  i n  t h e  

preceding sec t ion .  I n  applying t h i s  theory  t o  p a i n t  f i l m s ,  it 

w i l l  be necessary t o  know t h e  na ture  of t h e  s e c t i o n s  taken 

through a p a i n t  f i l m .  

of t h e  pigment exposed i s  t h e  same a s  t h a t  of t h e  volume pro- 

po r t ion  of pigment i n  t h e  p a i n t  formula t ion ,  it i s  necessary 

t o  know t h e  f l u c t u a t i o n s  i n  t h e  exposed pigment per sec t ion .  

Therefore ,  w e  w i l l  nex t  descr ibe  a Monte C a r l o  method f o r  

s imula t ing  s e c t i o n s  through a composite body now descr ibed .  

I n i t i a l l y ,  t h e  s imples t  case of monosized pigment i s  considered.  

Although t h e  average va lues  of t h e  a rea  

Consider a u n i t  cube t h a t  con ta ins  N monosized particles. 

L e t  t h e  volume concent ra t ion  of s o l i d s  be a .  Then 

3 a = N ~ r d  - 
6 

where d i s  t h e  diameter of t h e  particles. 

T o  s imula te  t h e  N p a r t i c l e s  s c a t t e r e d  randomly throughout 

t h e  cube, cons ider  t h e  cen te r  of each par t ic le  t d  be s p e c i f i e d  

by coord ina te s  x, y and z drawn from random number tables. 

The coord ina te s  of t h e  N p a r t i c l e s  i n  t h e  x-y plane are p l o t t e d  

on a piece of grap'h paper ,  and t h e  par t ic le  i s  r ep resen ted  by 

a c i rc le  on t h e  x-y plane,  S i n c e  w e  a r e  cons ider ing  a random 

d i s t r i b u t i o n  of p a r t i c l e s  t o  s imulate  a random s e c t i o n  through 

t h e  composite, it i s  s u f f i c i e n t  t o  cons ider  randomly s e l e c t e d  

x-z p l anes ,  To select a plane,  a va lue  of y i s  drawn from 
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t 

t h e  random number t a b l e s ,  This s e c t i o n  appears  as a s t r a i g h t  

l i n e  on t h e  x-y p lane ,  This  l i n e  i n t e r s e c t s  t h e  circles i n  

t h e  x-y p lane ,  and t h e  l eng th  of t h e  i n t e r c e p t s  a r e  t h e  diameters 

of t h e  s e c t i o n s  of t h e  p a r t i c l e s  exposed i n  t h e  x-z plane.  B y  

using t h i s  information and t h e  values  of t h e  z coord ina te ,  t h e  

complete appearance of t h e  x-z section a t  any value of y can 

be drawn. 

Consider now t h a t  w e  had four  sect ions,  a s  shown i n  

Figure 1 2 .  I t  i s  assumed t h a t  t he  s e c t i o n s  are  represented  

by i n k  circles on t r a n s l u c e n t  paper. N o t e  i n  Figure 1 2 B  

t h a t  one circle i n t e r c e p t s  t h e  top edge, The missing p o r t i o n  

i s  added t o  t h e  base of t h e  section t o  s imula te  an i n f i n i t e  

exposure of s o l i d ,  Now suppose t h e  va lue  of t h e  s o l i d s  con ten t  

i s  a .  To s imula te  a s e c t i o n  through a material of sol ids  concen- 

t r a t i o n  2ag  superimpose a upon b and copy t h e  r e s u l t a n t  system. - - 
N o t e  t h a t  s i n c e  t h e  exposed sections have no symmetry, a can be 

superimposed on b i n  four  ways by r o t a t i n g  it, Again, s i n c e  

t h e  paper i s  t r a n s l u c e n t ,  it can be i n v e r t e d  and again placed 

- 
- 

i n  fou r  p o s s i b l e  p o s i t i o n s ,  so t h a t  t h e r e  a r e  e i g h t  possible 

combinations. If w e  had four  s e c t i o n s ,  it would be possible 

t o  s imula te  48,6 

spat ia l  d i s t r i b u t i o n  and s i x  d i f f e r e n t  f r a c t i o n a l  a r ea  exposures. 

The possibi l i t ies  of s imulat ion when, f o r  example, twelve d i f -  

'1: paired s e c t i o n s  f o r  appearance and 

f e r e n t  s e c t i o n s  a r e  cons t ruc ted ,  are very hig'h, I f  fou r  s e c t i o n s  

w e r e  now placed side by side and reduced photographica l ly  t o  
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t h e  s i z e  of t h e  o r i g i n a l  s e c t . i o n ,  this si rnulates  t h e  appearance 

of a s e c t i o n  of t h e  same volume concent ra t ion  bu t  of one-fourth 

t h e  p a r t i c l e  diameter .  Combining t h i s  w i th  an o r i g i n a l  s e c t i o n  

would s imula te  t w i c e  t h e  concentrat ion of a 1:l mixture of 

particles of diameter d and g ,  

With r e l a t i v e l y  few sec t ions  w e  could s imula te  s e c t i o n s  

through composite bodies of var ious volume concen t r a t ions  and 

conta in ing  var ious  p a r t i c l e  s i z e s ,  Although t h i s  s imula t ion  

has  been d iscussed  i n  t e r m s  of s e c t i o n s  through p a i n t  f i l m s ,  

t h e  same technique could be used t o  s imulate:  

(1) Various p a r t i c l e - s i z e  d i s t r i b u t i o n E  of p a r t i c l e s  

on a microscope s l i d e ,  The supe rpos i t i on  of a 

r e l a t i v e l y  few masters would enable sitnulation of 

t h e  appearance of var ious f i e l d s  of v i e w ,  which a r e  

random f l a c t u a t a  ons about a qiven real populat ion.  

This  could be pa r tncu la r ly  u s e f u l  i n  eva lua t ing  

a e r i a l  photsgra.phs of remote spherical objects o r  

f i e l d s  of view obkained by us ing  an  e l e c t r o n  micro- 

scope, I t  would a l s o  provide a u s e f u l  t o o l  f o r  

studying ove r l ap  losses when particles a r e  deposi ted 

on a f i l t e r ,  Since t h e  d e n s i t y  of a d e p o s i t  of a i r  

p o l l u t i o n  p a r t i c l e s  1s  measured photometr ica l ly  by 

l i g h t  r e f l e c t a n c e  and s i n c e  p a r t i c l e s  overlapped 

a r e  n o t  recorded ,  t h i s  problem i s  of importance t o  

a i r  p o l l u t i o n  s t u d i e s ,  
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( 2 )  If two masters of t h e  same s o l i d s  concentrat ion 

bu t  of d i f f e r e n t  co lo r s  a r e  prepared and the t w c  

papers  t hen  superimposed ~ the r e s u l t  would r ep resen t  

a s ec t ion  through a mixture of two m a t e r i a l s ,  Again, 

r e l a t i v e l y  few masters would enable  s e c t i o n s  through 

d i f f e r e n t  mixtures  t o  be simulated,  T h i s  would provide 

a fund of experience t o  enable  s c i e n t i s t s  t o  decide 

whether f l u c t u a t i o n s  observed i n  a s e c t i o n  

a p rope l l an t  mixture o r  metal  a l l o y ,  could have a r i s e n  

by chance i n  a well-mxed ba tch  or i.qhet!ier t h e y  differed 

s u f f i c i e n t l y  from poss ib l e  f l u c t u a t i o n s  such t h a t  

segrega t ion  w i t h i n  the batch i s  ind ica t ed ,  

( 3 )  

stress the maximum stress occurr ing  wi th in  the body 

w i l l  be ac ross  the plane of minmcim p l a s t i c  element, 

Thus, i n  a pigmented p l a s t i c ,  t h e  r u p t u r e  w i l l  occur 

ac ross  the p lane  with the maximum pigment p r e s e n t ,  

The superimposed masters could be used t o  s imulate  

experimental ly  the var ious p o s s i b l e  c ross -sec t ions  

t h a t  can occur:  the minimum r u p t u r e  s t r e n g t h  p red ic t ed ,  

and the p a t t e r n s  of f l u c t u a t i o n s  e s t a b l i s h e d ,  

e e g. , through 

When a composite body i s  s u b ~ e c t e d  t o  t e n s i l e  

I t  may be poss ib l e  t o  pa ten t  the simulated s e c t i o n s ,  because 

they could have c o m e r i c a l  p o s s i b i i i t r e s ,  They would be p a r t i -  

c u l a r l y  u s e f u l  fo r  t r a i n i n g  microscopis ts  and for r e s e a r c h  i n t o  

properties of composite bodies ,  Instead of copying superimposed 
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masters ,  t h e  masters could be made i n t o  s l i d e s  and p ro jec t ed  

d i r e c t l y  onto t h e  screen ,  Simulated s e c t i o n s  through p a i n t  

f i l m s  are being cons t ruc ted ,  The usefu lness  of t h e s e  s e c t i o n s  

i n  p r e d i c t i n g  the  p r o p e r t i e s  of t h e  p a i n t s  w i l l  be explored,  

IV, EXPERIMENTAL STUDIES - - ~ - ~  -11-1 

A. The O p t i c a l  P r o p e r t i e s  l_-l__-_ of F i l m s  of ~ Various Thicknesses 

A set of monodisperse f i lms  of in te rmedia te  th i ckness ,  

which permi t ted  t h e  measurement of both t ransmi t tance  c . 

w a s  f i r s t  prepared, The o p t i c a l  d e n s i t i e s  of t h e s e  f i l m s  are 

given i n  Figure 13, The th ickness  of t h e  f i l m s  was measured 

i n t e r f e r o m e t r i c a l l y ,  The p a r t i c l e  r a d i u s  was 0,30  p (ba tch  251, 

The r e f l e c t a n c e  measurements of t h e  same films a r e  given i n  

i-L:iect-nce, 

1 

t e r m s  of backsca t t e r  i n t e n s i t y  i n  Fi.gure 1 4 ,  The  backsca t te r  

i n t e n s i t y ,  B I ,  i s  c a l c u l a t e d  from 

E 
BI = ---- 

n 100 - r 

where R i s  t h e  percent" r e f l e c t a n c e  a t  wavelength A ,  The r a t i o  

of backsca t t e red  energy t o  t h e  t o t a l  s c a t t e r e d  energy, c a l l e d  

t h e  backscatter c o e f f i c i e n t .  i s  shown ir ,  Figure 15, 

J\ 

I 

I During t h e  reduct ion  of the d a t a ,  it was noted t h a t  a 
I 
I 

I l i n e a r  p l o t  of backsca t te r  i n t e n s i t y  BI versus  In  t where 
I 

t i s  t h e  f i l m  th i ckness ,  could be obtained,  The d a t a  are 

presented  i n  Figure 16 f o r  t h e  backsca t te r  in t .ens i ty  a t  a 

wavelength of O U 4 7  1, 
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Addit ional  experiments were performed t o  confirm t h e  

above observat ion.  Two sets of f i l m s  of var ious  th i cknesses  

w e r e  prepared. The th ickness  of t h e  f i l m s  w a s  uniform through- 

o u t  t h e  area of observat ion.  

for barch 26 and 0.20 f o r  ba t ch  30. The r e f l e c t a n c e s  are given 

i n  t e r m s  of backscatter i n t e n s i t i e s  i n  F igures  17 and 18. Back- 

s c a t t e r  i n t e n s i t i e s  a t  0.46 1-1 versus t h e  es t imated  l i m i t s  of 

t h e  th i ckness  measurements f o r  batch 26 are p l o t t e d  i n  F igure  19; 

The particle r a d i i  w e r e  0 . 3 2  1-1 

Figure  20 i s  a s i m i l a r  p lot  for ba tch  30 a t  a wavelength of 0.45 1. 

Since F igures  16 ,  19 and 20 are l i n e a r  p l o t s ,  t h e  fol lowing 

r e l a t i o n s h i p  between r e f l e c t a n c e  and th ickness  can be e s t a b l i s h e d .  

=C1 I n  t + I n  C2 1 
In 100 - R. ( 4 )  

h 

where R i s  t h e  percent  r e f l e c t a n c e ,  t i s  t h e  f i l m  t h i c k n e s s ,  

and C1 and C2 are experimental  cons t an t s  corresponding t o  t h e  

x 

slope and t h e  i n t e r c e p t .  C1 and C 2  depend on t h e  particle s i z e ,  

e f f e c t i v e  r e f r a c t i v e  index of t h e  system, and t h e  wavelength 

of measurements. A l l  t h e  given d a t a  are a t  t h e  wavelengths of 

maximum r e f l e c t a n c e  (F igures  1 4 ,  1 7  and 18) .  

Equation 4 can be w r i t t e n  as: 

1 = C 2 t -  C? 
100 - \ 

or ,  i n  t e r m s  of r e f l e c t a n c e ,  R ,  

(5 )  
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C 

RA = 100 - 
C 2 t  1 

B. The Opt ica l  Properties of Flocculated A s p e r s i o n s  

A set  of f i l m s  w a s  prepared f r o m  a f l o c c u l a t e d  suspension 

of monodispersed particles.  Figure 2 1  shows t h e  o p t i c a l  d e n s i t y  

as a func t ion  of wavelength f o r  such a d i spe r s ion .  The d a t a  

show t h a t  t h e  o sc i l l a t ions  i n  t ransmi t tance  have almost disappeared. 

A l s o ,  t h e  o p t i c a l  d e n s i t y  i s  considerably less than f o r  a w e l l -  

d i spe r sed  suspension. Figure 22  shows t h e  backsca t t e r  c o e f f i c i e n t  

for t h i s  suspension; it i n d i c a t e s  a cons iderable  decrease i n  

backsca t t e r ing .  I t  i s ,  the re fo re ,  concluded t h a t  f l u c c u l a t i o n  

tends  t o  des t roy  t h e  l i g h t - s c a t t e r i n g  properties of monodisperse 

f i lms .  

C. Discussion of Experimental S tudies  

The r e f l e c t a n c e s  of thicker  f i l m s  w e r e  less than those  

of t h i n n e r  f i l m s  a t  wavelengths less than 3,5 p (F igures  14, 17 

and 18) 

t i o n  of s i l v e r  bromide. S ince  a t  s h o r t  wavelengths t h e  energy 

loss  mechanism i s  absorption and n o t  s c a t t e r i n g ,  t h e  r e f l e c t a n c e  

of t h i c k  f i l m s  decreases  due t o  i n c r e a s e s  i n  t h e  abso rp t ive  

pa th  length .  I t  was a l s o  noted t h a t  t h e  backsca t t e r  c o e f f i c i e n t  

of t h i n  f i l m s  t ends  t o  be s l i g h t l y  h igher  than t h a t  of t h e  

t h i c k  ones,  and w e  have previously observed (Report N o .  IITRI- 

C6018-14) t h a t  t he  backscatter i n t e n s i t y  obtained from bimodal 

This  can be explained on t h e  basis of molecular absorp- 
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mixtures  w a s  less than t h a t  predicted f r o m  measurements of 

monodisperse f i l m s .  These t w o  observat ions tend  t o  support  

t h e  ideal  coa t ing  model cons i s t ing  of t h i n  l a y e r s  (Report N o .  

I I T R I - C 6 0 1 8 - 1 1 )  . 
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