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NOMENCLATURE 

a 

L 

S 
h 

hP. 

p!L 

MS 

MP. 

M = ML + Ms 
E 

V 

Coordinates of a point relative to 
the fixed inertia reference frame 

Cartesian coordinates of a point 
before deformation relative to the 
body reference frame 

Polar coordinates of a point before 
deformation relative to the body 
reference frame 

Displacement, velocity, and acceleration 
respectively, of the body coordinate 
system with respect to the inertia re- 
ference frame 

Displacement components of the shell 
relative to the body reference frame 
as shown in Figure 1 

Radius of middle surface of the shell 

Length of the cylinder 

Thickness of the shell 

Height of the liquid 

Density of the shell 

Density of the liquid 

Mass of the shell 

Mass of the liquid 

Total combined mass 

Modulus of Elasticity of the shell 

Poisson's ratio 

Modulus of rigidity of the shell 
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TO 

Y 

L A = -  
a 

2 2  PsL ( 0 " )  

E !J= 

Natu ra l  f requency  of  f r e e  v i b r a t i o n  of  
an incompress ib l e  l i q u i d  i n  a r i g i d  
c i r c u l a r  tank  w i t h  a f r e e  s u r f a c e  

Frequency of  t h e  p e r i o d i c  component of  
a p p l i e d  t h r u s t  

Magnitude of  t h e  c o n s t a n t  component of  
a p p l i e d  t h r u s t  

Magnitude o f  t h e  p e r i o d i c  component o f  
app 1 i ed t h r  u s t 

%/To 

Cons tan t  o v e r - r i d e  p r e s s u r e  i n  c y l i n d e r  

V a r i a b l e  p r e s s u r e  o n  w a l l  (assumed 
p o s i t i v e  outward)  

Uni t  s t e p  f u n c t i o n  

J ( t )  = 0 t < O  
= 1  t To 

Dimensionless  time 

A r b i t r a r y  f requency  used t o  non- 
dimensional  i z e  t ime  

Dimensionless  axial  c o o r d i n a t e  

Dimensionless  d i sp l acemen t s  and t ime  
co e f  f i c  i en t s 

Dimensionless  c o n s t a n t s  

iv 



( 4 )  - 
ME r 

- 0 
P 

- 
- Eo. 

Dimensionl e s s  c o n s t a n t s  

Dimensionl ess s ta t ic  pres sur e 

Dimensionl ess dynamic pressure 

Parameters  de f ined  i n  t h e  t e x t .  The 
s u b - s c r i p t s  and s u p e r - s c r i p t s  a r e  
bo th  t h e  u s u a l  summation i n d i c e s .  
The symbol - denoted t h e  d imens ion le s s  
form of  t h e  parameter  

Laplace  t r ans fo rm of  t h e  f u n c t i o n  F 

V 
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9.0 INTRODUCTION 

The problem considered in this paper is the forced vibration of 

a circular cylindrical elastic shell that is partially filled with an 

incompressible liquid and is initially at rest in a uniform gravitational 

field. The strains in the shell are assumed to lie within the region 

of application of linear elasticity and the motion of the shell and 

the liquid is assumed to be such that it can be adequately described 

by small oscillation theory. While in the above state, the shell is 

subjected to an impulsive force composed of a constant and a periodically 

varying component resulting in the acceleration of the cylinder in the 

axial direction (see Figure 1). 

the ends of the cylinder remain circular and that the centers of  the 

1 two ends remain on a straight line that is always parallel to the X 

coordinate axis. In addition, the ends of the shell are assumed to be 

freely supported as defined on page 6 ,  These assumptions are not felt 

to place an undue restriction on either the vibratory motion of the 

cylinder or the stresses in the shell wall and the resulting ffuncouplinglf 

of the equations of motion is a distinct advantage in obtaining a 

tractable set o f  differential equations. 

During this motion, it is assumed that 

The assumed displacement functions for the shell are taken in a gen- 

. eral enough form to allow for all motions of the cylinder within the re- 

strictions imposed by the equations of motion and the boundary conditions. 

In the computations involving the liquid it is assumed that the 

bottom of the cylinder is flat and rigid and has the same motion as the 



1 I n e r t i a  r e f e r e n c e  frame Y 

F i g u r e  1 C o o r d i n a t e  System and t h e  Displacement F u n c t i o n s  of  a Circular C y l i n d e r  
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body c o o r d i n a t e  system. The motion of  t h e  l i q u i d  i s  d e s c r i b e d  i n  te rms  

of  a v e l o c i t y  p o t e n t i a l .  The p r e s s u r e  e x e r t e d  by t h e  l i q u i d  on  t h e  w a l l  

i s  g iven  by B e r n o u l l i ' s  equa t ion .  

By l e t t i n g  t h e  p e r i o d i c  component of  t h e  a p p l i e d  t h r u s t  v a n i s h  and 

t h e  c o n s t a n t  p a r t  b e  j u s t  s u f f i c i e n t  t o  s u p p o r t  t h e  c y l i n d e r  b u t  g i v e  no 

a c c e l e r a t i o n ,  t h e  problem o f  f r e e  v i b r a t i o n  is o b t a i n e d .  I n  t h i s  c a s e  

t h e  i n i t i a l  c o n d i t i o n s  must be o t h e r  t h a n  t h e  s t a t i c  d e f l e c t i o n  s t a t e  as  

p o i n t e d  o u t  i n  S e c t i o n  6.0 o f  the paper. 

P h y s i c a l l y  t h i s  problem may be i n t e r p r e t e d  a s  fo l lows .  Cons ider  

t h e  c y l i n d e r  t o  be t h e  f u e l  t a n k  of  a l i q u i d  f u e l e d  r o c k e t  motor t h a t  

i s  i n i t i a l l y  r e s t r a i n e d  a t  i t s  base  p r i o r  t o  launch. The u s u a l  launch-  

i n g  procedure  i s  t o  s t a r t  t h e  motor and a l l o w  i t  t o  r e a c h  approximate ly  

f u l l  t h r u s t  b e f o r e  r e l e a s i n g  t h e  r e s t r a i n i n g  mechanism. Assume t h a t  

d u r i n g  t h e  hold-down t ime a l l  of t h e  t h r u s t  i s  absorbed by t h e  s u p p o r t -  

i n g  mechanism except  f o r  t h a t  c o n s t a n t  p o r t i o n ,  Mg, r e q u i r e d  t o  h o l d  

t h e  r o c k e t  i n  a s t a t i c  v e r t i c a l  e q u i l i b r i u m  p o s i t i o n .  

i s  reached  t h e  hold-down mechanism i s  r e l e a s e d  and t h e  t o t a l  t h r u s t  i s  

a p p l i e d  t o  t h e  motor.  

When f u l l  t h r u s t  

3 



2.0 EQUATIONS OF MOTION FOR THE SHELL 

The s t a t i c  e q u i l i b r i u m  equa t ions  a r e  assumed t o  be  t h o s e  g iven  

by  Donne11 i n  r e f e r e n c e  1, page 14. 

body f o r c e s ,  a p p l i e d  f o r c e s ,  and i n e r t i a  f o r c e s  t o  t h e s e  e q u a t i o n s  t h e  

r e s u l t i n g  dynamic e q u a t i o n s  of  motion a re  

(Al so  see r e f e r e n c e  2 ) .  By adding  

2 
a w  + Ps(rl,O,t) 

a t  Pshs 2 + - =  
a 

1 "6 4- -- - 
a a o  

a Q n  
a n  

a M  a M  L - k L + + - Q  = O a n d  
O r i  n a a 6  

N - h T  = o  
n6 o n  

The bending moments and f o r c e s  a r e  r e l a t e d  t o  t h e  d i sp lacemen t s  as 

3 3 
= - D[G v " -  

2 a n  a 26 
Mrl 

2 2 

+ vql arl 

= -.[$ a,2 'iw 

4 



a a n  1-v  6 

Solv ing  f o r  Q e  and Q, f r o m  e q u a t i o n s  ( 4 )  and (5) and s u b s t i t u t i n g  

f o r  t h e  moments and f o r c e s  from equa t ions  ( 7 )  th rough (12), t h e  e q u a t i o n s  

o f  motion i n  t e rms  o f  t h e  displacement  components are 

Qe 1 a v  1 av 
a ' 2 a e ' a a n  I n  t h e  above equat ions  we have neg lec t ed  t h e  terms - - - - - 

Q a 
and te rms  of  t h e  o r d e r  ( h S ) L  . 

I f  a f o r c e  g i v e n  b y I ( t )  To 1 + y c o s ( R t )  + Mg i s  a p p l i e d  t o  t h e  c 3 
c y l i n d e r  which i s  i n i t i a l l y  a t  res t  i n  a uniform g r a v i t a t i o n a l  f i e l d ,  

t h e  r e s u l t i n g  a c c e l e r a t i o n  of t h e  c e n t e r  of mass of t h e  c y l i n d e r  w i l l  be 

5 



The assumption i s  made t h a t  the  motion o f  t h e  body c o o r d i n a t e  sys tem 

l o c a t e d  a t  t h e  bot tom of  t h e  c y l i n d e r  w i l l  be  approx ima te ly  t h e  same as  

t h e  c e n t e r  of mass. With t h i s  assumption t h e  f o r c e ,  F (n) ,  i s  t h e n  

The p r e s s u r e  due t o  t h e  l i q u i d ,  P ( q , O , t ) ,  i s  o b t a i n e d  i n  S e c t i o n  400 
S 

of  t h i s  paper  and i s  assumed p o s i t i v e  outward.  

The boundary c o n d i t i o n s  on t h e  s h e l l  a r e  t h a t  bo th  edges  are  f r e e l y  

suppor ted .  T h i s  i s  t aken  t o  imply t h e  fo l lowing ,  

(18)  v = w  = M = 0 a t  r7 = 0 and r7 = L 
r7 

Msg Poa T M  
o s  

n 27 aM + -  a t  n=O ( 1 9 )  N = - - T ( t )  - 

Displacements  s a t i s f y i n g  t h e s e  boundary c o n d i t i o n s  are assumed t o  be  

6 



I . 

( 2 3 )  

where UL:)(t), V ( i ) ( t ) 7  and Wi:)(t) a r e  unknown f u n c t i o n s  t o  be determined.  mn 

I f  w e  now s u b s t i t u t e  t h e  assumed d i sp lacemen t s  i n t o  t h e  e q u a t i o n s  

o f  mot ion  and use  G a l e r k i n ' s  method t o  e l i m i n a t e  t h e  s p a t i a l  dependence 

( s e e  r e f e r e n c e  3 ) ,  we o b t a i n  t h e  fo l lowing  set of d i f f e r e n t i a l  e q u a t i o n s  

i n  d imens ion le s s  t ime ( T ) .  

7 



I 

( T )  = 0 and + mnnX - ( 2 )  
2(1-v)u 'mn 
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1 2 7  

00 

It i s  now n e c e s s a r y  t o  de te rmine  

t i m e  c o e f f i c i e n t s  of t h e  displacement f u n c t i o n s .  With ( F , ~ , T )  

known, t h e  above e q u a t i o n s  can be so lved  f o r  t h e  unknown f u n c t i o n s .  

6 S ( t y 8 7 T )  i n  terms o f  t h e  unknown 

S 

The Tfuncoupl ingiT of t h e  e q u a t i o n s  of motion mentioned i n  t h e  

i n t r o d u c t i o n  can b e  observed i n  equat ions  ( 2 4 )  th rough (35). 

r e s t r i c t i o n s  p l a c e d  on t h e  displacement  f u n c t i o n s  by t h e  boundary 

c o n d i t i o n s ,  i t  i s  s e e n  t h a t  i n  t h e  a p p l i c a t i o n  o f  G a l e r k i n f s  method a l l  

t h e  r e s u l t i n g  e q u a t i o n s  a r e  ITuncoupledTT e x c e p t  e q u a t i o n s  ( 2 9 ) ,  ( 3 2 ) ,  and 

Due t o  t h e  

N 

n=l 
( 3 5 ) .  A s  6 ( C , e , T )  c o n t a i n s  terms o f  t h e  form 1 c ( i ) ( ~ )  sin[?) 

and a s  s i n  [ mn S 

i s  not  o r t h o g o n a l  t o  s i n ( n n S )  o v e r  t h e  range  0<5<1 

u n l e s s  5=1, t h e  r i g h t  hand s i d e  o f  t h e s e  e q u a t i o n s  w i l l  c o n t a i n  a l l  N 

unknowns G ( i ) ( ~ )  f o r  a g i v e n  m. mn 

9 



3.0 DESCRIPTION OF THE FLUID MOTION 

I f  t h e  mot ion  o f  t h e  f l u i d  i s  i r r o t a t i o n a l ,  i t  f o l l o w s  t h a t  t h e r e  

e x i s t s  a v e l o c i t y  p o t e n t i a l  which w i l l  be d e f i n e d  (ref.  4 )  such  t h a t  

3 
V = vg = g r a d  Q ( 3 6 )  

I n  a d d i t i o n ,  i f  t h e  f l u i d  i s  assumed t o  be incompress ib l e ,  it is known 

t h a t  t h e  v e l o c i t y  p o t e n t i a l  must s a t i s f y  L a p l a c e ' s  e q u a t i o n s  

= o  % I  t = O  

The v e l o c i t y  p o t e n t i a l  must a l s o  s a t i s f y  c e r t a i n  boundary and i n i t i a l  

c o n d i t i o n s  which f o r  t h e  problem cons idered  h e r e  are  a s  follows: 

- f f W(2)(t) fn ( r , )  s in(m8) , where (39) m=l n=O mn 

t h e  i n n e r  r a d i u s  o f  t h e  c y l i n d e r  i s  assumed t o  be  approximate ly  t h e  

same as t h e  r a d i u s  t o  t h e  middle  s u r f a c e ,  

10 



241 = o  ar t 4  

- -  = 0 and r a e  I t=O 

Equat ion  ( 4 0 )  i s  t h e  f r e e  s u r f a c e  c o n d i t i o n  and follows from 

B e r n o u l l i ' s  e q u a t i o n  i f  t h e  magnitude of  t h e  v e l o c i t y  v e c t o r  a t  a 

p o i n t  on t h e  s u r f a c e  %s assumed t o  b e  

t h e  p r e s s u r e  above t h e  f l u i d  i s  c o n s t a n t .  

B e r n o u l l i ' s  e q u a t i o n  is 

F o r  t h e s e  c o n d i t i o n s  

= o  

= o  
n=h2 

From e q u a t i o n  (49 ) 

1, t 

and a s  ' 

t h e n  

and 

where 

or 

11 



L L 

I ’  
0 

and a s  t h e  i n i t i a l  c o n d i t i o n s  a r e  chosen such t h a t  X ( 0 )  = rl t hen  1 
t 

U 
and e q u a t i o n  ( 4 6 )  can  be w r i t t e n  as 

t 

Equa t ions  ( 4 1 ) ,  ( 4 2 )  and ( 4 3 )  s p e c i f y  an  i n i t i a l l y  s t a t i o n a r y  f l u i d  and 

e q u a t i o n  ( 4 4 )  i s  t h e  co r re spond ing  c o n d i t i o n  t h a t  

The s o l u t i o n  t o  e q u a t i o n  ( 3 7 )  i s  assumed t o  be  o f  the form 

S u b s t i t u t i n g  e q u a t i o n  ( 5 5 )  i n t o  equa t ion  ( 3 7 )  and r e q u i r i n g  t h a t  0 

be  p e r i o d i c  and s i n g l e - v a l u e d  i n  0 and bounded a t  r = 0,  a s o l u t i o n  t o  

e q u a t i o n  ( 3 7 )  i s  found t o  be 

m 
’) D o j ( t )  cosh ( A o j  rl 

j=1 

LA 

L EOk( t )   COS(-^> k n  
hQ -t kn f k n  k=l (-a) I (-a) 

hQ O h Q  

12 



I 

r k r  

9. 
where 

t h e  modi f ied  Bessel f u n c t i o n s  of t h e  f i r s t  k i n d  r e s p e c t i v e l y .  

a r e  z e r o s  of Jml(Xmj) and a r e  ordered  such t h a t  X 

j ?. 1 ; and X 

Jo(0) = 1. 

Jm(Xmj a> and I (-r) a r e  Bessel f u n c t i o n s  o f  t h e  f i r s t  k i n d  and m h  

The X .s 
m j 

= 0 ; and X # 0 ,  
00 0 j 

> > f 0 f o r  j - m and m - 1. The r o o t  X = 0 is r e t a i n e d  as 
m j 00 

k n  The s e p a r a t i o n  c o n s t a n t s  - a r e  chosen w i t h  r e g a r d  t o  t h e  o r t h o g o n a l i t y  
h II 

of  t h e  c o s i n e  f u n c t i o n  over  t h e  h a l f  range  O<nch 

t a i n i n g  t h e  t ime f u n c t i o n s  A ( t ) ,  B ( t ) ,  C ( t ) ,  Fm 

o b t a i n e d  by t a k i n g  p a r t i c u l a r  v a l u e s  f o r  t h e  s e p a r a t i o n  c o n s t a n t s  and 

a r e  n e c e s s a r y  i n  o r d e r  t o  s a t i s f y  a l l  of t h e  boundary c o n d i t i o n s .  I n  

s a t i s f y i n g  t h e  boundary and i n i t i a l  c o n d i t i o n s  i t  i s  n e c e s s a r y  t o  use  

t h e  o r t h o g o n a l i t y  of  t h e  f u n c t i o n  J (A 

w e i g h t  f u n c t i o n  of - o v e r  t h e  reg ion  O<r<a and 0<8<2.rr. T h i s  i s  as  

follows. 

The e x p r e s s i o n s  con- e *  
( t )  and F m ( 2 ) ( t )  a r e  

L, c o s ( s 0 )  w i t h  r e s p e c t  t o  a 
s sp  a 

r 
a 

( r e f e r e n c e  5 ,  page 195) 

13 



> j- m 

P )  s ( 5 7 )  

Requi r ing  t h a t  t h e  t h r e e  boundary c o n d i t i o n s ,  e q u a t i o n s  ( 3 8 1 ,  ( 3 9 )  

and ( 4 0 )  be s a t i s f i e d ,  y i e l d s  t h e  fo l lowing  e q u a t i o n s  f o r  the t i m e  f u n c t i o n s .  

The complete d e r i v a t i o n  i s  shown i n  Appendix A. 

t 

w i t h  t h e  a d d i t i o n a l  requi rement  t h a t  

14 



1 .  
I 

k 
N (-1) Ion 

2 
2a 

1 - 4k 

i = l , 2  

where t h e  s u p e r p o s i t i o n  i n t e g r a l s  i n  e q u a t i o n s  (62) and (63)  are 

o b t a i n e d  a s  p a r t i c u l a r  s o l u t i o n s  t o  t h e  e q u a t i o n s  de t e rmin ing  

( s e e  r e f e r e n c e  6 ,  page 444) and 

D(!)(t), 
mJ 

h Q  
f 

15 



and 

The c o n s t a n t s  i n  t h e  above e q u a t i o n s  a r e  specif-2.c by t..e -.lit i a l  

c o n d i t i o n s  on t h e  f l u i d .  

n e c e s s a r y  r e s t r i c t i o n  t h a t  i f  V(0) = 0 t h e n  ;LA)(O) = 0, t h e  

Using e q u a t i o n s  (411, ( 4 2 ) ,  and ( 4 3 )  and t h e  
+ 

(’) (‘I, and A ( 2 )  a r e  found t o  be zero .  c o n s t a n t s  A 
o j  7 *mj m j 

From e q u a t i o n  ( 4 4 )  t h e  fo l lowing  e q u a t i o n s  a r e  o b t a i n e d  f o r  t h e  

remain ing  c o n s t a n t s  except  f o r  C 2 ’  which due t o  t h e  Neumann t y p e  

boundary and i n i t i a l  c o n d i t i o n s ,  cannot be determined 

16 



N 

n=O 
- a ( A  . >  1 w ( i ) ( o )  Ikn = 0 

*L " m j  Jm+l mJ mn 

It i s  seen  t h a t  t h e s e  e q u a t i o n s  cannot ,  i n  g e n e r a l ,  be s a t i s f i e d  f o r  

a l l  r,. 

The c o n s t a n t s  can be determined approximate ly  a s  fo l lows .  W r i t i n g  

e q u a t i o n  ( 7 6 )  a s  

w e  w i l l  r e q u i r e  t h a t  E l  be a minimum i n  t h e  s e n s e  of l e a s t  s q u a r e s .  

Theref o r e  

(77  

1 7  



I .  

I 

Following t h e  same procedure f o r  the  remaining e q u a t i o n s ,  t h e  c o n s t a n t s  

a r e  found t o  Le 

1 - 4k 

and 

It should  be n o t e d  t h a t  i f  t h e  i n i t i a l  c o n d i t i o n s  on t h e  s h e l l  a r e  such 

-(1) t h a t  Wmn (0) = <E)(O) = 0 t h e  c o n s t a n t s  are t h e n  determined e x a c t l y  a s  

18 



and 

The i n i t i a l  c o n d i t i o n s  n e c e s s a r y  f o r  t h e  above a r e  t h a t  t h e  d isp lacements  

o f  t h e  w a l l  are t h o s e  d isp lacements  cor responding  t o  t h e  s t a t i c  f o r c e s  

o f  t h e  f l u i d  and of  g r a v i t y .  

t r a n s i e n t  p a r t  o f  t h e  s o l u t i o n  and t h e r e f o r e ,  i f  t h e  f r ee  v i b r a t i o n s  of 

t h e  e l a s t i c  s h e l l  a r e  d e s i r e d ,  t h e  i n i t i a l  c o n d i t i o n s  must b e  o t h e r  t h a n  

t h e s e  o r  t h e r e  w i l l  o f  course  be no v i b r a t o r y  motion. 

These c o n d i t i o n s  amount t o  o m i t t i n g  t h e  

19 



4.0 PRESSURE EXERTED BY THE FLUID 

The v e l o c i t y  p o t e n t i a l  i s  now known and t h e  p r e s s u r e  e x e r t e d  by 

II' t h e  f l u i d  on t h e  w a l l  i s  g iven  by equa t ion  (53) w i t h  r = a and O4Mh 

The fo l lowing  i n t e g r a l s  a r e  necessary  i n  e v a l u a t i n g  t h e  p r e s s u r e :  

s i n  w mj . ( t l - T  ) dT)  
k 1 = [fimn(T) w d t l  and 

0 mj 

Taking t h e  Laplace t r ans fo rm 

L 

I L 

S i m i  l a  r 1 y 

I n  o r d e r  t o  i n c l u d e  t h e  p r e s s u r e  i n  t h e  s h e l l  e q u a t i o n s ,  i t  i s  

found t o  be more convenient  t o  expand t h e  p r e s s u r e  i n  a s e r i e s  i n  

te rms  o f  t h e  o r thogona l  f u n c t i o n  fn(Ti). 

s h e l l  i s  

The p r e s s u r e  a c t i n g  on t h e  

20 



= P  y 
0 

Writing P ( n ,  e ,t) in a series we have 
S 

where 

and (91) 

Substituting equation (56) into equation (53) anb then the results 

into equations ( g o ) ,  ( 9 1 ) ,  and (92) ,  the time coefficients may be determined. 

With these coefficients known in terms of WLi)(t) and Wmn (2)(t>, equation 

(88) may then be substituted into the shell equations and the functions 

the particular problem considered here, the function fnh) = sin (2” n )  

and equations (go), (91) ,  and (92)  give 

2 1  
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s i n h  

(1) 

e {  n=Q i 
t 

f .(I) r 

o j ( 8 )  cos 

N 

+ c  
n=o 

c 

'kn - 231) Wk 
(93) 

s = 1, 2, ., and 
N 

(i) 
pms (t) = -  

L mn L 

- 1 Jm e m j )  

r h x (%\ 1?> cosh (1 m j  ~5 + sin (?ha ) sinh a a 
c o s  

( 6 )  COS [ w m j  ( t - B )  

23 



+ 

For  t = 0 i n  t h e  above equa t ions  

which i s  j u s t  t h e  c o e f f i c i e n t  of t h e  h a l f  r ange  expans ion  o f  t h e  s t a t i c  

p r e s s u r e  i n  a s e r i e s  i n  terms of t h e  o r thogona l  f u n c t i o n s  f (n), and 

~ ( ~ ' ( 0 )  = 0, 

n 

i = 1 , 2 ,  
ms 

The e x p r e s s i o n  o b t a i n e d  f o r  Ps( l l ,B, t )  can  now be s u b s t i t u t e d  i n t o  

t h e  s h e l l  e q u a t i o n s ,  e q u a t i o n s  ( 2 4 )  through (35) on pages 7 t h rough  9 . 
Making t h i s  s u b s t i t u t i o n  and performing t h e  i n d i c a t e d  i n t e g r a t i o n  i n  

e q u a t i o n s  ( 2 9 ) ,  (321, and (35), w e  o b t a i n  

24 



(35)* 
Z( 2)  ( T )  = - 1 p ( 2 ) ( T )  

+ 'ms l~ ms 

Equa t ions  ( 9 3 )  and ( 9 4 )  i n  d imens ionless  form are  

SlT 

$ A i ) ( T )  = -  2 -  p 
STI 0 Sll 

2 5  



f 7 
(,-sn c o s  (sag)  s inh  ( A o  a )  - X ( A  ) s i n  (snc) cosh ( A  

j O j  O j  

(93 )* 

26 



* A m j  sin ( s a < )  cosh ( A  . a )  - ssr cos (ST<) sinh (A 
mJ 

i = 1,2 (94)*  

27 



5.0 PETHOD OF SOLUTION TO THE SHELL EQUATIONS 

In o r d e r  t o  s o l v e  f o r  t h e  unknown d isp lacement  f u n c t i o n s  i t  i s  

n e c e s s a r y  t o  o b t a i n  a s o l u t i o n  t o  e q u a t i o n s  ( 2 4 1 ,  ( 2 6 )  through (281, 

and t h e  t h r e e  sets  of e q u a t i o n s :  e q u a t i o n s  ( 2 5 )  and (29)*, e q u a t i o n s  

( 3 0 ) ,  ( 3 1 )  and ( 3 2 ) > k ,  e q u a t i o n s  ( 3 3 ) ,  ( 3 4 )  and (35)*. 

Equat ions  ( 2 4 ) ,  ( 2 6 ) ,  ( 2 7 )  and ( 2 8 )  may be s o l v e d  d i r e c t l y ,  and 

due t o  t h e  s t a t e m e n t  of t h e  problem, i .e.  by t h e  p a r t i c u l a r  c h o i c e  of 

i n i t i a l  c o n d i t i o n s ,  i t  f o l l o w s  t h a t  a l l  o f  t h e  v i b r a t o r y  motion w i l l  b e  

of  a s t e a d y - s t a t e  n a t u r e  and t h e r e f o r e  t h e  s o l u t i o n s  t o  t h e s e  e q u a t i o n s  

w i l l  be 

E q u a t i o n  ( 9 6 )  f o l l o w s  i f  t h e  requirement  i s  made t h a t  t h e  body 

r e f e r e n c e  frame remain w i t h  t h e  body d u r i n g  t h e  motion. 

S o l u t i o n s  

e q u a t i o n s  ( 2 5 )  

( 3 1 )  and ( 3 2 ) *  

( 3 3 ) ,  ( 3 4 )  and 

t o  t h e  remaining e q u a t i o n s  a r e  determined a s  f o l l o w s :  

and ( 2 9 ) *  determine  ~ ( I ) ( T )  and G ; ~ ) ( T  ), e q u a t i o n s  (30), 

determine  ? J ( l ) ( T ) ,  V ( ' ) ( T )  and ik;)(T ) and e q u a t i o n s  m s  m s  

( 3 5 ) - / ;  determine  u ( 2 ) ( ~  m s  1, f ? ( 2 ' ( ~ )  m s  and Q::)(T). AS ?::)(TI 

os 

c o n t a i n s  t h e  s u p e r p o s i t i o n  i n t e g r a l ,  it seems t h a t  t h e  most l o g i c a l  

manner i n  which t o  o b t a i n  a s o l u t i o n  t o  t h e s e  t h r e e  s e t s  of e q u a t i o n s  

i s  through t h e  u s e  of  Laplace t ransforms.  By t a k i n g  t h e  Laplace 

t r a n s f o r m  of t h e  above t h r e e  sets of e q u a t i o n s  and u s i n g  t h e  known 

i n i t i a l  c o n d i t i o n s  w e  can s o l v e  f o r  U -(I) os  (T) i n  terms of  i k i ) ( T )  from 

28 



e q u a t i o n  (25 )  and s u b s t i t u t e  t h e  r e s u l t s  i n t o  equa t ion  (29)*. 

(29)* w i l l  now c o n s i s t  of  N equat ions  f o r  t h e  d e t e r m i n a t i o n  of t h e  N 

unknowns W ( ’ ) ( T )  i n  terms o f  t h e  t r ans fo rm v a r i a b l e  p .  I n  a s imilar  

Equat ion  

os 

manner equa t ions  (30 ) ,  ( 3 1 ) ,  and (34) ,  ( 3 5 )  may be  s o l v e d  for f i L i ) ( T ) ,  

Equa t ions  

each  se t  o f  equa t ions  w i l l  c o n t a i n  N equa t ions  i n  t h e  N unknowns, 

d i ) ( , > ,  n= l ,  2 ,  ..., N. 

and (35)* w i l l  each c o n s i s t s  o f  M sets of e q u a t i o n s  and 

mn 

Methods f o r  de t e rmin ing  W ( ~ ) ( T  ), G:;)(T ) and C;:)(T ) are developed 
os 

i n  Appendix B. 
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6.0 SPECIFICATION OF I N I T I A L  CONDITIONS 

A t  t i m e  t = O  t h e  p r e s s u r e  i s  g iven  by 

I n  view o f  t h e  assumed form of t h e  d i sp lacemen t s ,  t h e  p r e s s u r e  w i l l  

be expanded i n  a F o u r i e r  s i n e  s e r i e s  o v e r  t h e  o v e r  t he  h a l f  r ange  

015"1. The c o e f f i c i e n t s  a r e  g iven  by e q u a t i o n s  (95 )  as  

2 r ( l )  s i n  ( s a c ) ]  
2P 

- 6 = -2 [1 - (-4 + - 
s SlT ST 

t h e  r e f  o r e  

Due t o  t h e  symmetry of l oad ing  t h e  o n l y  non-zero i n i t i a l  d i sp l acemen t s  

w i l l  be 

.. 
v(< ,e ,O)  = 0 and 

The e q u i l i b r i u m  e q u a t i o n s  a r e  

30 



Substituting the displacements into the above equilibrium equations, 

we find that 

, 

3 + v x r  n = 1, 2, ... N (107) 
+ r(1) [I - sin (nrr;) 

* *c; 
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I 

7.0 STABILITY C R I T E R I A  OF THE SHELL-FLUID SYSTEM 

It can  be shown from Appendix B t h a t  t h e  form f o r  t h e  s o l u t i o n s  

t o  t h e  e q u a t i o n s  (B-35) and (B-69) is  

where N(p) and D(p)  a r e  polynomia ls  i n  p .  

The s t a b i l i t y  c r i t e r i a  i s  determined by t h e  r o o t s  o f  t h e  polynomial  

D(p) ,  and i n  o r d e r  t o  have a s t a b l e  s o l u t i o n ,  t h e  fo l lowing  c o n d i t i o n s  

m u s t  be  m e t  ( r e f  7 ) :  

a )  

b )  Every r e p e a t e d  r ea l  r o o t  i s  n e g a t i v e  

c )  

d )  Every g e n e r a l  complex r o o t  h a s  n e g a t i v e  r e a l  p a r t .  

Every  unrepea ted  r o o t  must be n o n p o s i t i v e  

Every  pu re  imaginary r o o t  is un repea ted  

Any r o o t  which does n o t  s a t i s f y  t h e  above c o n d i t i o n s  w i l l  imply 

t h a t  t h e  S h e l l - F l u i d  System i s  b a s i c a l l y  u n s t a b l e .  The u n s t a b l e  r o o t s  

w i l l  p r o v i d e  t h e  n e c e s s a r y  informat ion  f o r  f u t u r e  p a r a m e t r i c  s tudy .  

3 2  



8.0 CONCLUSIONS AND RECOPNENDATIONS 

The dynamic r e s p o n s e s  of a c i r c u l a r  c y l i n d r i c a l  t a n k  p a r t i a l l y  

f i l l e d  wi th  a n  incompress ib l e  f l u i d  and s u b j e c t e d  t o  a p e r i o d i c a l l y  

va ry ing  l o n g i t u d i n a l  t h r u s t  have been ana lyzed .  

The method o f  s e p a r a t i o n  o f  v a r i a b l e s  has been used t o  d e t e r m i n e  

t h e  p r e s s u r e  e x e r t e d  by the v i b r a t i n g  f l u i d  on t h e  w a l l  o f  t h e  s h e l l .  

Assumptions on t h e  sma l l  d i sp lacements  b o t h  on  t h e  s h e l l  e l emen t s  and 

t h e  f r ee  s u r f a c e  o f  t h e  l i q u i d  are  emphasized, so t h a t  the  l i n e a r  

t h e o r y  can  be  a p p l i e d .  

By assuming t h e  d isp lacements  t o  be  g e n e r a l  double  se r ies ,  and 

u s i n g  G a l e r k i n f s  method t o  s o l v e  the s h e l l  e q u a t i o n s ,  a sys tem of 

o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  i n  t h e  t i m e  f u n c t i o n s  

i(i)(~), and w ( i ) ( ~ )  was ob ta ined .  

ii(‘)(T ), and mn 

It i s  proposed t o  s o l v e  t h i s  
.mn mn 

sys t em o f  e q u a t i o n s  u s i n g  Laplace t r ans fo rms  and ma t r ix  theo ry .  

e x t e n s i v e  numer ica l  work i s  involved,  t h e  numer ica l  s o l u t i o n s  o f  t h e  

t i m e  f u n c t i o n s ,  t h e  n a t u r a l  f r e q u e n c i e s  o f  t h e  S h e l l - F l u i d  System, and 

t h e  i n s t a b i l i t y  c r i t e r i a  can o n l y  be o b t a i n e d  th rough  t h e  a i d  of an  

e l e c t r o n i c  computer.  

Because 

For  f u t u r e  s t u d y  o f  t h e  S h e l l - F l u i d  System, t h e  f o l l o w i n g  

i n v e s t i g a t i o n s  a r e  recommended: 

(1) To develop  a numer ica l  s o l u t i o n  f o r  t h e  t i m e  f u n c t i o n s  

n ( i ) ( ~ ) ,  V ( i ) ( ~ ) ,  and G ( i ) ( ~ )  t h u s  comple t ing  t h e  s o l u t i o n s  mn mn mn 

of t h e  d i sp lacemen t  f u n c t i o n s  ii, <,and G. 

I 

33 



( 2 )  To perform a parametric study on the stability of the 

She 1 1 -F lu id S y s t em. 

( 3 )  To investigate the Shell-Fluid System subject.ed to a 

gimbaled, periodically-varying end thrust. 
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APPENDIX A 

D e r i v a t i o n s  o f  t h e  T i m e  Funct ions :  A( t ) ,  B ( t ) ,  C ( t ) ,  DOj ( t ) ,  E O k ( t ) ,  

A - I  B ( t )  - 
S u b s t i t u t e  eq. ( 5 6 )  i n t o  eq.  (381, one o b t a i n s  

S u b s t i t u t e  eq. ( 5 6 )  i n t o  eq. ( 3 9 ) ,  one h a s  f o r  m = 0 

( A - 2 )  

and f o r  m>O 

M u l t i p l y  eq. ( A - 2 )  by  cos(  

0 t o  h k  a s  fo l lows :  

) and i n t e g r a t e  o v e r  t h e  range o f  rl from 
h L  

36 



f o r  s = 0 ,  

C 

where 

T 

(A-4) 

(A-5) ’ 

(A-6 ) 

f o r  s% 

where 

(A-7 

M u l t i p l y  eq. ( A - 3 )  b y  c o s ( c n ]  and i n t e g r a t e  over t h e  i n t e r v a l  of rl 

from 0 to h L  as f o l l o w s :  

t h e n ,  

(A-10) 

i = l , 2  

I n t e g r a t e  eq. ( A - 3 )  over  t h e  i n t e r v a l  of  n from 0 t o  h g Y  t h e  

c o e f f i c i e n t  FAi ) ( t )  i s  found as 

37 



I -  
, *  

i = 1 , 2  

A - 1 1 1  A ( t ) ,  D o . ( t )  

S u b s t i t u t e  eq. (56) i n t o  eq.  ( 4 0 )  f o r  m = 0 ,  one o b t a i n s  eq. (A-12) 

a s  f o l l o w s :  
~ 

W 

$ - I  
k=l 

. M u l t i p l y  eq.  (A-12) b y  ( A o j  f )  and i n t e g r a t e  o v e r ' t h e  i n t e r v a l  of r 

from 0 t o  a ,  t h e  r e s u l t  i s  

(A-13)  
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I n t e g r a t e  eq. ( A - 1 3 )  twice  wi th  r e s p e c t  t o  t ,  t h e  c o e f f i c i e n t  A ( t )  

i s  ob ta ined  a s  

where C1 and C a r e  c o n s t a n t s  t o  be  determined b y  t h e  i n i t i a l  c o n d i t i o n s .  2 

Mul t ip ly  eq. ( A - 1 2 )  by ( A o s  f )  Jo(Aos I) and i n t e g r a t e  ove r  t h e  

i n t e r v a l  of  r from 0 t o  a ,  t h e  d i f f e r e n t i a l  equa t ion  which c o n t a i n s  

t h e  c o e f f i c i e n t  D ( t )  can be expressed a s  f o l l o w s :  
0 j 

where 

(A-15) 

( A -  16)  
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The s o l u t i o n  of  eq.  (A-15) can be found a s  

(1) (1) 
0 j 0 j 

where A and B 

c o n d i t i o n s ,  and 

a r e  c o n s t a n t s  t o  b e  de te rmined  by t h e  i n i t i a l  

(A-17) 

(A- 18 ) 

k 
(-1) Ion - 

2 1 -4k 

S u b s t i t u t i n g  eq. (56)  i n t o  eq. ( 4 0 )  and grouping  terms for m>O 

y i e  Ids  t h e  f o  1 lowing d i f f e r e n t i a  1 equa t i o n ,  

40 

(A-19 ) 

(A-20) 



M u l t i p l y  eq. ( A - 2 2 )  

i n t e r v a l  of  r from 0 to  

i = 1 ,  2 (A-2 1 

r 
b y  ('ms a m m s  a 

a ,  eq. ( A - 2 2 )  is  o b t a i n e d .  

'1 J ( A  -> and i n t e g r a t e  o v e r  t h e  

m 

+ 1 (-1) 
k=l 

= o  

The s o l u t i o n  of  eq.  ( A - 2 2 )  can be found a s  

i = l ,  2 
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(A-23)  



Where A(i)  and B(i)  a r e  c o n s t a n t s  t o  be de te rmined  by the  i n i t i a l  

c o n d i t i o n s ,  and 
m j m j 

2 %  hll 
( 0  . >  = a t a n h  (Arnj a> 

mJ 

pmJ = 
kn 

p m j  
On 

[ ( A  . ) 2  - m 2 ] J m  2 ( A  .> cosh(bmj a) h R  
mJ mJ 

[ ( A  . ) 2  - m 2 ]  J 2 ( A  . >  cosh(hmj hQ 
mJ m mJ 

mh h 
mj 

( A - 2 4 )  

( A - 2 5 )  'kn 

( A - 2 6 )  

. - . . - - . . . . 
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APPENDIX B 

t 

Method Of S o l u t i o n  t o  t h e  D i f f e r e n t i a l  Equat ions  ( 2 4 )  th rough (35) 

B - I  S o l u t i o n s  t o  E q u a t i o n s  ( 2 4 ) ,  ( 2 6 ) ,  ( 2 7 )  and ( 2 8 )  

I n t e g r a t i n g  twice g i v e s  t h e  s o l u t i o n  t o  eq. ( 2 4 )  

B - I 1  S o l u t i o n s  t o  E q u a t i o n s  (25)  and (29)* 

Let . .7 

(B-2a) 

(B-2b) 

( B - 2 ~ )  

Then eqs. ( 2 5 )  and (29)*  become 
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The Laplace t r a n s f o r m  o f  eq. ( B - 4 )  with r e s p e c t  t o  f i s  

o r  

L 

11 p + B  

The Laplace t r a n s f o r m  of eq. (B-5 )  wi th  r e s p e c t  t o  T is 

- - 
where Pos(p)  i s  t h e  Laplace  t ransform Pos(T). 

S u b s t i t u t i o n  o f  eq .  ( B - 6 )  i n t o  e q .  ( B - 7 )  g i v e s  (The naming of  t h e  

f u n c t i o n s  and c o e f f i c i e n t s  of  FO2’ G 3 1 y  e t c . ,  i s  for t h e  convenience o f  

computer programming) 

where 

(B-10) 

. . . .- .. . . . . . - .  ~ . _  



The Zaplace t r ans fo rm of eq. (93)* with r e spec t  to T is 

where, f o r  t h e  convenience of computer programming, the  first zero of 

Jm ( A  . )  i s  assumed t o  be t h e  f i r s t  non-zero root of Jm ( A  . )  = 0, 

t h e r e f o r e  index j begins  a t  i. 

I 1 

mJ mJ 

) F03 = F03 (p ,  n ,  s ,  j )  = ( F 0 3 ~ 2 )  P 2 + (F 03 PO 

(B-12) 

(B-13) 

(B-14) 

(B-15) 
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(B-18) 

- - 
(B-19) , F03p0 F03pO(n’S) - G031 + G035 + GQ39 

- - ( n , s , j )  = G 033j . p o j  On i- G034j . p j  kn (B-21) F03sp2 F03sp2 
I 

- 0 j  (B-22) ( n , s , j )  = G 034j  ’On F03 sp0 F03 s p 0  
- - 
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- ( n , s >  = - 2 '036 - '036 S" 
[I - cos  ( s n i ) ]  9 r (3 1- Pkn * 

r 7 

- $< 
The c o e f f i c i e n t s  In,, I,,, Pkn, , and a r e  t h e  

d imens ion le s s  forms of  Ion, Ikn, Pkn 0 j and Po' r e s p e c t i v e l y .  
On 

nn 
When fn( ' l )  is t aken  t o  be s i n  (-f;n>, eq. (67) g i v e s  

E q .  ( 6 8 )  g i v e s  

E q .  ( 7 1 )  g i v e s  

T 7 

Ion 2 1 k -  
(-1) Ikn - 

1 - 4k 

E q .  (73) g i v e s  

c r - 
(-1) Ikn - Lon *J 1 k -  1 - 4k 

C B i 2 6 )  

(B-27) 

(B-28) 

(B-29) 

(B-30) 

(B=31)  

(B-32) 

(B-33) 
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Eq. ( 7 5 )  g i v e s  
.7 

S u b s t i t u t i o n  o f  eq. (B -11 )  i n t o  eq. (B-8) gives 

T h i s  i s  a system o f  N e q u a t i o n s  t o  b e  s o l v e d  for t h e  N unknowns 

( p ) ,  n = 1, 2 ,  ... N. Taking t h e  i n v e r s e  t r a n s f o r m  of  E c ) ( p )  and -(1) 
'On 
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B-I11 S o l u t i o n  o f  E q u a t i o n s  (30) ,  (31) ,  (32)*, and ( 3 3 ) ,  ( 3 4 ) ,  ( 3 5 ) *  

Equat ions  (301, ( 3 1 ) ,  ( 3 2 ) a  and (331, (341, (35)* are of t h e  

f o  1 lowing forms 

(B-36) 

(B-37) 

where f o r  e q s .  (301, (31) ,  (32);k 

msn X a = -  
1 2  2(1-v )lJ 

(B-39 ) 

F o r  e q u a t i o n s  (331, (341, ('35)* 

i = 2  
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2 

2 
mX 2 a =  

23 (1-v )u 

( B - 4 0  ) 

The Laplace t r a n s f o r m s  o f  e q s *  ( B - 3 6 ) ,  ( B - 3 7 )  and (€5-38) w i t h  r e s p e c t  

t o  T a r e :  

( B - 4 3  ) 

where F(i)(p) i s  t h e  Laplace t r a n s f o r m  o f  iLi)(T). ms 

S o l v i n g  eqs. (B-41) and (B-42,) s imul taneous ly  for d i ) ( p )  and -(i) Vms ( p )  
m s  

g i v e s  
I 
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I -  

I 
I 
I 

I 

I 

where 

, a a  
22 13 

a p 2 + a  0: 
N6(p) = - 13 1 2  23 

S u b s t i t u t i o n  o f  eqs. (B-44) and (B-45) i n t o  eq. (B-43) gives 

where 

a N ( p )  f a23 N7(p) 13 5 
D3 ( P )  

F 7 ( p )  = - u 

The Laplace t r a n s f o r m  of eq. (94)* w i t h  r e s p e c t  to T is 
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(B-44) 

(B-45) 

(B-46) ' 

(B-47) 

(B-48) 

(B-49') 

(B-50) 

(B-51) 

(B-52) 

(B-53) 

(B-54) 



where 

2 
F3 = F 3 ( p , m , n , s , j )  (G31SG32)p + G35 

F5 = ~ ~ ( p , m , n , s , j )  = - (G 3 1  +G 3 2  

(B-55) 

(B-56) 

( B - 5 8 )  

( B - 5 9  ) 

(B-60) 

= G (m,n ,s )  
G35 35 

(B-6  1) 
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[Ahmj s i n ( s n l ; )  cosh(X .a>  - SA cos(snC) sinh(X a ) ]  ( B - 6 3  ) 
mJ mj 

- 
pmj 

kn' H j k '  kn On and imj  . are the dimensionless - m  The coefficients I 

Pmj  and Pmj  respectively: On Of I k n ,  H j k ,  kn 

When f ( r l )  = s i n  [l - n )  , eq+ ( 6 8 )  gives n 

Eq. ( 6 9 )  gives 

( B - 6 4 )  

( B o 6  5 )  

Eq. (72 )  gives 

co i m  [ ( - I ) ~  - cos(niir;jl k i  
* l  k=l [n2 - ( c )  k 2  ] 
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( B - 6 6 )  



Eq. ( 7 4 )  g ives  

S u b s t i t u t i o n  of  eq. ( B - 5 4 )  i n t o  eq. ( B - 5 1 )  g i v e s  

o r  

(B-68) 

m = 1,2, ... M 
s = 1,2, ... N (B-69) 

F o r  each  v a l u e  o f  m and i, 

t o  be s o l v e d  f o r  t h e  N unknowns Wmn , n = 1, 2, ... N. 

W(i)(p) i n t o  eqs .  ( B - 4 4 )  and ( B - 4 5 )  g i v e s  r(i> Jmn ( p )  and v g ) ( p ) .  Taking t h e  

eq.  (B-69)  r e p r e s e n t s  a sys t em o f  N e q u a t i o n s  

-(i) S u b s t i t u t i o n  of 

mn 

-( i ) (p)  and W -(i) ( p )  g i v e s  Urn - ( i )  (TI, Vm - ( i ) ( T )  
mn mn i n v e r s e  t r a n s f o r m s  of - ( i ) ( p ) ,  U v 

mn 

and w ( i ) ( ~ ) .  mn 
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B - I V  F i n a l  Comnents on t h e  Numerical Approach t o  Eqs.  (B-35) and (B-69) 

Eqs. (B-35) and (B-69) r e p r e s e n t  a t o t a l  o f  2Mfl sets  o f  e q u a t i o n s  

each  of  which c o n t a i n s  N equa t ions .  To s o l v e  each  s e t  of t h e s e  e q u a t i o n s ,  

we have t o  compute t h e  c o e f f i c i e n t s  of  t h e  ' f unc t ions  F ' s  i n  p co r re spond ing  

t o  d i f f e r e n t  indexes  m, n ,  s ,  and j .  S ince  t h e  c o e f f i c i e n t s  o f  each  

sys tem o f  e q u a t i o n s  are f u n c t i o n s  o f  t he  t r a n s f o r m  v a r i a b l e  p ,  numer ica l  

p r o c e d u r e s  i n  a d d i t i o n  t o  t h e  m a t r i x  i n v e r s i o n  method must b e  used  i n  

s o l v e d  i n  terms o f  p ,  t h e y  have t o  b e  s e p a r a t e d  i n t o  p a r t i a l  f r a c t i o n s  

b e f o r e  t h e  i n v e r s e  t r ans fo rm can  be taken  t o  o b t a i n  t h e  t i m e  f u n c t i o n s  

6 ( i ) ( ~ ) ,  ~A:)(T) and w ( i ) ( ~ ) .  Th i s  involves  a tremendous amount o f  work mn mn 

i n  computer programming a s  w e l l  a s  a n a l y t i c a l  c a l c u l a t i o n .  
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