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rondly speaking, the term "Vibratory gyroscope’ refers to angular motion sensors
that produce output signals as the result of vibratory torques or forces caused by
Coriolis effects. This is in contrast to conventional gyroscopes in which the lorces
that give rise to output signols are steady for input angular rates that are constant.
Coriolis effects in any gyroscopic instrument arise when one or more mass elerents are
made to move relative to the instrument frame of recference. This motion of the mass
elements 1s called the driving motion and two gencral methods for achieving such motion
are recognized. Cne is the rotary drive mecthod where the mass elements move in circular
patns at constant angwlar velocity. A number of -mys of measuring the oscillatory Coriolis
forces resulting from such motion have been devised. Although in principle the double
rmodulaticn coancept to be described in this paper is applicable to rotary drive instru-
ments, the experiments conducted so far have used the second type of driving motion in
which the mass elements move in an oscillatory manner along predetermined trajectories
that often approximate straight lines. The discussion of this paper is limited to the
second type of drive.

A large number of vibratory drive configurations are possible. Among these are:
the vibrating string or wire, the tuning fork, vibratory motions in bars, plates, shells
as wcll as acoustical vibrations in gascs and liquids. Although all of these methods
o, imparting vibratory motion to mass elcments have been considered in the literature,
it is the tuning-fork tnat has received the greatest theoretical and experimental
attention over the past 29 years. In the United States, I[yman i; credited with the
basic invention of the tuning-fork form of vibratory gyroscope.

Tre authors iave chosen a tuning-fork form of instrument for their experiments
because of the large literature that exists Tor thls kind of instrument. Tris enables
comparisons to be made with the results ol other workers. iowever, the authors do not
nmean to imply that the tuning fork configuration is neccessarily superior to other
configurations, either as a medium for experimental stuly of vibratory gyroscopes or
as a practical configuration for flight control and other applications.

Tine potential advantages of vibratory gyroscopes over conventional, rotating-wkeel
instruscnts are primarily low power consumption, long life and low manufacturing costs.
It is obvious that if these advantages could be realized with instruments of suitable
precision, the vibratory gyroscope would be preferred to conventional gyroscopes in
many applications. Up to the prcsent time, however, there have been very few if any,
practical applications of vibratory gyroscopes. This 1s the result of the relatively
< precision of the vibratory gyroscopes that have been developed up to the present
AT .

PRECISION LIMITATIONS

The observed low precision of vibratory gyroscopes does not appear to be associated
with any Jundamental barrier such as thermal noise. In act, it nas been shown that the
thermal noise limit of vibratory gyroscopes is sufficlently low so that, if their pgecision
vere limited by it, these gyroscopes could detect angular rates of the order of 10~
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radians per second (1e-h earth rate units, eruT).2 Since the best tuning-fork gyro-
scopes that have been built so far are characterized b» ten thousand times less
precision than that determined by thermal fluctuations, it is evident that there must
be'sther factors limiting the precision of these instruments.

Just as in the conventional gyroscope, the sources of error in the vibratory
gyroscope are manifold. A number of these for the tuning-fork form of instrument have
been pointed out by Morrow.3 To date, one of the major barriers to high precision is
associated with the forces required to drive the mass elements along their trajectories
in the instrument frame of reference. Two types of forces are involved: those required
1o accelerate the mass elements and those required to overcome losses in the vibratory
notion. In the ideal instrument these driving forces would not couple into the sensing
system but in any actual instrument that has been so far devised small asymmetries and
inhomogeneities cause minute fractions of the driving forces to couple into the sensing
system. This unwanted cross coupling betwecen the driving and sensing vibrations would
not necessarily limit the precision of the instrumenl except for the fact that such
coupling tends to vary in an erratic way with ihe passage of time and with changes in
environmental parameters such as temperaturc and acceleration.

In order to understand more clearly how unwanted cross coupling can occur between
the driven and sensed vibrations, we consider an idealized model for the double tuning
fork used in the double modulation experiment. Figure 1 shows schematically the basic
tuning fork structure. The arcuate motion of the opposed tines can be idealized as a
straight line motion of two concentrated masses represented by the dotted spheres of
7i3. 2. Ideally, these masses would move along the Xe axis. In practice, however, the
patns of motion of the masses are not co-linear. To account for some of the affects of

hils departure from the ideal situation the line of motion of one mass can be regarded
as displaced a distance AR on the positive side of the X,y plane and that of the other,
on tlre negative side, Thus the masses in tre non-ideal situation are represented by the
solid spheres in Fig. 2. This displacement of tie masses is termed torsional unbalance
vecause it gives rise to the unwanted cross coupling vetween the driving and sensing
viorations., The displacement AR of the lines of nmotion of the masses of Fig. 2 cor-
responds to & form of mass unbalance in the actual tuning fork. But there are many
other ways for cross coupling to be introduced and it is preferrable to think of this
displacement as an equivalent representation of the numerous cross coupling effects.

The first step in an analysis of the model of Fig. 2 is to establish the Coriolis
torque M, that acts about the sensing axis yr a8 the result of an angular rate of the tuning
fork in inertisl space. It will be recalled that the Coriolis force feo apparently
exerted by a moving mass m is given by

;; = 2m (;.x 5) (1)

vhere V is the velocity of the mass and O is the angular rate of the frame of reference.
Assuning simple harmonic motion for the mass, its displacement r fraom its rest position
is given by

—~
N
~

r = rm sin aht

where r_ 1s the amplitude of motian and w, is the radian frequency of the driving
vibratiBn (which in practice is very closg to the natural frequency of the tuning fork. )

‘T An earth rate unit, abbreviated eru, is 15 degrees per hour.
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From Fig. 2 it is seen that the Coriolis torque about the sensing axis yp is

. M, = -k, Q s 08 Wyt (3)
where
kt-lc = Lm R r_ wy (k)

Iicre the approximation has been made that trhe amplitude r_ of the movement of the mass
is small compared to the rest radius R. The anzular rate™q yf is the component of
angular rate of the tuning fork that lies along tie v~ axis. It 1s seen that the
Coriolis torque about the sensing axis depends onl, on this rate and is independent of
tre rates about the other two fork axes. Also it should be noted that the Coriolis
torque 1s a suppressed-carrier amplitude modulated representation of the input angular
rate.

The next step in the analysis of Fig. 2 is to determine the cross-coupling torque
Moo ebout the sensitive axis y, caused by tre cross-coupling force fooe The cross-
coupling force is the sum of the rcaction force on tlie central member of thre tuning
fork required to balance the accelerating force of tie mass m in its simple harmonic
motion and the driving force needed to overcome losses. The accelerating force is
supplied by the deflection of the tines represcnted by the bowing of the support line for
the mass as shown in Fig. 2. From the model of ¥ig. 2 and the assumed simple harmonic
motion for the driving vibration, the cross-coupling torque can be expressed as

At ah(sin w. t- cos aht) (5)

1
Mcc B ko 2R d ﬁ;

A
wrere Q. is the quality factor of the tuning fork in its driven mode. Tre first term in
£q. 9 i85 the recction to the accelerating force ond tre second term accounts for tle in-
fluence of tie driving force needed to overcome losses. It is assumed tiat tine driving
reans, not shown in Figs. 1 and 2, are external to tie tuning f‘ork structure. IT these
driving means were carried by the tuning fork structure tie second term in Lq. 5 would
not exist on the basis of tre model of !ig. 2. [ciever, because of asymmetries in loss
paths between the fork and the instrument frame, it is to be expected that a loss term
in the cross-coupling torque will appear even wien tle driving means are carried by the
tuning fork structure,.

The total torque Ms acting on the scnsing nxis is the sum of the Coriolis and cross-
coupling torques, 1.e., MS = MC + Mcc' On the basis of Eqs. 3 and 5 the total torque on
the scensing axis can be expressed as

Ms=-‘M<,I(nyf- Qd) cos wdt+nq sinu)dt] (6)
o) Fa Faxg! (Dd [,,)
- TS5 O A
d 2R “d
A /MR
Q qa 2R “4 (8)

9 a is the equivalent rate representing the direct component of the cross-coupled signal
and~ & is the equivalent rate for the quadrature component of the cross-coupled signal.
If the c%oss-coupled components were constant they could be discriminated against by using
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an appropriate phase angle for the refercnce of the demodulator that processes the signal
» derived from the vibratlon about the sensing exis resulting from the total torque Mg.

Alternatively, these cross-coupled componeats could be cancelled by adding in appropriate
..signdls prior to or following demodulation. It is the unfortunate fact, however, that the

cross-coupled components do not remain constant but vary: with time, temperature, accelera-

ion and other influences. It is these variations in cross coupling that have limited the

precision of vibratory gyroscopes that have been built so far. Thermal fluctuations are

omitted in the above analysis pecause thre; are smaller than the cross-coupling variations

by & factor of the order of 10" at the present state of %le art.

DOUBLE MODULATION

Double modulation refers to the introduction of a second modulation of the Coriolis
torque through modulation of the angular rates to be sensed. The first modulation is
associated with the vibratory velocities of the masses imparted by the basic drive member,
The additional modulation is introduced by rotating or oscillating the basic drive member
about one of its rate insensitive axes. By vay of example, Fig. 3 shows how a single-
exis tuning fork instrument can be double modulated by rotation around its xr axis at a
constant angular rate w_ . From Fig. 3 it 1s seen that the angular rate around the sensi-
tive axis 1s given by

ny = Qy cos © t + Oz sin wmt (9)

where {1 is the angular rate around the y axis of the doubly modulated instrument and
a is¥the corresponding rate around the z-axis.

In order to understand how double modulation affects the total torque around the
sensing axis we first rewrite Eq. 7 as

My = -k, [0 g cos Wt + 9) n(cos Wyt + On)
+ 0 q COS (u:dt + Oa) ] (10)

In this equation the quadrature and direct camponents of tie cross-coupling torque have
bcen combined. This total cross-coupling is then separated into & non-geceleration
sensitive component represented by tlie equivalent rate Dnnt a phase angle ©_ and an
acceleration component 0 at a plrase angle ©, (both fwictions of thre acceleration
vector). The non-accelera%ion dependent term is a slowl: varylng stochastic function
of time and temperature (both tne magnitude and pihase angle vary). The acceleration
dependent term arises primarily from uns mmetrical defllection of the tines under ac-
celeration load. From Figs. 1 end 2 it Is seen that the major contribution to the
acceleration component will be caused by unequal deflection of the tines under the in-
fluence of acceleration 8,¢ along the z-axis of the fork. Thus we write approximately

0 = k
o, k oo, (11)

where ki is the first-order acceleration sensitivity. It is assumed for purposes of our
preliminary analysis that the phase anglc of the acceleration component of cross coupling
is substantially constant. From Fig. 3 the acceleration along the z-axis of the fork
under conditions of double modulation can be seen to be, ignoring possible steady cen-
trifugal effects,

Byp = " a sin u)mt + a.z cos wm't (12)

where a, and a, are the accelerations along the y- and z-axis of the instrument. Placing
the values for the‘angular rate given by Eq. 9 and the acceleration given by Eqs. 1l and 12
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into Eq. 10 yielﬁs the following expression for the total torque about the sensing axis
of the tuning fork.

Moo= M, o+ Mg+ M (13)

The three components, at frequencies @4 = wy + (upper sideband) ay (driving frequency),
and w_ = wy - ap (lower sideband), respectively, are:

Al ko

- — 1 ]
M., 5 [(Qy + k ay) cos ot + (a 2t kaaz) sin w t ] (1%)
M.2. 0 cos (w,t + 0 ) (15)
sd ko n d n
M 2- EMSUQ +k a')coswt - (0 _+k a')sinwt] (16)
8- 2 y a y - z a z -

I'ere the primed and double primed accelerations refer to accelerations projected on
axes rotated relative to the instrument axes in the positive direction about the x-axis. .
by angles of g + 6, and % - 8,, respectively.

From Eqs. 13 through 16 the effect of double modulation, obtained through rotation
of a single-axis Iinstrument about one of its rate insensitive axes, is to produce torque
componénts about the sensing axis at tiree {requencies instead of the single frequency
tnat was present in the absence of double mxdulation. quations 14 and 16 for the upper
and lover sidebands, respectively, show that these torque components contain the desired
rcte information for rotation of tne instrument around any line in the plane of the
double-modulation spin. ZEquation 15 shows the existence of a non-doubly-modulated torque
component at the tuning-fork driving frequency. This component is proportional to the
non-acceleration-dependent cross-coupling represented by Q. By suitable signal pro-
cessing it is possible to have the overall instrument respond to either the upper or
lowrer cideband to tie exclusion of the other two components. In this way double modula-
tion, at least thleoretically, is able to discriminate between tre desired rate signal
and the undesired non-acceleration dependent cross-coupling in such a way as to exclude
tie latter. With respect to the accelerstion-dependent cross-coupling, it is noted that
the sideband torgque components both contain terms that cannot be distingulshed from the
rate signals. Ccompensation for acceleration is possible to the extent that the coefficient
ka can te calibrated.

The above description of the double-modulntion method of discriminating against non-
acceleration dependent cross-coupling is e simplified discussion for the rotary method of
double modulation that is valid only for small amplitudes of tine vibration and for negligible
amplitude of torsional vibration of the fork about the sensing axis. More sophisticated
analyces of the tuning-fork witn rotary modulation, and of vibratory devices in general
with double modulation introduced by oscillatiom rather than rotation, are given in the
appendix.

To swanarize, double modulation is the introduction of a modulation in addition to
1t associated with the oscillatory velocitles of mass elements caused by the driving
vibrztion. This edditional modulation is for the purpose of discriminating against one
major component of unwanted cross-coupling that in the past has severely limited tie
precision of vibratory gyroscopes. Torsional unbalance is a major contributor to this
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component of cross-coupling. Analysis also shows that acceleration-dependent cross-
coupling will not be discriminated against by double modulation and therefore will
remain to be handled by other means in those situations where the acceleration error

is oo large. The question now arises: Does experiment confirm the theory of double
modulation? The next two sections describe the experiments conducted to date and their
results,

EXPERIMENTAL APPARATUS

A vibratory gyroscope that can be operated either with or without double modulation
has been constructed so that the merits of double modulation can be evaluated experi-
mentally. The goals of the experimental program are to compare the performances
of the instrument.in the two modes of operation and investigate the causes of zero rate
drift with double modulation. -The instrument is solely a laboratory model of convenient
size to permit easy modification., It can be separated into three parts: the single-axis
vibratory gyroscope or tuning fork unit, the double modulation carriage, and the signal
processing electronics. Figure 4 shows the tuning fork unitinstalled in the
carriage and Fig. 5 shows the tuning fork unit,

" Tuning Fork Unit

The tuning fork unit is a single-axis vibratory gyroscope designed so that it can
be rotated about an axis perpendicular to its rate-sensitive input axis. A double
tuning fork is used as the drive member and a mechanical tuned system i{s used in the
sensing mode., Tuning fork drive and a vibration detector electronic circuits are required
for its operation as a single-axis vibratory gyroscope.

A double tuning fork, similar to that shown in Fig. 1, was selected because its
symmetry simplified support problems when it is rotated and because it facilitates
comparison with the considerable results of past rescarch on tuning fork gyroscopes,
Replaceable tines are used in the actual instrument to simplify machining and to
reduce fatigue problems, Sect screws are provided for rough balancing by changing the
mass of the tines and moving the center of mass normal to the plane of vibration. The
double modulation rotation axis is perpendicular to the fork input axis y¢ and coincides
with the x, axis when the fork is inertially stationary. The adjacent tines of the two
tuning forf(s are coupled together by small springs and are magnetically driven, The
amplitude and frequency of the fork vibration are maintained constant by the tuning fork
drive circuit that has as its input a signal from reluctance type pickups sensing the
motion of the tuning fork tines and as its output the coils of the magnetic drivers,

As shown in the preceeding section, when angular rates are applied to the unit
about the y¢ axis, torques proportional to the product of these rates and the sinusoidal
velocity of the tuning fork tines are impressed on the tuning fork about the yf axis. The
resulting twisting motion of the tuning fork with respect to the case is usually sensed to
provide the electrical output. This motion can be maximized by making the torsional
resonant frequency of the fork and suspension about the y¢ axis equal to the carrier
frequency of the torques. Resonant sensing lowers the instrument thr eghold; however,
the resulting twisting of the fork through large angles is undesirable because it increases
the interaxis cross-coupling of rates from the x¢ axis and decreases the useful dynamic
range of the instrument. In order to alleviate these difficulties while still maintaining
the beneficial characteristics of resonant sensing, a counterpoise sensing scheme is
used in this instrument. The counterpoise is an inertia much smaller than the tuning
fork inertia which is attached to the tuning fork by means of a torsion bar along the v¢
axis. If the system is properly designed, the counterpoise and tuning fork vibrate in
phase opposition and the amplitude of the counterpoise is much larger than that of the
fork when torques are applied to the tuning fork at the upper resonant frequency of the
combination. Higher Q's (quality factor) are achievable with this scheme than with the
single tuned system and the undesirable motion of the drive member is greatly reduced,



-7-.

The counterpoise element, shown in Fig, 1, is attached to the torsion rod which
is along the y, axis of the tuning fork. It is in the form of a plate which together with
.isulated plates attached to the tuning fork center piece forms a differential capacitor.
This capacitor i{s in a capacitance bridge which is excited at a low radio frequency from
the vibration detector circuit. The bridge output is then amplified, rectified and
filtered to provide an electrical signal proportional to the angle between the tuning fork
and counterpoise.

The torsion rod is attached to the tuning fork by collets at the ends of the fork and
the ends, together with four spokes attached to each end of the fork, provide support for
the tuning fork with respect to the case, The fork is therefore rigidly supported in all
modes except the torsional mode about the yg axis.

The upper resonant frequency of this suspension has been tuned to the lower
sideband of the torques which are applied to the tuning fork when the unit is double modu-.
lated. These torques occur at the tuning fork frequency minus the double modulation
frequency., The large magnitude and wide band characteristics of the noise torques
applied to the tuning fork justify discarding the energy in one sideband in order to achieve
better filtering. When this instrument is operated without double modulation, however,
it is off resonance. Since the noise torques in the non-double modulated instrument are
at the same frequencies as the signal and we are well above the threshold of the detector,
the performance is not degraded. Therefore, it is possible to use the same tuning fork
unit for the comparison tests.

Double Modulation Ca'rriage

The double modulation carriage rotates the tuning fork unit and associated
electronics about an axis that can be oriented at any angle with respect to vertical,
The carriage is turned by a printed circuit motor driven by silicon controlled rectifiers
and is phase locked to a stable low frequcency oscillator. Tapered roller bearings were
used in the initial tests and other types are being investigated.

Accurate control of the carriage spced is necessitated by the high Q me chanical
resonance in the sensing mode of the tuning fork unit. It i8 accomplished by sampling
the output of a stable, low-frequency oscillator twice each revolution of the carriage and
using this error signal to control the firing angle of the SCR's driving the motor. The
sampling occurs when two diametrically opposed slots in a disc rotating with the carriage
pass a light source and allow the light to reach a photodiode,

Signal Processing Electronics

Figure 6 shows a block diagram of all the electronic circuits used in the experiment,
The signal processing electronics consist of two ring demodulators, one phase shifter
and several linear amplifiers and filters. The vibration detector, tuning fork drive and
speed control have been discussed in the sections on the tuning fork unit and the double
modulation carriage.

The signal irom the vibration deteclor, which is proportional to the angle between
the counterpol se and tuning fork, is first demodulated using as the reference a phase-
shifted signal from the tuning fork drive. When the instrument is operated without
double modulation the output of the demodulator is passed through a low pass filter to
obtain a d-c signal proportional to the applied rate. The transfer function for the
instrument relating the input rate and the output voltage has the frequency characteristics
of the low-pass filter,

When the instrument is operated with double modulation the output of the first
demodulator {s transmitted through a band-pass filter centered at the double-modulation
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frequency. This signal is then demodulated using as the reference a square wave phase
locked to the carriage. The output of the demodulator is passed through a low pass filter
to obtain a d-c signal proportional to the applied rate about either the y or z axes de-
pending on the phase of the reference of the second demodulator. The transfer function
relating the input rate and output voltage now depends on the quality factor Qg of the
mechanical sensing system, the band-pass filter following the first demodulator, and

the low-pass filter following the second demodulator. The band-pass filter charac-
teristics can be neglected since the filter is needed only to separate the signal from d-c
and the second harmonic of the tuning fork frequency. For data transmission, the
mechanical resonance contributes a first order pole with a time constant expressed by

ZQS
T = = (17)
8

where Qs= quality factor at frequency wgy

w = upper resonant frequency of the suspension

EXPERIMENTAL DATA

The tuning fork gyroscope described above has been successfully operated with and
without double modulation. Although double modulation greatly improved the per-
formance of the instrument, the data presently availavle are not sufficient to draw
final quantitative conclusions, Research is continuing on the instrument so that a better
understanding of the performance limitations can be obtained

TABLE 1 INSTRUMENT PARAMETERS

Parameter @y Value
Tuning Fork Frequency - 7{” 358.6 cps (wm=0)
8

Upper Resonant Frequency S 312 cps (u)m=0)

Yy
Lower Resonant Frequency R = 31 cps (u)m=0)

“m
Double Modulation Frequency - > 45.19 cps
Tuning Fork Constant Inertia - Iyo 1000 gm <:mZ (approximate)
Ratio of Modulated Tuning Fork
Inertia to Unmodulated - uy .03 (approximate)
Quality Factor Associated with
the Upper Resonant Frequency w_ - Qs 580
Bandwidth of Electrical Filtering - BW 0.5 cps

Fipgures 7 and 8 show typical output recordings from the instirument., In both meodes of
operation the instrument was in free air and no allempt was made to control the tem-
perature, Non-resonant double modulation data have been omitted because they are
inferior to the resonant data,

Table 2 shows the performance characteristics of the instrument for both modes of
operation, These numbers have been taken from the data shown in the six traces of
Figs. 7 and 8 and are representative of the instrument performance as of September 1963;
however, they are not final data since research is continuing on the instrument. The
drift characteristics of the zero-rate signals have been separated into long and short
term values. Short term is defined as one minute and long term, twenty minutes, the
maximum recording time used so far. By considering the various drift mechanisms,
however, some conclusions can be drawn from the data,
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- TABLE 2 PERFORMANCE CHARACTERISTICS

With-out With
' Parameter Double Modulation Double Modulation
Standard Deviation of Short Term Drift 6 eru 6 eru
Sta~dard Deviation o. Long Term Drift 44 2ru Not Observable
Magnitude of Zero-Rate Signal 5650 eru 60 eru
. e eru eru
Phase Shift Sensitivity 100 Jegree 1 Jegree

The short term noise characteristics are different in the two modes of operation
because of the large amount of noise contributed by the bearings. When the output of
the vibration detector was viewed on an oscilloscope, while the carriage was turning,
narrow band noise at the frequency wg obscured the tuning fork frequency unbalance
signal and did not change noticeably when the tuning fork was turned off, Nevertheless
the instrument short term drift performance was unchanged when double modulation was
applied. If the source of the 0.8 cps noise component visible on the traces of Fig. & was
known and removed, the short term performance would even be better by approximately
a factor of 3 with double modulation. In either mode of operation the short term charac~
teristics would not have changed if the temperature had been controlled because the main
sources of noise without double modulation are the random tuning fork unbalance and
electronic noise whereas with double modulation it is the bearings, Better tuning fork
balance would reduce the noise due to drift in the demodulator electronics by decreasing
the quadrature signal, however the random balance and associated drift should remain
about the same. Therefore the limiting factors determining short term drift charac-
teristics are the relatively crude tuning fork and bearings used in the experiment. The
short term noise in both modes of operation could probably be reduced by two orders of
magnitude in a more sophisticated instrument, However, it is felt that the present
instrument and data are partial to neither mode of operation and the relative short term
performances are characteristic of double modulated vibratory gyroscopes,

Long term drift was greatly improved when double modulation was employed. Much
of the drift without double modulation is thought to be attributed to tempe rature-balance
eficcts in the tuning fork since the frequency of the tuning fork was observed to decrease
w ith time indicating the fork temperature was increasing. The temperature coefficient
for the tuning fork is approximately 0,06 %‘)—S. This does not mean that controlling the
termperature of the tuning forks would climifate the long term drift without double
modulation, however, ‘because material creep and electronic drift become important as
other tuning fork instruments have demonstrated. The effect of electronic drift in the
demodulator is directly proportional to the magnitude of the zero-rate signal which was
reduced from 5650 eru without double modulation to 20*eru with double modulation., A
further reduction is expected with double modulation whenacoustic reflection problems
are eliminated. Material creep {8 only a problem without double modulation and has
not been investigated.

Lack of temperature control may appear to be a means of deliberately biasing the
results in favor of double modulation, however, longer time traces should also show the
merits of double modulation in this instrument temperature controlled to within 0.1°C.

Of 60 eru observed 40 eru was due to acceleration of gravity, This was in phase
with the rate signal and equal to the predicted value,
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 Furt.. ...e temperature control is a power consuming luxury which may be eliminated
through double modulation, Without double modulation the drift is a function of the balance
of the tuning fork which varies with temperature and requires hours to reach equilibrium
“in a constant temperature environment, With double modulation the long settling time
associated with the fork balance is no longer a problem and temperature drift is a func-
tion of the change in the difference between the drive and output resonant frequencies.
Since these are both mechanical resonances and the materials are at the same temperature,
the effect can be made second order. Warm up time may therefore be reduced from hours
to seconds by double modulation,

Additional data are being taken on the instrument to obtain a more complete com-
parison o the performances with and without double modulation. It is evident from the
present data, however, that double modulation should improve the present instrument
long term drift performance by at least a factor of 100,

CONCLUSIONS

1. Major source of imprecision in vibratory gyros has been unwanted cross-coupling
between driving and sensing modes.

2., In tuning-fork devices torsional unbalance is a major source of cross-coupling.

3. Double modulation theoretically discriminates against all non-acceleration dependent
unwanted cross-coupling.

4. Experimental tests of a vif;ratbry gyroscope without accurate temperature control
using a tuning-fork configuration with and without rotary double modulation have shown:

a. Improvement in zero-rate error attributed to non-acceleration dependent cross-
coupling of at least a factor of 100 has been achieved by double modulation, This
result has been obtained in spite of a high level of double modulation bearing noise
that tends to bias the result in favor of the test without double modulation. The
single axis tuning-fork device used in the above experiments is characterized by
a torsional unbalance that is larger than the unbalance of the best tuning-fork
gyroscopes by a factor of 500,

b. Zero-rate error attributed to acceleration dependent cross-coupling is not
affected by double modulation.

c. Double modulation spin axis bearings do not appear to be critical,

5. An extrapolation of the above results would indicate that double modulation applied to
the best tuning-fork instruments would yield zero-rate uncertainty of the order of 10
eru or less,

6. For long life, low pc"'er, gpace applications an all vibratory system offers advantages
if per{ormance similar t th t forecast for rotary double modulation can be obtained,

7. Temperature control may not be necessary with double modulation and warm up times
may be reduced from hours to seconds.
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APPENDIX A
DOUBLE MODULATION .7 VIBRATION

. Double modulation can be accomplished by either a vibration or a rotation about one

or more axes, When rotary double modulation about one axis is used the frequencies of the
torques containing the rate information are the drive frequency plus and minus the double
modulation frequency. When vibratory double modulation about one axis is employed these
torques occur at the drive frequency plus and minus odd harmonics of the double modulation
frequency. This can be seen by examining the rates appearing along the input axis of the
tuning fork example shown in Fig. 3 if we make

6=06_cos w_t (A-1)
o m
® eo
Oyf = Z [Qan(—z-) cosn w_t
n=oo
60 .
-0J (—2-) sin n wmt] (A-2)

where Jn is a Bessel Function of order n.

\

APPENDIX B

THEORY OF OPERATION OF TUNING FORK GYROSCOPE
EMPLOYING DOUBLE MODULATION

Two differential equations (Eqs. B-1and B-2) describe the ideal double modulated
tuning fork gyroscope when inertial rates are applied about the y and x axes shown in Fig. 9.
Terms involving rates about the z axis are omitted because of their similarity to y axis terms.

cosu

, - . . 2
Iy(l+o.y91nwdt)91 + (fl+f2+anyu) qte + {K1+KZ+[IX-Iz(1+aZ31nwmt)]wm} 8

d

= f?_e >t KZGZ + Iy(1+a.ysinwdt) [wamsxnmmt—ﬂy cos wmt]

- Iyay wy COB Uyt [Oy cos wmt] (B-1)

. 2 2 . 2 _ .
+[Iz(1+azsmmdt)-1x] [O Ot Oyelsm w _t Oy(wm+ﬂx)sxnwmt]

- . 2 e R .
Ly 8 ,+f,8 2+[K?_+(Ixc-1zc)wm] 62=f2c1+K291+IyC[ wamsmwmt—ﬂy cos wmt]

(B-2)

2 pA - .
+[Izc-1xc][0x 8, + Oy 8, sin wmt-ﬂy(wm+ﬂx) sin wmt]
where
Ix = Moment of inertia of the tuning fork about the X axis
Iy(1+o.ysinmdt) = Moment of inertia of the tuning fork about the yg axis
) (1+o.zs'1nu)dt) = Moment of inertia of the tuning fork about the z, axis
Ixc = Moment of inertia of the counterpoise about the Ye axis

-11-
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Iy, & .= Moment of inertia of the'countierpoise about the y_ axis

Izc L = Moment of inertia of the counterpoise about the zZ axis

Kl' = Spring constant for torsion rod and spokes supporting thg tuning fork
K, = Spring constant for torsion rod between tuning fork and counterpoise
£1 = Loss term associated with K, spring |

o, = l.oss term associated with K, spring

= Inertial rate applied about the y axis
= Inertial rate applied about the x axis
Angle between the tuning fork and the case

= Angle between the counterpoise and the case

€ l\gD,_CDx:)%:)
1

= Double modulation frequency

= Tuning fork or drive frequency

Q‘E
[}

The differential equations were derived using Lagranges method and making the follow-
ing assumptions.

1. Higher harmonic terms of the tuning fork inertias are small and are dropped
2. Double modulation motion is planar

3. The tuning fork and counterpoise are rigidly constrained except in the torsional
mode about the Y¢ axis,

The last term of Eq. 2 can be eliminated by making Ix = Iz_. The remaining time-
C C

varying term represents a torque applied to the counterpoise member at the double modula-
tion frequency. Since we are using resonant sensing and synchronous demodulation this
term can be neglected and the resulting equation shows that the counterpoise element acts
in the intended manner as a vibration damper. The last term of Eq. 1 contains the interaxis
cross-coupling terms and second order terms in the applied rates. From these terms
performance limitations of the instrument can be determined. Even when all these terms
are dropped, the time varying coefficients make it difficult to solve the equations exactly.
An approximate solution can be obtained by using the average values of the coefficients, A
more exact solution can be obtained by using properties of Mathieus equation.

In the following analysis the simplified theory is used to determine the approximate
behavior of the instrument. Forcing functions at the double modulation f{requency., inter-
axis cross coupling terms and second order terms have been dropped. F{t) is the forcing
function at the two sidebands (wd:i:u)m) and is expressed by

w w
Ft) = o Ia, ul (1+p -&‘i‘) cos (ug-w_)t+ (1-p (_”’Pé) cos (U + w_)t] (B-3)

where B is a function of the inertia of the tuning fork.



C=13-7

- . Z . .
Iy8 + (646,00 + [K+K +(Ix-1z)w ] § = £, 8, + K;8, - F(t) (B-4)

Iy 8,+ £,6, + K8 = £,6, + K, (B-5)

Since the equations are linear, the following transfer function relating the output angle
(62-91) to the forcing function F(t) can be obtained .,

62(5)-81(5)’_ g2
= (B-6)
¥le) 2, % 2, 2, % 2
Iy(s +Q—l—a+w1 )(s +D—ss+ws)
where
w, = lower resonant frequency
w, = upper resonant frequency
QI = quality factor associated with the lower resonant frequency

Q _ = quality factor associated with the upper resonant frequency

If I is made equal to the drive frequency minus the upper resonant frequency of the
mechanical system and gy << w , the envelope transfer function for lower sideband of F(t)
is expressed by Eq.7

w
4 _m
EROEENCI oy “qiltP 5o
R OR = ~Fw, (77D (B-7)

The upper sideband is separated from the resonant frequency by Zwm and the cross-
coupled tuning fork drive signal by w, so they are attenuated with respect to the lower
sideband from which we are extracting the rate information,
w
If we drop the term § -wrP and make the approximation mmE Wy, the approximate

sensitivity of the mechanicaufi parts of the instrument,defined as the ratio. of the input angular
rate to the output vibration angle for constant input rates is expressed by Eq. B-8.

O.yT

Km = —— sec (B-8)
a

Therefore the approximate gain bandwidth product for the mechanical components is Y

or simply a function of the ratic of the modulated to unmodulated inertias of the drive

member, This is a useful figure of merit for vibratory gyroscopes and can be increased in

? given configuration by decreasing the drive frequency since material strain is the limiting

actor, '
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ABSTRACT

Vibratory drive, vibratory output instruments for sensing angular rates, such
as taning forks, potentially offer certain advantages over conventional gyroscopes.
The theoretical performance of these devices has not been realized experimentally
because of zero-rate errors attributed to mass unbalance, driving force unbalance
and other imperfections. By separating the driving and sensing frequencies through
a process called double modulation, obtained through an additional rotation or vibration
of the basic sensing element, zero rate errcrs may be diminished. Theoretical and
experime ntal evidence in support of the double modulation concept is presented. A
tuning fork type of instrument has been used in the initial experiments and a substantial
improvement over the performance of the same instrument without double modulation has
been realized. )
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