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ABSTRACT 

HE MEASUREMENT OF SUPERPARAMAGNETIC PARTICLE 

SHAPES AND SIZE DISTRIBUTION 

by R. M. Asimow - 1  

The magnetization curves f o r  specimens con ta in ing  
- 

i 

superparamagnetic p a r t i c l e s  are considered.  It i s  shown t h a t  

t h e  curves may d i f f e r  from a Langevin func t ion  because of 

p a r t i c l e  an iso t ropy ,  p a r t i c l e  i n t e r a c t i o n s  and because of  t h e  

presence of  a s i z e  d i s t r i b u t i o n  of p a r t i c l e s .  

causes  of p a r t i c l e  an iso t ropy  are qonsidered, and magnetiza- 

' t i o n  curves f o r  specimens wi th  cubic  and uni.axial an iso t ropy  

are presented.  

The va r ious  

,I 

The magnetization curves depend on the  s ign  

of  t h e  an iso t ropy  energy and i n  the  case of  a negat ive  uni-  

axial  an iso t ropy  ( p r o l a t e  spheroids)  t he  r e s u l t i n g  curves 

may d i f f e r  very considerably from a Langevin funct ion.  

A g raph ica l  technique i s  developed whereby i t - i s  pos- 

s i b l e  t o  sepa ra t e  o u t  the  e f f e c t s  of t h e  s i z e  d i s t r i b u t i o n ,  

t h e  par t ic le  i n t e r a c t i o n  and t h e  p a r t i c l e  anisotropy.  ._ Thus 

i t  i s  poss ib l e  t o  o b t a i n  q u a n t i t a t i v e  va lues  f o r  both the  

p a r t i c l e  shape and the  s i z e  d i s t r i b u t i o n .  1 

I 
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THE MEASUREMENT OF SUPERPARAMAGNETIC PARTICLE 

SHAPES AND SIZE DISTRIBUTIONS 

R. M. Asimow 

Introduction 
0 In the particle size range below lOOA it is .quite diffi- 

cult to obtain quantitative size and shape information on 

precipitate particles. A l l  of the available techniques have 

their limitations; however, quantitative applications of super- 

paramagnetism have not been developed as fully as possible due 

to a lack of .analysis of the complete magnetization curve. 

With such an analysis it appears possible to obtain from a 

single magnetization curve of a specimen containing randomly 

oriented SPM (superparamagnetic) particles a quantitative 

volume distribution and a description of the particle shape.t 

t A  quantitative technique for determination of size distribution 

has been previously developed by Weil and Gruner.l 

nique is experimentally more difficult to apply than the one 

discussed in this paper as it requires magnetization measure- 

nieLiL3 - - & -  w v G L  ----* Furthermore, it 

is necessary to know the type of anisotropy and particle shape 

before it can be applied. 

sumed that at 0°K the specimen remnance is R = 0.51, where I, 

I 

Their tech- 

.-7a,--7 r r -J  l a r g e  temperature interval. 

In their application i.t has been as- 

is the saturation magnetization. This 3 is only true for prolate 
cc  
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spheroids,  f o r  o the r  shapes and a n i s o t r o p i e s  d i f f e r e n t  coef- 

f i c i e n t s  are requi red .  As shown later i n  t h i s  paper,  fo r  

f l a t  o b l a t e  spheroids w i t h  a negat ive cubic c r y s t a l l i n e  an iso-  

t ropy  energy the  appropr ia te  cons tan t  i s  1//2. 
~~ __  -~ 

An i s o l a t e d  i s o t r o p i c  SPM p a r t i c l e  should show a magneti- 

2 z a t i o n  curve t h a t  can be expressed by a Langevin func t ion  

I/Is = ctnh(HVIs/kT) - kT/HVIs 

where Is i s  the  sa tu ra t ion  magnetization, V the  p a r t i c l e  volume, 

H t he  app l i ed  f i e l d ,  T the p a r t i c l e  temperature, k the  Boltzmann 

cons tan t ,  and I the  magnetization i n  the  d i r e c t i o n  of  t h e  ap- 

p l i e d  f i e l d .  

systems. 

do possess  a s i g n i f i c a n t  an iso t ropy  and thus  t h e  magnetic energy, 

a s s o c i a t e d  wi th  t h e  p a r t i c l e  depends on t h e  d i r e c t i o n  of mag- 

n e t i z a t i o n  i n  a more complicated way than f o r  t h e  i s o t r o p i c  

p a r t i c l e  o f  Eq. [ 11. 

Such behavior i s  r a r e l y  i f  ever  observed i n  ac tua l  

One explanat ion for  t h i s ’ i s  t h a t  t h e  SPM p a r t i c l e s  

I n  genera l  t h e  magnetic energy E of an i s o l a t e d  SPM p a r t i c l e  

embedded i n  a nonmagnetic matrix can be expressed as a sum of 

several con t r ibu t ions .  

E = Eh + Ed + E, + Ec [ 2 1  ’ 

where Eh i s  the  ex te rna l  f i e l d  energy, Ed t h e  energy r e s u l t i n g  

from t h e  p a r t i c l e  demagnetizing f a c t o r ,  E S t he  magnetos t r ic t ion  

energy, and E, t he  c r y s t a l l i n e  an iso t ropy  energy. In  each term 
’r 
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we consider only the part dependent on the orientation of the 

magnetization vector and the particle axes as the shape of the 

magnetization curve will be determined by these contributions. 

Following the same procedure used in deriving the Langevin 

function, we can write for a collecttion of noninteracting ran- 

domly oriented particles in thermal equilibrium 

21-r TT 

Jdm cosasina exp[-E(@,a,w, Q,q)/kT]dq 
2fl l-r 

0 0  - ' I o  4= / de sinadcl 21-r TT 

0 0 

where Io is the saturation magnetization of the specimen and 

the angles are defined in Fig. 1. 

netization curve we have to evaluate E(@,a,w,Q,q) where @ is a 

/ .  ,, 

In order to predict the mag- 

function of the other angles, and carry out the integration. We 

start by looking at each of the terms in Eq. [ 2 ] .  

Field Energy 

- , U T 7 T  erica 
AS-"y' 

- U 
"h 

Demagnetizing Energy 

In order to obtain a fairly simple expression for this , 

term we will consider only particles which are ellipsoids of 

revolution and thus have uniaxial apisotropy. The angular 
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3 dependent part of the demagnetizing energy is given by 

c5 1 

where N is the.demagnetizing factor along the principal axis. 

This term will be positive for oblate spheroids and negative 

f o r  prolate spheroids. 

Cristalline Anisotropy Energy 

Most of the SPM particles studied have cubic crystal strut- 

4 ture S O  we can write, neglecting higher order terms 

.Ec = KV(n:n22 + n22n32 + n3 2 2  nl ) 

where the ni. . .  are direction cosines and K is the anisotropy 

constant. 

tion can be written as 

In terms of the angles defined in Fig. 1, this equa- 
s 

4 2. 2 
E C - KV(sin qsin 2 w  + sin 2q)/4 

This term may be positive or negative depending on the sign 

of K. 

Magnetostriction Energy 

To evaluate this term in a straightforward manner we make 

several additional assumptions; the SPM particies 'nave i s o t r o p i c  

magnetostriction and elastic constants, the elastic constants 

are identical with those of the matrix and the particle has a 

lattice similar to and is coherent with the matrix.t Thus, if 

$From a theoretical point of view , +Lhe only restriction ._ 

Y 
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required on the elastic constants is that the matrix be 

elastically isotropic; however, the calculations become 

exceedingly laborious unless the additional restrictions 

are imposed. 

it were not for the constraining effect of the matrix and 

the magnetostri’ction strains, the region of the specimen 

which becomes the particle would undergo a homogeneous di- 

latation. 

energy present in both the particle and the matrix. 

Due to the coherency strains, there is strain 

For the unconstrained particle we can wrife the trans- 

formation strains eT on formation of the particle as ij 

eT = e06 + en ij ij ij 

where eo is the magnitude of the hydrostatic strain, 6 
ij 

a Dirac delta function and e? 

strains. 

netostriction strains are given by equations of the type 

is 
4 

are the magnetostriction lj 

In terms of the angles defined in Fig..l, the mag- 

4 

2 1 7T e = (3Y/2) (cos q - T) 33 
where V is the isotropic magnetostriction constant and 
.ll e33 is the normal strain along the polar axis. 

’ Eshelby has shown that the strain energy of the particle 

and matrix is 
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= -(v/2)pi el elas ij ij E 

where p1 are the homogeneous stresses in the particle. 596 ij 
He has further derived the formulae necessary for calculation 

I of pij. The strains in the particle due to the constraint 

of the surrounding matrix are given by 

e ijkl kl eb = s ij 
can readily be calculated in terms of the de- ijkl where the S 

magnetizing factors of the particle. 

particle are then calculated from the relation 

The stresses in the 

p1 X(eC - eT)bij -i 21(e ' ij - e T )  ij ij 

where e' and eT are the scalar parts of e' ij and eT ij , and X 

m d  i~ are the Lame elastic constants. Using these results 

and assuming en <<eo, we can express the angular dependent 
. ij 

part of the elastic strain energy as 

where 5 is Poisson's ratio. This term will be either positive 

or negative depending on the sign of eoY, and the particle 

shape. 

These results need perhaps a small amount of explanation 
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in view of the fact that it has been recently stated in an 

analysis of a somewhat similar problem that magnetostriction 

can never give rise to uniaxial anisotropy in coherent pre- 

cipitates in FCC  metal^.^ 
forming to a particle undergoes a homogeneous dilatation only, 

then the strain'energy is independent of particle shape.8 

now add small additional strains due to magnetostriction and 

find that the change in strain energy of the system depends 

on the initial shape of the ellipsoid and on the orientation 

of the magnetostriction strains with respect to the ellipsoid. 

The result shows that the strain energy of the system is mini- 

If an ellipsoidal region on trans- 

We 

mized if the magnetostriction strain is of the opposite sign as 

the transformation strain along the 'short axes of the particle. 

Magnetization Curves of Anisotropic Particles 

On reviewing the various energy terms, we see that both 

E, and Ed exhibit uniaxial anisotropy whereas Ec has a cubic 

symmetry. 

tion curves it is convenient to consider the two types of 

In order to simplify the calculation of magnetiza- 

symmetry separately. First we consider the solution to Eq. [ 3 ]  

for a system of particles possessing crystalline anisotropy 

only. 

and the results can be expressed in terms of two dimensionless 

energy parameters 

The required integration must be carried out numerically 
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1/10 = f(HIsV/kT, KV/kT) 

8 

[81 

Magnetization curves f o r  p o s i t i v e  values  of KV/kT are shown 

i n  F ig .  2a, and f o r  negat ive va lues  of KV/kT i n  F ig .  2b. If 

the particles a r e  t o  be i n  f a c t  SPM, then u p p e r  and lower 

l i m i t s  e x i s t  f o r  W/kT s ince  t h e  energy b a r r i e r  f o r  magnetiza- 

t i o n  r e v e r s a l a c a n n o t  exceed about 20kT. For nega t ive  K, the 
2 

energy b a r r i e r  f o r  r o t a t i o n  from one <111> d i y e c t i o n  t o  an- 

o t h e r  i s  K/12 and f o r  p o s i t i v e  K t h e  b a r r i e r  f o r  r o t a t i o n  

from a <loo> d i r e c t i o n  t o  another i s  K / 4  ( r e fe rence  4 Fig.  

12-24).  Thus i t  follows t h a t  -240 <KV/kT r 8 0 .  From Fig .  2a 

and 2b it  i s  seen t h a t  f o r  -10 <KV/kT <5 t h e r e  i s  a n e g l i g i b l e  

d e v i a t i o n  of t h e  magnetization curve from thst  of a Langevin 

funcr ion .  

T 

i n  the magnetization curve,  i t  i s  c e r t a i n l y  s a f e  t o  neg lec t  

Thus f o r  temperatures g r e a t e r  than  about 24Th where 

i s  the lowest t e m p e r a t u r e  a t  which no h y s t e r e s i s  i s  observed h 

the e f f e c t  of cubic  an iso t ropy .  

Looking a t  the u n i a x i a l  energy terms, w e  have 
2 Ed 3 E 9 E COS 

S U 

where 

I f  E i s  negat ive ,  t h e  energy minimum, i n  the absence of an 

a p p l i e d  f i e l d ,  occurs along the p a r t i c l e  po la r  a x i s  and t h e  

u 

c 
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energy barrier to magnetization reversal is given simply by 

E,. O n  the other hand, if E, is positive then the energy 

minimum occurs at the particle equator and there is no energy 

barrier. Thus the limits on E, for SPM behavior are -20<E,/kT(Co, 

In order to obtain magnetization curves with E,/kT as a param- 

eter, it is again necessary to resort to naxerical integration. 

A series of such curves are shown in Fig. 3a for positive E U 

and ia Fig. 3b for negative E,. It is of interest to note that 

as pointed out by Bean’ the limiting slope as H -, 0 is inde- 

pendent of the anisotropy tern in both Figs. 2 and 3 .  In the 

case of extremely large negative znisotropies (very large needle- 

like particles) each particle acts like a quantum moment of spin 

1 / 2  iri that  the magnetization vector is either parallel or 

antiparallel to the particle axis.’ In this limiting case the 

magnetization can be obtained by a simple series expansion and 

the result is shown for comparison in Fig. 3b. For very large 

-z 

positive anisotropies (large plates), it is easy to show that at 

high fields the limiting magnetization is . n / 4  and this value is 

shown in Fig. 3a. 

In sufficiently high fields the saturation xizgr,etizztion is 

unaffected by particle shape; however, as seen in Fig. 4 ,  the 

approach to saturation may be very slow for highly anisotropic 

particles and the use of the limiting slope on a 1 / H  plot EO 

determine an average particle size 8 s  suggested by Cahn can lead 
to considerable error in these case6.1° 
at intermediate fields increasing deviations 

In both Figs. 2 and 3, 
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from Langevin behavior are exhibited as the anisotropy in- 

creases and for either types of anisotropy considered separately 

we can write 

where S is a dimensionless anisotropy energy and F is the 

dimensionless field energy (HISV/kT). In most cases where the 

particle shape differs significantly from a sphere, the uniaxial 

anisotropy term causes considerably greater deviations from the 

Langevin function than the cubic term. In the rest of this 

paper, we will neglect the cubic term and assume only uniaxial 

anisotropy to be present. 

. Particle Size Distribution and Specimen Magnetization Curves 

An additional explanation for experimentally observed 

non-Langevin curves lies in the fact that invariably particles F 

present in any specimen cover some size distribution-t Thus, 

tThis problem has been partially considere’d by Kneller and 

others who have considered the effect of a distribution in 

size of isotropic SPM particles. 11 

at any a p p l i e d  fieid, particles of different size will have a 

different average magnetization since both F and S are directly 

proportional to volume. In order to solve this problem we 

will assume that the actual geometric shape of all particles 

is identical but that the particle volumes follow a logarithmic 
i P 
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norma .1 dis tr ibu t ion t 

tThis assumption is certainly arbitrary, but in order to 

utilize a distribution function with more than two adjustable 

parameters, exceedingly accurate magnetization versus field 

measurements are required and the theory would have to be 

correspondingly refined. 

where o is the variance of the distribution and InV, is the 

,mean logarithmic particle volume. Three parameters then com- 

pletely represent the system of particles (N, V, and a) and 

three pieces of experimental data are necessary to obtain them. 
I 

# To see how this may be accomplished, consider the schematic 

magnetization curve shown in Fig. 5 .  

it is easy to show that on defining an H 

From the analysis by Cahn10 

as shown we have the 
L 

relation - 
HIs(V2/V')/kT - 3H/HL . [I31 

- 
~ h e r e , V 2  is the mean squared particle volume and 

mean particle volume (V 96 V, unless a = 0). 

is the 

This statistic 

is independent of any assumption regarding the distribution 

function of particle sizes and is also independent of particle 

shape. In order to obtain two other pieces of information we 

arbitrarily choose fractional magnetdzations of I/Ie -' 0 . 5  
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and I/Io = 0.85 and determine the corresponding applied fields. 

By combining Eqs.  [ll] and [12] we obtain 

where it is to be remembered that F and S are proportional to 

V, and and 

mean particle volume. 

the following relations exist 

are the values of F and S calculated using the 

For a logarithmic normal distribution 

We can thus express o in terms of 3H/H 

we can eliminate Voand write 

and V,. Given I/Io,  
L 

I 

- -  
I/Io - .85 (I: g2(3H/HL,F,S) 

On numerically solving [16] we obtain the curves shown 

in Figs. 6 and 7 which may be used to determine N, o, and V, 

for any specimen containing uniaxial1 SPM particles in the 

following way. 

I/Io = 0.5 and 0.85. 

Figs. 6a and 6b (oblate spheroids) or Figs, 7a and 7b (prolate 

From experimental data, 3H/t is known for 

Thus one knows which curve in either 

spheroids) corresponds to the specimen but one does not know 
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the location on the curve. However, the ratio of the two 

applied fields H(.5)/H(.85) is knowri experimentally and thus 

all that is necessary is to determine which pair of points on 

the two curves have the same ordinates and have abscissa which 

are in the above ratio. Then S o  and,y can be read off either 
- -  

curve and V, S, 0 and N calculated from the relations 
- * '  
V = ?kT/HIs 

C 17d 3 
One ambiguity arises in this procedure: in order to 

know whether, to use Figs. 6a and 6b or iigs. 7a and 7b it is 
/ - *  

necessary to know if E U is positive or negative, that is if 

the particles are oblate or prolate spheroids. This problem 

can be resolved by some additional information such as electron 

microscopy or by a determination of Th. From Th, the anisotropy 

energy can be calculated and thus the type of particle aniso- 

tropy can be determined. 

Part ic le Interact ions 

. _  One additional cause of non-Langevin behavior must be con- 

sidered. If the concentration- of. SPM particles.'is, high .,enough 
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there may be significant particle interactions so that the 

system as a whole possesses a Curie temperature. This possi- 

bility can be readily checked experimentally since as previously , 

pointed out the initial slope of the magnetization curve is un- 

affected by particle anisotropy. Thus if magnetic measurements 

are made at t w o  or more temperatures, the reciprocal of the 

initial susceptibility when plotted versus the absolute tempera- 
* . 

tures should intercept the origin if the interactions are negli- 

gible. If the intercept is not at the origin but indicates a 

Curie temperature 0 then from the simple Weiss theory the 

particle interactions may be taken into account. It follows 

from this theory that the magnitude of the internal field is 

given by NI where 
I 

N = e/XT(T - 0) w3 f 

and xT is the initial susceptibility at temperature T 

(XT = I,/HL). 

measured at a temperature greater than 0 all the previous 

discussion is still valid provided that the experimental curve 

Thus provided the magnetization curve is 

is simply replotted against H + NI rather’than versus H. 
If the measurement temperature is below 0 then the mag- 

netization curve should exhibit remanence which points out the 

interesting fact that there are two possible causes of hysteresis 
3 

in SPM specimens. Barring the formation of a sort of super 
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domain structure (domains formed from many SPM particles) this 

latter type of hysteresis curve should b show a discontinuity 

in I for fields in the neighborhood of the coercive force. 

cause 

in an actual specimen such a discontinuity would not be observed. 

Be- 
' the coercive force is a function of particle size; 

Experimental' Procedure 

A Au - 8.73 at pct Co polycrystalline sheet specimen 
0.011 in. thick and about 1/2 in. square was used for the ex- 

perimental work. 

hour in vacuum, the specimen was water quenched and aged for 

various times at 202°C. 

at 77°K in fields up to 10,000 oersteds and at 298°K in fields 

up to 16,000 oersteds using a Foner12 type magnetometer. Mag- 

netization curves for a specimen aged 6,635 minutes are shown 

in Fig. 8. 

temperature it was found that 0 = 20°K. 

parameters from the magnetization curves the appropriate cor- 

rection according to Eq. [18] was used. On the scale of F i g .  

8 this correction is not detectable. 

After solution treating at 982°C for one 

Magnetization measurements were made 

/ 

From a plot of reciprocal susceptibility versus 

In determining further 

In order to calculate N from Eq. [17d] the numerical 

values listed in Table I have been used. The quantity which 

involves the greatest uncertainty is Y as there i s  no direct 

measurement on FCC Co. Fortunately the final calculation of 

particle eccentricity is not sensitive c to Y as the magneto- 
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s t r i c t i o n  energy i s  considerably smaller than  the demagnetizing 

energy. Another estimate of Y can be obtained from the  work of 

Rodbell14 who determined ehe quan t i ty  d lnK/ d eo = 4.1. 

r e s u l t  coupled wi th  the  ana lys i s  of K i t t e l 1 8  and assuming 

elastic i so t ropy  y i e l d s  a value of y .=  -1.8~10'~. 

This 

The va lue  

l i s t e d  i n  the  t a b l e  has been used i n  the  c a l c u l a t i o n s .  For 

t h e  quan t i ty  which involves  elastic cons tan ts ,  t h e  average of 
I 

t h e  r e s u l t  f o r  Au and for Co i s  used. I n s e r t i n g  these  values  

i n  Eq. [ 17d] w e  f ind  

N = (4rr/3) [1.55~1O'~kT(~/~) + 11 



Table I. Values of Phys ica l  Parameters 
f o r  Au-Co Specimens 
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value f o r  bulk HCP Co a t  20°C 
there appears t o  be l i t t l e  d i f f e r -  
ence between s a t u r a t i o n  value f o r  
FCC and HCP Co and a l s o  the va lue  ! 

IS 

cAu 

cco 

cLAu 

k o  

eo 

Y- 

f d ynes /cm2 
Y J 

'i 

cons tan ts  f o r  p o l y c r y s t a l l i n e  HCP 
Co a t  20°C 

I20"c 
t 

j-0.14 
5 
3 

obtained from d i f f e r e n c e  i n  la t t i ce  
parameters of FCC Co and Au I 

i- ~ O X ~ O - ~  obtained from measurements on FCC I Co p a r t i c l e s  i n  Cu B 
1 
I I 

i ( p .  867) 

15(p. 614) 

16(p. 109) 

15(p. 614) 

16(p. 108) 

17(p. 646) 

7 

Previous work us ing  e l e c t r o n  microscopy has ind ica t ed  

tha t  the p r e c i p i t a t e  i n  t h i s  system i s  e s s e n t i a l l y  p l a t e l i k e  

and thus  Fig.  8 w a s  analyzed i n  conjunct ion w i t h  Figs. 6a and 

6b.l' 

w e r e  obtained 

Using E q s .  [ l 7 a , b , c  and d ]  t h e  r e s u l t s  shown i n  Table I1 

' C  
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Table 11. Results of Magnetic Analysis 

Discussion , 

The comparison of results obtained at two different 

temperature% should be a sensitive test for the validity of 

the analysis. It can be seen in Table I1 that the values of 

t, N / h ,  and o which should be identical for the two tempera- 

'tures agree within about 215%. Probably the most important 

reason for the lack of better agreement is the difficulty in 

obtaining an accurate value of the saturation magnetization. 

No doubt, the use of higher fields would greatly alleviate 

this problem. 

:s 

The procedure adopted for determining the satura- 

tion magnetization is shown in Fig. 9. Two extrapolation 

techniques were used: (1) the final experimental slope was 

extrapolated to infinite field and (2) after roughly deter- 

mirring the particle size, the limiting slope neglecting particle 

anisotropy (Cahn analysis) was drawn in from the highest at- 

tainable experimental field. The average of the two extrapo- 

lated values was used. 

c 
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While it might seem that the agreement between the two 

temperatures is not particularly good, it should be pointed 

out that the values of 7 calculated using the present pro- 
cedure..are an order of magnitude larger than those obtained 

by simple extrapolation of the final experimental slope. 

The maximum meaningful value for N/4n is one, corresponding 

to a completely flat oblate spheroid. 
6 

Within the experimental 

accuracy it must be concluded then that the particles are es- 

sentially disks which confirms the analysis by Gaunt. Un- 

fortunately in this system, the magnetic analysis could not 

be extended over a large range of aging times; at shorter 

times the uncertainty in the saturation magnetization was too 

great whereas at longer times hysteresis appeared in the mag- 

netization curve at 77'K so that it was not possible to I 

determine a Curie temperature. 

Gaunt has already speculated on the reasons for the large 

20 remanence and coercive force observed in the Au-Co system. 

In view of the additional information gained from the present 

investigation some additional comments can be made. Gaunt 

has observed that the ellipsoid axes of the particles are 

coincident with the <loo> directions. Thus for a stable single 

domain particle, on reducing the magnetic field after satura- 

tion, the magnetization vector rotates to the lowest energy 
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p o s i t i o n  i n  the  e q u a t o r i a l  plane of t he  o b l a t e  spheroid.  

i s  t h e  <110> a x i s  nea res t  t h e  magnetic f i e l d  vec to r  f o r  nega t ive  

This  

c r y s t a l l i n e  anisotropy.  I n  this  case it can be shown t h a t  t h e  

remanence f o r  a random array of s t a b l e  s i n g l e  domain particles 

i s  given by 

I f  an ob la t e  spheroid i s  t o  be  s t a b l e ,  then t h e  energy b a r r i e r  

f o r  r o t a t i o n  of t he  magnetization vector  i n  t h e  e q u a t o r i a l  

p lane  (KV/4) mus t  exceed 20kT. 

a t  77°K (K = - 1 . 1 ~ 1 0  

For p a r t i c l e s  which were aged longer t i m e s ,  i t  was attempted 

t o  expla in  the  remanence a t  77°K on t h i s  b a s i s ,  assuming t h a t  

the C u r i e  tempera ture  d id  not  change. V and u w e r e  obtained from 

Thus V> -80kT/K - 0 . 7 7 3 ~ 1 0 ' ~ ~ ~ ~  

6 from t h e  work of Bean13 and Rodbell14). 

- 

/ 
the 298°K magnetization curve and thus the  f r a c t i o n  of s t a b l e  

/ 

s i n g l e  domain particles a t  77°K could be ca l cu la t ed .  

found t h a t  t he  remanence predicted on t h i s  b a s i s  w a s  f a r  less 

than  t h a t  experimental ly  observed. 

Gaunt 's  conclusion t h a t  s t rong p a r t i c l e  i n t e r a c t i o n s  are re- 

It w a s  

This tends t o  confirm 

spons ib le  f o r  t h e  remanence. On the o the r  hand t h i s  does not  

appea r  t o  be the  e n t i r e  answer s ince  even i n  t h e  magnet izat ion 

curves shown i n  Fig.  8 there  i s  a very small amount of remanence 

a t  77°K and ye t  t h e  Curie tempera ture  i s  w e l l  below 77'K. 
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It is of interest to note that in the Cu-Co system most 

observers have concluded that, in the absence of aging in a 

magnetic field, the as aged SPM particles are nearly spherical 

in shape. 2o The anisotropies determined from these particles 

by various techniques are consistentiwith the crystalline aniso- 

tropy of FCC Co. 13,14 It has also been observed by Becker and . 
others that magnetization curves taken at different temperatures 

superimpose very well when plotted akainst H/T. In fact this 

has been suggested as a criterion for SPM. 21 Actually, how- 

ever, if anisotropy is important, then one should not expect 

this superposition, but, in fact, at high fields a low tempera- 

ture curve should fall below a high temperature one on an H/T 

plot. This follows since the parameter S is independent of 

applied field and inversely proportional to T. Thus at con- 
/ $  

. stant H/T and decreasing T, the effect is to go to larger 

absolute values of S at constant F which invariably causes 

I/Io to decrease. 

for crystalline anisotropy only, Th - 20°K f o r  a particle of 50A 

In the Cu-Co system, calculation shows that 
0 

radius, 

superposition was observed, the measurement temperatures were 

sufficiently above T 

importance. 

' uniaxial anisotropy was the dominant term, SPM behavior was 

Thus for the work reported in the literature where H/T 

so that anisotropy was of negligible h 
In contrast, in the present investigation, where 
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observed (no hysteresis in the magnetization curves) and yet 

H/T superposition did not exist (see Fig. 8). 
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Captions f o r  Figures  

Fig.  5 - Schematic magnetization curve showing d e f i n i t i o n  
of  HL and o ther  important f i e l d  va lues .  
i t  i s  assumed by some ex f rapo la t ion  technique I, 
i s  obtained.  

Note t h a t  

Fig.  6 - Curves of 5 versus wi th  3H/% as a parameter c' 

f o r  o b l a t e  spheroids (E p o s i t i v e ) .  (a) I/I, = .5, 
U 

Fig.  1 - The r e l a t i v e  o r i e n t a t i o n  of the  applie'd magnetic 
f i e l d  H,  and the  magnetization vec to r  I with respect 

t o  the  SPM p a r t i c l e  axes  N1, N2, N3. 

Fig.  2 - Dimensionless magnetization curves f o r  specimens 
conta in ing  SPM particles wi th  cubic  an iso t ropy  and 
random o r i e n t a t i o n s .  The an i so t ropy  energy param- 
eter VK/kT i s  p o s i t i v e  i n  (a) and negat ive  i n  (b). 

Fig. 3 - Dimensionless magnetization curves f o r  specimens 
conta in ing  SPM p a r t i c l e s  w i th  u n i a x i a l  an i so t ropy  

,and random o r i e n t a t i o n s .  The an iso t ropy  energy 
'parameter EU/kT is  p o s i t i v e  i n  (a) and nega t ive  
i n  (b) .  

Fig.  4 - S a t u r a t i o n  magnetization curves f o r  specimens 
wi th  a negat ive u n i a x i a l  an iso t ropy .  

(b) I/I, = .85. 
i nc reases ,  t h a t  i s  f o r  a cons t an t  magnetization as 
t h e  an iso t ropy  inc reases , the  f i e l d  a l s o  inc reases .  

Note t h a t  as F i nc reases  s a l s o  

Fig.  7 - Curves of 2 versus F wi th  3H/% as a parameter for 
p r o l a t e  spheroids (Eu nega t ive) .  (a) I/I0 = . 5 ,  

(b) I/Io = .85. 

Fig. 8 - Magnetization curves a t  298°K and 77°K f o r  a Au-Co 
specimen aged 6,635 min. 

Fig. 9 - High f i e l d  magnet izat ionldata  p l o t t e d  versus  1 / H .  
The two ex t r apo la t ion  procedures used are shown. 
do t t ed  l i n e  shows t h e  l i m i t i n g  s lope  c a l c u l a t e d  on 
t h e  b a s i s  of  the average p a r t i c l e  volume and the  
dashed l i n e  is simply an e x t r a p o l a t i o n  of t h e  f i n a l  

The 

experimental  s lope . 
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