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I. In t roduc t ion  

I n  d i scuss ing  the  energy of t he  helium i s o e l e c t r o n i c  sequence, it 

is i n s t r u c t i v e  t o  develop it  i n  a s e r i e s  i n  inve r se  powers of t he  

nuc lear  charge 2 , v i z . ,  

(1) 
2 -1 E = 2 Eo + ZE1 + E2 + 2 Eg + ..... 

The very  accu ra t e  va r i a t ion -pe r tu rba t ion  c a l c u l a t i o n s  of Scherr  and 
1 

Knight, 

through t h e  t h i r t e e n t h  order. These combined wi th  Linderberg'  s3 1/2 
a n a l y s i s  of t h e  Hartree-Fock (H-F) .energies  permit an e l u c i d a t i o n  of 

4 
t h e  c o r r e l a t i o n  energy (E(corr))  i n  terms of t h e  1/2 series. We 

concent ra te  our a t t e n t i o n  on t h e  leading term, 
E (H-F), and compare t h e  e f f i cacy  wi th  which s e l e c t e d  func t ions  

reproduce t h i s  term. 

according t o  Hylleraas '  method:. paovide t h e  energy c o e f f i c i e n t s  

E2(corr)  = E2(exact)  - 
2 

Cor re l a t ion  may be introduced i n t o  a wave func t ion  i n  a number of 
4 

ways . These inc lude  t h e  e x p l i c i t  i n t r o d u c t i o n  of an i n t e r e l e c t r o n i c  
coord i n a t  e, 

combination of t h e  two. A s  a by-product of t h e i r  pe r tu rba t ion  c a l -  

cu la t ions ,  Scherr  and Knight' obtained t h e  va lues  of E2 (Eq. (1 ) )  
corresponding t o  a C . I .  func t ion  combined wi th  t h e  Legendre func t ions  
PJ (cosQt2) for 4 = 0,1,2 . By a v a r i a t i o n a l  t reatment ,  Roothaan 
and Weiss obtained closed-  and open-shel l  wave func t ions  conta in ing  

terms i n  r f o r  s e v e r a l  members of t he  He sequence. We analyze 12  
t h e  R-W func t ions  i n  terms of a l/Z expansion. From t h e  f i r s t  o rder  
func t ions ,  both E2 and Eg may be obtained.  F e r  Eg, numerical. 
incons ie tenc ies ,  d i scussed  i n  t h e  appendix, precluded d e t a i l e d  a n a l y s i s ,  

However, f o r  E2 it proved poss ib le  t o  c a l c u l a t e  t h e  sepa ra t e  con- 
t r i b u t i o n s  from t h e  R-W o r b i t a l  and c o r r e l a t i o n  func t ions .  This  enabled 

I, C, W, Scherr  and R. E. Knight, Rev, Mod. Phys. 2, 436 (1963). 
2, E, A. Hylleraas ,  2. Fhysik 65, 2091 (1930). 
3, J. Linderberg,  Phys. Rev. - 121, 816 (1961). 
4, 
5. C. W. Scherr  and R, E. Knight, J...Chem. Phys. 4J', 1777 (1964). 

6 ,  C. C, J. Roothaan and A. W. Weiss, Rev. Mod, Phys, 32, 194 (1960). 

r12 o r  €Il2, and conf igura t ion  i n t e r a c t i o n  ( C . I . ) ,  o r  a 

- - - - - -  

P, 0, L'dwdin, Advances i n  Chemicgl Physics  11, New York, 1959, p.207. 

Hereaf te r ,  we  r e f e r  t o  t h i s  work as R-W, 

i 
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u s  iu esLimare Liie amounu of raaiai  ana angular  c o r r e l a t i o n  energy 

included i n  E2 f o r  t h e i r  func t ions .  It i s  i n  these terms t h a t  we 

compare i n  Table I the R-W funct ions wi th  the  o t h e r s  mentioned above. 

I n  order t o  e s t a b l i s h  our no ta t ion ,  the necessary formalism of; 

the 1/Z p e r t u r b a t i o n  expansion i s  s e t  down i n  Sect ion 11, and the 

r e s u l t s  are  discussed i n  the f i n a l  s e c t i o n .  

11. 1/Z Expansion of Correlated Filnctions 

It i s  convenient t o  make the t ransformation 

r =z-' p i ;  r = Z  -1 pij i i j  

which sca l e s  the u n i t  of length7 by the nuc lea r  charge 

n o n - r e l a t i v i s t i c  Schrbdinger equat ion becomes 

Z . Thus, the 
8 

(Ho -k Z - I H , )  '.y (2) = Z - 2  E(Z) y ( Z )  . 

For the He sequence, 

i s  the hydrogenic Hamiltonian f o r  two e l e c t r o n s  and 

is  the i n t e r e l e c t r o n i c  p o t e n t i a l .  The wave func t ions  f o r  the 'S 

ground s ta tes  of t hese  two e l e c t r o n  systems f a c t o r  i n t o  an a n t i -  

symmetric spin func t ion  and a symmetric f u n c t i o n  of t he  s p a t i a l  

coordinates  of the e l e c t r o n s .  

Hamiltonian, the s p i n  func t ion  i s  l e f t  out of f u r t h e r  cons ide ra t ion .  

ment i n  expanding E(Z) and y ( Z )  i n  powers of the p e r t u r b a t i o n  

parameter 1/Z . Thus, we w r i t e  

7 .  

Since we a r e  using a s p i n - f r e e  

We follow the u s u a l  Rayleigh-Schrbdinger p e r t u r b a t i o n  develop- 

- - - - - - - -  
Tite u n i t  of length i s  
e /ao throughout t h i s  paper. 

Zao ana the u n i t  of energy i s  1 Har t r se  = 

8. The no ta t ion  F(Z) i s  used t o  i n d i c a t e  the 2 dependence of 
va r ious  q u a n t i t i e s  e x p l i c i t l y .  Those not  s o  marked a r e  indepen- 
dent  of 2'. 
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With t h e  normalizat ion chosen t o  be  

The fol lowing r e l a t i o n s  a r e  r e a d i l y  derived': 

The R-W c o r r e l a t e d  func t ions  are of t he  form 

We impose the  a d d i t i o n a l  normalizat ion condi t ion  

9. See, f o r  example, t h e  d i scuss ion  of p e r t u r b a t i o n  techniques 
by J. O,Hirschfelder ,  W. Byers Brown, and S. T, Epste in ,  
Advances i n  Quantum Chemistry I, 1964, Academic Press ,  New York. 
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For these  expansions t o  be c o n s i s t e n t  with t h a t  given i n  Eq. ( 3 ) ,  

i t  follows t h a t  

and so f o r t h .  Eq. (5) then f i x e s  )Cb and 0, t o  be 

Eq. (6 ) ,  becomes 

Because of the normalizat ion chosen f o r  0 ( Z )  Eqs. (6) and (9), 

each t e r m  i n  Eq. (15) i s  s e p a r a t e l y  zero.  S u b s t i t u t i n g  from 

Eqs. ( 1 2 ) ,  (13) and (14) i n t o  Eq. ( 7 )  we f i n d  

To c a l c u l a t e  these sepa ra t e  c o n t r i b u t i o n s  t o  

x1 and 8, . 

c o r r e l a t i o n  func t ions  f o r  va r ious  Z a r e  power s e r i e s  i n  r 

we may wri t e  Eq. (11) i n  the form 

E2 we need t o  f i n d  

We dea l  f i r s t  w i th  x(Z, &) of Eq. (8). Since the R-W 

1 2  ’ 
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where, according t o  Eq. (14), roo = 1, xom = 0, m > 0. For 
n > 0 , t h e  

were 
y, , and i n  p a r t i c u l a r  t h e  llm which de f ine  x, , 

obtained by t h e  l e a s t  squares  ana lys i s  descr ibed i n  t h e  appendix. 

The R-W o r b i t a l  funct ions (@ of Eq. (8)) a r e  of t h e  form 

I -  where, f o r  t h e  c losed - she l l  case . The a n a l y s i s  i s  s l i g h t l y  

less s t r a i g h t  forward than t h a t  f o r  t he  c o r r e l a t i o n  func t ion .  It 

t u r n s  out t h a t ,  f o r  t h e  open-shel l  func t ion ,  t h e  ind iv idua l  $Im of 

Eq. (10) are given c o r r e c t l y ,  not be expanding t h e  one e l e c t r o n  

func t ions  p(2) and $(Z) s e p a r a t e l y  i n  powers of  2 , but  

ra ther"  i n  powers of 2'%. 
11 in t roducing  t h e  func t ions  

-1 

This  i s  most r e a d i l y  demonstrated by 

(19-b) 

where t h e  (2, Pj) and &Z, p j) a r e  normalized t o  s a t i s f y  

Eq. (9) .  
The o r b i t a l  func t ion  may be r e w r i t t e n  i n  terms of u and v , 

- -  
10. 

11. 

Thus, t h e  open-shel l  func t ion  may b e  put i n  t h e  form of a super-  

p o s i t i o n  of  two c losed-she l l  funct ions.  Since t h e  R-W func t ions  

were obtained by a v a r i a t i o n a l  procedure, t he  2-independent term of 

t h e i r  o r b i t a l  func t ions  i s  exac t ly  

numerical accuracy of t h e i r  c a l c u l a t i o n s ) .  It fol lows t h a t  t h e  2- 
independent term of uu i s  0, and t h a t  of w is  i d e n t i c a l l y  zero. 

8, given by Eq. (14) ( t o  t h e  

- - - -  
W. Byers Brown, Univers i ty  of Wisconsin T h e o r e t i c a l  Chemistry 
I n s t i t u t e  Report TCI-49. 

See, f o r  example, C. A. Coulson and I ,  F ischer ,  P h i l .  Mag. 40, 
386 (1949); S i r  Lennard-Jones and J, A. Pople, P h i l .  Mag, 43, 
581 (1952). 
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Since,  accordin2 t o  Eq. (le), @(Z) admits only i n t e g r a l  powers of 

Z , the expansions f o r  u(Z) and v(Z) mus t  be -1 

n= 0 n+f ' 
v(Z) = n '  u(Z) = Z-n u n=O 

S u b s t i t u t i n g  these expansions i n t o  E q s .  (19), we f i n d  

7 3  

( P ( Z )  = 2-f C u ( Z )  -k V(Z)] = 2-f [uo + z -f v + z -1 u1 + . . . 
f 

V ( Z )  = 2-f [ U ( Z )  - V ( Z d  = 2-% [uo - z -f v f + z -1 u1 - ....I . 
I n  the s p e c i a l  case of the c l o s e d - s h e l l  funct ions p(Z) 
and the re fo re  v(Z) 0 . 

p(Z) 
The comparison of Eq. (18) wi th  Eq. (9)  shows t h a t  

u1 and v were obtained by a l e a s t  squares  a n a l y s i s  f The funct ions 

of Eq. (21), as descr ibed i n  the appendix. 

111. Resul ts  and Discussion 

The last  column i n  Table I l i s t s  the  va lues  of E2 f o r  a few 

s e l e c t e d  funct ions,  and a l s o  the  values  of E2(  x,) and E2(B1) 

c a l c u l a t e d  according t o  Eq. (16). For the  R-W func t ions  we a l s o  
obtained by a l e a s t  squares  a n a l y s i s  of the t o t a l  ene rg ie s .  

The va lues  of E2 . SO obtained ag ree  wi th  t h e  sums E2(g1) + E2(x1) 
t o \ a t  least or',e i n  t h e  f o u r t h  decimal place.  

some q u a n t i t a t i v e  deductions. 
It i s  apparent from the d a t a  c o l l e c t e d  i n  Table I t h a t  

E2(corr)  = -0.0466 a.u.  We may f u r t h e r  subdivide E2(corr)  i n t o  

con t r ibu t ions  from r a d i a l  and angular  c o r r e l a t i o n s  

E2 

This allows us t o  make 

11,12 

12. G. R. Taylor and R. G. P a r r ,  Proc. Nat. Acad. Sc i .  (U. S . )  
-¶ 38 154 (1952). 



7 

With t h e  he lp  of E2 f o r  t h e  r a d i a l  l i m i t  funct ion,3y13 which w e  

assume conta ins  a l l  of E (rad), w e  o b t a i n  f o r  t h e  exact  func t ion  2 
E2(rad) = -0.0143 a.u. and For the  C. I. 

func t ions  involving Legendre polynomials of cos0 such a s  a n a l y s i s  
5 of E2 

t r i b u t i o n s  t o  

arguments. We f i r s t  no te  t h a t  f o r  t h e i r  c losed - she l l  func t ion  

E2(ang) 6 -0.0324 a.u. 

fol lows d i r e c t l y  f r o m t h e  c a l c u l a t i o n s  of Scherr  and Knight . 129 

For t h e  R-W func t ions  we e s t ima te  t h e  r a d i a l  and angular  con- 

E2 , shown i n  Table I, by means of t he  fol lowing 

E ( 0  ) can c o n t r i b u t e  only t o  

of E (H-F) must come from E2(Xl)14. The remaining p a r t  of E2(’$1) 

E2(H-F); t h e  remainder (-0.0460 a .u . )  2 1  
2 

f o r  t h e  c losed - she l l ,  namely -0.0440 8.u. , must be a t t r i b u t e d  t o  

c o r r e l a t i o n  e f f e c t s ,  both r a d i a l  and angular .  

We now assume t h a t  f o r  t he  open-shel l  func t ion  E2(8,) and 

E2($1) 
c losed - she l l  case, namely -0.0650 a. u. and -0.0460 a. u. , r e spec t ive ly .  

Ce r t a in ly  t h e  R-W open-shell  func t ion  desc r ibes  r a d i a l  c o r r e l a t i o n  

b e t t e r  t han  t h e  R-W c losed-she l l  func t ion .  Since t h e  c o r r e l a t i o n  

func t ions  are of t h e  same form i n  t h e  two cases ,  w e  expect them both 

t o  d e s c r i b e  angular  c o r r e l a t i o n  about equa l ly  well. Therefore,  w e  

assume t h a t  t h e  d i f f e r e n c e  of -0.0022 a.u. between the  t o t a l  

E (open) and E (c losed)  gives p r e c i s e l y  t h e  d i f f e r e n c e  between 

E (rad) f o r  t h e  func t ions .  

= -0,0068 a.u. is also due e n t i r e l y  t o  r a d i a l  c o r r e l a t i o n ,  A t  t h i s  

po in t  w e  have only t o  account f o r  t h e  discrepancy of 0,0005 a.u.  

between t h e  exact E2 and t h a t  obtained f o r  t h e  R-W open-shel l  

funct ion.  We have a r b i t r a r i l y  ass igned 0.0003 a.u. of t h e  discrepancy 

t o  t h e  angular  p a r t  and 0.0002 a.u. t o  t h e  r a d i a l  p a r t  of 

Thus, a l i t t l e  a r i t h m e t i c  enables us  t o  estimate t h e  r a d i a l  and 

angular  con t r ibu t ions  t o  E ( co r r )  for  both R-W func t ions .  

13, H. L, Davis, J. Chem. Phys. 39, 1827 (1963). 
14. 

make t h e  same cont r ibu t ion  t o  E2(H-F) as they  do i n  t h e  

2 2 
2 Clear ly ,  t h e  d i f f e r e n c e  E2(01)open-E2(01)closed 

E2(co r r ) ,  

2 - - - - - .  

Although one expects  some c o n t r i b u t i o n  t o  E2(H-F) from >c (r12), 
i t s  magnitude is somewhat s u r p r i s i n g ,  This  se rves  t o  emphasize 
t h e  importance of optimizing t h e  o r b i t a l  and c o r r e l a t i o n  func t ions  
toge the r  i n  a v a r i a t i o n a l  c a l c u l a t i o n .  
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It i s  evident  from Table I t h a t  an open-shell t rcatmcat  is 

e s s e n t i a l  t o  desc r ibe  r a d i a l  c o r r e l a t i o n  f u l l y  s i n c e  even the  cor-  

r e l a t e d  c losed - she l l  func t ion  cannot do so. 

introduced more e f f i c i e n t l y  by powers of 

polynomials P (cose12) . Clearly,  the terms of 1: 

a r e  equivalent  t o  1 = 1 and A= 1,2 func t ions ,  r e s p e c t i v e l y .  The 

introduce h ighe r  o rde r  Legendre poly- odd powers 

nomials whose c o n t r i b u t i o n s  a r e  no t  n e g l i g i b l e .  To a l a r g e  e x t e n t  

t he  success of the R-W func t ions  may be a t t r i b u t e d  t o  the i n c l u s i o n  

Angular c o r r e l a t i o n  i s  

than by Legendre 
2 and r12 4 =12 

12 f 

12 r and r 12 

of these odd powers of r12 . 
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Table I. Approximate Contr ibut ions t o  E2 from the  

' Independent Motion' of the  Elec t rons ,  and from Radial  and Angular Correlat ionSa 

E2(H-F) E2( rad ia l )  E2(angular) E 2 
Independent Radial  Angular T o t a l  

Wave Function Mot ion  Cor re l a t ion  Cor re l a t ion  

0 * 1110 0.0 0.0 0.1110 le 1. Closed-she l l  - Hartree-Fock 

2. Open-shell - Legendre Expansion,c 
1 - 0  0.1110 0.0143 0.0 0.1253 
a =  o+a= 1 0.1110 0.0143 0.0264 0.1518 
A =  0, +L= 1, +l= 2 0.1110 0.0143 0.0301 0.1554 

d 3. Corre la ted  c losed - she l l  
E p f )  0.0650 0.0 0.0 0.0650 

E2( 2 1) 
T o t a l  

Leas t  squares  t o t a l  

d 4. Corre la ted  open-shel l  
Ep(01) 

E2( X1) 
T o t a l  

Leas t  squares  t o t a l  

5 .  Exact.e 

0.0650 

0.0460 

0.1110 

0.1110 

0.0119 

0.0119' 

------ 

0.0068 

0.0073 

0.0141 

------ 
0.0143 

0.0321 

0.0321 

0.0 

0.0321 

0.0321 

------ 
0.0324 

0,0901 

0.1550 

0.1551 

0.0718 

0.0854 

0.1572 

0.1572 

0.1577 

L 

2 a, All ene rg ie s  i n  -e /ao, 

b. Reference 3. 
e. Reference 5. 
d. This  work; a n a l y s i s  of func t ions  given i n  Reference 6. 
e. Reference 1. 

. .  
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IV. Appendix 
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I n  unnormalized form, which we i n d i c a t e  by s u b s c r i p t  u , the  R-W 
6 func t ions  a r e  

I n  these  equat ions a b , c  and a r e  a l l  func t ions  of 2 .I5 For the  

c l o s e d - s h e l l  of course,  
k' k k 

ak = bk and Ou = (p, pu . 
The least squares  analyses t h e r e f o r e  a l l  involve the s o l u t i o n  of 

a n  over determined s e t  of equations of t he  form 

N M 

w i t h  y = 4 o r  /q2 , and the c o e f f i c i e n t s  d are t o  be determined. 

The func t ion  D(Z,y) i s  known f o r  Z = 1,2,3,4,6,8,10 and f o r  a range 

of  va lues  of y . 
nm 

Afte r  s c a l i n g  according t o  Eq. (2 )  and normalizing t o  s a t i s f y  

Eqs. (4) and (9) we ob ta in ,  fo r  the c o r r e l a t i o n  func t ion  

(A-3 1 

The r i g h t  hand s i d e  of Eq. ( A - 1 )  is then equ iva len t  t o  

- - - - - - - -  
15. We used t h e  va lues  obtained from t h e  R-W computer output  r a t h e r  t han  

t h e  rounded numbers given i n  r e f .  6 ,  w i th  improved r e s u l t s .  
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A s  noted i n  the t e x t ,  Yom = b 
There are  two sources of inconsis tency among the input  d a t a  

ca l cu la t ed  f o r  

c a r r i e d  out  t he  opt imizat ion t o  d i f f e r e n t  degrees of accuracy f o r  

d i f f e r e n t  Z . Secondly, they used the  same expansion l eng th  up t o  

where b Om i s  the Kronecker d e l t a .  

D ( Z , f 1 2 )  
Om 

given Z and e2 . F i r s t l y ,  Roothaan and Weiss 

k = 4 i n  Eqs. (A-1) and (A-3)  f o r  a l l  Z d e s p i t e  the f a c t  t h a t  

c o r r e l a t i o n  e f f e c t s  a r e  r e l a t i v e l y  more important f o r  small Z than 

f o r  large Z . We s e t  M = 4 ,  i n  Eq. ( A - 2 ) ,  corresponding t o  k = 4 
i n  Eq. (A-3). 

max 
To t e s t  the s e n s i t i v i t y  of the fnm ( i n  p a r t i c u l a r  

16 of Eq. (A-5) t o  these i n c o n s i s t e n c i e s ,  l e a s t  squares analyses  'd I m )  
were c a r r i e d  out using d i f f e r e n t  va lues  of N i n  Eq. (A-2) and 

varying the range of p12 over which the  func t ion  D ( Z ,  f i 2 )  w a s  

evaluated. We used i n  a l l  combinations the ranges offl2 = 0.1-2.0, 

0.1-3.0, 0.1-4.0 Z a  and the expansion lengths  N = 3 ,4 ,5  . Larger 

va lues  of N were not  p r a c t i c a b l e  s i n c e  the  equatio1s(A-2) r a p i d l y  

approached degeneracy as N increased. This i s  due t o  the  f a c t  t h a t ,  

for t h e  Z values  used, t he  q u a n t i t i e s  

the a n a l y s i s  r a p i d l y  approach a cons t an t  value as N i s  increased.  

which 

we ex t r ac t ed  were used t o  c a l c u l a t e  t he  i n t e g r a l  < 8 , 0 , x , ) ,  which 

should be ze ro  according t o  Eqs. ( 6 )  and (15). As i s  seen from 

Table A-1, t h i s  i n t e g r a l  i s  s e n s i t i v e  both t o  the  range of p12 
and the  expansion l eng th  N . The r e s u l t s  of the b e s t  case,  

0.1 6 p12 5 2.0 
accura t e  t o  about four  decimal places .  We f u r t h e r  t e s t e d  the con- 

s i s t e n c y  of the R-W c o r r e l a t i o n  func t ions  by r e l a x i n g  the c o n s t r a i n t  

0 

-n which a r i s e  i n  z k  'k 

A s  a t es t  of the q u a l i t y  of our a n a l y s i s  the X1(p12) 

used 

and N = 4 , suggests  t h a t  the x1 obtained a r e  

. 
a new l e a s t  squares  a n a l y s i s  

and a l l  fom , m 1 , Less than 4 x i n  magnitude. It seems 

s a f e  t o  assume, t h e r e f o r e ,  t h a t  the 

r e p r e s e n t  x, of the R-W c o r r e l a t i o n  f u n c t i o n  t o  about four  decimal 

For 0 .1  6 Pl2L 2.0 and N = 4 w e  obtained from r o m  = 6 , m  roo = 1.0004 ( in s t ead  of e x a c t l y  1) 

y,, l i s t e d  i n  Table A-2 

- A .  

9 places .  The i n t e g r a l s  E2(  x,) = < 0, / H1-El 8 ,  xl> are a l s o  

probably accurate ,  i n  t he  b e s t  case,  t o  about  f o u r  decimal places .  

16. J. B. Scarborough, Numerical Mathematical Analysis,  (Johns 
Hopkins Press ,  Baltimore, 1950) A r t .  113. 
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Eqs . 
same 

f o r  

f o r  

Por the o r b i t a l  fucctiocs a(Z,<) aid v ( Z , p j )  given by 

(19) and (21) the  l e a s t  squares analyses  were e s s e n t i a l l y  the  

as f o r  t h e  c o r r e l a t i o n  funct ions.  Now, 

4 

v ( Z , t )  . The A, and Fk i n  these  two equat ions a r e  r e l a t e d  

t o  the  ak and b of Eq. (A-1)  by k 

and s i m i l a r l y  f o r  Fk with  a replaced by bk . The form of k 
Eqs. (A-8) and (A-9) was chosen so  t h a t  i n  Eq. (21) 

(A- 10) 

(A-11) 

w i t h  dOm = 6, , according t o  Eq. (14). A s  i n  t h e  ana lyses  f o r  t he  

c o r r e l a t i o n  func t ion ,  we s e t  M =  4 i n  Eq. (A-2). I n  t h i s  case,  

however, an e r r o r  i s  thereby introduced s ince  the exponent ia l  i n  

D ( Z , P . )  y i e l d s  non-vanishing terms i n  r and h igher  powers. 

We est imated the term i n  r t o  be a t  l e a s t  t e n  times smal le r  than 
> t h a t  i n  r . We expect t h a t  the neglec t  of terms r n d 5  , 

int roduced e r r o r s  no l a r g e r  than the o thers  inherent  i n  our t reatment .  

According t o  Eqs. (4) and (9)  the  i n t e g r a l  (go 101)  

-1 j 

n 4 j 

j 3’  

= 0 f o r  

an  exac t  t reatment .  We used the value of t h i s  i n t e g r a l  t o  s e l e c t  

t he  optimum range of /o and expansion length  N over which t o  

f i t  the  o r b i t a l  funct ions.  

where we a l s o  l i s t  the corresponding va lues  of 

Table A-Ix shows the  impurtance of the terms 

recoverii lg a l l  of 0 f o r  the open-shel l  funct ion.  For the closed-  1 ’  

J 
Typical r e s u l t s  a r e  given i n  Table A - I 1  

E2(0)  . I n  add i t ion ,  

Eq. (22), i n  Vf ’ 

s h e l l ,  of course,  v ’ = o .  
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The b e s t  s e t  of expansion c o e f f i c i e n t s  

d e f i n e  xl and 

Table A-111.  

of 8, 
c o e f f i c i e n t s  of the Laguerre expansion of 

reported by Linderberg . It i s  apparent  t h a t  8, f o r  t he  R-bl and,H-F. 

funct ions a r e  considerably d i f f e r e n t .  This s e rves  t o  i l l u s t r a t e  t he  

0, , Eqs. ( A - 5 ) ,  ( A - l o ) ,  ( A - 1 1 )  and (ZZ),are l i s t e d  i n  

There we a l s o  l i s t  t h e  c o e f f i c i e n t s  of a Laguerre expansion 

f o r  the R-W c losed - she l l  func t ion  and compare them wi th  the 

0, f o r  the H-F func t ion  
3 

s i g n i f i c a n t  change i n  an o r b i t a l  f u n c t i o n  when it i s  made p a r t  of a 
1 

c o r r e l a t e d  funct ion.  

Because of the e r r o r s  i n  8, and x, the  sum E2 = E2(01) + E Z ( X l )  

may be l e s s  c e r t a i n  than the va lues  of the ind iv idua l  terms. We 

checked these c a l c u l a t i o n s  wi th  a l e a s t  squares a n a l y s i s  of 

c E ( Z )  - ( -Zz + 5Z/8)] where the  E(Z)  a r e  the t o t a l  ene rg ie s  
l <  
A 2  

reported by R-W f o r  va r ious  Z . The va luesof  E l i s t e d  i n  Table I and 

l abe led  l e a s t  squares correspond t o  an a n a l y s i s  including terms up t o  

f3 . 
h ighe r  order terms because of the d i f f i c u l t i e s  caused by near  degeneracy, 

as discussed above. 

2 

It was no t  poss ib l e  t o  o b t a i n  r e l i a b l e  r e s u l t s  by including 
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Table A-I. Integrals  Involving for Typical Least Squares Analyses. 

N - 
3 

3 

3 

4 

4 

4 

5 

5 

- 

Range of 

4 2  

0 .1 -2 .0  

0 .1-3 .0  

0 .1-4 .0  

0 .1 -2 .0  

0 .1 -3 .0  

0.1-4.0 

0 .1 -2 .0  

0 .1-3 .0  

Closed-Shell 

<go K 1) E2( x1) 

-0.00176 

-0.00173 

-0.00173 

+O. 00001 

+O .00044 

+O. 00043 

-0.01019 

-0.00450 

-0.09002 

-0.09003 

-0.09003 

-0.09006 

-0.09024 

-0.09023 

-0.08619 

-0.08842 

-0.00243 

-0.00242 

-0.00242 

+O. 00046 

+O. 00076 

+O. 00075 

+O. 00130 

+o. 00199 

-0.08530 

-0.08531 

-0.08531 

-0.08544 

-0.08556 

-0.08556 

-0.08594 

-0.08628 
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Table A-11. Integrals Involving 0, for Typical Least Squares Analyses. 

Open-Shell neglecting Open-Shell 

I 
b 
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Table A-III. Zest 5 a d  8 
Open-Shell Functions . Extracted from tne R-W Closed-. and 1 

Expansion Coefficients 

Function m = O  m =  1 m - 2  m = 3  m = 4  

-6.85438(-1) 4.57998(-1) -6.67453(-2) 5.15773(-3) -2.33259(-4) I Gm, closed-shell, 
1 Eq. (A-5) 

‘lm’ 11, -1.68359 (-1) - 1.48636 (-2) 6.7349 1( -2 )  -9.84627 (-4) -1.77761( -4) 

rim, open-shell, 
dim, open-shell, 
Him, open-shell, 
&,, closed-shellb 8.64865(-2) 4.32473(-2) -4.67571(-3) -8.63198(-5) 2.22201(-6) 

Eq. (A-10) 

-6.48660(-1) 4.59509(-1) -9.16084(-2) -1.24098(-2) -6.76246(-4) Eq. (A-5) 

-2.13050(-1) -2.76269(-2) 1.38740(-1) -1.95621(-2) 1.06825(-3) Eq. (A-10) 

-8.68962(-4) -2.37916(-3) 1.81352(-1) -4.32272(-2) 2.84416(-3) Eq. (A-11) 

Aim, (H-nC 1.56250(-1) 7.81250(-2) -5.20833(-3) -3.25521(-4) -1.62760(-5) 

a. The number in parenthesis indicates the power of ten by which the corresponding entry 
is to be multiplied. For example, 6.73(-2) = 0.0673. 

* n-1 1- (-x) /(n-k-l)!(k+l)!k! where Ln(x) = -(n!)’ are the Laguerre polynomials. 
b k=O 

c .  Laguerre expansion of 0 (H-F) from reference 3. Allowance has been made for 1 the different normalization used there. 


