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by 
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Robert C. Limburg 

ABSTRACT 

It is the objective of this thesis to investigate the body 
dynamics of a solar pressure stabilized satellite in a heliocentric 
orbit of non-zero eccentricity. The equations of motion for an un- 
syPPanetrica1 Satellite are simplified by finding satellite equilibrium 
position and making small angle assumptions about this position to 
linearize the equations. The motions predicted by the simplified 
model are compared with digital computer solutions of the general 
equations of motion. Passive damping and injection of the satellite 
into orbit are investigated briefly. 

In its equilibrium position, the satellite has one principal axis 
along the radial line. 
with the greater nroment of inertia is perpendicular to the orbital 
plane. For the simplified model, motion about the three principal 
axes can be uncoupled for small disturbances from equilibrium. Motion 
about the radial line is characterized by oscillations at approximately 

Of the two remaining principal axes, the one 

orbital frequency rate. 

. 

This report was submitted to the Department of Aeronautics and Astro- 
nautics on May 21, 1965 in partial fulfillment of the requirements for 
the degree of Master of Science. 
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V 

a 

D 

d 

E 

AE 

E1 

8 

Ii 

K 
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L1 

L2 

M 

Mi 
m 

N 

r 

p r i n c i p a l  body axes 

moment of i n e r t i a  r a t i o s  

semi-major axis 

damping-moment of i n e r t i a  r a t i o  

viscous damping c o e f f i c i e n t  

e c c e n t r i c  anomoly 

energy d i s s i p a t e d  

f l e x u r a l  r i g i d i t y  

e c c e n t r i c i t y  

s o l a r  pressure  f o r c e  

t r u e  anomoly 

e a r t h  g rav i ty  

moment of i n e r t i a  about i-axis 

s o l a r  pressure  cons tan t  

d i s t ance  between s a t e l l i t e  c e n t e r  of mass and 
c e n t e r  of p re s su re  

tube d i s t ance  from satell i te c e n t e r  of mass 

antenna length 

mean anomoly 

moment about i -axis 

mass 

number of c o l l i s i o n s  

o r b i t a l  r ad ius  
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. 

distance between center of mass of component i and 
satellite center of mass (lr cm) i 

8 Laplace operator 

t time 

U potential energy 

v satellite velocity 

ball weight wB 
x,y,z attitude reference axes 

a structural damping factor 

B general angular displacement 

Y phase angle 

A determinant 

5 damping ratio 

0,  , Y ,  Laplace transformed variables 

e pitch angle 

e (0) ,O (0) ,$ ( 0 )  initial conditions 

00s 00, $0 equilibrium offset angles 

u gravitational constant times the mass of the sun 

P density 

T time of perehelion passage 

0 roll angle 

J, yaw angle 

w orbital angular velocity 

0 orbital angular acceleration 

@i angular velocity about axis i 



CHAPTER 1 

INTRODUCTION 

A satel l i te  i n  h e l i o c e n t r i c  o r b i t  can be made sun-pointing through 

t h e  r e l a t i v e l y  s i m p l e  and economical use  of s o l a r  p r e s s u r e  s t a b i l i z a t i o n .  

U s e  of such a method, however, causes long per iod  o s c i l l a t i o n s  making 

convent iona l  damping schemes d i f f i c u l t .  For a satel l i te  of t h i s  type,  

t h e  o r b i t  i s  u s u a l l y  of non-zero e c c e n t r i c i t y ,  f u r t h e r  complicat ing t h e  

a n a l y s i s .  It w i l l  be  t h e  purpose of t h i s  t h e s i s  t o  i n v e s t i g a t e  t h e  

dynamic behavior  of such a s a t e l l i t e  i n  o r d e r  t o  e s t a b l i s h  i t s  p h y s i c a l  

requirements .  

In  o rde r  t o  keep t h e  problem as g e n e r a l  as p o s s i b l e ,  i t  i s  assumed 

t h a t  t h e  sa te l l i te  does no t  possess a x i a l  symmetry. 

motion f o r  such a case are q u i t e  complex due t o  n o n l i n e a r i t i e s ,  and sys-  

t e m  behavior  is  extremely d i f f i c u l t  t o  p r e d i c t .  For t h i s  reason,  a body 

cen te red  coord ina te  system, r o t a t i n g  a t  o r b i t a l  angular  v e l o c i t y ,  w i l l  

be  chosen as a r e fe rence  frame, and t h e  sa te l l i t e  equ i l ib r ium p o s i t i o n  

as a f u n c t i o n  of o r b i t a l  parameters w i l l  be  def ined  wi th  r e s p e c t  t o  t h i s  

frame. P e r t u r b a t i o n  methods w i l l  then  be u t i l i z e d  i n  o rde r  t o  l i n e a r i z e  

t h e  equat ions .  

u s ing  a d i g i t a l  computer. 

The equat ions  of 

The v a l i d i t y  of t h e s e  s i m p l i f i c a t i o n s  w i l l  be  v e r i f i e d  
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? This a n a l y s i s  i s  cont ingent  on whether o r  no t  t h e  s a t e l l i t e  will 

damp t o  i t s  equ i l ib r ium p o s i t i o n  following i n j e c t i o n  i n t o  o r b i t .  

t h i s  purpose, t h e  f e a s i b i l i t y  of u s ing  s imple p a s s i v e  damping techniques 

w i l l  be looked i n t o ,  and t h e  i n j e c t i o n  lock-in p rocess  w i l l  b e  s t u d i e c  

using t h e  computer. 

For  

For purposes of computation, t h e  s a t e l l i t e  w i l l  be  placed i n  ~ i - ~  

o r b i t  with t h e  fol lowing c h a r a c t e r i s t i c s 1 :  

1. an e c c e n t r i c i t y  of 0.31 

2. a s i d e r e a l  pe r iod  of e i g h t  months 

3 .  

To s a t i s f y  d i f f e r e n t  communication requirements,  two s a t e l l i t e  

an aphel ion of one astronomical u n i t  

con f igu ra t ions  w i l l  be considered, one wi th  long antennas and t h e  O t ; i d . -  

w i t h  s h o r t .  
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CHAPTER 2 

THE SIMPLIFIED MODEL 

2.1 General Considerat ions 

The motion of t h e  s a t e l l i t e  c e n t e r  of mass i s  desc r ibed  by t h e  

o r b i t a l  parameters,  and i s  independent of motion about t h e  c e n t e r  of 

m a s s .  The converse does no t  hold t r u e ,  however, s i n c e  t h e  motion about 

t h e  c e n t e r  of mass i s  inf luenced by t h e  d i r e c t i o n  of s o l a r  r a d i a t i o n  

p r e s s u r e  which changes w i t h  t h e  body's o r b i t a l  p o s i t i o n .  

Choose an a t t i t u d e  r e fe rence  frame, X, Y ,  Z ,  w i t h  o r i g i n  a t  t h e  

c e n t e r  of m a s s  of t h e  sa te l l i t e .  The Z-axis of t h e  coord ina te  frame i s  

maintained along t h e  r a d i u s  vec to r  from t h e  body c e n t e r  of m a s s  t o  t h e  

sun. (See Figure l a ) .  The X - Z plane forms the  p l ane  of t h e  o r b i t ,  C : ~ L  

t h e  Y-axis i s  along t h e  angular v e l o c i t y  v e c t o r ,  thus forming an ort;;o,o- 

n a l  t r i a d .  The 1, 2 ,  3 a x i s  system is co inc iden t  w i th  t h e  p r i n c i p a l  Zoay 

axes and body motion re la t ive t o  t h e  r e f e r e n c e  frame is  desc r ibed  by 

Eu le r  angles .  I n  t h i s  case, t h e  Euler  angles  are t h e  r o l l  ang le ,  9, 

p i t c h  angle ,  8 ,  and yaw angle ,  $. Roll motion i s  about t h e  X-axis. When 

r o l l  i s  zero,  p i t c h  is  about LS Y-axis and d e s c r i b e s  motion i n  t h e  0:- 

b i t a l  plane.  I f  r o l l  and p i t c h  are bo th  zero,  then yaw is  about t h e  Z 

axis o r  r a d i a l  l i n e .  The order  of r o t a t i o n  is  defined as 0, 8 ,  I). 
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E u l e r ' s  equat ions i n  p r i n c i p a l  body axes ( s e e  F igu re  2) can be used 

t o  d e s c r i b e  t h e  motion about t h e  c e n t e r  of m a s s  and can be wr i t ten  as ,  

MI = I I G l  + (I3 - I2)w3u2 (2.1) 

M 2  = I 2 G 2  + (11 - I 3 ) ~ 1 ~ 3  ( 2 . 2 )  

M3 = I 3 & 3  + ( I 2  - I 1 ) ~ 2 ~ 1  ( 2 . 3 )  

where M is  t h e  app l i ed  moment due t o  s o l a r  p r e s s u r e  r e s t o r i c g  torque arid 

viscous damping torque. For t h e  chosen coord ina te  system and t h e  giv,.;; 

s a t e l l i t e  conf igu ra t ion ,  

M 1  = -FL(sin$ cos9 + cos$ s in0 s i n J I ) - d l q  

M2 = -FL(cos$ s i n 0  cos+ - s i n $  s i n $ ) - d 2 q  

M 3  = - d 3 ~ 3  

w 1  = F, cos0 cos$ + F, s i n +  + w cos$ s i n +  + 
+w s i n $  s i n 0  cos+ 

--w s i n 0  s i n 0  sin$ 

w 3  = + + $ s i n e  - w s i n 4  cos0 

(2.2; 

( 2 . 7 )  

where 

F = s o l a r  p r e s s u r e  fo rce  

L = Distance between s a t e l l i t e  c e n t e r  of m a s s  and c e n t e r  of p r e s s u r e  

and 

di = v l scous  d a p i z g  c o e f f i c i e n t  about t h e  i-axis 

The complete equatLons of motion are de r ived  i n  d e t a i l  xiu presen ted  

i n  Ap2endix A. 
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2.2 Equi l ibr ium P o s i t i o n  and Linear ized Equations of Motion 

To s impl i fy  t h e  equations of motion, s m a l l  ang le  assumptions w i l l  

be  made on I$ and 8. The assumptions would appear t o  be  v a l i d ,  s i n c e  

t h e s e  angles  are cons t ra ined  by t h e  s o l a r  p re s su re  torque. However, 

s i n c e  t h e  body does not  have a x i a l  symmetry t h e r e  w i l l  be a p r e f e r r e d  

o r i e n t a t i o n  about t h e  r a d i a l  l i n e .  S u b s t i t u t e  ($ + $) f o r  t h e  yaw angle ,  

where J, i s  t h e  p r e f e r r e d  angle and + i s  a small angle  p e r t u r b a t i o n  about 

. Using t r igonometr ic  i d e n t i t i e s  and making s m a l l  angle  assumptions 

0 

0 

$0 

on $, 

s i n  ( $ o  + $) 2 s in$o  + $ cos$o (2.10) 

(2.11) -4 cos ($o + J,) = cos$, - J, 

Fur ther  assume t h a t  t i m e  de r iva t ives  of t h e s e  angles  are a l s o  s m a l l ,  and 

neg lec t  t h e  product of two small  q u a n t i t i e s .  Using these  assumptions,  

t h e  equat ions of motion become l i n e a r  wi th  t i m e  varying c o e f f i c i e n t s  and 

are given by, 

+ (i cos+, + D i u  = -& s i n +  -w D 1  s in$o  
0 

(2.12) 

where 
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2 + (-D2sin$o)6 + ( [Bw - - F L l ~ i n $ ~ ) +  + 
I 2  

+ (COS+,);  + ( D ~ c o s + ~ ) ~ )  + (FL C O S J ~ ~ ) ~  + 
I 2  

- ([l + B]w s in$o)$  + (-i s in$o  - wD2sinJ, ) $  - 
0 

where , 

B =  '3 - '1 and D2 = - d2 
I 2  I 2  

and 

2 2 2 2 + (Aw [cos $o - s i n  $01) $ = -h s in$  
0 

(2.14) 

where 

I f  t h e  o s c i l l a t i o n s  of t he  s a t e l l i t e  are damped, t h e  yaw, p i t c h ,  

and r o l l  angles  w i l l  assume a s t eady- s t a t e  va lue ,  which is  defined as t h e  

equi l ibr ium pos i t i on .  

t h e s e  angles ,  l e t  0 ,  6 ,  4, 4, $, $, and t h e  p e r t u r b a t i o n  angle  $ go t o  

Denote t h i s  p o s i t i o n  by + 0' eo, and $o. To f i n d  
.. .. .. 

zero,  thereby obta in ing  

-; s i n $  - ,,,Dl s i n $  
0 0 

(2.15) 



2 
[(Bw -FL) s i n $  ] $  + [z cos$ 18  = 

0 0  0 0  
I2 i2 

0 
-(& + D ~ u )  COS$ 

2 
( 5  + D3w)  $o = Aw s i n +  cos$ 

0 0 

Solu t ions  t o  t h e s e  equat ions are (see Appendix B ) ,  

$o = 0 

o r  

Q0 = 9 0 "  

(2 .16)  1 

(2.18) 

Note t h a t  t h e  equi l ibr ium angle 8 is  a f u n c t i o n  of p o s i t i o n  i n  t h e  O r b i z  

due t o  t h e  non-zero e c c e n t r i c i t y .  

0 

With t h e  valus  of $J e s t a b l i s h e d ,  t h e  equat ions can be f u r t h e r  
0 

s i m p l i f i e d .  It' i$ = 0 ,  t h e  equat ions are, 
0 

.. 2 
0 + D;$ + (FL - - Cw ) $  i- (C + l ) w $  + (DIU + &)$ = 0 ( 2 . 2 G j  

T 

(2.21) 

.. 2 
(A  - l)o$ - (D3w + &)(I +$ + D 3 4  + Aw $ = 0 (2 .22)  
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If +, i s  chosen as 90" t hen  

(2.23) 

( 2 . 2 4 )  

(2.25) 

To i n v e s t i g a t e  t h e  s t a b i l i t y  of t h e s e  equi l ibr ium p o s i t l o n s ,  chaose 

io = 0 and s o l v e  (2.20), (2.21), and (2.22) f o r  t h e  c h a r a c t e r i s t i c  

equat ion.  With t h e  assumptions 

and 

2 
L i n ' s  Method of Approxinacion can be  employed t o  o b t a i n  t h e  charac te r -  

i s t i c  equat ion .  (See Appendix C.)  For Q0 = 0,  i t  i s  

2 2  2 2  2 
(s2 + D l s  + w 1  )(s + D ~ s  + ~2 )(s + D3s  + Aw ) = 0 (2.25) 

Looking a t  equat ions  (2.20) through (2.25), i t  i s  obvioils t h a t  t h e  

a n a l y s i s  f o r +  = 90" can be c a r r i e d  o u t  simply by in te rchanging  sub- 
0 

T 

s c r i p t s  1 and 2 i n  t h e  = 0 equat ions .  S ince  A i s  def ined  as I 2  - '1 
0 

I3 
2 

t h i s  ope ra t ion  causes  t h e  c o e f f i c i e n t  of w t o  become I1 - I2 = -A. Y-,;s 
I 3  

g i v e s  a c h a r a c t e r i s t i c  equat ion f o r  + = go", 
0 

2 2 2  2 2  2 
(S + D ~ s  + ~2 ) ( s  + D 1 S  + ~1 )(s + D ~ s  - AW ) = 0 (2 .  '7) 
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For t h e  p a r t i c u l a r  sa te l l i t e  i n  ques t ion ,  I 2  > I1 and A i s  a 

p o s i t i v e  q u a n t i t y  ( s e e  Appendix E ) .  

s t a b l e  and I/J This  means t h a t  f o r  t h e  s t a b l e  case ,  

t h e  a x i s  having t h e  g r e a t e r  moment of i n e r t i a  w i l l  be  perpendicular  t o  

Using Routh's c r i t e r i o n ,  q0 = 0 i s  

= 90" i s  unstable .  
0 

t h e  p lane  of t h e  o r b i t .  

2.3 System Response t o  Disturbances 

In order  t o  use  Laplace t ransforms,  t h e  angular  v a r i a b l e s  must have 

cons tan t  c o e f f i c i e n t s .  Since,  t h e  c o e f f i c i e n t s  i n  equat ions (2 .20) ,  

(2.21) and (2.22) change a t  o r b i t a l  frequency, they can be assumed con- 

s t a n t  over a s m a l l  p o r t i o n  of t h e  o r b i t .  

Expressing system dis turbances  as non-zero i n i t i a l  cond i t ions ,  t h e  

transformed equat ions  are w r i t t e n  as 

2 2 

. 

(C 4- 1)ws + + w D ~  s + D 1 S  + 2 - CW 0 
I 1  

2 
0 0 s + D ~ s  + 

(A - ~ ) W S  - w - U I D ~  

I2 
2 2 I + D ~ s  + AUI 0 

D2UI + ( s  + D , ) e ( o )  + 6(0)  1 
S I s  

(2.28) 

Since small ang le  assumptions have been made, l e t  t h e  i n i t i a l  

r o t a t i o n  rates be zero.  Solving equat ion  (2.28) g ives  
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where 

Y(s) = { ( s  + D1)[(1 - A)w s + k + D p ] )  + 
A 1  

Jl(o)(s + D3) + o ) ( A  - 1 ) ~  + + $ (  
s2 + D 3 9  + Aw2 s2 + D ~ s  + Aw* 

+ { ( C  + l ) w [ ( l  - A)w s + i + D 3 w ] )  
A 1  

(2.29) 

@(s)  = 

(2.30) 

- 
JIO { [ s  i- D 3 ] - [ ( C  + 1 ) w s  + D l w  + ;I)  + 
A1 

4(o)(s + D1)  - { [ ( A  - l ) w ] [ ( C  + 1 ) w s  + o > ( C  + 1 ) w  + + 7J( 

s2 + D 1 S  + m i 2  s2 + D l s  + m i 2  1 

+ w D ~  + ; I )  (2.31) 

A (s2 + D1S + w l 2 ) ( s 2  + D ~ s  + wz2)(s2 + D ~ s  + h2) (2.32) 

A i =  (s2 + D l s  + w l 2 ) ( s 2  + D ~ s  + Aw2) (2.33) 

(2.34) 

(2.35) 

and 

FL U22 = - 
I 2  



11 

Inve r se  transforming and neg lec t ing  comparatively s m a l l  terms 

gives  

where 

and 

where 

-1 4F-p y1 = t an  ( 2 . 3 6 3 )  

(2 .37;  

(2 .3 7a) 

and 

Y3 = tan-' 

-52 

(2 .2 ; .  ; 



I2 

where 

y4 = tan-' 

(2.38) 

( 2.3  8a) 

51 

For f i r s t  o rde r  c a l c u l a t i o n s ,  only one term need be  computed i n  

each of t h e  above equa t ions ,  s i n c e  t h e  primary terms are several o r d e r s  

of magnitude g r e a t e r  t han  t h e  cross-coupling terms. However, when 

primary terms are n o t  p re sen t ,  cross-coupling terms should b e  considered.  
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, 

CHAPTER 3 

USE OF THE DIGITAL COMPUTER 

To check t h e  v a l i d i t y  of t h e  s i m p l i f i e d  equa t ions  of motion, t h e  

I B M  7094 D i g i t a l  Computer was used. Equations (A.131, (A.14), and 

(A.15)  were solved i t e r a t i v e l y  and t h e  ang le s  9 ,  JI ,  and 8 w e r e  p r i n t e d  

as a f u n c t i o n  of time. 

O r b i t a l  q u a n t i t i e s  had to  b e  i n s e r t e d  as a f u n c t i o n  of time o r  

t r u e  anomoly. Thus, f o r  a satell i te i n  an e l l i p t i c a l  o r b i t ,  t h e  v e l o c i t y  

of t h e  body i s  g iven  by 

where f is  t h e  t r u e  anomoly. 

The angu la r  v e l o c i t y  is then 

w = V l r  
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D i f f e r e n t i a t i n g  (3.2) gives an  angular  a c c e l e r a t i o n  of 

[4 + 10e cos f + 2e2 + 6e2cos2f]  . . L 

The s o l a r  p re s su re  f o r c e  a c t i n g  on t h e  sa te l l i t e  is  given by 

F = K / r 2  

where K = cons tan t .  A t  a d i s t ance  of one as t ronomica l  u n i t ,  t h e  s o l a r  

p re s su re4  i s  9.40 x lom8 l b . / f t 2 .  

e f f e c t i v e  s a i l  area i s  1.11 f t 2 .  

For t h e  sa te l l i t e  considered,  t h e  

Thus t h e  cons t an t  i n  equat ion  (3 .4 )  is  

( 3  5 )  K = 0.252 x 1017 lb .  - f t 2 .  

I n  using t h e  computer, i t  i s  easier t o  have time as t h e  independent 

v a r i a b l e .  Consequently, i t  is necessary t o  s o l v e  K e p l e r ' s  equat ion.  

Rather than  s o l v e  a t ranscendenta l  equat ion f o r  t h e  t r u e  anomoly, f ,  a 

series s o l u t i o n  involving mean anomoly, M, and e c c e n t r i c  anomoly, E, w a s  

computed. A s  given i n  Battin',  

= IFt - =) 
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where T = time of pe rehe l ion  passage 

E = M + [ e  (1 -a+& s i n  M +.& (1 - e2> sin 2~ + 
8 194 2 3 

s i n  3M] ~ 3e3 11 - 9 4  
8 16 (3  7) 

The l i b r a r y  of tile co;ri?i;;er colicains a subprogram c a l l e d  INDV, DPNV 

which enables  t h e  programmer t o  o b t a i n  t h e  numerical  s o l u t i o n  of a system 
I 

of Nth o rde r ,  non-linear,  simultaneous' o rd inary  d i f f e r e n t i a l  equat ions 

The program r e q u i r e s  t h a t  the equat ions be  w r i t t e n  wi th  t h e  second der iva-  
*- 

t i v e s  as a func t ion  of f i r s t  and zero  order  terms. (See Appendix D). This 

requirement causes t h e  equat ions t o  have an a r t i f i c i a l  s i n g u l a r i t y  when 

8 = 90". For t h i s  reason,  care  w a s  taken t o  l i m i t  8 t o  va lues  between 

-85" and +85". 

The i t e r a t i v e  process  is very  s e n s i t i v e  t o  t h e  s i z e  of t h e  t i m e  

increment used f o r  i n t e g r a t i o n .  It w a s  found t h a t  an  increment of 0.00125 

t i m e s  t h e  smallest per iod  of o s c i l l a t i o n  worked very w e l l .  
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CHAPTER 4 

PASS I V E  DAMPING 

4.1 General 

The equat ions of motion der ived i n  Chapter 2 included v i scous  

danping torques.  For o t h e r  forms of damping, d i f f i c u l t y  i s  encountex-cci 

expressing t h e  f r i c t i o n  torque i n  t h e  equat ions of motion wi th  t h e  

proper d i r e c t i o n  over a complete c y c l e  of o s c i l l a t i o n .  For t h i s  r e a s a n  

an equ iva len t  v i scous  damping c o e f f i c i e n t  w i l l  be  used and w i l l  be de- 

termined on t h e  b a s i s  of equal  energy d i s s i p a t i o n .  

Considering t h e  o s c i l l a t i o n  t o  be  n e a r l y  harmonic, t h e  energy 

d i s s i p a t e d  pe r  c y c l e  by viscous damping can be w r i t t e n  as6 

LE = nduB2 

where 

jut B = Boe 

(L .1)  

4.2 Bal l - in- tubz  3anper 

- -  I f  a sina,, x e t a l l . ~ ~  b a l l  w i th  low c o e f f i c i e n t  of r e s z i t u t i o n  i s  

p l aced  i n  a tube perpendicular  t o  a n  a x i s  of s a t e l l i t e  r o t a t i o n  and a 

d i s t a n c e  L1 from t h e  c e n t e r  of mass, t hen  t h e  b a l l  w i l l  make i n e l a s t i c  

c o l l i s i o n s  wi th  t h e  ends of the tube,  thus d i s s i p a t i n g  energy. Since 
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angular  v e l o c i t i e s  are small ,  t h e  f r i c t i o n  f o r c e  on t h e  b a l l  due t o  t h e  

tube  must be nea r ly  zero,  i n  order  t o  provide any b a l l  motion a t  a l l  

( i .e . ,  t h e  b a l l  must overcome s t i c t i o n ) .  For t h i s  reason,  t h e  c o e f f i -  

c i e n t  of f r i c t i o n  must be  very s m a l l  and t h e  tube must have a r a d i u s  of 

cu rva tu re  L1 i n  o rde r  t o  minimize t h e  f o r c e  normal t o  t h e  tube.  

Assume  t h a t  t h e  tube is  f r i c t i o n l e s s ,  and t h a t  t h e  b a l l  makes a 

p e r f e c t l y  non-e l a s t i c  c o l l i s i o n  w i t h  t h e  end of t h e  tube. Over one c y c l e  

t h e  b a l l  w i l l  make two c o l l i s i o n s  and t h e  energy d i s s i p a t e d  by t h e  ball 

over t h i s  cyc le  i s  g iven  by 

( 4 . 2 )  

Li:ere B i s  t h e  angu la r  v e l o c i t y  of t h e  s a t e l l i t e  about t h e  a x i s  of r o t a -  

..Lon arid is  g iven  by .- - 

A.=ating t h i s  t o  equacion (4.1) g ives  

( 4 . 3 j  

(4 .5 )  

I 
_ -  i I is t h e  mome~t  of i n e r t i a  about t h e  a x i s  of r o t a t i o n ,  then :he ec;L;iv&- 

2c . t  v::scous d a p i n g  c o e f f i c i e n t  is  a l s o  g iven  by 

d = 25wI  
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where 6 is  t h e  damping r a t i o .  

weight of 

Combining (4.5) and (4.6) g i v e s  a b a l l  

( 4  - 7) 

To reduce t h e  dis turbance t o  95% of i t s  v a l u e  w i t h i n  N pe r iods ,  

A e-3 -{ut - - e 

t = N [ T ) = -  2T 3 
5u 

3 5 = -  
2 TFN 

and 

(4.9) 

(4 . 10) 

(4.11) 

For t h e  s a t e l l i t e  i n  quest ion,  there are two conf igu ra t ions .  With 

long antennas,  t h e  p r i n c i p a l  moments of i n e r t i a  are 

I 2  = 6.30 s l u g - f t 2  

The pe r iods  of o s c i l l a t i o n  a t  aphel ion are then  

P1 = 2.44 hours  

P2 = 11.42 hours 

P3 = 7.8 x l o 3  hours 

(4.12) 

(4.13) 
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To damp w i t h i n  f i v e  days from t h e  i n i t i a l  d i s t u r b a n c e  

N 2  E 11 (4.14) 

It is  obvious t h a t  t h e  t h i r d  mode cannot be  damped i n  t h i s  per iod.  Using 

a d i s t a n c e  L1 of 1.75 f e e t ,  the  weights  of t h e  b a l l s  are 

= 0.190 pounds 'Bl 

WB2 = 18.1 pounds 

Ne i the r  of t h e s e  weights  seem s m a l l  enough t o  be  u s e f u l .  

For t h e  c o n f i g u r a t i o n  w i t h  s h o r t  antennas,  

I1 = 0.054 s l u g - f t 2  

I 2  = 0.111 s lug - f t2  

I3 = 0.123 s l u g - f t 2  

Then 

P1 = 1.05 hours 

P2 = 1.49 hours 

P3 = 5.56 x l o 3  hours 

Again using a f i v e  day damping t i m e  

N 1  E 114 

(4.15) 

(4.16) 

(4.17) 

N2 E 81 (4.18) 
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and 

I -  
WBl = 0.015 pounds 

'B2 = 0.043 pounds (4.19) 

Both of t h e s e  b a l l s  appear t o  b e  f e a s i b l e  and t h e i r  r a d i i  are 

g iven  by 

where p i s  t h e  b a l l  dens i ty .  For l ead ,  

r = 0.208 i nches  B 1  

(4.20) 

r = 0.247 i nches  (4.21) B2 

If t h e  maximum displacement from equ i l ib r ium i s  de f ined  as 6 and 
0 

t h e  tube  has  a n  arc l eng th  of 2LlB1, cen te red  at B = 0, then a c o l l i s i o n  

w i l l  occur provided 6 1  < 6 . 
assume 

To determine t h e  optimum tube  l eng th ,  
0 

B ( t )  = Bocoswt 

then  

ti(t> = -B 0 o s inwt  (4.23) 

(4.22) 

I f  t h e  b a l l  starts a t  one end of t h e  tube,  i t  must travel a n  angu la r  

d i s t a n c e  261 b e f o r e  making a c o l l i s i o n .  When t h e  c o l l i s i o n  i s  made, i t  

i s  d e s i r a b l e  t o  have a t  i t s  maximum v a l u e  i n  o r d e r  t o  i n c r e a s e  t h e  

energy d i s s i p a t e d .  Thus 

.. 
B(t)  = 0 = -BoW2cosut 
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o r  

(4.24) 

When t h e  c o l l i s i o n  occurs ,  

o r  

BO 
B 1  = -  2 (4 .25)  

Thus, t o  maximize t h e  v e l o c i t y  a t  c o l l i s i o n ,  131 should be  approxi- 

For the s a t e l l i t e  i n  ques t ion ,  i t  is  impera t ive  mately one h a l f  of Bo. 

t h a t  t h e  l a r g e  angu la r  displacements a t  injection b e  damped quickly.  How- 

ever, t h e  tube l e n g t h  must be  such t h a t  i t  can f i t  w i t h i n  t h e  sail .  

B 1  i s  l i m i t e d  t o  twenty-six degrees,  g iv ing  b e s t  damping f o r  angu la r  

displacements i n  t h e  area of f i f t y  degrees.  

damping u n t i l  t h e  displacement from equ i l ib r ium becomes less than  twenty- 

f ive degrees.  

Thus, 

Such a tube w i l l  provide 

I f  a second tube w i t h  an arc l e n g t h  of s i x  inches  is 

p laced  p a r a l l e l  t o  t h e  f i r s t ,  then damping t o  s m a l l  ang le s  should b e  

assured.  

4.3 S t r u c t u r a l  Damping i n  Antenna 

The antennas can be  considered as cantilever beams e x c i t e d  by t h e  

s a t e l l i t e  a c c e l e r a t i o n ,  and thus energy w i l l  be d i s s i p a t e d  due t o  s t r u c -  

t u r a l  damping. The amplitude of v i b r a t i o n  a t  any p o i n t  along t h e  l e n g t h  

of t h e  antenna can be  approximated by t h e  s t a t i c  d e f l e c t i o n  curve of a 

w e i g h t l e s s  beam w i t h  a concentrated load  a t  t h e  end. 

pa t ed  by s t r u c t u r a l  damping is  g iven  by7 

The energy d i s s i -  

AE = 2.rraUmax (4.26) 
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where a = s t r u c t u r a l  damping f a c t o r  

= t h e  maximum p o t e n t i a l  energy ‘max 

For t h e  assuiied beam t h e  maximum p o t e n t i a l  energy i s  given by6 

P2L, 3 
(4 .27 )  

where P = f o r c e  due t o  s a t e l i i t e  a c c e l e r a t i o n  

L2 = l eng th  of antenna 

and E1 = f l e x u r a l  r i g i d i t y  of antenna 

I f  t h e  s a t e l l i t e  i s  assumed t o  have harmonic motion t h e  f o r c e  P ,  

due t o  angular  a c c e l e r a t i o n ,  is 

.. 
P = mL2B 

The energy d i s s i p a t e d  by s t r u c t u r a l  damping is  then  

Equating (4.1) and (4.29) gives 

a m 2 ~  2 5 w 3 

3Ei d =  

(4 .28 )  

( L . 2 9 )  

For ike s a t e l l i t e  wi th  long antennas,  t h e  antennas are considered z s  

t w o  twenty-one f o o t  and two seven f o o t  0.25 i n .  O.D. aluminum tubes.  T h e  

f l e x u r a l  r i g i i i t y  Ls “La approximately 100 l b .  f t 2 ,  The welg:,: of sac:. 

anteilna i s  0.69 :bs. and 0.24 1%. r e s p e c t i v e l y .  The damping f a c t o r ,  a, 

i s  assmec t o  be  0.01. 
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The equ iva len t  damping c o e f f i c i e n t s  i n  the v i c i n i t y  of aphe l ion  are 

then 

-14  
d l  = 1.07 x 10 f t  l b / r a d / s e c  

-13 
d2 = 3.76 x 10 f t  l b / r a d / s e c  

-23 
d3 = 1.31 x 10 f t  l b / r a d / s e c  (4.31) 

For t h e  s h o r t  antenna conf igu ra t ion  t h e  values ob ta ined  are even 

less. For comparison, i t  i s  noted t h a t  t h e  v a l u e s  of damping c o e f f i c i e n t  

r equ i r ed  f o r  a 5 of 0.01 a r e  

-6 
d l  = 4.20 x 10 f t  l b / r a d / s e c  

-5 
d2 = 1.93 x 10 f t  l b / r a d / s e c  (4.23) 

Thus, n e g l i g i b l e  damping is provided due t o  t h e  v e r y  s m a l l  magnitude of 

t h e  angu la r  a c c e l e r a t i o n .  

I n  gene ra l ,  s t r u c t u r a l  damping i n  t h e  antennas is  n o t  considered a 

f e a s i b l e  means of damping s a t e l l i t e  o s c i l l a t i o n s  u n l e s s  ve ry  l a r g e  angu la r  

a c c e l e r a t i o n s  are p resen t .  
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CHAPTER 5 

DISCUSSION OF RESULTS 

The a b i l i t y  of t h e  s i m p l i f i e d  model t o  p r e d i c t  system response t o  

d i s t u r b a n c e s  w a s  t e s t e d  using f i v e  combinations of angu la r  i n i t i a l  con- 

d i t i o n s .  The system d i s tu rbances  were approximated by s m a l l  angu la r  

displacements  and ze ro  angular rates. The g e n e r a l  equa t ions  of  motion 

(A.13) ,  (A.14) ,  and (A.15) f o r  t h e  long antenna c o n f i g u r a t i o n  w e r e  solved 

on a d i g i t a l  computer, These r e s u l t s ,  along wi th  t h e  corresponding 

s i m p l i f i e d  equa t ions  (2.36), (2.37) and (2 .38 ) ,  w e r e  p l o t t e d  i n  Figures  

3 through 6. 

The f i v e  cases i n v e s t i g a t e d  were ( a l l  ang le s  i n  r a d i a n s ) :  

1. $(o) = 0, e(o> = 0, $ ( o )  = 0 (Figure 3a) 

2. $(o) = 0, e ( 0 )  = 0.1, $ ( o )  = 0 (Figure 3b) 

-3 
3. Q ( O )  = 0.1, e(o)  = 0.216 x i o  , $ ( o )  = 0 (Figure 4a)  

- 3  
4 .  Q(O) = 0, e ( 0 )  = 0.216 x i o  , $ ( o )  = 0.1 (Figure 5) 

In each of t h e  cases, t h e  satel l i te  motion w a s  i n v e s t i g a t e d  n e a r  aphel ion,  

and a l l  modes used a p r e d i c t e d  damping r a t i o  of 0.1. 
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Except f o r  t h e  d i sc repanc ie s  noted below, p red ic t ed  v a l u e s  of 

frequency, phase, and damping t i m e  w e r e  w i t h i n  f i v e  pe rcen t  of t h e  com- 

p u t e r  r e s u l t s .  This  is considered t o  b e  w i t h i n  t h e  accuracy of t h e  

s i m p l i f i e d  model. 

The purpose of case  1 was t o  determine t h e  v a l i d i t y  o f  p r e d i c t i n g  

t h e  equ i l ib r ium o f f s e t  a n g l e  due t o  t h e  f o r c i n g  terms i n  t h e  8 equat ion.  

The o f f s e t  by computer s o l u t i o n  w a s  determined t o  b e  0.216 m i l l i r a d i a n s ,  

wh i l e  t h e  s i m p l i f i e d  model p red ic t ed  0.308 m i l l i r a d i a n s .  Th i s  i s  a 

d i f f e r e n c e  of about 50 percent  i n  t h e  ampli tudes of t h e  two curves (see 

Figure 3 a ) ,  u s ing  t h e  computer s o l u t i o n  as a r e fe rence .  No r eason  could 

b e  found t o  e x p l a i n  t h i s  d i f f e rence .  However, i t  should be  remembered 

t h a t  t h i s  equ i l ib r ium a n g l e  has a m a x i m u m  of  about 0.55 m i l l i r a d i a n s  a t  

p e r i h e l i o n  and can b e  neglected e n t i r e l y ,  w i thou t  causing e x t e n s i v e  e r r o r s .  
t 

For t h e  $ ( o )  i n p u t  (case 3, F igu re  4 a ) ,  t h e  s i m p l i f i e d  model does 

n o t  p r e d i c t  t h e  t r a n s i e n t  o s c i l l a t i o n  i n  t h e  response. S ince  i t  i s  

r a p i d l y  damped, however, i t  leaves a dominant mode of much lower frequency. 

The s l o p e  of t h i s  s lower mode is  matched q u i t e  a c c u r a t e l y  by t h e  pre- 

d i c t e d  s l o p e ,  b u t  t h e  two d i f f e r  s l i g h t l y  i n  phase. 

When a $ ( o )  i n p u t  i s  p resen t ,  t h e  8 and $ o s c i l l a t i o n s  w i l l  be  

coupled by s in$.  The e f f e c t  of t h i s  cross-coupling is n o t  p r e d i c t e d  by 

t h e  s i m p l i f i e d  model s i n c e  products of s m a l l  q u a n t i t i e s  were neg lec t ed .  

Th i s  e f f e c t  i s  e v i d e n t ,  however, i n  F igu res  5 and 6,  and causes  e r r o r s  of 

approximately t e n  p e r c e n t  f o r  $ ( o )  = 0.1 r ad ians .  

The s t a b i l i t y  of t h e  equ i l ib r ium p o s i t i o n  de f ined  by $o = 90" f o r  

t h e  s a t e l l i t e  considered w a s  no t  v e r i f i e d  due t o  t h e  excessive computer 

time requ i r ed .  
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Severa l  computer s o l u t i o n s  of t h e  equat ions  of motion were obta ined  

A t y p i c a l  computer run i s  f o r  t h e  i n j e c t i o n  of t h e  s a t e l l i t e  i n t o  o r b i t .  

p l o t t e d  i n  Figure 7. For t h i s  example t h e  long antenna conf igu ra t ion  w a s  

used, t h e  damping r a t i o  w a s  0 .1  f o r  a l l  modes, and t h e  i n i t i a l  cond i t ions  

~ 

w e r e  +(o )  = 0.1, e ( o )  = 1.485, and J,(o) = 0.785 rad ians .  The $I and 6 

~ 

responses  damped o u t  i n  a reasonable  amount of time, but  t h e  J, motion was 

I 
I cha rac t e r i zed  by a r e s i d u a l  spin.  When t h e  sa te l l i t e  w a s  torqued about  
I 

a p r i n c i p a l  axis ( e ( o )  = 1.485, +(o )  = 0, and $(o) = 0 o r  1.5708 r a d i a n s ) ,  

however, t h e  r e s i d u a l  s p i n  no longer  appeared. 
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CHAPTER 6 

CONCLUSIONS AND RECOMMENDED FURTHER STUDY 

6.1 Conclusions 

The r e s u l t s  of  t h i s  i n v e s t i g a t i o n  of a so la r -p res su re  s t a b i l i z e d  

s a t e l l i t e  can be  summarized as follows: 

1. Motion about e i t h e r  p r i n c i p a l  axis pe rpend icu la r  t o  t h e  r a d i a l  

l i n e  is  c h a r a c t e r i z e d  by a frequency which i s  d i r e c t l y  pro- 

2. 

p o r t i o n a l  t o  t h e  square r o o t  of bo th  t h e  e f f e c t i v e  s a i l  area 

and t h e  s a i l  d i s t a n c e  from t h e  c e n t e r  of mass, and i n v e r s e l y  

p r o p o r t i o n a l  t o  t h e  squa re  r o o t  of t h e  r e s p e c t i v e  moment of 

i n e r t i a .  Motion about t h e  r a d i a l  l i n e ,  f o r  s m a l l  d i s tu rbances ,  

i s  a n  o s c i l l a t i o n  at o r b i t a l  frequency times t h e  square r o o t  of 

t h e  moment of i n e r t i a  r a t i o ,  A. 

S o l u t i o n  of t h e  equat ions of motion g i v e s  a s t a b l e  equ i l ib r ium 

p o s i t i o n  about t h e  r a d i a l  l i n e  when t h e  p r i n c i p a l  ax is  having 

t h e  g r e a t e r  moment of i n e r t i a  is  pe rpend icu la r  t o  t h e  p l ane  

of t h e  o r b i t .  An uns tab le  equ i l ib r ium p o s i t i o n  w a s  p r e d i c t e d  

f o r  t h e  case when the  axis w i t h  t h e  smaller moment of i n e r t i a  

is  pe rpend icu la r  t o  t h e  p l ane  of t h e  o r b i t ,  b u t  t h i s  p o s i t i o n  

w a s  n o t  v e r i f i e d  on a computer. The s t e a d y  state l a g  angle ,  

is  extremely small ,  t h u s  t h e  equ i l ib r ium p o s i t i o n  can be  re- 

OO * 

_ _  
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garded as along t h e  axes of t h e  a t t i t u d e  r e f e r e n c e  frame. 

(One body a x i s  along t h e  r a d i a l  l i n e ,  one along t h e  o r b i t a l  

angu la r  v e l o c i t y  vec to r ,  and t h e  t h i r d  forming a r i g h t  handed 

or thogonal  s e t . )  

3 .  For s m a l l  angu la r  displacements from equ i l ib r ium,  t h e  motion 

of t h e  s a t e l l i t e  can b e  desc r ibed  by t h e  s i m p l i f i e d  equa t ions  

f o r  s m a l l  p o r t i o n s  of t h e  o r b i t .  Furthermore, these equa t ions  

can b e  uncoupled completely s i n c e  cross-coupling terms are 

several o r d e r s  of magnitude smaller than  t h e  uncoupled terms. 

4 .  It i s  v i r t u a l l y  impossible  t o  damp o s c i l l a t i o n s  about  t h e  

r a d i a l  l i n e  w i t h i n  a r easonab le  p o r t i o n  of t h e  o r b i t  un le s s  a n  

active damping system i s  used. 

5. For t h e  s h o r t  antenna conf igu ra t ion ,  bal l - in- tube damping about 

p r i n c i p a l  axes  perpendicular  t o  t h e  r a d i a l  l i n e  i s  f e a s i b l e ,  

provided TWO d i f f e r e n t  s i z e  tubes  are used p e r  axis. Unless 

s a i l  area i s  increased considerably,  t h i s  t ype  of damping is 

i m p r a c t i c a l  f o r  t h e  long antenna model. S t r u c t u r a l  damping f o r  

bo th  conf igu ra t ions  is  n e g l i g i b l e ,  t hus  p a s s i v e  damping s e e m s  

i m p r a c t i c a l  f o r  t h e  s a t e l l i t e  wi th  l a r g e  antennas.  

6 .  A t  i n j e c t i o n ,  torquing t h e  sa te l l i t e  i n t o  alignment w i t h  t h e  ' 

r a d i a l  l i n e  about a non-principal  axis causes  a s p i n  t o  develop 

about t h e  yaw a x i s .  ( i .e. ,  causes  $). The o t h e r  two ang le s  are 

damped w i t h i n  a reasonable  amount of time. 

6.2 F u r t h e r  Study Areas 

Two major areas s t a n d  out f o r  f u r t h e r  i n v e s t i g a t i o n ;  p a s s i v e  damping 

and motion about t h e  s o l a r  point ing axis of t h e  satel l i te .  
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For bal l - in- tube type damping, t h e  s t i c t i o n  problem should be  

examined i n  d e t a i l ,  as should non-zero c o e f f i c i e n t s  of r e s t i t u t i o n .  Along 

t h i s  same l i n e ,  t h e  e f f e c t  on damping parameters due t o  an i n c r e a s e  i n  

s a i l  area should be looked in to .  The two methods of p a s s i v e  damping 

covered i n  t h i s  r e p o r t  w e r e  very elementary types ,  and a more ingeneous 

system might g i v e  b e t t e r  r e s u l t s .  

Lack of a b i l i t y  t o  damp about t h e  r a d i a l  l i n e ,  coupled wi th  t h e  

r e s i d u a l  s p i n  from i n j e c t i o n ,  seems t o  i n d i c a t e  t h a t  an active damping 

mechanism is  needed t o  a l i g n  a p r i n c i p a l  axis wi th  t h e  p lane  of t h e  o r b i t .  

The f e a s i b i l i t y  of using a gyroscope f o r  an i n e r t i a l  r e f e r e n c e  and 

coupling i t  t o  t h e  sa te l l i t e  with a v iscous  damper is  one of many systems 

t h a t  could be  s tud ied .  
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APPENDIX A 

DERIVATION OF THE EQUATIONS OF MOTION 

The a t t i t u d e  r e f e r e n c e  frame and t h e  body axes are i n i t i a l l y  

a l igned.  Three r o t a t i o n s  are then  made i n  t h e  o r d e r  4, e, and $. 

Referr ing t o  Figure 1, t h e  angular v e l o c i t y  components are obtained as 

fol lows : 

Step 1. Rota t e  about the x-axis by 9. Then, 

- -  - w s i n $  
w30 

Step  2. Ro ta t e  about the w 2  axis by 8. 
4 

= Q cos0 + w sin$ s i n e  

= w cos+ + 6 

= w1 s i n e  + w 3  cos6 
w3 e Q 4 

= $ s i n e  - w s in$  cos6 
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Step 3 .  Rota te  about axis  w 3  by I) t o  g e t  t h e  f i n a l  p o s i t i o n .  e 

w 1  = wlecos+ + ~ 2 ~ s i n +  

= 6 case cos+ + w s i n 4  s i n e  cos+ + w cos4 s i n +  + 6 s i n +  

(A. 1) 

w 2  = - w l  s i n +  + w2 cos+ e e 

- -  - 4 case s i n $  - w s i n $  sine s in+ + w cos4 cos+ + 6 cos+ 

= $ s i n e  - w s i n 4  cos6 + + (A.3)  

The s o l a r  p r e s s u r e  i s  always d i r e c t e d  along the n e g a t i v e  Z a x i s  of 

t h e  a t t i t u d e  r e f e r e n c e  coordinates.  The s o l a r  p re s su re  f o r c e ,  F, is  

e q u a l  t o  t h e  s o l a r  p r e s s u r e  t i m e s  t h e  p r o j e c t e d  s a i l  area. Using t h e  

same r o t a t i o n s  g iven  i n  s t e p s  1, 2,  and 3 above, t h e  f o r c e  can b e  re- 

solved i n t o  body axes t o  give: 

Step 1. 

F14 = 0 

F2$ - - - F s i n $  

F3@ - - - F cos4 
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Step 3. 

F1 = Flecos$ + F 2 e ~ i n $  

= F cos@ s i n e  cos$ - F s i n $  sin$ 

F1 s i n $  + F2 cos$ 8 e F2 = - 

- -  - F cos@ s i n e  s in$ - F s i n $  cos$ (A.5) 

The d i s t a n c e  from t h e  cen te r  of mass t o  t h e  c e n t e r  of p r e s s u r e  i s  

t h e  moment arm f o r  t h e  s o l a r  p re s su re  f o r c e ,  and i s  g iven  by t h e  c o n s t a n t  

L about axes  1 and 2,  and given by ze ro  about axis 3 .  I f  a damping 

moment p r o p o r t i o n a l  t o  the . angu la r  v e l o c i t y  i n  body axes is a l s o  included,  

t h e  t o t a l  moment a p p l i e d  is  given by, 

MI = F2L - d l01  (A. 7) 

M 2  = - F1L - d202 (A.  8) 

M3 = - d303 (A. 9) 

where d is  a v i scous  damping c o e f f i c i e n t .  
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Euler's equations of motion in body axes are given by, 

+ u cos4 sin$ + w sin4 sine cos$) 

(A. 10) 

(A. 11) 

(A. 12) 

Differentiating w l ,  w 2 ,  and 03 and substituting in equations 

(A.10), (A.ll) and (A.12) gives, 

.. - FL(sin4 cos$ + cos4 sine sin$) = I 1 ( 4  cos0 cos$ + 
.. - i F, sine cos$ - 4 5, case sin$ + e sin$ + 6 5, cos$ + 

+ k sin+ sine cos$ + w ;P cos4 sine cos$ + 

+ & F, sin$ case cos$ - w 5, sin+ sine sin$ + k cos9 sin$ + 

- w i sin4 sin$ + w 5, cos4 cos$) + (13 - 1 ~ ) ( 5 ,  + 6 sine + 

- w sin4 cos8)(0 cos$ - + cos8 sin$ + w cos+ cos$ + 

- w sin4 sine sin$) + dl(4 cos0 cos$ + 6 sin$ + 

(A. 13) 
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.. 
- FL(cos+ s i n e  cos9 - s i n +  s i n $ )  = ~ ~ ( e  cos+ + 

. .  .. 
- 6 $ s i n +  - + case s i n +  + + e s i n e  s i n +  - i 5, case cos+ + 

+ C; cos+ cos+ - w ;P s i n $  cos+ - w Ij, cos4 s i n +  + 

- w s i n +  s i n e  s i n +  - w + cos+ s i n e  s i n +  + 

- w i, s i n +  case s i n $  - w 5, s i n +  s i n e  cos+) + (11 - 1 ~ 1 -  

(;P case cos+ + E, s i n +  + w cos+ s i n $  + 

+ w s i n @  s i n 0  cos+)($  + s i n e  - w s i n $  cos8) + d2*  

( 6  cos+ - E, case s i n +  + w cos+ cos+ - w s i n 4  s i n e  s i n + )  

(A. 14) 

- w 6 cos+ case + w i, s i n +  s i n e )  + (12 - 11)(i, cos+ + 

- i case s i n $  + w cos0 cos+ - w s i n 4  s i n e  s i n + ) *  

(j cos3 cos+ + 6 s i n +  + w cos+ s i n +  + 

+ w s i n +  s i n e  cos+) + ti3(Ij, + s i n e  - w s i n 4  case) (A .  15) 
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.. .. .. 
Assume  4, 4, $, 8, 6 ,  8, $ and $ are small q u a n t i t i e s  and n e g l e c t  

t h e  products  of two of t h e s e  q u a n t i t i e s .  (Note: Angle $ i s  not sma l l ) .  

Also l e t  

s i n e  E e, cos0 E 1, e t c .  

so  t h a t  t h e  equat ions of motion simplify t o  

.. .. - n  - ( $  cos$ + e s in$)  = 4 cos+ + e s i n $  + i s i n +  + 
I1 

+ (C + $ cos$ - c 4 ~ ~ C O S J ,  + ~ 1 ( 4  cos$ + 6 s i n +  + w s i n + )  

(A. 16) 

where 

I 3  - I 2  d l  

I1 I1 
C =  and D 1  = -  (A. 16a) 

.. .. - FL 
I 2  

( 4  s i n $  - e cos$) = e cos$ - 4 s in$  + i cos$ + 

- w $ s i n $  - B w $ s in$  + B $I w2sin$ + D2(6 cos$ + 

- 4 s i n $  + w cos$) 

where 

.. 
$ - 9 - w 6 + 2A w 6 s i n $  cos$ + A w ;(cos2$ + 

(A. 17) 

(A. 17a) 

(A. 18) 
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where 

I 2  - 11 d3 

= 3  
and D 3  = -  A =  

I 3  

L e t  $o be t h e  e q u i l i b r i m  o f f s e t  angle  a t  any PO 

(A. 18a) 

it i n  t h e  o r b i t ,  

and l e t  t h e  body o s c i l l a t e  about t h i s  p o i n t  by a s m a l l  angle ,  $. 

plac ing  $ by $, + $ i n  t h e  above equat ions now makes i t  p o s s i b l e  t o  make 

s m a l l  ang le  assumptions on $. 

Re- 

That is, 

s i n  ($ + JI0) = s i n $  cos$ + cos$, s i n $  
0 

s i n $  + $ cos$o 
0 

and 

cos ($ + $,) = cos$ 0 cos$ - s i n $  0 s i n $  

0 
E cos$o - $ s i n $  

Making t h e s e  s u b s t i t u t i o n s  i n  equat ions (A.16), (A.17) and (A.18) 

g i v e s  t h e  l i n e a r  equat ions  of motion wi th  t i m e  varying c o e f f i c i e n t s .  

h s i n $  - o D1sin$o + (h COS$, + DlWCOS$,)$ = - 
0 

(A. 1 9 )  
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.. 
(- sin$,)9 + (- D 2 ~ i n $ ~ ) 4  + [y2 - y-3 FL s W o )  9 + 

- ([I + Blw s in$o)$  + (- k s in$o  - w D2sin$ ) $  = 
0 

- w COS$ - w D~COS$ 
0 0 

and 

(A. 20) 



38 

QPENDIX 3 

SATELLITE Z Y X L I Z X I L X  POSITION 

.. .. 
Using equaeions (19), (20) and (21) of Appendix A, l e t  0, i, 6 ,  6 ,  

.. 
and s o l v e  f o r  Q 

0' 
and 8 = 

$0 I$, + and go t o  zero. S u b s t i a t e  0 = 

6 

The equa t ions  reduce to, 

and $o t o  6 e f i n e  t h e  equ i l ib r ium p o s i t i o n  as a f u n c t i o n  of w, w am? 3. 
0 

- w s i n $  - o DlsinJl 
0 0 

[ 1 B w 2  - - 1  FL sin+o] $o + 1- 
12 12  

Solvlzg equat ions (B.1) a r d  (B.2)  f o r  8 and equat ing g i v e s ,  
0 
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Solving ( B . 3 )  f o r  0 and s u b s t i t u t i n g  g i v e s ,  
0 

cos$ s i n $  
0 0 

FL 

The s o l u t i o n  of equation (B.5) is  e i t h e r  I$ = Oo,  $o = 9 0 ° ,  o r  t h e  
0 

bracketed term i s  zero.  I n v e s t i g a t i n g  t h e  l a t te r  and s u b s t i t u t i n g  

sin2Q = 1 - c o s 2 ~ ,  
0 0 

g ives  
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T'ne f i r s t  term i s  much l a r g e r  than any o t h e r  term i n  t h e  equat ion 

and can be  approximated by 

Since cos2$ cannot be  g r e a t e r  t han  one, t h e r e  are no real r o o t s  
0 

- .  . L1.A3 ..- . expression.  Therefore,  t h e  only real r o o t s  are il, = C 
0 

Q0 = goo. 

If  = 0 ,  t hen  

- 12(k + wD2) 
e =  
0 FL 

I f  cos$o = 0 ,  then 

q0 = 90" 

(B. 7) 

(E. 8 )  

S t a b l l i q  05 these qu:libziLri  2 o s i t i o c s  is  i n v e s t i g a t e d  i n  Ch;s?ter 2. 
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PSF’XNDIX C 

FACTC!RIZATIOK OF Y E 3  C Z A M C T E R I S T I C  EQUATION 

U S I N G  L I N ’ S  KETKOD OF APPROXIMATION 

If sin+ 4 0 and damping is inc luded ,  t hen  the Laplace  t ransform 

of t h e  equat ions  of motion can 3e given as, 

0 -  

Ls2 + D 3 s  + w2A 

(C.1) 

, 
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The 0 equa t ion  can be decoupled from t h e  $ and 8 equa t ions  l e a v i n g  

1 i'i s 2  + D;S + FL - Cw2 - [(C + 1 ) w  s + + w D ~  

I 11 

. Is2  + D 3 s  + A u2 ( A  - l ) ~  s - w - w D ~  

The deterininant i s  then  g iven  by 

( C . 2 j  

- A = s 4  + [ D l  + 3 3 ] s 3  + [(l - AC)w2 + 5 + D 1 D 3 ] s 2  + 
I1 

+ [ C u i  + 20; + 0 2 D 3  - Aw; + D;w2 + D& 1s + 
I1  

+ [ ; 2  + w;(D3 + D;) + w 2 D 1 D 3  + AFL u2 - ACw4] (C.3) - 
I1 

As a first s t e p  towzrd f r s d i n g  t h e  c h a r a c t e r i s t i c  f r e q u e n c i e s ,  l z c  

D1 = D2 = D 3  = 0 which sinplir ' ies t h e  equa t ion  t o  

- A = s 4  + [(I - A C ) u 2  i- FL Is2 + [(C - A + ~)w;]s + - 

(C .4 )  

Fur thez lo re ,  assw,c? t h a t  the c o e f z i c l e n t  of s is  s m a l l  and cari be neglectled. 

It i s  also known t h a t  t h e  l i b r a t i o n  frequency, vg, is  much g r e a t e r  
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where 

. 

t han  t h e  o r b i t a l  frequency and t h e  o r b i t a l  angu la r  a c c e l e r a t i o n .  

determinant  t hen  reduces t o  

The 

- A = S~ I- wi2s2 -!- Aw2u12 ( C  5 )  

FL = - 
I1 

Fac to r ing  gives ,  

3 2 

U s  i r g  t h e  b inornlal ex;, am i o n  

~2~ = - + Aw2 

(C.7) 

(C. s; 

( C . 9 j  

Furthemiore,  u2 << w 1 2  and t h e  determinant  i s  approxiaated by 

T X s  s j .x?l i . f icat ion shows t k t  rhe  two modes of t h e  characteristic 

2+ac<o2 arc w Z e l y  sqara:ed and t h a t  equa t ion  (C.3) can be  f a c t o r e d  

us ing  LLi-i's q p r o x L i a < i o n  2 . 
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Given a f o u r t h  o rde r  d i f f e r e n t i a l  equa t ion  composed of two widely 

sepa ra t ed  second o r d e r  equat ions,  L in ' s  method can b e  app l i ed  as follows: 

A = s4 + Es3 + B s 2  4- Fs + D 

Take t h e  terms ( B s 2  + Fs + D) and change to s + E]. Divide 
B 

this second o r d e r  f a c t o r  i n t o  t h e  determinant.  If t h e  remainder i s  s m a l l ,  

then t h e  d i v i s o r  and t h e  quo t i en t  are t h e  f a c t o r s ;  i f  not, t hen  a more 

complicated process  must be used. 

The f a c t o r s  are then 

A = r s 2 + F s + 2 ]  s i - B - 2 -  ('E - E\ "3 
B B A  B B '  B L 

w i t h  zi r e i i a h d e r  of 

4- D - I, ( B  - 
+ [ E  - I?) E E 2  s 

( C . 1 2 )  

Utilizing t k e s e  two a s s m p t i o n s ,  equat ions ( C . 3 )  and ( C . 4 )  reduce t o  

- A = s 4  i f3  + D 3 ] s 3  + [u12 + D 1 D 3 ] s 2  + [D3w12]s t 
L 1  

(G.3a) 

and 
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- A = s4 4- w 1 2  s 2  4- ( C  - A + 2 ) ~ ;  s -t- A U ~ C I I ~ ~  

Lookicg a t  (C.4a), t h e  s i m p l e r  of t h e  t w o  equa t ions ,  

E = O  

(C.4a) 

S u S s t i t u t i n g  i n t o  equat ion ( C . l l )  and neg lec t ing  s m a l l  terns g ives  

I s 2  + (c - A + 2) s + Aw2 s2  - (C - A + 2) U; s +- 
- " = i  w 1  U1 I 

(C.13j 

x i t h  a reolainder wh'ch i s  s m a l l  compared t o  t h e  o r i g i n a l  equation. 

When danopir,g Is included, 

E = D1 + 33 

B = ~ 1 2  i- 91113 

- _ - -  2 
L! - u;"; 

2 2  3 = ~i(2; -.- D3) -i- w2S;D3  + AU ~1 

and s u 5 s t l a i c i o s  y i e l d s ,  
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The r e m i n d e r ,  f o r t u n a t e l y ,  i s  smal l  aga in  and can be  ne;lectet. 

S i n c e  3 1  and D 3  are  expected t o  b e  much less than 01, (C.14) can be  

f u r t h e r  s i m p i i f i s d  t o  

- A z [ s 2  + D 3  s + Aw2]  [ s 2  3- D 1  s -I- w l 2 ]  
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APPENDIX D 

COXF’UTER 3ROGR4.M 

I n  o r d e r  t o  s o l v e  t h e  equat ions of mot ion  on t h e  d i g i t a l  computer, 

i t  w a s  necessa ry  t o  s o l v e  f o r  t h e  second d e r i v a t i v e  i n  terns of f i r s t  

o r d e r  q u a n t i t i e s .  Thus ,  

M1 = I l w l  + (I3 - 12)u2w3 + d lu l  

From t h e  d e r i v a t i o n ,  w 1  i s  a l s o  g i v e n  by 

.. .. 
w 1  = 4 case cos+ i e sin$ + EN 

where 

i o sir,,$ sin8 cos$ i w I+ cos$ s i n e  cos$ + 

+ o 8 sin$ cos0 cos+ - w I$ s i n @  s i n e  s i n $  + 

+ & cos4 s i n +  - w i sin4 s i n $  + w 4 cos4 cos+ 
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Thus 

.. .. 
c, cos0 cos+ + 0 s i n $  + ZN = TENT 

.. .. 
$ cos0 cos$ + 8 s i n $  = TENT - EN = Q 

S i m i i a r l y  

From t h e  d e r i v a t i o n  

.. .. 
w2 = 8 cos+ - Q cos0 s i n $  + GAMMA 

where 
. .  

GAMMA = - e + s i n +  i F, 6 s i n e  s i n +  - ;P $ case cos+ + 

+ w cos$ cos+ - w $ s i n $  cos+ - w + cos4 s i n +  + 

- A s i n $  s i n e  s i n $  + w 4 cos0 s i n e  s i n +  + 

- w 0 s i n $  cos0 s i n +  - w + s i n $  s i n e  cos$ 

So t h a t  
.. .. 
6 cos$ - Q cos0 s i n $  = ZETA - GAMMA = R 

The third. equa t ion  of motion is  given by 

0 = I 3 W 3  + (I2 - 11)02~l + d303 

(D. 1) 
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And 

c 

.. .. 
w 3  = $ + Q sin0 i- TA.3 

where 

+ w t, s i n 4  s ine  

rnl i nus ,  
.. .. 
$ + + s i n 0  = YOU - TAYB = S 

P u t t i n g  equat ions (D.1.), ( D . 2 ) ,  and ( D . 3 )  i n  matrix form g i v e s ,  

( D . 3 )  

s i n $  

- cos0 s i n $  cos$ I s i n 0  0 

T’ne determinant  i s  then given by 

A = cos8 cos2$ + cos6 s i n 2 $  

0 :  

0 

1 1 

X c02y of t h e  p ~ o g r m  i s  a l s o  contained i n  t h i s  appendix. 
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z 
* 
* 
* 
C 

2 

8 
9 
1 

C 

C 
2 

2 
3 

c .  

2 
3 
4 

C 

2 

2 

M4114-3627,FMS,DEBUG,1717500 ,O 
XEQ 
LIST 
L a E L  

COXXON D 1 ,  D2 , D 3  , DELTPR , TOT , DELT ,T , TH , DTH ,PE , 

READS,Dl,D2,D3 
=ADS , TH , PH , PS 
READS , DTH , DPH , DPS 
READ 8 , 4 , B , C 
READ 8 , ERT 1 , ERT 2 , ERT 3 
REP-38 , TOT, T , TPRINT 
READ9 , AL , CON 
READ9 , DELT , DELTPR 
FGWIT (3E20.5) 
FOPAT (2E20.5) 
FORNAT (8E15.6) 
CGKSTAYTS 
E=. 31 
L". 469E22 
S>U=O. 37E12 
TAU=0.103244E8 
SENSE LIGHT i 
ALGEBRAIC EQUATIONS (FIEAX ANOKOiY= A l l ,  Mu= m) 
AM= 
EA=AY+Efc ( 1. - (E**2 . ) ( .125) + (E>tfc4. ) * ( -005 15) ) *S INF (AM) 
+(E"*2. ) $ e ( .  5 )  fc (1. - (Efc2k2 .) f c ( .  333) ) %INF( 2 .  *AM) + ( .375) * 
( Efcfc3 . ) * ( 1. - ( 9 . / 1 6  . ) >\ ( E**2 . ) ) * S INF 
F=2.,\ ATANF ( (((l.+E)/(l.-E)>**(.5))* TANF (.5*EA)) 
M= (SXA) 

SOLUTION OF THE GENER4L EQUATIONS OF MOTION 

DP2, PS , DPS , TPRINT ,A,B , C ,AL, CON ,ERT1 ,ERT2 ,ERT3 

( ( U K /  ( S W )  **3. ) fc fc  ( .5) ) (T-TAU) 

( 3 . *AM) 

( 1. - (Efc*2 . ) ) / ( 1 .+E$< COS F (F) ) 
v= ( L W  ( ( 2 .  /RA) - (1. / S u i )  ) ) ** ( .5)  
l J=V/M 
FP= (CON) / ( RA*fc2 .) 

Wv7 I S  THE DERIVATIVE OF IJ, TIiE &'GULAR VEL. 
hW=-((( L~/(((S~~)~(1.-(~~;;~2.)))$cfc3.))**( .5))*W*E* 
S;SF(F) -j( ( 4 .  i 10 .fcE*COSF(F)+( .1922)+(  .5766)*(COSF(F) **2.)) 
/ ( (1 .+E;k4. fcCOSF(3)+(. 0961) * (1.75. *(COSF(F) **2 .))+(E**3 .) * 
( 2 .  *COSF( F)+2.  fc (COSF( I?) **3. ) ) ) **( . 5))  ) *( .5) 
EQLTATIOXS OF KOTIOK 
D 2 TB= x > k  c 0 s F ( P s ) ;Q A s IN F ( P s ) 

W=D?S ~ ~ C O S F  ( TH) WGSF( ?s)+DT~%IsT(?s) +W*COSF(PH) 
9; s IS 3 ( P s ) -!-id * s ISF ( ?:I) s t  s 1x1: ( TH) >t CG s r ( P s ) 

S=ZZXA-G.224A 
ZETA= ( ( TIIOXG / ERT 2 ) iB f%? 1 ;'W3 -D 2 fcW 2 

W2=3TX*COSF (FS) -DPH*COSP( YE) fcSISi? (PS) + 
ICI';COSF(?B) fcCOSF(PS) -WfcSINF(PH) frSINF( TH) *SINF (PS) 

G~~~~~=-D' ; ' r i fcDPS~tSINF(PS)  -rDPEfcDTBWINF(TH) $cSINF(PS) 
LLT 3 = 3? S+3Ph;k S I N 3  ( TH ) -W $6 I WF ( PH) fi COS F ( TH) 

-D?H~;DPS ~ ~ C O S F  (TH) WOS F ( PS) +WW*COSF ( PH) *COSF( PS) - 
WAD?!~;~S IEF (xi) wos F( PS) -W~DPS*COSF ( PH) *S INF ( PS) - 
hX'*SISF (PK) ;kSIPJF (TE) ScS I 9 Z (  PS) -W*DPH*COSF( PH) * 
STSF ( X I  9:SINF (PS) -W*DTH%INF( PH) *COSF(TH) *SINF(PS) 
-K$cGPS;':SIWI: (PH) * S  IXF (TH) >'cCOSF (PS) 
TWOXO=-FP*AL* (-S INF( PH) ~ S I N F (  PS) +COSF( PH) *SINF( TH) * 
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eos;.(Ps) ) 
Q=TEh:y-EN 
TENT=( ONEXO) / (ERT1) -C;~W2f:iC3-31~<;(wl. 
OXENO=- ( FT $;AI,) 9: ( S I XF ( PH) aC9S F ( PS ) +COS F ( PH) * 
SINF(T1i) f<SINF(PS) ) 
EN=- DPE .:r DTII’:( s n F ( TB) .i( cos F ( P s -KIPII~~ DP s *COS F ( TH) 
9:s IN F ( PS ) ~ T H ~ P S  wos ? ( P s ) +TW-/CS INF ( PH) JCS INF ( TH) 
A COS i: ( P s ) -tw DPH 9; COS F ( PE ) 9~ s INF ( TH ) *COS F ( P s ) +W *DTH* 
SINF( PH) WOSF(TH) ;KOSF (PS) -WD?WSINF( PH) *SINF(PS) 
+WfCDPSg<COSF (Pa)  ACOSF (PS) -W$CDPS*SINF (PH) *SINF( TH) *SINF (PS) 
tSLTWnCOSF (Pii) *SINF( PS) 
D2PEI=( 1. /COSF(TH) ) -iC (Q”COSF(PS)-R*SINF(Ps)) 
D2PS=S +(WCSINF(PS) *SINF(TH)) *(I. / 
COSF(TH))-(Q*SIXF(TH)*COSF(PS))*(~./COSF(TH)) 
S=Y OU-TAX3 
Y O U = - A ~ ~ J ~ - ~ C W ~ - D ~  ;kW3 

TAh3=DPH;‘CDTH>kCOSP (TH) -LWkSISF (PH) sCOSF (TH) 
-WgCD;?Eif<COSF (PX) ”cCOSF (TH) -i-WsQTH*SINF( PH) *SINF( TH) 

PRIST1 ,T ,Tli ,?E ,PS ,3Ta ,DPX ,DPS ,F 
TPRIX‘T=TPBIKT+GELT?R 
IF(T-TOT) 5 , 6 , 6  

13 (T-WRIST) 4 , 3 , 3  

T=ISDV~(T,DELT) 
TE=DPSVF(T~,DTH) 
PE=DPNVF(PX,GPX) 
D C = -  L L )  UPKVF(TS,DPS) 
DT;-I=DPXVF (DTH , D2TK) 
DPH=JPNVF (DPX , i32pE-I) 
DPS=DPNVF(DPS,D2PS) 
GO TO 2 
CALL EXIT M 
END 
DATA 
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APPENDIX E 

CALCULATION OF THE MOMENTS OF INERTIA 

Two p o s s i b l e  an tenna  arrangements were considered f o r  t h i s  

sa te l l i t e .  S ince  t h e  antenna s i z e  markedly e f f e c t s  t h e  moments of 

i n e r t i a  and t h e  f r equenc ie s  of o s c i l l a t i o n ,  c a l c u l a t i o n s  f o r  bo th  body 

conf igu ra t ions  are g iven  below. 
Y 

E . l  General  S a t e l l i t e  ConZgura t ion  

The satel l i te  i s  composed of a s i x  inch  wide hollow d i s k ,  of r a d i u s  

t e n  inches ,  which houses e l e c t r o n i c  equipment and s o l a r  cel ls .  Three 

c a p a c i t o r s  are p laced  i n  l i n e  and a t t a c h e d  t o  t h e  d i s k ,  as are f o u r  

antennas.  The s o l a r  s a i l  i s  c i r c u l a r  w i t h  c e n t e r  of mass twenty inches  

from t h e  f r o n t  of t h e  d i s k ,  with a width of e i g h t  inches  and a r a d i u s  of 

t e n  inches .  (See F igure  2) 

Ap p r oxiriia t e : 

(a.) t h e  tol;ow disk ,  e l e c t r o n i c s ,  s o l a r  cel ls  and a s s o r t e d  

eqcipment by a s o l i d  disk of weight 7.51 pounds, w i t h  

a thickness of t h r e e  inches  and a r a d i u s  of n i n e  inches .  

t h e  three capac i to r s  by a r e c t a n g u l a r  b a r  of weight  6.29 

pounds, wzth dlmensions 3 i n .  x 3 i n .  x 1 6  i n .  

(15.) 
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(c.) t h e  s a i l  by a c i r c u l a r  c y l i n d r i c a l  s h e l l  w i t h  a r a d i u s  

of n i n e  inches ,  n e g l i g i b l e  th i ckness ,  and a weight  of 

0.25 pounds. 

E.2 Locg Antecna Conf i zu ra t ion  

Approximate t h e  two twenty f o o t  an tennas  by a for ty- two f o o t  rod 

weighing 1.37 pounds, and t h e  two s i x  f o o t  an tennas  by a fou r t een  fr.-,t  

rod weighing 0.462 pounds. 

The moments of i n e r t i a  are then  g iven  by (neg lec t ing  s m a l l  

q u a n t i t i e s ) ,  

'3 = I3  d i s k  + I 3  bar  I3  antenna  

= 6.55 slug-@ 

I2 = (I2 mr2cm)disk + I2 long anten.  + (mr2cm)sail 4- 

+ ( 1 2  + mr2cm)bar 

= 6.30 s l u g - f t 2  

(3.1) 

( E . 3 )  
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E.3 Shor t  Antenna Confinuration 

Approximate t h e  two 2.46 f o o t  antennas by a rod of 6.55 f e e t  and 

weight of 0.217 pounds, and the  two 0.82 f o o t  an tennas  by a rod of 3.28 

f e e t  and 0.108 pouads. 

Using equat ions  (E.1 ,  2, and 3 j ,  t h e  moments become 

I3 = 0.123 s l u g - f t 2  

I2 = 0.111 s l u g - f t 2  

The para i ie te rs  A ,  3 and C t hen  become 

A = 0.460 

B = 0.625 

c = 0.232 
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