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L. Aardoom,* A. GirniusC and G. Veis - ’  

Abstract .  --From quasi-simultaneously observed s a t e l l i t e  
t r a n s i t s ,  synthet ic  simultaneous observations a re  computed. 
615 pa i r s  of such observations are used t o  determine f ixed-  
Earth d i rec t ions  f o r  14 l i n e s  connecting adjacent Baker-Nunn 
camem. s t a t ions .  The method i s  described and the r e su l t s  
aR given. They indicate tha t  an accuracy i n  the d i rec t ions  

between 2 and 5 X 10 (standard deviation) i s  f eas ib l e .  -6 
With 10 of those direct ions,  a three-dimensional 
i s  performed with 6 of the s ta t ions .  

Introduct ion 

It i s  w e l l  knuwn t h a t  a r t i f i c i a l  s a t e l l i t e s  can be used as t a r g e t s  i n  a 

three  -dimensional geodetic t r iangulat ion.  

made simultaneously from two or more s ta t ions  lead t o  a purely geometric 

method for t h e  determination of fixed-Earth oriented d i rec t ions  of t he  s t ra ig l  

l i n e s  connecting t h e  cooperating s ta t ions.  When we combine these direct ions 

a three-dimensional t r iangula t ion  net  is obtained, the  or ien ta t ion  of which 

can be referred t o  a universal  terrestrial system (Veis, 1963a). 

Accurate photographic observations 

%his  work w a s  supported i n  p a r t  by grant number N s G  87-60 from t h e  

‘Smithsonian Astrophysical Observatory. 

3Smithsonian Astrophysical Observatory, and the  National Technical 

f lational Aeronautics and Space Administration. 

University, Athens, Greece. 
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I n  order t o  compute the  posi t ions of t he  camera s ta t ions ,  we should 

ass ign  coordinates t o  one of these s t a t ions  and scale  the  net.  This 

scal ing may e i t h e r  be derived from exis t ing  geodetic resu l t s ,  e.g., the  

distance between one p a i r  of s ta t ions ,  or may be obtained from d i r ec t -  

range measurement t o  t h e  s a t e l l i t e .  This geometric approach r e su l t s  i n  

coordinate differences;  coordinates obtained are not necessarily 

geocentric. 

I n  1961 the  Smithsonian Astrophysical Observatory started experiments 

i n  t h i s  f i e ld  i n  order t o  invest igate  the  f e a s i b i l i t y  of t he  method using 

the  Baker-Nunn cameras. Preliminary r e su l t s  were published i n  a previous 

paper (Veis, 196313). 
be included and a more de f in i t e  so lu t ion  w a s  attempted f o r  the  r e l a t ive  

or ientat ion of the  l i n e s  connecting some of the  Baker-Nunn cameras. I n  

addi t ion t o  the  direct ions,  r e l a t ive  posi t ions have been determined 

when the l ines  of known orientat ion could form a t r i ang le .  

I n  the  present analysis  many more observations could 

The method and technique of simultaneous synthetic observations 

The configuration of t he  Baker-Nunn net (,see Figure 1)4 with mutual 

dis tances  between adjacent s t a t ions  from about 2 t o  7 Mm requires t h e  use 

of s a t e l l i t e s  i n  r e l a t ive ly  high o rb i t s .  For several  reasons S a t e l l i t e s  

1961 2 8 ~  (Midas 4) and 1963 30D proved t o  be most useful  f o r  our purpose. 

S a t e l l i t e s  1961 4A (Explorer 9) and 1962 29A (Tels ta r  1) were used t o  a 

l e s s e r  extent. 

require a simultaneity of preferably b e t t e r  than 2 milliseconds, necessary 

t o  match the d i rec t iona l  accuracy of t h e  Baker-Nunn cameras. 

modified cycle-control system ( V e i s ,  1963b) t h e  cameras may be set so t h a t  

t he  shut ters  w i l l  be act ivated a t  an exac t ly  predetermined time. 

mode of operation a simultaneity wi th in  1 o r  2 mill iseconds can be obtained. 

A s  w a s  pointed out by V e i s  (1963b), exact s u u l t a n e i t y  of observations i s  not 

necessary and su f f i c i en t ly  accurate synthet ic  simultaneous observations may 

be derived by interpolat ion i n  simultaneously observed satel l i te  t r a n s i t s .  

Considering the  s implici ty  of operation and t h e  reduction of setup time 

involved, the method of synthet ic  s imdtaneous observations i s  applied 

ra ther  than the  method of s t r i c t l y  simultaneous observations. 

These satell i tes o rb i t i ng  a t  a height between 2 and 4 Mm 

Using a 

With t h i s  

I n  the f igures  and t ab le s  s t a t i o n  nmbers  a re  abbreviated, wr i t ing  "1" 4 
instead of "9OOl"  e t c .  

-2 - 
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The basic material f o r  the  computation of a synthet ic  observation 

cons is t s  of a sequence ( a r c )  of at  l e a s t  four exposures (frames) with 

associated times from each of t he  cooperating s ta t ions .  

veloci ty  and the  brightness of the  s a t e l l i t e ,  t he  i n t e r v a l  between two 

subsequent exposures i s  2, 4, 8 or  16 seconds, i n t e rva l s  of 4 and 8 seconds 

being typical .  

(Figure 2). 
sequence of d i rec t ions  expressed as R. A. (CY) and Decl. ( 6 )  t o  the  s a t e l l i t e  

versus A-1  (atomic t ime) i s  obtained. 

i n  the  interpolat ion i n  case the  s a t e l l i t e  w a s  observed i n  a d i r ec t ion  

close t o  the c e l e s t i a l  pole, t he  d i rec t ions  i n  CY, 6 a re  transformed i n t o  

direct ions 5 ,  ?I referred t o  an auxi l ia ry  system of reference (Figure 3). 
Let v 
t o  t h e  s a t e l l i t e  a t  the  mments of the  f i rs t  and the  l a s t  observations i n  

the sequence, respectively. 

system are  defined by 

Depending on the  

A time-overlap ( t )  between sequences of exposures i s  required 

Frau each sequence of exposures and associated times, a 

To avoid computational d i f f i c u l t i e s  

and % denote the  topocentric unit-vectors specifying the  d i rec t ions  -i 

1 2 3  Then the axes ,k- , &-, - k of the  auxiliary 

I 
k = v  , -1 c 

From experience it seems j u s t i f i e d  t o  assume second-degree polynomial 

with time ( p r l ) .  relationships of angles 5 and The coef f ic ien ts  involved 

are  determined by least-squares approximation, considering angles &s well  

as ‘fl t o  be mutually independent quant i t ies  of equal weight. 

and q, being counted along--respectively perpendicular to--the apparent path 

of t h e  s a t e l l i t e ,  a r e  supposed t o  be independent. The time T of the  center  

Of t he  overlap (Figure 2) i s  chosen as the  time of the  interpolated synthet ic  

observation. The corresponding interpolated d i r ec t ion  CY 6 i s  obtained 

Also angles 5 

9 

9’ q 
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Figure 2. Interpolat ion of  synthetic simultaneous observation between 

s ta t ions  A and B for  time T . 
9 

r Apparent Satellite 

Figure 3. Relation between a, 6 - and 5 ,  1 - systems. 
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from t h e  least-squares f i t t e d  polynomials followed by a reverse transforma- 

t i o n t o  the  regular system of astronomical direct ions.  

s ta t ions par t ic ipa te  a t  a tine, t r i p l e  o r  multiple synthetic simultaneous 

observations may be computed. 

simultaneous observations are handled, and t r i p l e s  and multiples are grouped 

i n  pairs .  

If more than two 

For the  time being, however, only p a i r s  of 

Thus a p a i r  of synthetic simultaneous observations between s t a t ions  

A and B consis ts  of a s e t  T & For t h e  computation of such 

a set a maximum of 10 exposures i s  used from each of t he  s t a t ions  A and B. 
If  more than 10 exposures a re  available,  it i s  meaningful t o  subdivide the  

sequence of exposures in to  smaller groups, and compute more than one p a i r  

of synthetic observations. Hence more than one p a i r  of synthetic simul- 

taneous observations may r e s u l t  from one sequence ( a rc )  of observations. 

Also, one s a t e l l i t e  t r a n s i t  may yield more than one arc .  

SA; aB gB 
9’ q’ q q’ q’ 

The analysis of t he  synthetic observations 

Right ascension CY and decl inat ion 6 of the  synthetic observations 
9 9 

‘refer t o  the  equator and equinox of 1950.0. 
A-1 system. 

f o r  the e f f ec t  of annual aberration. Because the  maximm ef fec t  i s  less 

than 0’13 t he  precisely reduced observations have not been corrected f o r  

diurnal  aberration. However, since the  s ta t ion-veloci ty  vectors have 

invariable direct ions with respect t o  a fixed-Earth system of reference, it 
can be pointed out t h a t  diurnal  aberrat ion a f f ec t s  systematically the  f i n a l  

result of  the  simultaneous method. Therefore, d i rec t ions  CY 6 are 

corrected f o r  diurnal  aberration. 

aberration is  of t he  order of t h e  accuracy a t ta ined .  

applied f o r  t h e  aberrat ional  e f fec t  caused by t h e  veloci ty  of the  s a t e l l i t e  

w i t h  respect t o  the  observing s ta t ion .  

fo r  para l lac t ic  refract ion,  t he  difference between t h e  amounts of op t i ca l  

refraction fo r  the star background and t h e  s a t e l l i t e  resu l t ing  from the  

f i n i t e  distance t o  the  s a t e l l i t e .  

Times T are expressed i n  t h e  

Precisely reduced Baker-Nunn observations have been corrected 
9 

q’ 
The systematic e f f ec t  of t he  d iurna l  

Also a correction i s  

Final ly ,  a correction i s  applied 

-6 - 



The t rue  geometric direct ions obtained i n  t h i s  way are referred t o  

the c e l e s t i a l  system of epoch 1950.0. 

t e r r e s t r i a l  system of d i rec t ions  along the  l i n e s  pointed out by V e i s  

(1963a). 
respect t o  t h e  Earth 's  surface i s  neglected. 

They a r e  reduced t o  a fixed-Earth, 

I n  t h i s  reduction the  effect of t he  motion of t h e  pole with 

I n  the  fixed-Earth system a pair of synthetic simultaneous d i rec t ions  

* t o  t he  sa te l l i t e  from s t a t ions  A and B can be expressed as unit-vectors p 

and q, respectively.  The normal unit-vector * 

n =  EXs_ - I_pxs_l  

spec i f ies  a plane (pos i t ion  plane),  which implies a condition f o r  t he  

d i rec t ion  of t he  l i n e  AB referred t o  t h e  Terrestrial system. 

of synthetic simultaneous observations between s t a t ions  A and B results i n  

a pos i t ion  plane. 

an over-determined system of conditions from which t h e  d i r ec t ion  of l i n e  AB 

can be solved by least-squares adjustment. 

Each p a i r  

The combination o f  more than two such planes leads t o  

Using approximate i n i t i a l  values f o r  t he  rectangular coordinates of 

A and B, w e  can reduce t h i s  apparently three-dimensional problem of i n t e r -  

sec t ion  of planes t o  the  two-dimensional problem of in te rsec t ion  of l i nes .  

T h i s  i s  accomplished by introduction of the special  l o c a l  system of reference 

g , g , g3 ( V e i s ,  196370). 
B of s t a t i o n  B (Figure h ) ,  and the d i rec t ions  of t h e  axes are defined by the 

mutually perpendicular un i t  -vectors : 

1 2  This system is  centered a t  the  assumed pos i t ion  - 

-7- 



A 4 
X' / 

3 

D 

, X 2  

Figure 4. The geometry of t he  in te rsec t ion  of pos i t ion  planes. 

w 

Figure 5. Posi t ion l i n e s  i n  w-plane. 
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where a and b stand f o r  t he  radius vectors of the pos i t ions  assumed f o r  

s t a t i o n s  A and B i n  the  t e r r e s t r i a l  system. 

coincides w i t h  t he  assumed i n i t i a l  d i rec t ion  of l i n e  AB. The 1-axis is  

perpendicular t o  t h e  plane t h a t  contains the  o r ig in  of t h e  t e r r e s t r i a l  

system and the  assumed posi t ions of A and B. 

i s  perpendicular t o  the  Ear th ' s  surface. 

perpendicular t o  l i n e  AB i n  i t s  i n i t i a l  d i rec t ion .  

4 -  

The d i r ec t ion  of the  3-axis 

Roughly speaking, t he  2-axis 

The g l ,  g2-plane (a-plane) i s  

Since the  problem i s  t o  determine the  d i r ec t ion  between A and B, 

s t a t i o n  A can be supposed t o  be known, which means t h a t  a l l  pos i t ion  planes 

contain s t a t i o n  A i n  its i n i t i a l  location. A s  a rule,  because the  assumed 

coordinate differences between A and B are i n  general  not consis tent  

wi th  t h e  results of the  simultaneous method, normal-vectors L a r e  not 

p a r a l l e l  with t h e  w-plane. 

w-plane along pos i t ion  l i n e s  

Therefore the pos i t ion  planes in t e r sec t  the  

which i n  general  do not contain point  c. 

-9 - 



The equations of these posi t ion l i nes  are of t he  form 

(cos a )  * g1 + ( s i n  a )  g2 = - e , (1) 

where CY stands for the  angle between t h e  pos i t ive  d i rec t ion  of vector 

M n and the  1-axis (Figure 5).  
(1) by the  distance h between s t a t ions  A and B and proceed with angular, 

r a the r  than with l i nea r  quant i t ies :  

It i s  more straightforward t o  divide equation 

(cos ai> j1 + ( s i n  ai) j2 = - e i, i = 1 . . . . u ,  ( 2 )  

1 1  2 where j = g /A, j2 = g /A, E .  i s  obtained from E = g and u i s  t h e  number 
1 * -a  

of posi t ion l i n e s  available f o r  l i n e  AB. 

Supposing u > 2, the  set of condition equations ( 2 )  are solved f o r  j1 and 
.2 
J by means of least-squares adjustment. 

dependent, and weights w are  computed from 

Quant i t ies  ei are  considered as in-  

i 

. 2  
A w =  i 2 2 ’  

P i  + 9 i 
( 3 )  

where p 

respectively.  

t a n e i t y  of t h e  synthetic 

between the  s ta t ions.  

of t h i s  e f f ec t  i s  negl igible  most of t he  time. 

and qi stand f o r  the  distances of s t a t ions  A and B t o  t h e  satell i te,  i 
Weighting formula (3 )  disregards t h e  e f f ec t  of imperfect simul- 

observations resu l t ing  from r e l a t i v e  timing e r ro r s  

A s  remarked by Veis (1963b), however, t h e  contribution 

From the  l ea s t  -squares adjustment t h e  variance-covariance matrix of t h e  

solut ion and the  associated standard e l l i p s e  a re  computed. 

j , j , corrections 6 , 6 , 6 t o  t h e  i n i t i a l  values eo, c2 0’ c3 0 f o r  t h e  d i r ec -  

t i o n  cosines of the l i n e  AB can e a s i l y  be obtained (Veis, 1963b): 

From t h e  solut ion 
1 2  1 2 3  1 

-10 - 



(.: 
T where G denotes t h e  transpose of matrix 

1 
gl 

g2 
1 

1 ( g3 

2 
gl 

g2 

g3 

2 

2 

“i 3 

3 
g3 

1 Corrections j 

the azimuth of t he  l i n e  E. 

Result s 

and j2 as such are  roughly correct ions t o  t h e  elevat ion and 

Using the  precisely reduced simultaneous Baker-Nunn camera observations 

through September 1964, we could attempt solut ions f o r  the d i rec t ions  of 

fourteen l i n e s  i n  t h e  net .  The resu l t s ,  w i t h  some addi t iona l  information, 

are shown i n  Table 1. It should be emphasized that the  d i rec t ions  obtained 

r e f e r  t o  the  terrestrial  system t o  which t h e  

been reduced. 

d i r e c t i o n  of t he  Ear th’s  mean ax is  of rotat ion;  t h e  1-3 plane i s  p a r a l l e l  t o  

the mean meridian of Greenwich (Veis, 1963a). 

synthet ic  observations have 

This i s  t h e  x , x , x3-system, i n  which the 3-axis has the 1 2  

Successful simultaneous observations have a l s o  been made between s t a t ions  

9002 and 9008, 9004 and 9006, 9005 and 9012, but not enough material i s  ava i l -  

able  yet  t o  determine these  direct ions.  

The i n i t i a l  values c1 c2 .3 for t he  d i r ec t ion  cosines of t h e  l i n e s  con- 
0’ 0’ 0 

nect ing t h e  s t a t i o n s  and the  distances ho between the  s t a t ions  are based on 

t h e  following coordinates ( i n  megameters), 

-11 - 



- 
0 
rl 

1 
f 

- 
. . .  
I l l  

- d o  . c u  
rl 

- & o  

. . .  
I + #  

. . .  
I + I  

? c' 
u o c o  

. . .  + "  

+ c u m  
0 0 ,o 

v v  

-12- 



- 
rl 
rl 

f 
cn 

0 
rl 

f 
cn 

rl 
rl 

f 
E- 

- 
0 
rl 

f 
E- 

r- 
Ln 

N 

cn 

- 
=! 
Ln 

9 
L n  

1 0 ; ' "  r- - m m  

- E - 0  

; A %  
rl 

O N t -  
D N E -  
N r l r l  
O N c n  
8A?$ 
? ? ?  
+ + I  

I + +  

u t - 0  
3 c n L n  
3 t - c o  
o r l c u  
r l c u o  
r - i r l r l  c n f  0 . . .  
+ I +  

. . .  

a 
:: 
R 
k 
0 
u 

-13- 



Station 

I -14- 

1 
0 X 

9001 
9002 
9003 
9004 
9005 
9006 
9007 
9008 
9009 
9010 
9011 
9012 

-1.535702 
5.056123 
-3.983602 
5.105623 

1.018135 
1.942762 
3 376872 
2.251841 
0 976319 

-3 946522 

2.280645 
-5.466118 

2 
0 

X - 
-5.167026 
2.716523 
3.743226 
-0.555194 
3 366453 
5.471207 
-5 804082 
4.404022 
-5.816928 
-5.601410 
-4.914512 
-2.404068 

3 
0 X - 

3.401108 
-2 * 775799 
-3 0275656 
3 769670 
3 - 69885 5 
3.109519 
-1.796838 
3.136250 
1.327236 
2.880311 

-3.355441. 
2.242437 

1 2  The solutions j , j are given together with the i r  standard deviations; 

i s  an estimate of the standard deviation of unit weight, obtained from 
the residuals of the least-squares approximation of j1 and j2. 
i s  assigned t o  a quantity E derived from a pa i r  of synthetic observations 
for  which p 
Insofar as correlation between synthetic simultaneous observations can be 

neglected ( a  supposition which probably does not hold), quantit ies u represent 

the accuracy of a single interpolated observation i n  the  direction perpen- 
dicular t o  the position plane. 

Unit weight 

2 2 + q2 = h , thus intersecting at  r igh t  angles; see equation (3). 

Standard el l ipses  on the u-planes are represented by the i r  semimajor 
and semiminor axes a and b and the  angle 8 between the  major axis and the 

43'-axis; a and b are based on 6. being re la t ive ly  close 
t o  90" Because of loca l  conditions of v i s i b i l i t y  
and the limitations set by optical  refraction, t he  theoret ical  l i m i t s  f o r  the 

angle cy, 90" < cy < 270' are never reached i n  practice.  
angles W i l l  tend t o  be symmetrically distributed with respect t o  the  g2-axis. 

This i s  i l lus t ra ted  by Figure 6, where the of actual  a-90 is  given for 
Some cases. 

between the stations i s  shorter. 
it i s  obvious that the direction between the s ta t ions w i l l  be determined more 

The phenomenon of 8 

i s  typical f o r  the method. 

On the other hand, t he  

0 

As a rule,  the  range for  ~-90" w i l l  be larger  if  the distance 

Considering this  dis t r ibut ion of observations, 



Figure 6. L i m i t s  or" distribution or" position planes. 
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1 2 accurately along the  

Consequently, t he  major ax is  of t he  standard e l l i p s e  w i l l ,  p r ac t i ca l ly  
-axis (azimuth) than along the  g -axis (e leva t ion) .  

2 speaking, be oriented i n  g -direct ion.  

1 2  By means of equation (4), t he  corrections 6 , 6 , b3 a re  computed 
1 2  1 from j , j . These corrections a re  added t o  co, c2 c3 and the  corrected - - 0’ 0 -1 -2 -3 d i rec t ion  cosines a r e  given as c , c , c . 

A s  a n  example, i n  Figure 7 the pos i t ion  l i n e s  for the  l i n e  9007-9010 
have been plot ted,  together  with the resu l t ing  most probable in te rsec t ion .  

Also the standard e l l i p s e  has been drawn. For the o ther  cases,  the pos i t ion  

l i nes  have been omitted (Figures 8a,b,c);  the numbers of pos i t ion  l i n e s  1) , 
however, have been indicated between parentheses. In  Figure 9 the standard 

e l l i p s e s  are given in. terns of microradians (units of 10 -6 ) .  

A three  -dimensional t r iangula t ion  

The r e su l t s  of the  preceding paragraph consis t  of t h e  d i rec t ions  of 

l ines ,  each individual ly  oriented i n  t h e  fixed-Earth terrestr ia l  system of 

reference.  

r e s u l t  of t h i s  invest igat ion as far as t h e  l i n e s  9001-9012, 9004-9008, 9005- 
9006 and 9006-9008 are  concerned. 

t h ree  s ta t ions  have been determined, as i s  the  case f o r  s t a t ions  9001, 9009, 
and 9010, the unit-vectors specifying these  d i rec t ions  have t o  s a t i s f y  t h e  

condition of coplanarity.  

Since no dis tances  have been measured, t h i s  w i l l  be t h e  f i n a l  

However, if a l l  t h ree  d i rec t ions  between 

Mathematically t h i s  condition reads f o r  t r i a n g l e  gOOl-~OOg-9OlO: 

n + An 1,9 199 L 9  m + Am 
+ %,9 1,9 

m n 
l a , , l O  + %,lo 1 , l O  + Aml,10 1’10 + %,lo I = O ’ ( 5 )  

-1 -2 where f o r  reasons of s implici ty  c , c 
9001 and 9009 have been denoted by 1. 

m and n 1, 9, respect ively.  In  pract ice ,  An e t c .  are corrections t o  R 

t he  squares and higher-order powers of these  correct ions a re  negl ig ib ly  small 

a n d c 3  f o r  t h e  l i n e  connecting s t a t i o n s  

L9’ ml, 9 and n 1,9’ e t c . ;  ha 1,9’ Am1,9 and 

1’9’ 1,9 1,9 
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Figure 7. Posi t ion l i n e s ,  solut ion and standard e l l i p s e  ?or  l i n e  9007 t o  9010. 
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Figure 9. Standard ellipses in microradians. 
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and equation ( 5 )  can be approximated by means of a f i r s t -o rde r  Taylor 
expansion: 

3D 
Lag7 10 

%97 10 
1 , l O  + am 1 , l O  Aml,l~ anl,lo + An aD aD + 

g710 = - 971.0 ang710 amg7 10 
+ Am + An aD aD 

where D stands f o r  the  determinant 

m n 
1710 1710 

Am An 
179’ 179’ 119 Equation ( 6 )  involves nine unknown quan t i t i e s  AR 

According t o  equation (4), 
9 7  10‘ 

. . . . . . . . . . . . . .A n 

cor - .2 1 2 Here A j l  and A J  denote corrections t o  t h e  quan t i t i e s  j and j 

responding t o  corrections Al, 179, Am 
R 

1 7  9 199 1 7  9 1 7  9’ 
and An t o  t h e  d i rec t ion  cosines 

1 7  9 1 7  9 
and n 

1 7 9 ’  ml,9 1 7  9’ 

If equation (7 )  and s i m i l a r  expressions f o r  t h e  l i n e s  9001-9010 and 

9009-9010 are inser ted i n t o  equation (6), t h e  r e s u l t  i s  a r e l a t i o n  of t h e  
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1 
+ %,lo A j l , l o  

1 + A  9 , l O  Aj9>10 

9>10 are 
B1,9, ............ B 

t h e  or ien ta t ion  of t he  t r iangle .  

2 
9,io 'j9,10 = - ; + B  

coeff ic ients  depending on t h e  shape and 

A t  t h i s  stage of t h e  work (see  Table l), s i x  r e l a t ions  of equation 

(8) have t o  be considered, one for  each of t h e  t r iangles :  

9001 -9009 -9010 
9001-9007-9010 
9001-9007-9009 
9007-9009-9010 
9007-9009-9011 
9004-9009-9010 

This means that the  1 .2 r e s u l t s  j , J , as given i n  Table 1, are  intermediate 

f o r  t h e  l i n e s  involved i n  the above mentioned t r i ang le s .  

r e s u l t s  a r e  put i n t o  a second s t e p  of least -squares adjustment (net  adjustment ), 
2 t ry ing  t o  f ind  the most probable corrections A j l  and A j  t h a t  s a t i s f y  equation 

(8) and t h e  f ive  s i m i l a r  r e la t ions  f o r  t he  other t r i ang le s  simultaneously. 

Consequently, these 

This net adjustment i s  r e l a t ive ly  simple. Because, as mentioned i n  t h e  

Previous paragraph, t he  axes of the standard e l l i p s e s  are, p rac t i ca l ly  speaking, 

or iented along the g - and g -axes, t h e  cor re la t ion  between j l  and j2 i s  negl i -  

g ib le .  

diagonal. 

are t h e  d i r ec t ion  cosines of t h e  l i n e s  connecting a pa i r  of s ta t ions  if the 

corrections Aj' and A j 2  are taken i n t o  account, again using equation ( 7 ) :  

1 2 

Hence the input variance-covariance matrix f o r  the net adjustment i s  
1 2 3  The r e s u l t s  of th is  adjustment are  summarized i n  Table 2; c , c , c 

3 A j  
given i n  Table 1, divided by t h i s  distance,  or, which i s  the  same, a 
correct ion t o  the  loca l  scale  of t h e  net.  

under t h e  supposition t h a t  the i n i t i a l  distance between s ta t ions  9001 and 

9010 i s  not corrected. 

i s  a correction t o  the i n i t i a l  distance A. between the  s ta t ions  as 

3 Corrections A j  were computed 
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Table 2. Results of net  adjustment. 

.23 .97 .13 

o 1.00 .08 

.Ob 1.00 0 

-.08 .99 .13 

.08 .99 . l 3  

.08 1.00 .03 

-.13 .99 .05 

-.01 l .o0-.04 

.oi 1.00 .06 

-.20 .98 .07 

Lines 

1 - 7  

1 ‘ 9  

1 + 1 c  

4 - 9  

4 + 1c 

7 - 9  

7 + 1c 

7 - 11 
9 - 10 

9 - 11 

4.9 

3.8 

0 

16.1 

15.9 

7.5 

6.8 

18.6 

8.6 

9.4 

i3 

1 1  j + A j  

+7.3 
f1.8 

+3.1 

+4.7 

+io. 6 

+7.6 

+4.4 

fl. 0 

Al.4 

f2 .6  

*3.0 

f1.7 

fi. 5 

f 2 . 3  

51.9 

hi. 5 

+7.0 

-22.6 

f3 .9  

-17.0 

Solution 

j2+aj2 

+7.2 
~ 3 . 8  

‘3.6 
f1.9 

+7.2 
*3.0 

-10.5 
f 7 . 1  

-13-1 
f7.0 

-11.7 
f2.7 

-8.5 
*2.2 

-9.8 
54.1 

-1.6 
rt3.4 

+12.2 
*2.2 

A j 3  

lo-6 

+2.0 
f4.7 

k3.7 
+3.8 

0 

+8.8 

+7.1 

f15.5 

515. i 

f7.5 

f6.8 

-2.1 

+l. 7 

106.3 
h18. : 

f8 .6 
+lo. 2 

-36.1 
f 9 . 3  

- 

1 a 
- 

10- 

1.2  

0.8 

1.4 

2.2 

2.3 

1.6 

1.4 

2.2 

1.8 

1.2 
- 

Standard e l l i p s o i d s  

a; a; a; 

.93 -.25 .25 

.99 -.oi .16 

1.00 .04 0 

-99 -07 -09 

-.99 -07 - 1 2  

1.00 .08 .06 

-.99 -.14 .06 

1.00 . o i  .05 

1.00 o .09 

-.98 -.21 .07 

7 

2 a 
- 

10-6 
1.8 

1.9 

3.0 

6.8 

6.7 

2- 7 

2.2 

4 . 1  

3.4 

2.2 
- 

E l  .12 l3 3 3 3  

.28 .06 -.96 

.16 .08 -.98 

0 0 0  

.08 .14 -.99 

.ii -.14 .98 

.06 -.03 1.00 

.07 .04 1.00 

.O5 -.04-1.00 

.09 -.06 .99 

.09 -.os 1.00 
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The semiaxes of standard-error e l l i p so ids  specifying the r e l a t ive  

The 
1 2 3  

ana a3* 
accuracy of the posi t ions of pa i r s  of s t a t ions  a re  al, a2 

or ien ta t ion  

(i = 1,2,3) with respect t o  the loca l  g , g , 2-system of reference. 

r e l a t ive  standard e l l i p so ids  a re  computed under the assumption that the  

distance between s t a t ions  9001 and golo i s  e r r o r l e s s .  

a r e  selected f o r  t h i s  purpose primarily because the distance between these 

s t a t ions  is  the most accurately known i n  the ne t .  

have a l so  been marked on Figures 8a,b,c (square-symbol) . 

of the axes i s  defined by s e t s  of d i rec t ion  cosines Ai ,  Ai, Ai 
1 2  These 

S ta t ions  9001 and 9 O l O  

2 Results j + A j l ,  j2 + A j  

1 2  The f ina l  values c , c , c3 for the  d i r ec t ion  cosines of a l l  fourteen 

For the  l ines  90Ol-9012, 904-9008, 9005-9006 and 

- 
l i nes  appear i n  Table 3 .  
9006-9008 these values a re  simply the values of 2, 3, 2 as  given i n  Table 1. 

For the other  l i nes ,  being involved i n  the net  adjustment, 2, .T , 2 - v a l u e s  

have been corrected,  taking in to  account Ajl and Aj2 according t o  equation (7).  

2 

A one-number d i r ec t iona l  accuracy s has been computed from 

1 , where s and s respectively a r e  the standard deviations i n  g s =  J = =  1 2 

and g2 d i rec t ions .  

l i n e s  9001-9012, 9004-9008, 9005-9006 and 9006-9008 s l a n d  s2 have been taken 

from Table 1. 

They have been taken from Table 2(columns 2 and 3 ) .  For t h  

Conclusion 

From Table 1 it may be concluded that an accuracy (standard deviation) 
-6 of b e t t e r  than 1" (4.8 x 10 

s t ep  of least-squares adjustment ( in t e r sec t ion  of posi t ion l i n e s ) .  

cases standard deviations i n  gl-direct ion a r e  between 2 and 3 times smaller 

than those i n  g -direct ion.  In g -direct ion the standard deviations do not 

exceed 2 X For the l ines  9001-9007, 9004-9009, 904-9010, 9005-9006 

and 9007-9011, standard deviations i n  the g2-direction a re  l a rge r  than 1". 

I n  the case of l i n e  g007-gOll t h i s  is  caused by the overestimate obtained 

f o r  0, the  standard deviations being based on these estimates.  

remaining four l i nes  (9oOl-9007, 9004-9009, 904-9010 and 9005-9006), the 

small numbers of synthetic observations (13, 11, 5 and 7, respectively) do 

not  allow an accurate determination of the  d i rec t ions .  

) has been a t t a ined  i n  most cases a f t e r  the f i r s t  

For these 

2 1 

For the 
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Table 3 .  Fina l  d i rec t ions  o f  l ines  between s t a t ions .  

Lines 

1 - 7* 
1-9+ 
1 - lo* 
1 -L 12 
4 - 8  
4-9+ 
4 - lox- 

5-6 
6 - 8  
7-9+ 
7 - 1P 
7 -+ 11* 

9 - 10” 
9 -+ ll* 

Number 
of  

Pos i t  ion 
Lines 

U 

13 
80 
89 
45 
57 
11 

5 
7 
90 
58 
19 

38 
68 
35 

1 
C 

+ *  5533004 
+. 8673548 
+. 9654370 
- -  7952987 
- 3267963 
- .441425 3 
-. 6274844 
+. 9152339 
+ .9110446 
+. 0984450 
-. 2021829 
+. 1850028 

+ .0060288 
- - 6310597 

Direction Cosines 

t. 
a f t e r  net  ad jus  tment 

2 
C 

-. 1013382 
-. 1488306 
-. 1669490 
+ .5590305 
+. 9374788 
-. 8138814 
-. 7668085 
+. 3880055 
-. 4121797 
-. 0040824 
+. 0424042 
+ .4871381 
+. 1066259 
+. 1892109 

-. 8267946 
-a4749159 
- .2001486 
-. 2344886 
- - 1197398 
- - 3778105 
-. 1351593 
- .io86218 
+. 0102850 
+. 9951341 
+ .9784293 
-. 8535048 
+.7683714 
- .9819180 

Direct ional  

Accuracy 

S 

18 x iom7 
15 
23 
35 
28 
53 
54 
67 
29 
23 
19 
33 
28 
19 



The estimates a re  f a i r l y  consistent.  From them, under the  assumption 

t h a t  they a re  independent, the following 95$ confidence l i m i t s  f o r  (J may be 

computed : 

t 
i ,  

Under some r e s t r i c t i o n  (see p. 14), u represents  t h e  accuracy of a s ing le  

interpolated direct ion.  

By t h e  net adjustment only the  d i rec t ions  of t he  l i n e s  9001-9007 and 

9007-9010 were influenced considerably A s  was t o  be expected, 

t h e  r a t i o  between the  standard deviations i n  g - and gl-direct ions decreased 

i n  the  average. Standard deviations a f t e r  t h e  net adjustment a re  based on an 

estimate 5.5 x 10 f o r  u obtained from t h e  res idua ls .  This estimate does not 

seem t o  be i n  disagreement with the estimate from the  adjustment of posi t ion 

l i n e s .  After t he  net adjustment, standard deviations smaller than 1" are a l so  

a t t a ined  f o r  t he  l i n e s  9001-9007 and 9007-9011. The decrease of t he  standard 

deviat ions for l i n e  9007-9011, however, i s  mainly brought about by the  smaller 

estimate f o r  CT. The corrections A j 3  seem t o  be s igni f icant  only f o r  the  l i n e s  

( see  Table 2). 
2 

-6 

9007-9011 and 9009-9011. 

Roughly speaking, t he  s t a n d a d  e l l i p so ids  a re  elongated along t h e  g3-axes. 

This  suggests a poor propagation of scale  r e su l t i ng  from the  geometry of t he  

adjusted par t  of the  Baker-Nunn net. A more favorable propagation of sca le  

might r e s u l t  if the  length of one of t he  other l i n e s  could be measured with 

su f f i c i en t  accuracy or i f  accurate d i r e c t  -range measurement t o  the  s a t e l l i t e  

becomes f eas ib l e .  

The present r e s u l t s  indicate  t h a t  t h e  appl icat ion of t he  method of syn- 
t h e t i c  simultaneous observations leads t o  fixed-Earth d i rec t ions  f o r  the l i nes  
connecting the  Baker-Nunn s ta t ions  accurate t o  b e t t e r  than I", or 5 x 10 

(standard deviat ion) .  

synthet ic  observations a re  required. These numbers of observations a re  suf- 

f i c i e n t  t o  provide 

~ -6 

To a t t a i n  t h i s  accuracy between 20 and 50 pa i r s  of 

1 -6 azimuth-corrections ( g  -direct ion)  accurate t o  2 x 10 . 
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The Smithsonian Astrophysical Observatory i s  continuing t h e  simultaneous 

observation program. Using t h e  observations from cooperating precise  op t i ca l  

t racking s ta t ions located near Oslo (Norway), Cold Lake (Canada) and on 

Johnston Island i n  the  Pac i f ic  addi t iona l  l i n e s  w i l l  be or iented i n  

Europe, on the North-American continent and across the  Atlant ic  and 

Pac i f ic  Oceans. If s t a t ions  a re  es tabl ished according t o  the  recommen- 

dations of COSPAR, an almost world-wide three  -dimensional t r i ang lu la t ion  

ne t  can be b u i l t  up. 
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