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ABSTRACT
957
/2%

The generalized Breit- Pau11 Hamiltonian is used to give a

systematic ‘treatment. of magnetic and other relativistic inter-

o . -2 . .
molecular energies thtough O0(c{ ) (where X is the fine structure
constant) for intermolecular separations, R , sufficiently large
that the charge distr:butions of the two molecules do not overlap
and yet not large enough to involve retardation effects.

In part 1 the thecsy is discussed in general and many
interesting types of interaction energies are obtained. These
energies depend upon the spin and orbiial angular-momentum states
of the interacting molecules. ' " .

In part II the interaction of two neutral non-degenerate atoms
(with zero spin and orbital angular momentum quantum numbers) is
considered as an example of the general theory. It is shown that

. . ' : 2,4 C
the interaction energy has a ter— varyirg as oA /R which is of
longer range than the usual London dL5per510n energy and which may

be significant in low energy atomic scattering probiems. 0j/%£’
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RELATIVISTIC INTERMOLECULAR FORCES; GENERAL THEORY

1.)] Intreductior

Magnetic coupling terms-are included in the relativistic -
11 .
cor-actions to the Scnredinger equation. The magnitude of the energy-
corrections due to these coupling terms is small in atows ¢{ low atomic
nualer wiere Russail-Saunders coupling is applicable and bezcomes
larger in j-j coupled atoms. The relativistic energy of a molecule
is comparable to the sum of the relativislic energies of its component
atoms. Even though the relutivistic corrcctions to the energy are
often small, the magnetic coupling terms are nevertheless important.
They are responsible for "forbidden transitions" which are frequently
significant in atomic and molecular spectroscopy and may also play an
important role in atomic and molecular collision processes.
In this paper we give a systematic trcatment of relativistic:
. . ' 2
intermolecular energies, accurate through 0( €X°) (where ot~ Y37
is the fine structure coustant). Many interesting new types of
interaction energies are obtained. For example, in part 11, we
consider in detail the interaction of two grourd state rare gas atoms
separated by a large interatomic distance R. It is shown that the
. . . &
“interaction energy has a term varving as 1/R° which is of longer
. . . 4 .
range than the usual London dispersion energy. The 1/ R term, which
I 1 N 2, . o
is often small since it is of O(CX ), is due to the dispersion type
coupling of the orbital-currents and the electrostatic-dipoles of tha

two atoms.




.

The existence of relativistic rrtermelecular enérgles has .been
known for a long time, but they do not seem tg have been studied
systematically before. indeed, three of tue orbital-magnetic interaction

(]

. . 2 .
terms were racentliv cbrained by Havrovennis ard Stephen {see Sec. 1.4).

¢ - BO@/R°) o '
One ¢! these energ:es. o1 . , ts ngn zero onlvy for the inter-
7o . . ) -

action of opticallv active molecules and =ay be cf biological significance.

nted were is based on the gereralized Breit--

~
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(1.2-2)

where ~~ .' ' ) .
' . l o o

H, = H + H t H + H + H - (1.2-5)
rel w7 S P D - ‘

Here He is, the isual non-relativistic electreonic Hamiltonian (we

assume the Born-Oppenheimer approximation) and the term linear in
2 . e - C o .

O~ gives the effects of orbrt-orbit, spin-spin, aud spin-orbit

coupling and other relativiscic effects. [f k+/ and E:e are the

electronic non-relativistic wave ifunction and -energy. of the system

. . . . N > .
then the relativistic cerrecticn t2 E;e, correct through Caﬁﬂ) , is
. N '
',' . ~

§2U5

1. H. ﬂ?rgénau, Rev. Mod. Phys: 1. 1 (1939). o

5

o(1<WiHre;}\‘V> N ) (i.z-a}

{4

.- -

.2. C. Mavroyannis- and M. J. Stephen, Mol. Phys. 5, 629 (1962). .

3. The eguations given in the Iatreoduction are numbered according to
where they cccur 1n the main rexc.

.




In Sec. 1.3 we discuss briefly scme of the results of the usual
non-relativistic treatment of long range molecwlar iateraction

By long range we mean an intermolecular separation, R,

enzrgies. g

sufficiently large that the charge distributions of the two molecules

de not overlap and et not large enough to 1nvolve retardarion elfects

»

(see Sec. 1 3). rtur these values ¢f R (he non-relativistic inter-

action energ, of the molecules a and b, L gad the wave
N J
- , \u . L
runctinn, | . Can be wWritton 1n tpe 1orm
. . ;
Ei 1 (: - . (1.3-1)
ap A S
S= ;:{5
(]
x

R’

In Sec. 1.4 ’F4res is expanded in powers of 1/R . Then using

W - Z ';I , “ (1.3-2)
S=0¢

Eq. (1.2-2) and (l.2-4) we obtain

. o>

{1 m (« ' N\ )
glg go +go.b = g() + ) "-/s . (1..&~5)

-] e

st RS
(1]
Here ézo gives the relativistic energy of the isolated molecules o-
) w
and b and Cab is the rerativistic interaction energy (all

S . . .
accurate through C?Ld\) ). The interaction energy (including non-

relativistic and relativistic effects) is then given by

gs 12 (h- ro W) /R (1.4-6)

S=1
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In Appendix 1.A the general coefiicient for the -I/Rfcxbansion
of k*rel is expressed as a sum of- terms involving'prqducts.of
irreducible tensor operators of the molecules - a and b, 1In

.‘ Lt - P e . ,‘ ‘. Vi 9(|/R3)
Appendix 1.B these coefficients are given explicitly through .

»

both in irreducible tensorial form and i1n terms of Cartesian
] B
coordinates.

In this work we use the following nctation: The two molecules
a and b coatain togzther VY nuclei and m electrons. 1In general
we use Greck indices for nuclei and Roman indices for électrons.
The operators for the spin and linear momentum of the j-th electron
arc denoted by Sj cand -pj =/ Y . respeztively., All

) . . 2 -
results are in atomic units; cnergy ~ €7@, , length ~ .,
where O, is the Bohr radius. Further, :the vector going irom
electron k to elcctyron ] , say, is _‘f-& :f--_f O
) 3 3R
In particular for the computation of long range energies we

denote the n_ electrens in molecule a by the subscripts §j and k;
- a .

the ‘W; nucleiqlin molecule a b* o and B ; the n,

.electrons in b by u and t; the Y[ nuclei in b by ¥ and b.
The intermolegular separation, R , is defined as the dispanée
-between the "center" of Qolecule a and the "eenter"' of molecule b
(the precise loc.:ion oi these ''centers" is arbitrary). TFor
infirite R the states of .the isolated molecules Aa and b are

characterized by the collaction of quantum numbers A and B
° . ) .o
respectively., The geometry of the préoblem is given in Fig. 1.1-1

with the 2z-axis pointed from a to. b

4. Note that o¢ is also used to denote the finc structure const. at.’
-Ne confusion will result in the context in-which this symbol is
used here. o
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Fig. 1.1-1: Coordinate system used for the computation of molecular
‘~craction energies. Point a is the origin of a right hand coordinate
o etem in molecule a, and 1 s the location of a charege (nuclear or
clectronic) in this molecule. Point b 1is the origin of a right .hanad
coordinate system in molecule b, and q is the location of a charge in .

this molecule.

G A S e

gy

L
1
[




1.2 The Breit-Pauli Aporoximation

In the usual calculation of molecular electronic energies

(with nuclei held fixed)S the Hamiltonian for the'system is assumed

to be
f' ” N ~ v% ' m o 2; : .
e S-582, D+ Bz, 0o
o 108 GP R 2 ik £, .

However, in addition to the non-relativistic Hamiltonian, H,

the complete Hamiltonian contains additional terms which allow for

relativistic effects (which include magnetic interactions). 1In

order to treat these relativistic effects exactly one has to emp loy ]
quantum electrodynamics. However, corrections to the.ﬁon-relativistic
energy, through 43(d5 , can bé oStained by using the generalized
Breit-Pauli a:pproximatioh.6 The generalized Breit‘Pauli Hamiltonian

has the form

rel

H:=H, +«H - o . (1.2-2)

If .H/ aad Eze, are the electronic non-relativistic wave function
. | 4

5
-----

- v -
5. For a discussion of the approximations introduced by the Born-
.. Oppenheimer approximation, see for example Al Dalgarno and R.
McCanmll Proc. Roy. Soc. A237, 383 (1956); A239, 413 (1957),
D. W. Jepson and J. O. leschfelder J. Chem. P Phys. 32, 1323
(1960); A. Froman, ‘J. Chem. Phys. 36 1490 (1962); W. R. Thorson,
J. Ghem. Phys. 37, 433 (1962). , .

6. J. 0. Hirschfeldér, C. F. Curtiss and R. B. Bird, "The Molecular
Theory of Gases and Liquids' (John Wiley and Sons, Inc , New York,
1954), p. 1044, .

- -




and energy for the svstem,

HY-E. WV s | | - <1.2-3) 

7

then the relativistic correctioan to E¥L. correct through Cy(d?), is

g(” - ;L< VIH Y7 | : _ (1.2-4) .

»

For most practical purposes, this accuracy is sufficicnt.s’g Our
paper 1s specifically concerned with the determination of molecular
interaction energies wilh accuricy through E}(df),

"The Breit-Pauly Hﬂﬁiflﬁﬂlﬁl.rm accur ate through C}(df) , is-

: - S . e 11
derived for a tuvo eclectron atom b: Betine and Szlpeter. The

. 7. If higher order perturbation theorv {s used one can obtain some,
but not all, of the correction terzs of order &%) o etc. Of
course, one canuot obtain corrections oif odd order in o« with

- this approximation. Turthermcre, the Bre:v-Pauli equation is
not completely ser-copsiétent ard divergences are encountered
if it is treated in lL.gher order perturbation theory; see ref. 11,
p. 179.

. 8. R. McWeeny, "Inrerpr-:tatior of Spin daviltonian Parameters',.
. - - Preprint, March, !96%. Quantum Thecrwv CGroup, bLniversity of Keele,
LEXY

to be publ -hed in "Advances in Quantum Chemistrv' (edited by
u ' i ' ) )
P. 0. Lowdin, Academic Press, New York, 1965), vol. 11I.

9. G. G. Hall and A. T. Amos, "Molecular Orbital Theory of the Spin
Properties of Conjugated Molecules', Preprint, May 1964,
Quantum Mechanics Group, Department of Mathematics, University
of Nottingham. '

"10. The starting point for this Hamiltonian is the Breit Hamiltonian:
G. Breit, Phys. Rev. 34, 553 (1929); 36, 383 (1930); 39, 616 (1932).

11. H. A. Bethe and E. E. Salpeter, '"Quantum Mechanics of One- and Two-
Electron Atoms' (Academ:c Press, New York, 1957), p. 170 et. segq.




generalization tu a nwlecular svstem s given by liirschfelder,

Curtiss and Bird:6’12’13

o = Ho rH v~ H, +H .29

Ho= 2

&>J

L ;g B (5:55) (ﬂ) +WY (hS;S5=3(51 )(S_hj(ja})}
S Bj J

PARE

[‘GP{PJ .‘Pk + ‘[;R[IJFZFJ)‘PR] (1-2.96)

~

(1.2-7)
P <1
H ;IEZ% ? ”J‘L Y[_QXF)S l(.[ﬁ)(#p_)é
SL 5 2 i J J
Y ~7d Jk 1.2-8)

1) L pf
Hp VAN ¥ 4 . (1.2-9)

d
, -~ 1) (2)
H, = WZD; ZySiey ’&Z ‘g“ﬁ'—ﬂ
J +J
+£Z[Z ZF(KJ?'%) -7 —';(%'n'{l,')_] L (1.2-10)
*TER S Rt <

12. A. Sessler, J. 'i. Van Vleck, W. Kleiner, H. A. Bethe, J. C.
Slater and W. Pauli contributed to the derivation of this
form of the Hamiltonian.

13. Tue form of M, 1is different from the correspondxng equation
of ref. 6. MNowcver, in the context of Eq. (1.2-4) these
operators are equivalent, see ref. 11, p. 182..




In the generalized Breit-Pauli Hamiitonian we nave omitted terms

L . . o - s . 14
which take into account the cffects '0of nuclear spin; they are of
2 . e i
order oA /M, where M. is a nuclcar mass. Also we have assumed
. S 15

rhat no external electric or maguet:ic fields are present. The
additional terms arising from the-eifects of external fields are

j : - .
discussed in Appendix 1l.D.

Toe significance of the varivus terms in the ginera.ized

Breit-Pauli Hamilton:ran of 2q. (1.2-5) have been dis:ussed by
i L R R P
several authors in detail:

: .y )
H, corresponds to the classical electraomagnetic.  coupling of

the electrons through the interactien of the magnetic fields

14, The effects of nuclear spin are discussed, for craaple, in
the review articles refs. 3 and 9.

15. The terms arising in the Breit-Pauli lamilvonian due.to the
presence of external fields are discussed 1n rei. 6 and 1).

16. In particular, the spin Hamiltonians have becn discussed and
used frequently in problems of chemical interest. - See for
example the review articles, refs. 8 and G, and the references
given there. In addition see: A. Froman, Phvs. Rev. 112, .
870 (1958); H.- F. Hameka, J. Chem. Phwvs. 37, 2209 (1962);

M. Blume and R. E. Watson, Proc. Rov. Soc. A271, 565 (1963);
J. S. Griffith, Phys. Rev. 132, -316 (1963); S. H. Glarum,

J. Chem. Phys. 39, 3141 (1963); A. D. McLachlan, Molec. Phys.
6, 441 (1963); R. D. Sharma, J. Chem. Phvs. 38, 2350 (1963);
¥. Blume, A. J. Freeman and R. E. Watson, Pitvs. Rev. W34,
A320 (iS64); Lue-Yung Chow Chiu, J. c(hem. Phys. 40, 2276
(1964); S. Korde and E. Duval, J. Chen. Phys. 4i, 315 (1964);
Huang Wu-Han, Lin Fu-Cheng and Zhu Ji-Kang, Proc. Phys. Soc.
84, 861 (1964). The other terms in the Breit-Faulj
Hamiltonian do not scem t¢ be used as frequently as the

spin Hamiltcnians. However, sec for example: A. Froman,
Rewd Mod. Phys. 32, 317 (1960); E. Clementi, .J. Chem. Phys.
28, 2248 (1963); H. Hartman and E. Clementi, Thys. Rev. 133,
A1295 (1964). R. Christoffersen has recently calculated

the orbit-orbit coupling in H, wusing the Wang function

"(to be published in J. Citem.- Phivs.). =

17. See~for exampie J. D. Jackson, "Classical Electrodynamics"
(John Wiley and Sons Inc., New York, 962), p. 411.

>

|




10

created by their motion. 1t vontains terms which couple the orbital
magnetic moments of the electrons.
HSS g,ives the interaction between the spin magnetic moments of

the electrons. The Fermi conta.t term, 1nvolving the delta

function, -—ives the behavieur when r =0 | The secord term,

O
I

-

—

H,

g, Uepresents the spin-orb:t maguetic coupling between electrons.

The first term gives the 1nteraccion betwcen the spin of an
electron and the magnetic moment asscvciated with its motion.” The

remainder of N gives the spin-other orbit coupling between
SI

v

the pin of one electren and the orbital magnetic noment of another.
’Hp is the relativistic. correction due to the variation of mass

with velocity.

H; is a term characteristic of the Dirac thecry, which has no

simple interpretation. 1L is importunt to note that in the ) -

context of Eq. (1.2-4) H; can be replaced by the more useful

18
Bamiltonian HD;

: @

ASSVZ oy ~2 2 Sy

P{ = | yaa r.) L £ & -

- o —i F J F Jf k>J J ) (1.2 11)

provided that H) obeys the boundary conditions associated with

stationary states.

18. This is'easily shown using the method of ref. 11, p. 182-3,




Strictly sprcakiang. the w:e ot the generalized Breit-Pauli
; 3 & & E

. L 1t Vs s
Hamiltonian 1s limited to :vitems having nuc'et with 2 << 137.
However, this dces act ze2m te be a2 pravtical himitation for many
problems of chemicat 1-terest since the valenus electrons are

shiclled by the 1anar shell eicctlren: end arc not appreciably

]

Bethe and Salpeter  enphiasize that | "The Breit equation
gives the leadirg term for Lneé relativi=tis corrzdtions to the

intervaction betvean two eiectranc, it the dre1t operstor is treated

2

by first order perturbzison thesrsy.” This term 15 of order K7,

"The Ereil equatica tasnut  Wilient sndilication. e used consistently

to evalu.te bigher oraer conrectionz.’ it applies equally well

to iy ase vt the gercralised Brest-Fauly Hamilropran.
YA

. P . -U H . N .
Bethe and Salpeter cuf fine now the highér order terms can

be calculated by guantum fiela theorv using higher ocder perturbation

theory for the eiectron's 1nteraztion with the virtual radiation

field: "Transitioms iavoleing the emisz101 and absorprion of a
single virtual photoen by the same etectren. plus renorwalization
. N N 0 . ; }I )
terms, lead to the Lawb spuft”, wviica i3 of crder & lnk . Terms
3 s . . :
of order X can be sbtained by fcurth arder perturbation theory
which cortesponi. to the exiternge of two photons. One of these

terms "'correspcnde te the absorption of the first photon before

the emission of tie second one. Other terms of the same -order of

- - m m o

19, Refereace 11, p. 173. ° .

20. Reference 1i, p. 174,

11




magnitude also occur, for instance, a term representing the

f two successive
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Let us diztuss rriefiy seoe of the results of the usual non-
rejativist.z treatrenr ™ <{ tre isSng vange energy ¢f intéraction

between tue molesuies a and b, i ke goantum states A' and B'

res o Cively. by tong - inZe. we rcan an iatermtlecular separatior.
R, sufficsentlvw -large that tne cnoreé distribuiens of the two

molecutes do not overiep svd vou net largs encugzh Lo invoive

retardaition’’ efSezis . For o tnese valuas of ROothe rnreraction

energv, K., . anu the wand favorron. LP .. van be writter i the
g N

form

Eab = Z C. ' : | (1.3-1)

hieider. 4. T, _urtiss znd R. B. Bird, "The Molecular
es arnd Liguids’ (Gohn Wiley and Sons inc., New
N

22, In th:s ireatment we rma cf ths rormalism of Rayleigh-
Schrgdlnger restuarbation theory, See inr exarmpie the reviow
articles: A Dargsras, 1 "Quantum Thecry" (editea by
D. R. BRates, Aca o Mew Yorik, :1261), vol. 1, chap. 5;
5. 0. Hirzchielder, W. Byerz Brown and €, 1. Epstein, in
"Advances :n Quattum Themistry' (edoted by P. Q. Lewdin,
Acadenmic Frec-3, New Yurk, 19h4). p. 272 ¢

nox
i
<
i
5]

17}

eq.

23. H. B. G. Casimir and 2 Trolder, Frys. Rev. 73, 360 (1948).

24, ¥, R. Aub, E. A, Power and 3. Ziencu. Phil, Mag., 2, 571 (1957);
£. A. Power and S. Zierav, MNucve. Cir. b, 7 (1937}, 1. E.

Dzialoshinskii, J. erp. the-r. Fhys. 3, 977 (1957);

A D. Mslachiarn, Prec. Reov) Soc A271, 387 (1963); M. .

Stephen, J. Chem. Phvs. 40, 66% {1964}

13




where rhe coefficients € and q/s are inderpenient of R. .

To calevlate irtermnieculiar ercigies 1t 1Lz not necessary to

make expansions 1n ineersye povers of the intermolecular separation;

indeed, such evpansiuns are uot valid at short range. The 1/R

espansion beccnes meanivgiul wnen R > (RO + Rl)u Here R is
1 )

rd

the "radius™ of molezuie & such that must of the charge
distribution of & lies uvithin a sphere of radiuvs Ra about its

centey.  Similariy B 13 the "radius' »f molezule b, The nezlect

~

of the small amcunt »f charge oot cheving the above rcqguire ieénts

i

leads to terms in the intevaction encrgv vhicn deercase exporventially

. . 25 .
with increas.ng R and are therefore negl-uibl- The au..rtage

of the 1/R cexpansicn s that the :ndiv.dual énergy terms involve

only the pronerties ¢i the itsclated mole nies.

. : c - 2.23,24 \
In this paper we neglect retardation 2ilects ’ eud thus
-t

we assume Kk << )\o whece >\° = he !.DE’ is the wavelength
corresponding Lo the transition with the largest dipole moment

matrix clement ( AC being the excitation energy). In atemic

units, where >\° is in units of 4, and A€ in vnits of €Y0a,
' -\ ’ el ]

we obtain Ay = &fl[}él - Y61 ipel .

A rypical value of | 6E N 15 3/8 {corresponding to, H atom,

25. Strictly speaking. the interaction be'tlween particle 3 on a
3 )
and particle t cn b leads to 1/R type energy terns
when integrated over those portions of cenfiguration space

for which R 2% +ri) , the coeificients of VR™ ~
depending only "weakly'" cn R. The integraticn over those
regions where R< LG +0ue] lead te-terms which

decrease exporentiaily with R, See J. S. Dahler apd J. O.
Hirschfelder, J. Chem. Phvs. 25, 986 (1956).
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15
2p &> ls) s that Ao 1s zenerzily of the crder of 2300 Q,
. . . . 23,26 - . .
The effect cf retardatiorn beg:ns tc beccome important at
R ~Ao/5.

. k3 - ‘- hod .
The ncon-resa- vistic Schrodinger eguaticn for the bimolecular

complex a-b is

AH"—W: Eet]l/ , (1.2-3)

vihere H_ as given un Zg. i 2-1}.  1he nen-relativistic Hamiltonian
[ .
for-the interaction of molezule a with molecule b can be writren

in the form

Hg = Ho(“) T Ho“” + \/e. | | (L. 3-%)

where

) My 1 M. Yo

H(°~>='i2v ZZZx *ZZ%Z +Z— C(1.3%)
i 'v'; B>k R>j Vik

and Ho(b) 1s defined similarly. Also,

M Vo N O '
-2 L2 222 DI
¥ Yy * \’tot Roe &#
o Y» . . )
+ 2{: EEZ iz.a ;Ex' . (1.3-5)
“ ¥ Yuy .

26. Reference 21, p. 967.
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Here Ho(a) is the electronic Hamiltonian for the isolated

molecule a, with eigenfunctions (F(A) " and eigenvalues E:(A)j

HOLQ.)(.P(A) - e Ya) : (1.3;6)

Similar relations hold for the isolated molequle b. The inter-

molecular eaergy,- Eiab ;, of the molecules in the states A' and R' is
- .{ ! - !
£, = Ee - €{A) - €e(8) . (1.3-7)

Assuming R > Ra. 'i’R;; , the interaction potential v, can be

expandedﬂ’28 in nowers of 1/R;

\4_ = Z; E/Q S (1.3-8)
R

The expansion coefficients, Vm,-represent the interaction of the
various electrostatic multipoles of molecule a with those of:

molecule b ', For example, Vl represents the charge-cﬁarge

‘interaction, v, the charge-dipole interaction, V., the dipole-

3

dipole interaction and charge-quadrapole interaction, etc. For

the interaction of neutral molecules V, and V, are identically

zero and the expansion for Ve begins with the 1/R3 term.
The Vm are discussed further in Appendix 1l.A.

For a perturbation calculation of the long range interaction

27. B. C. Carlson and G. S. Rushbrooke, Proc. Cambridge Phil.
Soc. 46, 626 (1950). :

28. R. J. Buehler and J. 0. Hirschfelder, Phys. Rev. 83, 628 (1951);
g5, 149 (1952).




energy of the mclecules, the zero-th order problem corresponds to.

infinite intermolecular separaticn, where -I{e becomes -
Ho z Hb@-) +Ho(b} . . . (1.3-9)

The zero-th order Hamilconxan,: Ho s has eigenfunctions (’P.(A‘,B)

— .
and eigenvalues T (A,B) given by

i

L( (A.B) = (Pm)k?(fB) (1'.3-1'0>

€(AR) "E‘A)‘*'.E{B)A : L3

' . . (o) I}

Hence our zero-th crder wave function is \// = (‘P(A') ('PIB)
) 3 .y
and the zeoro-th energy is’ EZ = c(A) +e(8 )

e

Having-chosen Ho , the perturbation on Ho is given by the \/e,

Y] 2
of Eq. (1.3-8). Following the formalism of:the Rayleigh-Schrodingergz

perturbation theory, we write
- . m -
. G .
- 5 . ) .
T . . (1.3-12)

. and

- ot et e 4 ——

/h:l

m) .
&\, 2 E . : (1.3-13)




4(m) . E‘"‘)
Here \V :s the n-th crder perturbed wave function and e is
the n-th order ircrt-urbed energy. 1t should be err.phasi.ze_&l that if
either of the wave fuaztions L?(A') or (P(B') is degenerate,
©) ‘ ‘ ’
then the cere arder funotion. W 2 (‘P{H ) LP(G) , must be
replaced by the proper linear combination of the degenerate zero-th
2 .
crder wave functions.
: (m) (»
For long range interzctions k}/ and e , for’ m>zi,

can be written in the feorm

Wlm):t Z A’%lm) ) (1.3-14{

and
o= ‘ -
tmr D(m)' ;
E - o - (1.3-15)
e m=m m
) D("\)
The coefficirents W,m and m are independent of the

intermolecular separation R. Substituting Eq. (1.3-15) into

Eq. (1.3-13) and comparison with Eq. (1.3-1) yields the coefficients

c, of By =20/R

For the in*eraction of two neutral non-degenerate molecules, for
. . , 6
exaripla, the expansion for E'ab begins.with the 1/R° term; the

usual induction and dispersion enetgies.1’2 Similarly, Eqs. (1.3-2),

(1.3-12) and (1.3-14) give the coefficients % . of L’/3 Z\ \k/R‘)

. s

Bttt et b Mo mt e reama ad 8




\}/(0)

SOoem o
mzi ; )

< €

We now derive explicitly the wave function, Vj , through
second order in \/i and the energyv, g:e, through third order

r
in \v/. 1n terms c¢i the expansinn cceificients \\// .
D‘ .

i

<

A
The first order wave funct:on Ll is the solution of che

first order perturbation difterential equation

(Ho - E(:)Kf/m +'('\é‘, E‘;;) \‘)Jm

1t
O

(1.3-18)

with

LYY e

tm)
For convenience all perturbed wave functions, ° H% , are taken

to be real. The perturbation energies to third order in \V/;

are given by

(l\,
29. The normalization of the \V is the same as that used
in refs. 22; namely, that the exact wave function be
normalized to unity -through any giver order in

19




.29

E:) = <W‘°),\/e_.‘.k}/‘°)) | . . | (1.3'.2_0) |

(1.3-21)

EY- YT

BV - BTV

30

()
Let us now expand wj " in terms of the eigenfunctions of HQ,

4. STcwan e T

AB

Equation (1.2-19) vieclds C(A',B') = 0 . The remaining -C's

are determined fr .a Eq. (1.3-18) and we obtain

WW __‘ Z <A, Bl \/ﬁ‘P.',B% LF(A?HD(-G) g (1.3-24)

AB (Lt -€e(nsB

The. matrix elements- in the numerator of Eq. (1.3-24) are defined by
. 1 4 -
v

S ; / LQ ” , '
CABINVIAE Y = [Pim P\ Twtflesduss .

30. Here the summatinn is understood to be over the continuum_
states as well as over the discrete stateas of the zero
.order problem. :




The prime on the sum in Eq. (1.3-24) means fhat—all termg with
A=4A" and .B = B' are to be omitted. 1t‘'should be emphasized:
that terms with A = A’ but with B § B' ,'f;r example, are to

be included in the summation. Using the expansion for \VL given

in Eq. (1.3-8),

v

(3}

—

i) e~

where

LK:“

3\

STCARMLIAEY Puafrs)
AB (B -cAB)

(1.3-27)

Equations (1.3-20) - (1.3-22) may now be written in the form
oo
(m) [ﬁm) ’ . '
Ee_ = ZJ m g M=1,1,3 (1.3-28)
- - Mmoo T '
Rfﬂ\

where

"

Do = <YLY (1529

-
r4

m-£=!

S=y Y=

3 - o L KYIMIYL.7 - DY)

(1.3-31)

o , .
ZMH’“ S (1.3-26)

D(u :_§<'\l}w\\/s‘ Lt:i)s> él.'3-30)‘

21
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Using the second order perturbation differertial equafion22 it is

easy to show that

oo | .
) S—“ )(l) ) -
S Za Im ] (1.3-32)
m=1 _r:_-m\ '
}{
where ‘

z CABINIAB YAB \\4,,5A 3> P ¥

TAB (RS- e(mg)(to-e(ae)

T

‘¥m=z S S CAB, \/ L INBD G Pie)
B A.8 (E‘;’-e H,B))

LS A BIVAABIABIVG. \LIRBY Y
AR (E“’ e(hB))

L |

(1.3-33)

- In specific problems the form of the results can often be simplified

greatly by the use of group. theory (see part TI).




1.4. Relativistic Long Range Ir‘eraction Energies
) . . "
In the Breit-Pauli approximation the relativistic Schrodinger

equation for the bimolecular complex a-b is given by

H\P = (He..""’(lHref)kP - g \Y 'A ’ (1.4-1)

where He and Hrel are defined.by Eqs. (1.2-1) and (1.2-5)
respectively. We solve Eq. (l.4-1) for Ei' , through order okz,

. . . . 2
using He as the zero-th order Hamiltonian and  ©4" as the

natural perturbation parameter. Thus
(o) . 0 e . O
\‘Y-Y +3(\Y ' C'-g "'0(.t— t 7 (1.4-2)
where
’ ‘/‘ . ’ ‘ . s -
U .
- _f & (1.4-3)

and

\ 4

g (_l)

<YIH Y7 . (L4-4)

*

The limitations of the use of the Breit-Pauii approximation
) . )

correspond to the dots in Eq. (1.4-2) and are explained in Sec. 1.2.
s . )
However, gi is given accyrately by Eq. (1.4-4). When the

molecules a and b are far apart’ (R>(R&+Rb)) ;-
- _ o _

>

23



. R t)
but not too far apart ( R << >\0),.{ve can expand . g in inverse

powers of the intermolecular separation R,

ﬁ -
( g(l) g () g(') Z’ i . .
g =, Tty =8 T 4 \Z\._/‘ . (1.4-5)
St s
{:?
Here 80 gives the relativistic energy of the isolated
(1} .
molecyles a and b, and gls is the relativistic

interaction energy. Thus the intermolecular energy (including

both non-relativistic and relativistic terms) is given by

| gm\, ; iics ro Wi ] /R | - 5(1.'-'»-6> |

S

Substituting Eq. (1.2-5) into Eq. (1.4-4) gives

e Z g) ; g:,, LYIHAY D e

Here, as in Sec. 1, . € =LL,55,5L,9,0
In order to obtain the relativistic long range interaction energy,

the H, are expanded in powers of 1/R, analogously to the

expansion for \é 4

H( = H(,o t Z Ho’,ﬂ‘" . .(L4-S)

o
mst ——

i R™

24
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Here

H - H =0 , mre (1.4-9)

p,m D, an .

Note that HII and ”SI have non-vaniabing terms of order 1/R
2 .. s .
and 1/R respectively, which become the lead terms in the  1/R

evpansion of H f.. the interaction cf neutrzl molecules. Also

H(,o F Hd,r(:&) T Ho’f?

5 (1.4-10)
where H e is the Hariltomian for the 1solated molecule a,
4
corresponding to the relativistic cerrection 6. The expansion
coefficients FJ(Mm ,. for m o, represent the interaction of

Qarious orEital and spin magne%it multipoles of molecule a
ijh those of molecule Y and are derived in Appendix 1.A.
For example: -

HLL,I represents the (crbital-curren:)—(orbital-CUrrentj

interaction; HIL 9 the (orbital-current)-(orbital-dipole)
ahat ]

interaction; H]] 3 the (orbital~dipole)-(orbital-dipole) and
(orbital-current)-(orbital-quadrapole} interaction.

HSS 3 gives the (spin dipole)-(spin-dipole) interactiou.
3 .




) , ' B . "6,

H
SL,2

the (orbital-dipole)-(spin-dipole) and the (prbitai--ufrent)-»

represents the (orbital-curre:t)-(spin-dipole) interaction;
P p P tera

Hsi,3

(spin-quadrap.~le) interactions.

The Hgm arve given explicitly, a'mou;h~ L)(‘/ﬁ” , in Appendix

1.8. . .
! ' o{ll
Let us now expand the Cg¢  in powers of i/R. Equations

(1.3-2), (1.%-7% and (1.4-8) sive

() .g(li + -'>"‘) \/\/‘fs ) . .. (1. 6-11)
where

60

_g‘” :<¢(D)}H¢,o]7v°)> . | ' | | (1.::,-12)

and
B s S;fl . S .
) a
\/\{,'S“=ZZJ<VM|HMW{-,1W> ) S7° o (1.4-13)
. {=o M=o L

Further, we note that ceitain terms in \/\/5,5 are identically
v - . | 4
J 1 those involving H = H = i = i =
zero, namely ¢ 0lv e = , =1 =} =
J ely, 53 SL,u SS, 1 $S.2 ‘p_’)O
‘Ou) E

“D 050 = 0. Here C¢, is the encrgvy of the 1isolated
) U

molecules corresponding to the ¢ -th relativistic correction.
) ' (n

Comparing ¢gq. (1.4—55 with Eqs. (1.4-7) and {1.4-11) gives 1?5

o £\ VLR

and the coefficients » \V\/;

0

1 v 3 _2 . o
T go :”;«Z g‘,o : ) \/\/‘{ ) « W(JS o . ('1'5;-14.)'

¢ -

e emares
RS
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Clearly the expression for the rela thlSth mclecular

interaction energy has a multitude of terms representing diffe ent

types of interacrions. The importance of the various terms depend
on the charge and on the spin and crbital angular momentum states

of the interacting mclecules. In part I! we'consider in detail

the interaction of twe neutral non-degenerate atoms (L = 0, S = 0).

. , . /R .
The interaction energy, through order o« , has the form

go.b - o(\A/+ + Ce + Xt \/\/L A . (1.4-13)
R R R
Thius, even for this simple example. we¢ have the interesting result
: . , . b .
that the interaction encrgy begins witiv a  1/R term.ratiher than'
6 ’ . b i ' 4
the usual 1/R van der Waals energy (LG/h Y. The term WAIR .
corresponds to an {(orbital-current)-(electrostatic-dipole)
dispersion energy. Manv other interesting types of energy terms
occur for the interaction of charged and/or degenerate atoms and
molecules.
The existence of long range relativistic interaction energies
, ] ! .
has been known for a long time, but they have not been studied
systematically. Three of the orbital-magnetic interaction terms

.
were obtained by Ma.~oyannis and Stephen. Using field theoretic

techniques they obtained the interaction energies:

31. A long range magnetic 1nteraction due to spin-spin coupling
was discussed by Margenau, ref. 1; see also A. Dalgarno and
R. Mrcoarrcl, Proc. Roy. Soc. A237, 383 (1956).

32. These authors aiso give the form of \) 0 (} Lj for
large intermolecular separation (R );) whe?e retardatxon
becomes important.

27
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‘
<

-t Z LAty <m|_mm><sl/m>|s><B!Lm)s >
IR°A (B2 - G_m,s)) : Ry

i

UJ* '_Of T' {emrexm]f,&av-E(B)J
IBRTAB (% -end))

X §1<A'u_wm>ﬁ<e': LI +K A L_(«)lﬂ>l?KB’i/in; 3)!‘}

(1.4-17)

Uy = % Z l_<mgam>lll<@'lg«b»i8>l"

6 5 (1.4-18)
HEAE (Y ca )

A2 and Lf“) are, respectively, the dipole moment
and the orbital angular momentum operators ior molecule a.
Equations (1.4-16)~(1.4-18) were obtained on the assumption .that
. : ’ .- > :
tme molecules are rapidly rotating and have been averaged over -
- N . ’ . k4 - ° .
ail oriepntations. The energy \~)2 is of particular interest

becaust it is non-zero only for molecules without centers of

- inversion. 1t should be noted that ='LJ3 and Lj& are ‘of

°

order O\  smaller than the dinteraction terms we derive in

>




this work and that for the interaction of two non-degenerate atoms

U, -V, - U,-

oé?ﬂno&

- - 3
0 . Further, terms of order o~ and
(see Sec. 1.2) have vet to be cerived.
Again we emphasize that the Breit-Pauli approximation cannot
. X . . 2 S
irigorously give terms of higher order than O . However, it is
clear that many interesting rew interaction energies arise from

our treatment. Indeed, these lower order (in X } terms should

dominate in problems of chemical interest.

29
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Appendix 1.A: Expansion of Hrel and Ve in 'Inverse Powers of the

Intermolecular Separation.

In order to apply the theory of Secs. 1.3 and 1.4 we need the’

expansion coefficients for the 1/R-expansion of H =~ aad Vé

33 . T :
- for R > Ra + RB' To obtain these expansion coefficients it is

desirable to use the algebra of irreducible spherical tensors.
Excellent presentations of the required theory are given by M. E.
34 35

Rece and A, R. Fdyonas.

It is feund that H ., H.. and HJ are expressible as a sum

‘ LL® SS SL P $¢ 98 A sur
of terms representing the coupling of the magnetic multipole moments
of the two molecules a .-and b. All the relarivistic Hamiltonians
are expressed 1n irreducible tensorial form and thus the matrix
elements of these Hamiltenians may be treated by the Wigner-Eckart
36 . A :
theorem. the expansion coefficients ror Ve are well known and
27,28,37

have been discussed by several authors ° (see Sec. l.A-e).

Expansion Coefficients of H
rel

The relativistic Hamiltonians #H, , for ¢°= LL, SS, SL, p, D

can be eapanded in powers of 1/R;

33. The work in Appeadix 1.A on the two center ‘expansion of H
togather with the corresponding one center expansion, will®
be published in a paper by P. R. Fontana and W. J. Meath.

rel’

34. M. E. Kose, "Elementary Theory of Angular Moﬁentum" (John
Wiley and Sons, Inc., New York, 1957).

35. A. R. Edmonds, "Angular Momentum in Quantum Mechanics"
(Princeton University Fress, Princeton, New Jersey, 1957).

36. E. P. Wigner. Z. Phys. 43, 624 (1927); C. Eckart, Rev. Mcd.
Phys. 2, 305 (1930); see also refs. 34 and 35.

37. M. E. Rose, J. Math. and Phys. 37, 215 (1958).
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(1.4-8)

vhere

HeoH, = H ='?

P+P”” :'k{ ‘2o ;, m>o, . | C(1.4-9)
, ) :
and

Here H "is the Hamiitonian ior the isolated molecule a,

(o)
d,0
corresponding to the relativistic correction o . The coordinate

~svstem used in the problem is illustrated in Fig. 1.1-1.

The expansion coefficients of H will be-discussed in

LL
considerable detail. The derivation of the coefficients. for the

other Hamiltonians, being very similar to the derivatiom fer H

. LL >
wlll nor be given in detail. s
]
a. Expansion Coefficients of the Orbit-Orbit Hamilconian, “IL
> .
The orbit-orbit Hamiltonian for the isolated molecule o ,.
say,ois given bty )
Me. - . -
-'I ..z v S e . : . .
Hw = -+ “i[fn-?;’?k_ T th fl’jk-%)?kj ,  (La-D)
[ ) 2 > \fﬂ. . i .

- -

o.

»
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with an analogous equation for molecule b. For many purposes it is

more convenient to write HLL O(a)- as contractions of irreducible’
3y . -7

spherical tensors. We write

Qi Py - 2= T.‘“f,%a’ T.‘?M (1.4-2)
(78] .

)VLZ )" Lj“ea)—r‘& b (L)

Lanh © (

&4*

L 8
; U - . oo .o 38
where the sulid sphericai narmonic, jz(g),ls defined by’

pm : .
\jﬂm‘(i) = Yﬁ\;((ﬂ’m . : (1.;..'-4)

g 0
Hzre W= 0,+1 and the spherical components, L (R) , of a vecter

A are defined in terwms of the ordinary Cartesian components by

Tea = 12 (A z A

3]

-T—(B) /qt ) (1.4-3)

- * . e o~

23. The phase consention we use for the spherical harmonics,\ﬂ“%¢h
is the same as that used, for example, by E. U. Condon and
G. H. Shortlev, "Theorv of Atom:c Spectra’ (Cambridge University
Press, Loadon, 1935); refs. 34 and 35. Another commonly used
phase convent:ion is that of refs. 21 and il, which differs
from ours simply by a factor of (-1)% .

39. The phase convention for the 1r.educ1b1e‘;?her'cal tensors 1is
defined by the phase convention for the tw,é)y ; see ref. 38.
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_Using Eq. (1.A-3) we write

o e e

_'-‘1 L:fml:{ . K (

Cin i 2308 = M%;H) »(Q’FL)Lj.‘fw —[.—(%’ TFFJ.
(1.A-6)

Tiie coupling rule for spherical harmonics gives -

e ko AN 3 Cuidywr) (koo
“j,‘—jn’\j,‘ﬁ)fd ® ik Z [mz,?w)]’fc . :

w+K
X Yl(wjh’%&). . (1.A-7)

In Eq. (1..-\-7).C(P‘ PIPJ)-M,ML) , is a Clebsch-Gordon coeffirientao

and 1 = 0,2. t should he noted that
; 'l.p!)”nlm’z- S\ MKy m My, e (1.A-8)
unless

j, = },fj,, 1 S N I 14 -2 (1.5;9)

40. In this work we use the phase convention for the Clebsch-Gordon
cocfficients given by the standard works of ref. 38. Closed
expressions for thesc coefficients are available (see refs. 38)
and they have been tabulated by Condon and Shortley. The 3-j
symbols,which are closely related to the Clebsch-Gordon coefficients,
have been tabulated in detail by M. Roteaberg, R. Bivins,

N. Metropolis and J. K. Wooten, Jv., “The 3-j and 6-j Svmbols"
(The Technology Press, Cambridge, Massachusetts, 1950).
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and
. ‘ . p . .
\/m,lﬁf, /.‘”nll 5}.. ) |, rm ) £ _)_3 . (1.A4-10)
Equations (1.A-1), (1.4-2), (1.4-6) and (1.A-7) yield
S Y o) 1 T
) KAl
M IRC) Y(U} Py ‘P&)
co °
y .
. 6'/1 Y |u* C R
H (@) = —(T) ?L +{2) 2, eh (112 k)
Lo )
- 3 B b
- . . o +K e
JA) l CBj) I (?k)
L_ »
. . l'
(1.A-11) it
|
| il
where 3
: - !
t5
Y2 &
: ‘ r(:u-wHC)‘(l ~w-)] E
Cn,we) = (e)"Lm)m Co RO (1.4-12) £
FFom the form of Eq. (L.A-11) it is cl hat M (&) j %ij‘
om -the form of Eq. (1./ it is clear tha LL.O is o
ar invariant, that is a tensor of zero rank. T; show this explicitly ,rf;f

: PO . .
one proceeds in the following manner. Let us construct the invariant

< .'T;_Mm:j

M A TN E
LN

A Ay
i

w 7
—T-(;J'P:) Z Clio w,-w) —E—‘PJ”T(‘?M
o PR, -

. w w W )
SLOTHTE

1]

T e
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and the second rank tensor

- st

l(-'-w

Zi'gp&) ‘:;C(”l} "*“’)T(\Q’ T(F’“ : (1.4-24)

Subsritueting Eqs. (1.A-13) and (l.A-14) into Eq. (l.A-11) we obtain

N

-K
H o) = Z (!‘ g )/LTP‘,ﬁ’) - (-1/ /’- |)KY Yz, Jh iﬁ?&)j"
in . |

l.L,0 k73
(1.4-15)
Constructing the Iluavariant
— K. T’K
Wit - 5 Clarosen Ligw Tio
-1 \—1 - \j 0a-
(5)"‘ ) (__(_JR)T(.PJ_PQ) (1.A-16)

we obtain

- - ° Va ° L
2 ) {77 (£ . C
H @ = (;;VLZ L 2‘3& T:(%{?h) (//z/) \/\/" ”‘%?&)}' (1.4-17)

LL,e
Equation (l.A-17) shows explicitly that H‘I.SL) is a scalar
invariant,

From Eqs. (1.2-6), (1.4-8) and (1.4-10)

/ng

‘ oy My T .
Z H _ - Z Z L&Zﬁ&g" M rét'(rkt'g")ﬁ]. (1.A-18)
o L t Yo :

A
=Tz G
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Analogous to the derivation of hq (1.A-11), it 1s clear that

oo {') - ('L) N _
STH. . - Z{ (ae) + (&f)} -

LL,m LL LL . (1.A-19)
mz=; re. J+ .

R rt
where
‘ '(‘—7 (=S — T-w *

Oz = e g _

H k) = T3 (&t%;* (F ‘Q (1.4-20)

[V} ,‘
7 AN __,) L/)l wh)w ((«t'- )

- -K
X T( Pr) Telgt) . (1.4-21)

Clearly

i 1 . {1/ (v ’
H - E § (3,t) + (at) € : .
A m : (1.4-22
LL,m & LL,m . . )
(2) , . S A

(k,L) in powers of 1/R we must {irst expand

alas

To expand HLL

w+K .
\T:(Uk‘i¢ﬂt) . in spherical harmonics or (U, $a) and
(U, B¢ . This is casily donz by generalizing the

. , 7 .
corresponding one canter resnlt of Rose™ and one obtains

x a¢ ¢

\{);{:pﬁ’(#kt) i ZZ A{A/ﬂszg,Q,Q)

F&—i 0’:0 Y:0 §=-¢ g .
A-6-T " -8 '
X R Y((wﬁ,(ﬁa) 7((‘0*—'¢t) (1.4-23)
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) where .
s
€
AD"/ /0’79/ )= R
. o ¥
G (2T O (N U A- M) - 4.

; X/zm (2 .4.,)?:)‘ -6- T)f§ (ceo)(c-e). A (Y - f)!

(1.a-24)
also need:d is the Lwo conter expansion of -+ f5r m>o
41 ' 42 e
Sa.-k = has —ecently snovn that
00 22 ) .
=z E C( AN
M ;j{——-——“ L . ™ _: e 5;01 &/ ({:)
‘;t /“1 ::L’ il -5 M, --/'?, 5,3.:‘0 . Dm ( f/z_‘ 3-5 1‘;;,—_—
/g, "’»?11"‘}3 even ! \
- . ///7‘”: \ /*"ﬂ )
. - (1.A-25)
l"{ (' } ‘ (()t‘ ¢t ( 25)
A A,
where
| )
(im0 0 /uifzﬂp,»
U(mjpa,rz,pg.'”"nSz%’ir;},f{) 47 ('” (- K 1,4 L/'})/’”)
. ' . , . " . -
A d . l\\ I\](m}p,,k’,_lp;/tslg/) Yk;ﬁt) (1-:\"26)
A4 .

v

L1. R. A, Sack, J. Math. Phvs. 5, 245 (1964): 5. 252 (1Y54); 5, 260
(1962); sce also P. R. Fontana, J. Math. Phys. 2. 825 (1961);
Y. ¥. Chiu, J “Iath. Phys. g 283 (1964).

42, This expressicn (for n=1) agrees with’ the carllu work of’
refs. 27, 28 and 37.
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' ] {L(,& wd+4) ]!
K(Q,,?UQ,,M,) = Y_L(‘ 21 ]J[[J. +1’; -E (8,4, ~ﬂ)]

[
}:\-

(/1 ﬂ)(lu 1”).(19 _T'%(/‘ *1 l( T3 /(;, *',Q_,",P,),‘

S (2 ed, 9, +1)i

(10 n Lo
% \Vulhl’;fﬂn,,m!) (1.4-27)
940 -3 -1 - A a8 h :
i P S \ Liiird vy Ey) TS o]
N\n- A.)xl,‘x;,sjg,r;“\t; = A E’L t g o
‘ ) -3¢ \,}g'/_‘ !
Y—-H’] I)J ,( ris «r|)‘ l-’.zk;_"é-()rl)-' ' b
25t L. oA,
] - S Ve 3772
r(/h't ‘rA)_ 13 ST ) }; o
(1-.1‘\“..'5)
= - ; . . _ A ';tc ].
ilere WX) 15 the varms funclion and (2@t = 24 2R = 21& J

¢ f&‘ P, i
(JJI—H).” z 13- (2RA1y) = 1flmfl/l)/!('/l} ) woeve ko ise

an integer. Tor usl Eq. (1.4-23) stmplifies greatly,

4,
| ZT C(lf,,Pz,IJL,/m,,o 0; (. t)

“gt y,/ 1-:0 fn’\':-p‘ P\t\p

-m,
/( \/( R’ ((wt,ét\) (1.A-29)
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- : ;. {)
G(l;py?1,9;*9,_;0)1.;0,0,%{:)" il -0 (L = 1)1 Y‘-

[2) fl)(l.llf‘)xl A, (pmm m')I()hm):)

(1.A-30)

fhe results of Eqs. (1.4-23) and (1.a-25) now eunable us tc expand

9
iLL ”(k t) and }!”(")U\::‘l in povers of /R,
Using Eqs. (1.A-20) and (1.4-23)
v | | / ‘?*lf\*’PL .
Hivo =32 I Co Lebimios .6/ R.
. moow
).
U\ T T
X T1eb0 [Wose) | Ra) | (e |
X {: ' - (1.A-31)
. ¢
Next define a tensor operater, Q (ﬁ‘ O , of rank u;
W Y /m .
E' (4 tj
- lu/"ﬁ]//m), (r) (}
Di £ = ‘Q : (1.4-12)
v 1 4

The inverse tr mqn.rﬂatlon ro Eq. (! 4.-52) is

—_Y.m Q (r l?
\'_'j(rj ) },l W, om V—,m ) . (1"\'33),

({-"i

-4
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H('()i’ 4-): = _’:Z (-1 - C(' ’Q'JQ3)P '7'21 ./M., 0,0, rh'rt)
I LA

. '. N ‘ ’J. N
C(Pu ,u,j/m,,w) C().;_) ,/‘?,/j-”nu"wj rk r-t}

WA S,
‘ XQ (fé’jk) Q( Jr*c) : (1.4-34)
| w .

In general tne summation is over’ the set of indices, }_'73, Liven

1A
by 3

X’JPI = ol.'/ “./‘ao'}. mt, :“'}’}, /-',p, +’J'."" I,p‘ /' ) =0 ) =+ ;

vo=bro A, ] R R

Lowieh

Dol 41 =m ' (1.A-35)

Equations (1.A-21), (1.A-23) and (1.4-25) give

2 2 ST e

LL_ f b, M €=z0 T:o gk
XC 35 Q’/p ‘) "1') ,’3’) Q)rt)/q(l ("H’K' ‘T)gJ rk.{rt,}
49 -
XC(“l WK Y""ﬁ:%)\ \“’A-,%)T-‘?&)

Y u_mc 9 —r< 144, +§L+zs+13+c’fﬁ’
X Bfwt)ét)r’(u’t,d’t) (ft)/ ) .

(L.A-36)

43. Usually the summation will be restricted flurther bSv the
conditions given by Egs. (1.A-10).
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~Let us define

Ly + 10

D(m EX}) = (-1 C(m)'Y,,p,) p;)-,/;r\,;sj;%(a,(t A(ll +,{»'6)T} ?J.rk;(t)

(z6+1) ‘
C(Hl w:‘i)[ tr)iad '{ C(i\.,ofé,:;m.,y)

Gy +) |

{ 1+4)—«T'1‘l -
V 1.,(('{ 0,0 )[L : L(P‘L,T,"T,;'/m,)u)‘f'f{‘g)~

$T(L5 +1)
Y ’ - Y
/(\/(Pl v, 0 . (1.A-37)
wiere }\;} represents the sel eof susmatton iondices wuo which D
wepends. Then usiug the ceupling rule tor spheric2l harsonics and

Bg. (1.A-33) we obtan

()

<
‘/

_ X Ny e T T )
(a,t) - - (gj Di))i}})‘%rr’%gbig 14.;j/7;,+5>)-w)

1T

LL, m is7 i
am +S’ (78 v,m,-y+w
¥ §
C l\/ K= - ¢ —&}&?Ln?@) \(/—rtpt)
(1.4-38)

In general :he summation in Eq. (1.A-3b) is over the set of -

/,
indices)§ul,_and “w and VvV ;-‘3

e uﬂ,ﬁ,ﬂ;:o,b---,m 5 PJ-,?,+.ﬂ1_/17,+,f’,-:)-‘--/u7,-,é’Ll/

3 even oD far o g .
LTJ even ) /’n'~'|)’4(,+"" J ‘}' 0’: 01')"“} T:'OI’J_../(]—_()}

9:."6,"6‘*"/"'/.0/j (,‘)}K,:ojtl 3 qu, = 94""0/}/0, Fa -1, Lp'*-!fi/
hedeven; S 2Dy i+t 10wl , S+ 47 even

(1.a-39)

v




with

\‘+2,+‘,?L +1s5 + g

- . - H [ -1}
Wz gett, g, ylgnl s v :
;
) Egs. (13-22)0 (1.A=353) aed (1.A-335 5 relats

uhita

HENN
form

h, Expunsion vocftficients

particulariv

in the H . T, R
LL.a Ll .=

sven cxplicitly e Appendix 108 wtn e irreducaible

ard. in terms of Cartesian couvitdinates.

of the Spin-Spin iiamiltoh:an,

42 .

~ (1.4-40)

P o »
Loithar

1
i

The spian-apie Hamiitoenta, tor i
F pi

i wiven by

H

'ss.0

- H

L
‘_\

Analogous to the derivation o

/73¢_

isolate @ molecules a, za.,

| (@ e v C_aC. ., | 1
o s Z BT (55,0 0L + & 104 55 ‘J(%'-‘%k“ik'%fa)} [

$Eqg. (Y.A-11) it is easx

_‘

=it -‘r—l«)
() 5 b i . :
81 (1) 1'(3ﬂ h(é&)

: LT
3

@, s 3 Camern) Yoo,

RD] =3 -K

(2p)

—————

Th WK ]
X ',(EJ)

r. R. Fontana, Phys. Rev. 125, 220 (1962).

L0 show

(.)-Pr"

J
(1.A-%3)

that' *




clemencs af B

To fagillta:u tuking matrix 'SS.O@J it 1§ oiten more
convenient to writé HSS u(u {n the iorm 4
i 't o ! ;
. o7 ‘ S.¢. ) -~ ' :
<l =Sm ol ) (255 i
H@ =y Loe R p P
SSQ 1 y ,_.,1 K //1- , . l
’ I3y ' (1:,:;7‘) . ? (-1 ('U}-.,(p;') (3 ’;,)l
AR T S e
. a2, J {(1.4-44)
Y
—_——0 _ l . . .
Jhe teasoers )o(§j§k> and ;(;4Q@‘ are deiinea rs
- M
(1.4-13) and (1.a-10Y0 resnectively, and 8(1jh)‘ 1§ A scalar.
From Eus. (1.2-75, (1.4-8) and (i.4-10)
> GLEN My
A8 ] ‘, i - X i T- N
- IR T R (EARNE TN YA RN e
Z\J ! ISS = L > — Rt ST >l .‘./;t>t~t RT
-3 TR A i <
mo? f% . £ (1.4-43)
Crpressed o arreducibie coascerial form ove ontare
C") D
1 T
Il \ LJ {Ft) >~' S ! ; (Pi)
Z . . AL = I
f_ S - L_A ‘ %S b L ss, () .\‘56)
=1 R ,i‘t f*_‘t mz=3 R'm )
wiere
) WK " W
l(“,y,’ urnlﬁr \Y/ ) .
a I RTR! ind - .
H ko = (0L 2= T wi) T | ),(;d
56 > i T
&t A -
N (1.4-47)
Followinyg the sane procedure that was used in the derivation of

i we obtain

Li,m
,177),1'5’
o \\/ 4
S g L \ ¢ D Yt F !
%‘*{ fat) = ~(3§i'; ; MPISARS) !,J:‘(a;z,%)
-0, M < 4

PRUAS S i a o

[& (,U)t'ét)

A

-

515&;

Toso

(1.A-L8)




) b4
Here the summation is ovefr the set ef indices, §7:k ; given by Eq.
(1.A-39) wilhl13 '
3""‘?-*(}-}1 #1572y HE T T m ' (1.4-49)
Equation (1.A-%8) wili olten be userel as it stands since the spin
and spacc-varxabl;s of molecule a. saw, arce
an rrrvedur:ble teafar opesal
(1.4-32%) ang procecdlng as in the derivaiion of Eq. (1.A-38) we

- ——
1y v q

: :"\."" ohe! f-%/ '-5 i . -«
H ooz -2 2 D(""“u‘)‘,‘z Ve U%"“)”"-’*S’) "J>
'55.m s ‘L} u)v
n}-f w fﬂ 9TVJ
oo [ icks
XC Slv;(/ i mm - 3’,~r‘»§\( q -X ((
(1.A-50)

B

The restriction on the suwcatron indices W0 and v are piven by
£q. (I.A-&i). Using eitner 5. (12A-48) or Hg. (1.A-50) iu is

elatively easy ;0 shirain tne HSG.. oparticularly for small m.
Y is given expliciily 1n Appendix 1B,

c. Expansion Coeiftcients of the Spin-Ozbit Hamiltenian, U L

97}

The spipn-orbit dHamiltonrapn for the isolated wolecule a, say,

15 Blven Dy

: < § o
" IR
Mo
y V(e LS. - (. g T
~"‘ /s “-‘-)' ('*JP‘,\TQ-)) .g—j 2(le y\g‘\)'.g.’] (1.:\'51)
RN '
s

o

A s Wt o B L Seys i N aend
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The rrreducible todsir ¢vanone 18 o0 (0o wooro, __['XTC_‘ ~are given by

o o C N
Tep. - (E) 2 s 2op »
LX) 2 7 (1.A-52)
w
where Q|(f?) el i d e g Henee

-~

v fz 'Z*} -0 (; FT(*J’

5L,0 _} Kz
I
’ —— -y 7~ (28
3 i ! et | . i
! | ‘—\/'I{-—l) L jele xp) -2 (£ 7@&) (iJ
_;, ¢ T l_an AR I )h
R [
ATyl (1.4-53)
From Ege. o] e f5 e and (lo4-id Lo obuaan
. A My V. My
- L Sl e
" l ' ‘ \ y H v \ \ ‘_i( )
= ) K f 41,‘("{, -1~ (/ / ] ' Uu T
! 'suml T L b sam e < St m
’ .
AN T " J ‘? *

{ L"ix R T (k,'t)g
St SL,m i (1.4-

wn

2‘(;;‘ ’ w

L4

() .
(Bth = - [(—f(t'\{]g&'\";g; -2 (fizt 4{3« >—S—QJ

H(:t)— ’f—'—'rl( LepXp, i ‘l(f-t;e"‘i?ie)‘écj

Fid

"o :"Z:y' (T TREY . ‘ '
H"(M/ PR i £ )z ' (1.4-55)
(1.4-560)

(‘1.:“.‘7‘;)

2T . ' (1.4-58)

st Tkt
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1

Analogous to the derivation o Eg. (1l A-33) i't is clear that

l'clie,w = Z Z(") TE"» ij;,)T(sk)

LG 2.Yix » (1.A-59)
Let us define )

~ U_,G

Siisien GO m s 5 Akt sy

Ql+i)28+1)
XC(HI;&,WK)'[T;?#E%?TTJ C(ﬁuw;m’us’)

, rlp«ﬂ){l.""'f‘ )
XC(P,}J,%;OO t“H(lﬁ:-H) ]C &71, f -m, /‘ff)

A
\ ( i/ L N .
/< _—((L;’?l } O)

where %E}) 15 the set¢ ol summation indices on which K depends

(see Egq. (1.A-53)). lhen using Egs. (1.A-32), (1.A-52), (1.A-59) and

procecding as 1n the derivation oi_ “LI , Lt Is casy to show that
oy .
2 .

\d

{1 ~ ' -
}»—l(fz,ﬂ Z % (277) K ’”/;gej)r&%

JSL.ﬁT\ _— 3
[

%+ :
W +9+w -1 V) -, @ HC -

xZO%*www—m JRLYN T(‘s&) (Vo)

u.:lab—u
(1 .."\‘61)

Similarly one can readily show that

- PN
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' , o
o = -2l "Z Keeten s

St,m < EE
fﬁh- ) T+ Qr -
Yﬂl £ Yd )@([,Q) (St)
L7 (:(Thqung+A,w-m (G, \ J U2 2¢)
= -a}
i (1.A-62)
e s E : D
(rt) = ”—‘-l‘—'f,/ !\kﬁ,’C,ILi)
SL ‘m\ et 3 fE]
i 3l ‘ ' AEACEE “W N\ ymm-§ +K ‘
.Y;i /> C(%,’I,(},?Ti"‘?lw r\)ﬁ/)( (% T (u+)¢c) !
Pk ther-T |
/ ”“'f*”l
i RS \ Mg T (r
i‘l‘cBZJC(’Iau AN Pr A, r\) ‘-g)@h) ‘(..;Z/J k‘pt i
L w:ts-il . ‘!
(1.A-63)
', 7~
) iy 1
o= eo@) ) Kesa)
St,m : ?E.}
BT g S,
. /%
g.
. . /
\’tszc(ﬁ"mw.—eww—&) %wfz,%;Q;{t?t) ],,(_&)
uzl§l :
Ai li“ AR +9+w 2% —m;,-f.é.j{ -l
,1(%2 C (,(A AM+Q, - /{)Q ((&gl §((Dt,¢{) _]75‘) ‘
wzlg-1l .

(1.4-64)
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The first sgﬁmation,in Egs. (1.A-61)-(1.A-04) is over thc sel of f
et 43 ' : B
indices, EE} , given by . - ) S -
’ 1 ' n I“ _ 3 3 2 :
X'/-QL:SJ% :;-Oll) . 1001', A; = /?‘ f"pl/ X'T‘_")l l/ , !,{".‘J’LI'/ .
) .
,Q"'}.hpg even ) m ;-,P,,~2+|/ ,'p,}dl =0,1 ; .T=0,1, -(;-6)/'
O S S AR P RS v Yy
9:;‘ ;) -f’:/ ) } V'J/f( =0, T J % - y‘rd, v+ ) 1} e )
S . -
il 2 { .
2:«0’1—6, even S’ =J<)1T'7’, k)H'T-/, "1,IPL'Y.’} Qi-r’rf_'g even
(1.A-85)
uith
: g .0 g s .
L +A +d, LS r?_%:*ru + 7 z.m . (1.A-06)
i

Using Eq. (1.A-3€) and Eqs. (1.A-61)-(1.A-54) {v is rclatively easy

. Ly
. Y R . £5,46 }
tc obrain the H ¢ parircularly for small m. . , Tor
SL.m -7 SL,n

2

‘m o= 2,3, is.given explicicly in Appendix I.B. o

d. Expansiob Cocificients of Hp and QD

/Mg

! i ¢ : i
H‘.’"’(&) :VHP(OV.) T _é- ; Pﬁ_ ' , (1:,\.—57?

A 4 -
Al

v

45, The one center expansion for HCL pas been derived recently
. - '\J . hnd .v
by Ma Blume and B E. Watson, Proc. Roy. Soc.. A270, 127 (1962).

56. In Lqs. (1.A-61)-(1.A-64) one could couple the spin and space
“engors to form a new spin-space tensor. However, {or most
purposes it will he more convenient to use the results as
they stand. . '
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(1.4-68)

LR TR

-69)

(1.A-70)

F4 = 0 ,gn5o i
P,m\ - L
ars MNa
Mo 2 (2)
‘ OSTst 2 ST |
s DAY 2L 2 bt =2 2 bl .
Do - N .
‘ £ A R>j
}-4 =9 AN DG
B,m :
FJFM) and ;%’ are ¢f course scalars and analogous ecquations
s
tnoid ror moles :.h b,
¢. Ezpanston Coefliifents ol Lie Nou-R =11:1v15LLc Inicraction

Potentiel. v
L

°7,28,37

(1.a-71) .

ve

Fhe vxmansion coeificients rer VY are vell known.
L5
For converiance we Writiv VU iy the torm
e 4
j -
j% rv?’
¢ )
Here ‘SL(ZB—"ls the Couloabre interactvion between a particle
fc%
(nuclei or <leciron) ci charge e in molecule & and another
parzicle of Zharue ¢ ta awlecule . Then for > Ra + Rb
' : a

may wrine

i;—j \Jnn | .

/7?1"

o

here

(R}

M
| 9 |

(%

(1,9, ﬂL,Q. JL; m,;6,0; r;,rg')

(1.A

(1.A-72)

-73)




l’r,f\l, T/,(/L = A

j and _ C (’ipuj)l;/ ?' "'?z )™, 0,0, 'y A )

The significance of the expansion coetiicicents. W |

1,21,37

known.

static rultipslesof nwlecule a

is given vy Eq.(l.a-

15 watl

wite thuse i molecule b

N
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Appendix !.H- Sormave 30 it Lxeansior Coefficients of  H

lncovon e RO

e e e e s -——

ihe expansion covrficsonts of H o ave derived 1n general in

vt
Appendix loa. ddero the He o Are given expricitly for
; ' i 3
§ = LL.SS,3L aund o F <o throuza O(1/R7), both in irreducible
'l ) -
" tensorial form ord in o tera: o0 Jartesian coordinares.  lhe coefrfich
Imo are givern cxpliortls o Appencin 1.A
Loy g vl on pe ", R T TR Tt T T T AU T Ay
1. --"~.-"'“"’“"‘ Lele 2hou o0 L o tlodtr e Tl il e nigen 100
I . .
Fpoardzr o 207 il a0 resuits v adont the 1»llowing

Ve -
= s~m <1 ey m

m ";\A/: '\—>~:]‘ ! ) B \ ! N .
D“‘" : (%"'i 2N a7 L U fR) ©{1.8-2)
. 2 . R N :

“

o, fok po m
Z i > T’I- = izl )y .
L(Q) = -KP#RI - s i tres - XS \ )

I . C (1L.B-3)

N~

B
i
1
3
3
5
o
5

LAV

P ) 1.8'74)

" Ma. Al
m ) m o™ -jg:z —T*nh
=/ b, (7 0R) | (a) = (5 Ps)
OT/(M EJ 2 \=nFr 3 P .MQ (1.5-5)

(W)
Pt




wihere

. _ :
“/\) (£2,) \ (1.B-0).

S—
t
o
-y
&,
(19
o~
\,]m
U‘ 4
———
>~
b
I~
~,

\-n
PSoge
-~

»

* o
3R Mo, , .
o E R il <1 m ”-"
' Y\ E [R) {,ik) = 2 ) R . (1.8-7)
P\ } “ 4 ?“’J { ¥ ) X

with aratogous detinitione 1or awlecule b In Eg. (1.5H-7) the
Lensor ;‘Q) is 2 hioetica el rhe courdinates of vlectron w o,
) ™ -
The tens. rs Q are delined bv hao (1.A-325 and the tensors T(
are grven cxnlicitly i Cartesian coardinate faorm in Appendix 1.C.
Ye alse make use nio@ permutlation operata: P_(. which permutes
ab

all indives associited with xelecule & with the corrosponding

indices of rolecule by )
C
E\o —g(a/\b) = 3(ba) : (1.5-8)

Expansion Cocfficients of the Orbit-Orbit Hamiltonian, li“‘

-

"i[' N Pb] [ Qs - 2w Q.'“”J (1.E-9)

T Dy N
- LT
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;

H

.-:R LL,‘

A..f"?‘:"f
AR

0
4

\,.,f

[

’ : (1.3-10)

H .- +1{l= R.l¢ L Q') - LL":UQ:ZL) -6 D:f&) Q‘(;J]

Hu.,s = CLL,} + E ; T Cu_,g, (1.B-11)
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(1.3-12)

. 1"1
- /__‘ ot + ‘-' o ,
l&. ) Dy thi = |l (b)
oot D - Bl ]
Et,} - +%Et-r(.‘o_\ i ~ ! ™ i
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L o : | t1.8-13)
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f1.B-14)
Expansion Cocfircrents of iy $y1a-5ﬁ.r iz2-1 ltontan., H%S
H“"':O ‘. Hssz'_ ° (1.B-15)
e - j— - (""
_ ce, s + C(- \fb)] ‘
Hsn - ‘[“FEJ[J.”-’).“” P '1.B-16)
Expansion Cocf[icients Sf the Sprn-Orbit Haselitonian, HSL
HSL', =0 (1.B-17)
‘_T;_‘ - -4 ] _‘
“”MJL h{Fﬂ'Ilit\“ ‘(?t{7iétﬂb

(].3718)
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The My, . € = LL. SS. SL and m # 0. repr2sent the interaction
) . e . . L . .
ol var fous orhital and spiio magnetic mauwliipoles of molecule a with
those of molecule b. He bave uwritten the Heg in the form

H,3 = Ca; T b, *6,3 . ifwre Cg, is the veefficient of ihe
. . > <, ’

1/27 tera thar une woulu expect from the usual magnetic di, ~le-

&

. 3!
dipole nteraciion:

L%mﬂjz gIY}VV&TPﬁ{” -31\1;a>ﬁﬂg”]
i Todl Y -

1.8-24)
“_._Rlv— ‘ ] ( ,
{1.8-25)

i
where () and S.(M arv. respectively, the elecrtronic erbital

and spin angular menentun operators for molecule a. Thus Fry
. ~ J

and G,y mav be regarded as correction terms to the semi-classical
. ;

result of £q. (1.3-2%). It shoulc be nuted that Es,1= G“” - 0.

b. Expansicn Coefficients of H_ml in Cartesian Coordinate Form
* o

To simplifv the results we use the following notation:

4 /Ng, ma‘

R

Mo Ma

Mo,
RO WA AP ML

=
R
witn similar equatioas for molecule b. Using the results of Egs.

by

Sw=

1

£ 2

.

(1.B-27)

(1.3-9)-(1.B-23) and Appendi: .C we obtain the following
results for tihe non-zero expansion ccefficients through 0(1/R3).

47. Magnetic multipole moments-have recently been discussed by
M. Mizushima. Phys. Rev. 134, A883 (1964).




S !c.‘:ma-‘;z.-& -'p~ N T .-..'n.f,_" N
4w

13

H ,5: D@)Q(w L‘“l Q(w +\'rp g:,\f)f} Q(b/]

HLL‘I = v%{_g(a)'gtb) +_.Q£a)9go)] ’ (1.5-28)

(1.5-29)
LL,%
’Q{LL,.’ CLLIZ N EL)? ' GLL 3 (‘ ? ?J)
where
C = ,L[[_fﬂ) L(b/ -3 L(.l; Lfi)J (1.5-30)
LL,3 ¢ == - T
L—_:\;x ?A]J.Yf’y]b - D( P Yy 'EP%'}&E%?a]b ) 1

' 1 "’f;% Pl LX R + [_\/"na[?’.v)s}
E X D + E\,J
’ eafzperpl L Ty pe r2pd, 9]
%5{7(’» +2p, 1 Lype +2P/], +120. £4P=] 12 14X ,'%}3
. ]

(1.B-31)

J(;\‘jl(," xLPx - lgﬂ - 2X y,O, ++xif>,_]o QK(;_.,)
G [H’PL ] oA X Py YR =2 TPy -2 Xy f +</ﬁ,>t]a§27m
LL3 o

(et -22Ps £ X20x +y20 ], U0

(1.B-32)
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' ‘ (1-8'3!0)
. ' ; /\ C' ' ) .
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Appendix 1.C:  Some Uscind Irredocible Spheriial Tensors.

[n Appendix !.B tie expansion coetriicients of K o through
e

0
OC1/R7), are given in trreducible tensor form.  In this appendix we

give “he relevant spherical tensors explivitliy in terms of Cartesian
! .
coordinates.

. 2% . T ) f

in irreducible spherical tensor .ot rank X has (2 i t1)
G X [} . X o .
, with o m= A=A, A which satisiv the

COHpOHOFtS..W;

/o
i
commutatror. retatinags

{Jx ‘I‘LJ,,—EM] E [f,fi,m)lfinn H)]‘/;_-Emfl (1.:--z>'

[L )T’;m] = m T;m | | i1.C-2)

Here J is an angular momenlws operator, 1-‘1 %;1jﬁ , and
we are primarily concerned with J = L and J =§ . For a tensor

cperator of rank one, A, the irredusible spherical components are
given by Eq. (l.A-5).
m
m, -5 r
How let WE(RJ and &(Q,) be spherical teunsors of rank,ﬂ
' 1 8

and 91 respectively. The symbols R] and R, represent the

variattles on which the tensors depend. Then a tensor of rank j

. : 34,35
can be constructed from there two tersors according to the rule '’

e

48. The tewnsors given are proportional to the tensors defined
by Eq. (1.A-32): cee Eqs. (1.B-1)-(1.B-6).

49. This definition of irreducible tensors is due to G. Racah,
Phys. Rev. 61, 186 (1942); 62, 43% [1942); 63, 367 (1943).
Irreduciblie tensors mav also be defined by their .ransformation
properties under rotaticns, see for example, refs. 34 and 35.
The two definitions are 2quivalert.




mem,

—.\V;(?’:RJ - ; C(” !, ;M -, )T(R) —r(h {1.C-3)

~m,

Using £q (t..-3) y@ Jan T.o0strolt 1rrdlutibie ténscr coperators of
gny desired vank. Fcoatisn: fLU-0, 303 (3.3-%7% proviee & convenient

check 2n the ten.or: 53 cbtiined.

"N

The irreducicie ternsars relevant Lo the results of Appendix 1.8

can HL written dewn hv cotpar.sicn with o the {olicwing tensors.

_I}@g) - -(b : 5 . . (1.C-4)
Té@) : ';:(\A;B( “AB, *L%*iBV“LAVB"). (1.6-5)

2y ‘ (1.C-0)
- A /]
\‘([35) = "L {\’ﬂ% b, 'qu’ 8& —-,,H;;Q Pe 'L})‘Bt)

(1.c-7

“(1.C-8)

TRB :*{(Qw,{ A8, +¢/3;Qy+°A>'8-°—) (tce9)

T(HB = VL(@ o +?,—,_G ) - (1.C-10}

50. Here ~r}“8 -) is the igreducihie aphericél tensor of rank )
Lormed %ﬂ ceup ling the corgzeoneats of the firet rank tedsors
ltA),|ca), - . rﬁc tensors T-(ea) were taken

from ref. 8 1se2 aiz> 1. T, ChfLA:J. i.-Chem. Fhys. 24, 225
1956) and were ch.zied bv [q. 1.8-3). Thc cther tensors
were constructed by ucing Eq. ¢1.C-3) and checked with Egs.
(1.C-1) and {1.2-2).




Tie - £1ABRB, A, - P oy
—— { () . 0 AR .
1,088) =5 (AL ALB,y S Ay LA B (1.c-12)
: ' ," {‘_A"":‘ __AI':—L( 'Ax"[)- B., A /}tgi
T L
(O}E,] (‘}’QL. f),'/\'”.vf’r 2 }
- (1.C-17%)
T . -2 A4 A, '
!’13-“3 'O /;;b/ / xr"’} P /"'7‘ QtB?. ) ]
I N T r
1w - Gort- (578, A, 8, A AZB, -y B, )J
: - (1.C-15)
-‘Ef_‘?‘l?)' -l—i1;,’3 A 8, TQX,JB *xj’zr% 1
=T (e .
+'L\A;:B7“Ax|37 /")xf)ye’x‘"AyAth)}
L - (1.C-16)
T - 1 A6 A3 A -AAE, | .
2 v ('23/1 \
—L(A;;By"qx B)' +Axf‘/ A—A>'A28"-/ -
. (1.C-17)
S ,45+_q8 11,8, +AA8, v A A8 ]
AB) = & m|?
3 OYS.L[{—L(TT\VBy +%Ax87”lﬁé87 "'A*AYB“ 4A7A18%]

{1.C~18)
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TS‘B) _ L, [/-13 -3A58, +z/q A, B, TzA,r? Q]
Ly

(10)* (1.Cc-19)

%A\a r i ABe-2A B+ A8, -+ A AuBy
(2AFB, +LARB, -2 A %B +A: A, B, %AA;@)

(1.€-20)

,-————_._
I
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Do ol watoriis eleotroteatie patential, Efj !

8y yie) -
be the external ¢iectiriv tield strensti, ?{ the cxternal magnetic

f}eld strength,

the position of ¢luvir = g

-1

:(ul)
Al DN pac carernsl venter potential v oall ac

ayi-retaiivistic Hamiltonian,

YA

Y VY S:'l R - e ° Tl H
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The Hamiltomiar
while 'H2 gives

AS was mentioned

used 1n the contoal o

v

lerionns terr- o1 o oad:r e shaotd e added to H :
. r

el’

eg 5 e . 251 g . éxs) . . D
AR Sy ; RS (1.9-2)

r(€) ‘ ]
-

(1.%-3)

S

1elds

Lt £

JWOs Lhe elbcel ©1 eaternal cvilectr:c

the interaction witn an exteraal cagnetic field.

I

in Sce. 1.2, tre Breru-Faull Hamiitontan is to be

re.

an expecratian value with respect to the

.exact non-relativistic waveiunition, whilit s aow the eilgenfunction

. E) >
of He of Eq (1 #-1}. ’ R

D K o

Equations (I.E{Q) ana - L.K-3) are straigho torward generalizations

»-

of the correspondinz terms v rel W, .

by &irschfeider.

ness and clarity.

161, and have been discussed

0. . .
Curerzs aad Bord, we give them here {or complete-
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RELATIVISTIC INTERMOLECULAR FORCES; THE LONG RANGE INTERACTION

OF NEUTRAL, NON-DEGENERATE AIOMS (NEGLECTING RETARDATION)

2.1 Introduction

The long range interaction between two neutral non-degenerate
atoms is considered (neglecting retardatior), as an example of the
general theory of relativistic intermolecular forces discussed in

part I. The interaction energy, through O( GX§/F2“, ), has the form

o~ (1)

ga.b = Eo_\,’ + 0(2 b ,
= W/R + C/R + o W/R

(2.1-1)
Here Eab is the usuval non-relativistic interaction energy, which
thr ough 0(1/R6) , is equal to the well‘known London dispersion
energy, C6/R6 . The (orbital-current)-(electrostatic-dipole)
dispersion energy, cK.zwalR4 , is of 0(c&2) s&aller than the
London energy. Nevertheless, since this relativistic dispersion
energy is of longer range than the van der Waals energy, it may be
significant in low energy atomic and molecular beam scattering
problems. The energy :x2w6/R6 contains several new types of
interaction energies. However, this relativistic‘dispersion energy
willlprobably be of little importanre in most problems since it has

the same 1/R dependence, but is of 0 cx?) smaller, than the London

dispersion energy.

63
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The results of the .sual tre-lienit ot toag ranwe atoeric irnteraction

energies are discuszed briefiv 1n Sec 2.2 ia crder to have tle~ ;

available for compariscr with ©he new tei.tivistic energ &€ whelh are
derived in Sez. 2.3, dvaer o1 Tng.i;ﬂn e3iimatss f07 ALl [he
interict.on energles bc;nrring.;u fo, {..2=17. for the interazticn
of various r.re ga;.accms,.a:e cateuiated in Sec. 2.,

In the express:ons for idng range pCorelUrsr Inlera.llon ERE:gies

one ust cleal with rather corotitated eupressions iovalving integrals

of the rvpe;

\

KABITIAGY = JWiayPis) T iA gy dn ¢,

-t
[
oy
-~
1]
-
n
w
-
N
-~
o
o,

Here L? (&) 1s a oon-relativistic eigeniva. Lo

molecule a, say, characterized by a et of guantor numbers A,

and T {s a perturbztion Hami:tonian Foectunatelr, fer iong

range problems (where the charge dizitribsiticus 2t the interacting

molecules a and b do not overiap) 211 the T e¢2n be written <3

a sum of rroducts of irreducible spher:cai tensor operaters of the

molecules a and b {sec Appendices 1.A, B, ), cymbolically;
. s ’A
v N .
— 1 T-’mi “*i'-"m:. l d ’ '
; : ra (a) ! (b) . L. 3\
T L , . (2 1-3}

o .
Thus the matrix element of Eq. {2.1-23 factorizes 1nto a sum over

products of integrals invoiving the isclatéd molecules a. and b




-

KA BITIABY =2 <Aﬂ;?l'; AXCBI T IBY . e .

/
] 1

Fer the interaction of two atoms a and b (1.¢. tne probvlem at
hand) the non-relativistic cigeniunctions LP(A) and (P(B)
represent states of sharp angular somentim (both spin and orbital).

Thus cne may use the Wigner-Eckart théorem to sirplify matrix

A TIPS IO DTV SN TS IR LI Ay

clements of the tvpe <A',B'|] T 1| A,B> and henze the usually
complicated generzal rvesults o7 part 1. Since it is necessary to
-use the Wigner -Eckavt theorem vepcatedly in obtaining the results

of Secs. 2.2 and 2.3 we discuss the relevant details of the theorem

in Appendix 2.4.

ORI ALY LY PO UM €11 T g e

Notation: The basic notation 1s the same as that introduced

in Sec. 1.]. The fellcwing modificavicns are convenient. The

nuclé:r of atom a and atom b have nuclear charges Za and Zb»,
_respectively. The interatomic scparation, R, 1is defined as the

. . , . 1

distance between the two nuzlei, a and b . The geometry of the

problem is given in Fig. 1.1. Again all results are in atomic units;

: 2

energy ~ e /aO . length ~ a -

Y

Let L(a) and S(a) be the elecrrenic spin and orbital

anzular momentum operators for the atem a . Then the set of

quanctum numbers A , characterizing the states of the atom a , is

1. For the interaction of two atcms,point a n Fig. 1.1 is the
nucleus of atom a and similarly for point b .
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given by

A=A, L, M S

~o

6, - - (2.1-5)

wvhere

Cotfidr = LLos)fim 5 Lo M Qo

'S?Q,LP-(A) = G (Sut1)Pay ; Sefas= ¢ Pen) .

(2.1-6)
Here 'ka denntes the remainiqg ﬁuantum numbers required for the
specification of the states of the atom. The set ol quantum numbers,
5, 1is defined in an analogous manner. The noen-degenerate ground
state of atom a, sav, is denoted by A" = i,0,..0,0 = 0 . For

convenience we define the following cnergy difference coriesponding

Lo the transition A« A s
AE(A) = DE(RLS) = E(AD — €(Rauba,S0) (2.1-7)

and it should be noted that the non-relativistic energy & (A) is

independent of the quantum numbers M ard o’% .




2.2 Non-relativist’ v long Range Interastion Enerpv between two

Neutral Nor-degensiate Atoms

An cxpreszicn 1s derived for the usual lcng.range interaction -

,

‘energy E_, , batween tvc neutriai son-degencrate atoms, which is

ab

. . . 8, " . . .
accurate through O(1/R7) (sce Sec. 1.3 fer the general treatment).

.

The! results, wnich are woll_anga. - are given here to have then
avai{ap'” ‘or comparison with the telativistic interaction energies
to be derived in Sec. 2.3.

. The 1nteraction potencialt Ve , iIs expanded 1in powers of 1/R
in Appendix i-A-e. For.chc interaction of two neutral atoms the

A\Ls

expansion for Ve simplifies considerably, with the result

\/e: Z ! . ._. - (2.2-1)

\/ :ZZZ Z C(l,'J.,me,—gon-l,'/m.,'o,O;fh/(t) )
o | . ;

L - -m, ’ B
] S Vi Y |
_ X\TI'(%%) m_(},f)f"‘t’f') 2. (2.2-2)

- : >
A

L 4

where f( is the lesser of Ql and .m - %21 -1 and the

coeffigient G 1is given by Eq. (1.A-30).

2. J. 0. Hirschfelder, C. F. Curtiss and K. B. Bird, "The Molecular
Th8ory oi Gases and Liquids' (John Wiley and Sons Inc., New
York, 1954), p. 916 et seq.

3. H. Margenau, Rev. Mod. Phys. 11, 1 (1939).
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For the :rnteraction of two ncutval.-non-degenerate atoms Lhe
first order ceontribution tou the interaction energy 1s zero since

the electrostatic perturbation, Vc . does not cernect S ctates;

oo
()
E, - 2. LABV I/‘?B) -0 2.2-3
nazy .
R”
Thus, since Vl =V, =0, . formalism of Sez. 1.3 giyesa the

following rasult for the non-relativistic interaction erergy

through O(I/Rb)

Eu - C" + CR + , (2.2-4)

-, —
K R
C The lcad rerm in the 1/R expansion cf the i1nteracrion

—h_

; . . . 2.3,5
energy is the usual London dispersion energy.

The ceefficient,

C6 , is given bv

C, = '<q/w'\4 | %w> | (2.2-;>

where in general

YOI Z CABIV,IA BYCABIN 14,87

(DE(A) +DEW))

(2.2-6)

4. The coefficient C, 1is.easily shown tc be identically zero
by symmetry consideratioms.

5. F. London, Zeits f{. physik. Chemie Bll, 222 (1930); Trans.
Faraday Soc. 33, S (1937).
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o . n3 . . ,
The cceiticient V3 of the /R term in the expansion of V, is

\V = [fmr_._"'(b) - 322k
3 ‘

f_ mrcs) ¥ Vtar¥ (b +l’m"m] o (2.2-7)

Here - Y (a) . 15 the electrenrc dipnis Tweal cperator of stom a
- : : X 1 I c s .

and the irreducible tenscrial componernts, T} (a,, are defined in
the usual manner (see Eq. (1.A-5)). Trom symmetry considerations

. - . ) 6
rthe expression for C6 mav be written in the form

GZ 57 Kol 11,05 ) <ol v oA, 03
R R (D€ (1) + NELCR1))

(2.2-8)

where

R M IR LMY = B Ml L MY

(2.2-9)

Let us define the mean oscillator strength f(k,l) for the

transition (k = 1, L =0)«—> (k, L = 1) ;

1}(&.) = ~Z AE(&,!)Z }<°U:LQ,I,M>)L
' 3 z-

= =2 DE (k) )L l&:o)l )
(2.2-10)

- ® - - e

6. In all expressicns 1nvolv1"g matr ix elements of san free or
scalar spin operators, the spin quantum numbers S = 0 and
=0 are suppressad. -

i S L ey




Equations {2 2-8% anu {2 2-30% give

(o) )

DN Covo S
! , |
7

T 18 (Aea‘f’n')*"AE-\;‘_‘%'))‘-\Q,_’-M)Désfiz,l)

!

tt forisws that 7, bas i cipe Lian oas

From Eq. (2.2-8
1. - cae T e oo T 4 [T - N . < .
( N € {(k.,1) =~ [_X t_] VKo Hovce {or e vrrerel s i o tvo
a ’ I
ground stdte atoms “6 i3 negative Lnd the coadan drzpersion energy

is attractive.

C, The energy CL°R is the usua2i dipaie-quadraposc dispersion

I

energy, - The creff:cient C p3ogiven oy

8
C's, _ <.W(o,l\/‘f l %m> + <U/o:l .‘3/3, } L};(f)>
+ LWL

(2.2-12)
The last two terms in Eq (2.2-12} vanish becruze of-symmetry
considerationz. The coefficient V& “in the 1/R-expansicrn of Ve

is given by

\’4 = (_3)%_{\ - E;}i Y:_('Q)Q:fb) + ey Q:ca) +(3)P e Q:.(L)}'
1)

.. ' (2.2-13)

wherg

. m

: - _

'Q:.:U = Z ‘E(-(f}‘) ) P“* SM&) - 3(5’.&) ) (2.2-14)
£ : |

v o- e.

*
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and the second rank tensor, T;&g:) , is defined gx
Egs. (l.C-S);(I.C-iZ). The tensor Qz(b) 1s proportional to the
m-th component c{ the electrostatic quadrapole moment cperator of
atom b. Using the Wigner-Eckart theorem {sgee Appendix 2.4) it Lé

' I
casy to show that

C. = 4s71+R.S ZZ <ol 18,02 1<01 QS 14,2,03)"
- RN -
(AEa(ﬁ,:) +O €, (k1))

s s TR0 0, S 1<01QI k20"

* R b sewn (8€ ) +0CmD)

(2.2-15)

From Eq. (2.2-15) it is clear that for the interaction of two

ground state atoms the dipole-quadrapole interaction energy is

attractive.
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2.3 Relat:vistic Long Ranee Interacticn Eunergy between tyo Neutral

Noi-depencrate Atums.

“The generat tredtment of relat;vistic long range intcraction
vaergies, threough O X 1x discuszed 10 Sece. 1.4l flere we
(1)

derive an cxpreshroa ier Ure reiativistic interaction cnergy é?
between two neutral non-depenerdte atonms, which 1s avcurate throvzh
p 2, 6

O(A /R).

It is convenment Lo write the relativizgre Iateraciron eneray,

- 2. . . i
through O o 7, as a sum ol centributions 1vom thie various

Hami ltonrans camprising “re3 fsec Eq. +1.9));

!

)
{,“ . ¢ = LL. S50 5L, p. D .(2.3-

o
wnere

@ W,

)™ ‘ (2.3

B

ab : m

.and

-2

3

CUIH Yy

s .
! . I:o m-=o » ) -
b - .
A4
Certain terms 1n W are 1dentically zero, namely, those

6.n

involving

ab *?




For the interaction <f neutral atems, V1 = '\/2 = 0, and from

Eqs. (1.3-17). (1.3-26) end (1.3-32) :it is clear that

. -, lo) .} ' )
(K.‘\V JKH-;&'PL:O (2.3-5)

m

(2.3-6)

| | (” (1) )
k}.jnﬁ;_&lj ,Fofan:?,‘l-,fl%:th .f-l.H '

Fur-zher, for the interacticn of two non-degenerate atomrs, it can be

shewn (see Appendix 2.3) tha;
Y Hul“r;>'f O , for £o0,0lls . (2.2-7)

Using Egs. (2.3-3), (2.3-5) and (2.3-7) we obtain

m-3 m-p
\/\/(M:ZZ<%,“H{2|L}/M_1-M> M2
' Az0 .m=o ’ : - (2.3-8)

ﬁﬂtlJZIm—)-U/h-j'L .

(2.3-9)

. . 2 . ,
The natural perturbation parameter, ol , which is used to
order the relativistic corrections in a perturbation sense, is
. . ) (1)
suppressed in the equations given here. In actual fact ab ?

-~

being of 0(<x2) , is multiplied by 5&4 in the final results
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{rivA

.

kIl

(see Eqs. (2.1-1)).

a. Contribution of the Orbit-Crbit Hamiltoniun, HLI

The contributicen, through O(I/RQ), to g?;é) from the orbic-

ortit Hamiltonian is

(3

(1

g (L) = Z, \/\/:_L,m ,

ab —_ . ) {2.3-10)
/7\=3 Rm

Let us consider each of the coefiiciencs NL’ n. appearing in

Eq. (2.3-10) separately.

From Eq. (2.3-8), making use of the Hermitian character

-
of H , we find
o

2 <>W3ml HLL,o.l W“? (2.3-11)

where in general

SADAOE Z’(ABJ IAB><A31H¢%’A3>

(AE(R) +DEBR))

(2.3-12)
Since ”LL o is the sum of the orbit-orbit Hamiltonians for the
two isolated atoms a and b , it is clear that
WLL,B = O . (2.3‘13)

. : . n
7. In this work, a3 mentioned id part I, we assume all'the H" )
are real.

14




* 3
;

D
a b
7

..fl.,'g‘i{). :..' '

T :-'ﬂ

wLLx-’;
_Eq. (2 3- 11) which are zero,

From Eq' (2.3- 3), omittin g terms of the tyvpe gwen by
’ () H (o} .
\/\/LL,q- = L <LV3 ‘ LL‘I'\V > . (2.3-14)
Eq'uations (1.B-9), (".Lu7), 2nd (2.3-12) then yield

T(/-l'l rlA>< B fv,'ib)lB? 1 [2<¢A190wIA B \Qf('b)!B') ‘
can (i) A>CB I (018D 2 2R1F @A XK RIQmIBD

ot A,s +2 CAITIOIAXE’ i) | - A1 IR B w187
(L€M) +0e8)
(2.3-15) -
Here Q (b) are the 1rreduc1b1e tensorlal co-xporlents of the

current operator - Q(b) ; (b) Z .?-t . The interaction

-energy ‘;'YLL.A/RA is an (orbltal-mu:rent) (elegtrost_atic-dipole\

_ dispersion energy. From symmetry considerations it follows t'nat

\/\/ =21 z Z olr°ik,), 00 <k,1,00Q 030l IR 1 o><&n019 [o>.

L, ¢
£, & (6E k) +DE (2N)
.

(2.3-16)

2

Making use of the commutator relation
a o ) ’
L[Hofa.),rjca):l z Q,(H - . (2.3-17)
~ é.

J
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it is easy Lo snow that

rT“‘ . . | . . N N . o . 2
\\/\{L ¢ -2 Z ﬁ"’ AEA%&AQ!&,;) !\(‘.‘(: U&,LO/‘_I '( \f: ,‘&J’IDZ’"
] Em

b(beJkﬂ)+D€d&ﬂU
('.".:3-!8)

The cocflicient W, ., w.v he zvpressed 1u terms ol the average
LI N )

Wi,

sscilltater strengths. S(k.l'. or Eq 12,218

{b}

, (@)
\/\/ :.-_é.zz ‘gqc)‘glf&;) 2 319

LLy Ra By (/.}\E,(R')‘f‘ae (k1))

N

From Eq. (2.3-138) :t 1s ppavent tha N‘ = pes.tive for the
interaction of two ground stz2te ataws ana thus the {crbital-current)-
(eleccrestatic-dipcle) disprorsicon onergy s répulsive, Since this
L

L/R dispersion encrgy 1s of louger range thar the usual London

: P £) g B

. . ,p0 . . . : .
dispersion energv, cb/R , it m3ay be of censtderable importance in
atomic and mclecular collision processes. This new interaction

) . . , 2 . . , ) . .
©energy, which is of 0O( ok "} , is corpared ts the London dispersion

energy in Sec. 2.4 fcr the interactiun of vavious rare gas atoms.

The strong s:ailaritv between the exprecsions feor the coefficients

Cb and WL shculd be noted (conpare Egs. (2.2-11) and (2.3-19)).
wLI 5 From Eq. (2.3-2), omitting terms cf the tvpe given by

Eq. (2.3-11) which vanish,

\/\/ - 2 <%(”,HLL",W‘M> _7,_2<L£0)IHLLIL’ L//(tf)>

LL,s
(2.3-20)
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The expansion cocfiicients H arnd H are g:ven by
P LL,1 1L,2 .

Eqs. (1.B-9) and (1.B-10) and irom svmmetry confiderations it is

easy to show

\/\/LL ) - (2.3-21)

4

1
O

LY
Y6

—— e

Frem Eqs. (2.3-6) and (2.3-8), omitring terns which

are zero from symmetry consideraticons we obtan

\’\/Lu, =Wt +\W (2.3-22)

LL,4;2 tL,3;3 LL,b;0

where

I

’

(1 z
\/\/LL,H‘,-I. 2~ <LH,' H—Iu.,z. Y )> (2.3-23)

H

W,

. LL,3,3

_ 2 < L};‘_’)I HLLJ , SV“” > (2..5-24)

W =2 CHTHLI 7+ CE T HLI Y
(2.3-25)

We will consider each of the contributions to separately.

B
YiL,6

WiL,4:2 Using Eqs. (1.B-10), (2.2-13) and (2.3-12) yields
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bl BIQuiBY + <ATHmIAXE | Qw187 .

W =3 ' +(3)V‘<A'!r,’?ulAXE'!Q:m!Q?*(‘A'—iQim!A?(B'}y;}'b,ysy
s OJVZA Bj '<H'1QZ<0->IA>(G'!r,ég.).‘é’?{?}"‘(A’JQ‘:{«)[A7(3‘;&“,8) .

/

( -1 ' ' . ’ | ' . -t
CAIL@IA7<BIZWIB > -c<AiLlA 7<BIQ 187
X |76y AIDXI A < BIQ B> =il Ai Qulh' ><BI L B>

(b (M+DE®B))

.o . Ftiym yule 4 e A ow Y AT Y- ! 3
Apply:ing the sclection rules (see Ap,end.x 2 A, Lir the tensor

operators invclived in the expression fer W

L,

b
4.9 BIVES

WY )" D <0l ECIh 62,010 163 <0l QlA 2,07 < 201D 107
LL,42 a 2 .
| Ak (OE (k1) +DE (B2))

v N CR2.3-27)
.« "3 - :
It is easy t2 show that

) .

) 0 _ N .

TGl B,
X .

and similarly for etem b . Equatlicns (2.3-17), (2.3-27) and

(2.3-28) give

»~

+KRIQE A >CBIL 0 B> +(6)* A1 Q%A X BIDewIB D




...
\

79

= _qi.:rp )ZZAG:(MAE (23 4¢e m“m.m [<aiQ; t&zo>l
A A (BERFOEURD) '

o

o o
_af1p 1)) Bk §Th14010;18,2,0%)
t L & (DEMRI+DELR))

(2.3-29)

From Eq. (2.3-29) 1t irs cleav that for the interacrion two ground

state atoms the dispersion energy wlL 4.2/R6 s repulsive. There
Ly 4y

i{s a strong similarity between the coefficients C_, and W
8 LL,4;2

(compare Egs. (2.2-15) and (2.3-29)).

LL,3;3

W .~ From Eqs. (1.B-11) and (2.3-24)

W,y = 2CHICLl YD 2 YR IV
t2 < \K“’l CLL,? \ L}/m>

(2.3-30)

G 11 s. .B-12) - .B-14).
where CLL,B’ FLL,B and LL,3 are given by Eqs. (1.B-12) (1.8-14)

Using the selection rules for the irreducible tensors involved

in the expression for wLL 3:3 it is easy to show that the first
s

two terms ia Eq. (2.3-30) vanish identically and that the non-zero

. . . 6
contribution from the last term gives
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W= -6 {1tP }Z‘ Z(olr"m:o)(ﬂ: ol)°! o>¢<"c;\'r;°|2,l,o>b<R,:,ol2°l‘o>b

LL,33 S)/l -
(1 &Q_ -lQb (Aea”‘;'-) -rbé‘,(fi/’))

(2 3-31)

Here ar(a) i3 the first rank tensor defined v
ma_ -
[+} o I
[} -
. -3 } : P . }
Y= 2, 2 Teeyis g 265 L@l aam
J

Using Eqs. (2.3-17) and (2.2-iC) wve corars

W, et 8] Y sesocoicmohon oAl
L,Jl‘ i
- (15) Ra A (Aé'_ (R,+) f—béb(k,/))

().

‘3" S"f’P }Z L <Ol{T"ikl;)o)“(&})ola)jo}o)a-g(kll)

{is)™ A, 4, (6E (A,,) + DEL (k1))

-

(2.3-33)

W 6 Let us define the following :.jue.nt:ty:e'
L1.,6:0




g1

. / ' §[a) w ]
-3 <c\H¢olo>aZ P (k1 if_,») g
z am,&b (AQ‘JQ‘.) "'AGL‘&:'))AE‘@M) AEL&J)

. ‘ . v y o nv L2 .( | | ; (b)
WD), 2l thgoxchotty 1oy St
A b R (DEen +DE(KD) DEIR0) BEVR) .

' by R o b)
173 Z Z<01r.°lfi,b02(&',’:,o}H&O)}i,l,o%&,s,olrf;o)“ i) |
: b K (DEK) + SE, 10 (D EL k) TDAER,)) DERY

- .

(2.3-34)

. From Egs. (1.3-27), (1.3-33), (1.4-10) and (2.3-25), using the

Wigner-Eckart theorem, it can be shoun that

W s WHL) Y@

‘ . . 6 . .
The intewaction energy, le 6'0/R . arises in cur treatment
65

because the relat:vistic Hamiltoniaus for the isolated atoms are

o - ' :
not included in the zero-th order prtturbation Hamiltcnian (see
Eq. (1.3-9)). This term appéars to correct for the non-relativistic
nature of cur zero-th order wave functioms.

Y

L

[ 3




2 agalty cstimates fo ] . T
Order of magaitede estimates for hLL,A.ﬁ s wLL,3;3 and

W T )
LL,6;0 , fer various rzre.gas 'nteractions, are given in.Sec. 2.4:
b. Contribution of the 3pin Hamiitonians, H_ ard H__ .
5% SL
6

“
The contribution, through C(1/RY , to gzah from <he spin-

spin Hamiltonian, HSS . 1s given.by

{v) H
Clss = \Wes,

y (2.3-36)

where from Egs. (2.3-4) and (2.5-8)

m-2 m-4
\V\/ : : X <: I }4 s, } _j,”h:>
ssm o G o 55,4 , (2.3-37)
ﬂ’n-j:l"l. m—}—o},n.-j L5
PETRS
In the coefficients HSQ 0’ terms o! the type given by Eq. (2.3-12)

appear, which are identically zero,

<\L{,:”j H .“m>‘° (2.3-38)

SS%

This integral vanithes for q = 0 sirce HCS o = FPigey t OHJt

For q# O, “ss.q is pgiven symbclically (sec Eq. (l1.A-48)) by

H

Ma Mo -k

58S snam T
2 SRt wk) s 180 (55039
DK

55,4

3S,0 55,0

82.
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and thus 1s ncu diagoral ie the spizn qusrnium nueybers, "Sinte che

operator Vm apresr:ng in Eq. (2.3-12) is Adiezaral ip the spia

quantur numbers Eg. ¢2.3-38; baide fcr ot 2 Usimg Eg. (2.3-38)
it is easy to show ihet the i nIneiero dSS,ﬂ ;s % €&, 1s given by

1Y (o . S .; "
Wi = 1KY TH W +<BIH T2

It sheould be noted that ”S““5 , sdy. 1s comprised of teo ¢

L]

(see Eq. {l.&-44:Y, one of whith is a s<alar in buth epia and svace
variables., The ctuer term :5 a sum of preducts of second rank spin

tensors witn seccad rank space tensers. Hewnce it is e2sy to show

Yy

that
-/ - . \VAJ/ .
\NSS,B i \/\/(ASS,'O) = 55,650 (2.3-41)
where

my -

(3)

a = —?Tf Z (_SS &(r-
ASS(,@) R i30S 5w / (2.3-42)

) €
and W(A_.. . is defined by Eq. (2.3-34) The ener W, . R
@3, 0’ y Eq. ‘ 8y Yes,6/
corrects for the non-relativistic nature vi our zero-th order wave
functions ircuvsicn fer W .
n s (see dircussi LL,G;O)
The relativistic Hamiitenian, "g' , takes n2 <antribution to
(1)

ab This is a'direct corsequence of the spin siructure of

HSL;q for all ? .
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LY@ QW LEYA

YN

: ey

¢.-Contraibution of the Relztivistic Har‘itoniarns, Hp and Hy .
- L B

The contr:bution, through 0{1;'R6), to Q;;’ from the

Hamiltonian's H, , for ¢ = p zrd D, is ziven by
6 W, -
L)
(¢€) = Z -
gab ~ gm » 6= f.D, ' (2.3-43)
m3 an | :
where from Eqe .(2.3-4) and (2.3-8}

\/\ém = ;o <qu”"’(,a’%-ﬂ> , » (2.3-44)

nﬁ;’:l,L)m-:,m -2

It is easy to show that the only non-varishing W meb , is

a,n’

given b
'\/\4,6 = W(H‘ﬂ) E \"/(,6;0 , §€=p.0, (2.3-45)

6
p'G/R

again appear to correct for the non-relativistic rnature

where W(H (O) is defined by Eq. (2.3-34). The energies W
2 - - -

o6
p,6' R

of our ZzZero-th corder basis set.

and W




2.4 Estimates for the Relativistic Inreracrion Energies .

Combining the results of Secs. 2.2 and 2.3 we find that the

4 -
interaction energy, through terms of fa(ok,/Q ) 5 is given by

g oz 0(1\/\/4. + C(, + 0<L\A/6 (2.4-1)
SRR R

wheve

W, o2 | \/\/LL,"*‘ | (2.4-2)
\/\/ \/\/L 452 n_-~,33 T '\/\{ﬁ (2.4-3)

. and
\/\/e - 2; \/\/,b-o . (2.4-4)

Here we give order of magnitude estimates for the coefficients
involved in Eq. (2.4-1) for various grcund stste rare gas interactions.
NA and C6 The dipole polarizability of atom a, in it

ground state, is given by

o«d(a) Z (?j)é 1) . (2.4-5)'
* ok )

- & - e -

8. For the polarizabilities of the rare gas atoms; sea for example
A. Dalgarno and A. E. Kingston, Proc. Roy. Soc. A259, 424 (1960).
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The van der Waeis ccefficient, ég . m2y be written as
{$) (b)
.3, E S—‘ 'gflé 1) ‘3’(22 D AE LR DEY (B,1) .
6)
4 .Eb (A€, (R,1)+ bz-_,,m,.))iae(a .)Ap,,m ,)}
. 9 oy -

Applyiang Unsdid ‘s approximation’ 2 Lg. (2 4-€, .and usipg Eq. 72.4-5)
vields F. Londo':."s5 formola for :G ;o

CG = =3/5 Da Ay 0(4(&)0(6.(5) (2.4-7)

&, + b,

In 2 similar manner cne chra:ns the follewing approximaticn fer WA A

z % ) .
\,\4 = '/1 Aa. A\; o(d(cx)o(c,(b)_, , (2.4-8)
Aag +Ab

e . . s g .
The results =~ oi Egs. [2.3:7! 3nd (2.4-8) are 1dentical with those

obtained frem tre harrmonic zcst:illater mode! (see belcw). It is

2,3 : )
"often found ’~ that chocszing the average energies, VAN , equal to the

first ionization potentiais, I , of tke interacting atoms gives gocd

estimates for C6 . Values for C and .NL cbtained from

Eqs. (2.4-7) and (2.4-8), with A _ =1 and Z}b =- Ib , are

. . 11
given in Table I for various rare gas inferactiones, The estimates

-

for C6 agree (to w: tH11 10-30 per cewts with the zzcavate
. ) 3 K
theoretical values of the van der Waals coetffic:ient. C6 3
’v

9. A. Unsdid, Z. Pnvsik 43, 63 (1927),
-
10.The apprcach discussed here is sinilar to that used in ref. 2.

11.The erergy levels for the rare gas -atoms are llsted by C. Moore,
N.B.S. ercular 467, vol. I. 1949.
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Tahle 1

Estimates of W for Rare Gas Interactions.- All quantities are in atomic units.
(orbital-current)-(electrostatic-dipole) dispersion cnergy is given by o°W, /R

The
and the wvan

der Waais energy is given by C6/R6(CXHMJ, C: and'I“from refs. 8, 12 and l?, respectively).

Accurate
- theoretical
values

Oscillator withA= 1 Osciilator with AK

Eqs. (2.4-7),(2.4~8) Fgs. (2.4-7),(2.4 8) Eqs .

Unsdld with

=K

(2.4-9),(2.% 10)

Interaction

W

W,

ab | Ky |- C:, D - TW - W | \/\/‘f- ~ W AN A A
C. C. Ce

He-He 1. 384 1.456 0.3033 1.298 0.353 0 272 1.014 0.499 0. 3642 1.2751 0.786 Of560

He-Ne =+.01 2.33 | 0.357 0.239 1.21 0.401 ) 2.81 0.967

He-A 9,63 8.12 1.42 0.174 2.31 0. 240 6.38 0.657
Ne-Ne 2.663 6.21 0.7923 4.21 0.882 Q. 209 1.19 2.96 0.469 2.28 11.0 1.74
Ne-A 19.7 14.8 . 2.27 0.153 5.52 0. 280 23.5 1.18

A-A 11.080 |65.4 0.5790_ 53.3 5.96 0.112 0:510 11.0 0. 168 L.55. ] 92.3 0.800

R T Ty e L s s

L8
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determined by A. E Kragsten ~. Vaiues fer W are also listed in
. 4

Table I, fer VAN :-~[§ , tne value ot Z3 chtarwed by requiring
for Lixe utcn interactions.

tq. (2.4-7) tergive < =

A sccond set of arprexiratios formulze may be chtained for w,
5

and C, which do not invoive the jo:arizabilities ci the interacting

6

88

atoxs. Appiving Uns€ld's zpprox.vaticn oo By, $2.3-19) and using the

Reiche-Thormas~-Kuhn sum rb}eIB, z: (R,1) =m, vields

o
/ - 1 i, Mo 12 4.
\VNA; = /2o Ta’llb (2.4-9)
'A&Tﬁb
Here M is the number of électvens in atum a - 1he correspending
approximaticn four 26 is piven by
-7 . Y
C, = %2 T .

(Dot Do) B, D (2.4-10)

‘potentials of 1ne interacting atems,-Eq. {2.4-10; gives poor

. _ ~K
approximations tc C6 . Instead, we chocse O = O » the
value of & obtained ty requiring Eq. {2 4-10) to give Kingston's

'value for C_ for like atom interactions. Values of W, computed
L 4

6
v <K
from Eq. (2.4-9) with D=z " are given in'Table I.
v
- imati cr the ccerficier Y 12
w6 Approximations fer the ccerficiencs kLL,4;2 aﬁd JLL,3;3
L 4

12: A. E. Kingston, Phys. Rev. 4133, 1018 (1964).

13. A excellent discussion of the various sum rules is given in
the review article by J, 0. Hirschfelder, W. Byers Brown and
S. T E stein, 1n "Advances in Quintum Chemistry' (edited by
P. 0. Lowdin, Academic Press, Neuw York, 1964), p. 225-et seq.

'
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1A .. et 1
model. _In this 2pFJOX1MALILn zach ¢lecoron Lu stem a2, say, is

represented 2y a 3-dimeasicrae! harron,e 2iciiliztor <of fundamentail |
P y

frequency V. . The caergy hv, = AV te uiLziiv oset equal
q Y a 5% (8 ; 1
to the firs: icnizaticon poterntial 1 fine wave functicne for the

atom <ore assuirned tc be predutts vf Krrmonil oscrliatsr wive functicns,
one for each élecnron The ccefficie.rs of the varisus interactien
energies are oiven 1n terms ol A anid the pciarizabilities, Cxu P

of the interacting dtems. lf this mede! s u-ed to caiculate

approximaticns for C and Ng one wculd cbtzin Eqe. (2.4-7) ard

[ The sy lrg g W é v »
(2.4-3). 7The rezvlcs for \LL:Q;Q ind lLL,B g oT€

\/\/L,Lt}"L = q/ﬁf%“"ebz____&*ﬁb 0‘4‘““4"’) O (2.4-11)
o (D +20,)

1))

\/\/L.L-,L'Z '3/'7‘§H' bl B, Ba By KA meXyb) gy

fS -fl)b
iues ¢ . W and W, . cbtawin !
The vaiues of Cb , WLL,&,Z an 11,3:3 0 tained from the

osciilator medel witn A = [ , ate czcrpared in Table 1I for various

rare gas interacti.ons.
Finaily, the coefficirent, \/\{,)o ""; Mb;o can be

estimated by applving Upsoild ¢ approeximation tc Fq. {2.3-34);

14. See for example H. Margenau, J. Cbem. Fhys. 9, 896 (1938);

refs. 2 and 3; 3. F. Hornig and . C. Hirsc n{elder, -J. Chem.
Pnys. 20, 1812 (1952): P. R. Featana, Phys. Rev. 123, 1865 (1961).




TaB_E 12
im W . :nd W, N
Estimates for Li,a.2 én \LL.3.J

All .quantitlec zre 1in atomit units.

2
KW

cnergiés are given by ,
L., 5,

Waals energy by C6:"R6

with A = I .

2

-

127 Rare Geas

Iateractions.
The retztivisciz diszerzien
W, .)fR6 and»che vz der
- LL; 3030

The harmonil cstaitzt<c model -3 used

Interaction .
-C W, e
a-b © LL, 452 Le,3;3
' + te,3;3
He -He 1.298 2. 345 1.172 1.173
He - Ne 2.33 3.96 1.98 1.99
He-A 8.12 12.3 €.02 6.27
Ne-Ne 4,21 6.¢8 3.34 3.3
Ne-A 14.8 2C 3 10.2 10.4 -
A-A 53.3 1.7 3C.9 30.9
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_p<olH o Coln@ytm] o) (ol e Ky lo)
(D€ 2,1) +OE (2,0 )

+12 L0l tar H ,@)] 05 (o6 E Tteal 0,
(DEul2,) +OELL,N)AE(2,0)

o118

’ -2 <OIH6‘0102<01| (a)rta)x()><0ii’ %o I, (L)JO>
(DEL,) + DE (2,0) DELL2,0)

e <olgtm He totwlod, <ol w0,

(A €,n+ b €b(2,1))1 ,
- J .

(2.4-13)

The choice of the average =rergies nade in Eg. (2.4-13) tends to

overestimate each term in W &.6:0 We have evaluated these
sV

coefficients for the He-He interuction using the simple aspproximate

ground state helium wave functiorn

Zl(wm)

Hj(ll) (O( fr ~ et . (2.4-14)
vz~

The integrals for ¢ = SS, SL, p, end D are eazily dom‘:.]5 The
evaluation of the integrais iavolving Hl' Al) is discussed in

Appendix 2.C where a one-center expansion for this Hamiltonian is

15. The integrals, <ol Hco\ o7 , for all & are discussed by
H. A. Bethe and E. E. Saipeter, '‘Quantum Mechanics cf One-and
Two-Electron Atcms" (Academic Press, New York, 1957).
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derived. The results are (for 2 = 2)

\A{L,b;o z 3204 ; \A/Ss,b)-o = =630 —

\A/SL,GI‘O .= o ) \/\/P"’io = 67.523 _

\ -

V\/D)(,/-o & “47’3‘/‘1 P) \/\/6,-0 = |7.673 (2.4-15)

For the rare gas interactions considered here, the relativistic

6

interaction erergy, o(z(wm 4:2 + Y/R™ , is of order
1 Ly,

W
LL,3;3
O(2~ 5 x 10-5 times smaller than the magnitude of the van der

Waals energy (see Table I1). Fer the He-He interaction the

2

dispersion energy o(2w6;0/R6 1s of order 10X "~ 5 x 10-4 times
smaller than the magnit‘ude of the London energy und one would expect
this to be true for the other rare gas interactions as well.16 On
the other hand, for sufficiently large values of R , the (orbital-
current)-(electrostatic-dipole) dispersion energy is not negligible
since it is of longer range than the va;l der Vaals energy (see below).
From these considerations we conclude, that in the generalized

Breit-Pauli approximation, the interaztion energy for ground state

Liné
rare gas atoms is given through 9(0(/9) by

- - . = -

16. As mentioned previously the Unsbld's approximation for W,
probably overestimates the magnitude of this coefficient. *One
would expect W to be of thezsagé order of magnitude as
the other coeffidients of O( oK<"/R'). It should be noied that
there is a strong posiit}ility of severe cancellation in the
coefficients of O(x /R6).
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gab = o \A/* - -(;f— T
-~ R R®
.= 'Ce [‘ N }?"?(L'Rl} ¥ (2 5e16)

G‘- - W‘#/CL

(2.4-17)

M

. . . HY A
For the wnteraction of the race gas atcms considered - ir Table I

[?“«‘ .7 The ratie of the (ornital-currenty-seloctzestatic-diprie)
dispcersion energy. Eq , to the van der Waxls e~crgy, E6 s
given by

.E¢_/E-L = ‘ﬂb{’-ﬁz

(2.6-18)

This ratio is -abulated as a furction of R in Table III for/?: i
These order of magnitude results svggest that the relztivistic

i L 4 - . : . .
dispersion encrgv, oK \/Vq/R might be significant in low

energy atomic and. molec.:lar beam scatter:ing experiments.

[

- e - -

’ .
17. 1n general one would expect that the results obteined from
Eqg. (2.4-9} teni ‘to overestimate W, while the results from
Eq. (2.4-8) tenc to underestimate this coefficient.
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18. It"should be poirted cut: that this 1/R* dispersion encrgy could

be partially shie'ded by other etffects, for example higher order
relativistic energies arising with large cscefficients. Also, as
QPiscussed in part 1, we have neglected correction factors due to
retardation effects and to the coupling between electronic .and
nuclear mction. It Las been shown that the nuclear-electronic
coupling is negligible for atoms in non-degenerate states

(see. for example A, Dalgarno and R.. McCarroll, Proc. Rov. Soc.’
A237, 335 (193%)). :

= o
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TABLE T1I

Values of E,/E, = - ﬁo(sz as &z Function cf R feor

4" 76 X
Q = 1. Here E,4 is the (orbrtal-current)-(electrostatic-
dipole) dispersion energv and E6 i¢ the london energy.

All quantities are in atomi: units.

R 'EA/Ee . R -E4/E6
10 0.00533 .60 0.192
20 0.0213 ‘70 0.261
30 : 0.0479 &0 0.341
40 0.0852 90 0.431
50 0.133 100 0.533

As an gxample of the results of part I we have discussed the
interaction of two neutral non-degenerate atoms. Applications to
other interacting systems will give dispersion energies similar
to those derived nere and will yield cther types of interaction

energies as well (see I, Sec. 1.4).
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Appendix 2.2° Ihe Wigner-Fekart Tnedrer .

— e L e,

- a—

In the der:ivat:sv wr the vaviau: intere.ticn erergies of Secs. 2.2,
' 19, ¢ ‘ )

and 2.3 the Wipgnet-ickert thecren is vsed repeatedly to simplify.

.

the generai vesuits of part . ‘he purpzze of this Appendin s to -
discuss the Wigner-Eckart theorer and :te usefuiness in the calculation
of long range interaction ererg.es.
let lk be a copenent of un irreducibie spbe:rical tensar
' . i . i . .
vperatur of rank ﬂ , m Tt { T, X Rl SN .,X , which 15 defined
with respect to the angu!zi nomentum operator J . (see Appendix 1.C)
) N o
Let us consider the matrix elements of Tf with respect to the

: | : 2
eigenfunctions,. LP(J,tO). oi- J° and JZ :

T P(r,0) = 3T+ YT,0)

(2.A-1)

j,\_(*P(IW) . w'(‘f(f, ) L (2.A-2)

1

Such matrix eiements appear repeatedly in the treatment of long
range interactidn energies between atzms. In the work cf Secs. 2.2

and 2.3 we are specifically concerned with J =L, § .
v .

One of the first stegs in redacing the ,general results of

part 1 fo the expressions obtained in Secs. 2.2 arnd 2.3 is to
19.E. P. Wigner, 2. Phvs: 43, 624 (1927}; C. Eckart, Rev. Mod.
Phys. 2, 305> (1930). .
[ J

20.M. E. Rose, "Elementary Theory of Angular Momentum' (John Wiley
and Sons, Iac,, New York, 1957), A. R. Edmonds, "Angular
Momentum in Quartum Mechanics' (Princeton University Press,;
“Princeton, New Jersey, 1957). '

(s




dezermine the selection rules for the irreducible tensor operators,

m . .
Tﬂ- . This is easily accomplished by the Wigner-Eckart thecrem

which states that

A(%xwwﬂ“m1w>:Cuwjy»mwo<£ruﬁnkgﬁf

(2.4-3)

The quantity <Q;I'“T&”~Q,S> is cailed the reduced matrix
element of the set of temsors T;“ and is independent of (', /m

and W . A useful alternate expression for Eq. (2.A-3) is

m yJ ’ Yo . ,
BT AT IRTwy =0 () CaUT - mew
XLETNTNRT ).

(2.4-4)

The section rules for the irreducible tenscr operators arise from the

-conditions under which the Clevsch-Gordon coefficients in Eq. (2.A-3)

vanish. The Cc(J 1 J ;wmw?) vanish unless

W'~ Ww+m (2.A-5)

T+, T+4-1, -, 1T-4I

-

(2.A-8)

< : ¢ 5 1w &7’
lwl€T jim] 2 2807




Also the‘following relat:ions are useful .

C(IP-T'J OQO) =0 , uniess J + 2o+ 5 even, ‘ (2.A-8)

C(IO Iljwowl) = 6543' 6(,;,“'

(2.4-9)
. The sele:ticn@\xles‘fer JT , with = = 1,0,-1, arezo
S um 2
(AT w0 J™IRT, w7 = byp S wem C1)T[TGH0)
x ((313; wtm,-m)
' (2.A-10)

The Wigner-Eckart theorem permits a iurther :;,impllfication over
that afforded vy the selection cules for the I‘f\ . Namely, all
non-zero matrix elements of the type given by Eq. (2.A-3). for fixed
J', 4 and 1 , may be writter In terms of a single unknown quar;tity;
the reduced matrix element. The reduced matrix element may be
determined by calculating the left hand side of Eq. (2.A-3) once

only, for some convenient choice of W , AN and w’
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Appehdix ?.B: On_the Vanisb:ng of <;~qj ‘F4ﬁl'q) ;>

oo Az
In the .discussion of the reiatiistic interaction energy

given in Sec. 2.3 we make vse of the folicwing theorem:

O ‘J{'or OH (I j?C- . (2.3—-1)

Y IH Y2
where HJ(O) is giver bv

YUl o,

and - L?(M) and (P(BW are real.

-
[}
N
~s

For the orbit-orbit Hamiltonian, the theorem is most

H

LL *
easily shown without recourse to the explicit form of the
2 ion coefficients H .
expans o LL,m

From Eq. (1.A-18) it is easv to show that

;,.,’ Ma M | ’
Z HLL,Im | - __Z_L(_: %:ZI B(kfb). -,P—'t ) (2.},3-3)

. 2 ’
Bt = EEY; ¢ Ya e (e Vi) (2.3-4)

where

—~
I
Kag
fa )
~—"
il
]

(2.8-5)
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Consider the integral ) ) .;
I - <W(°,l _5(&'&)‘?{:' Wl.o)> |
= <‘10(A')’~P(B’}l19t- Birt) + Bkt | Pl )P ).

(2.8-6)

Integrating cover the electronic ¢onordinates of atcm a gives

T- 4<98)1 pe-Fior + Feor-pe 897 (2.3

where

Flo = <@ Bw QA7 (2.5-5)

Since F(t) iz a function of the pesition coordinates uf electron

t ti’le operator (.Pt'f(t) + f(t) '-]Qt ) is a

* - ’
purely imaginary Hermitian operator of atom b. Since LF(B) is,

chosen to be real, the integral I vanishes. Thus from Eq. (2.B-3)

21
we obtain

= i )L0) o)~ )
_ ”};‘ <W 'HLL,m«N/ S R0 . (2.B-9)
- 2

21. It is well known that for a real atomic wave fujpction L}/ , of
the orbital form, the expectation value of yla’ vanishus
(see for example H. A. Bethe and E. E. Salpeter) '"Quantum
Mechanics of One- and Two-Electrgn atoms" (Academic Press,
New York, 1957), p. 189; A. Froman, Rev. Mod. Phys. 32, 317
(1960)). This thecorem is analogous to the result of Eq. (2.B-9).




(2.B-1) for § = LL.

v ) : 100

Since Eq. (2.B-9) holds for all R , ‘we obtain the result of Eq.

and H for m >0,

The expansion coefficients HSS,m SL,m

both contain rank one spin tensor operators of the atoms a or b.

Thus since the states A' and B' -represent non-degenerate states

( S@ = -;h x ..d: = d: =0 ) '

of the-atoms a and b

Eq. (2.B-1), for ¢ =SS, SL; follc@s from the YWigner-Eckart theorem.

The theorem is trivial tor H_ and H since H = H = 0;
p D p,m O,m

for m > O.
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Appendix 2.C: A One-Center Expansion for the Atomic Orbit-drbic<‘

Hamiltonian . T o

“ntegrals invelving the atomic ordit-crbit coupling Hamiltonian
£ ' 22

occur in the expression for W Here we derive a one-center

: Li., 6,0

(¢} which faci(itanes the caiculation of these

expansion f?r HLL,O

integrals and which mav be useful in other contexts as well.. The
, .

integrals involving o o) which occur in the Unsbld's
. ~L '

approximation for g1 2re cvaluated for the He-He interaction,
’

W,
LL,5

For convenience we will denote the orbit-orbit Hamiltonian for atom

& . sav, by HLL in this Appendix.

The operatocr HIL , for two elecrronms, can be written in the

form

(Q Q)

L :
LL p I : : (2.¢-1)

T
W

where

Q= =V

|9 ' (2.C-2)

@ - E._:_ ‘(f.x:V.)Y; f—'_"’(-.fi)‘(rn'-ﬂ)—?— . v

3 .
y r;]. - ) A

22. The mgpthods used are similar to those"used in the derivation
of the one-center expansion of tie spin-orbit Hamiltonian ty
M. Blume and R. E. Watson, Proc. Roy. Soc. A270, 127 (1762).
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the one-center ex ansion fer 1:r. 1€ given o
4 i2

L o= E 4 \ Y(l) r/ ) . :
G 4 k1) [Zd ’ (2.C-4)
¥ 4 % -
where Y&(U is t.c sprerical harmenic :\1((9.1, ¢:) . The
corresponding cne-center expensici for.the oferator Q. 1s given
in spherical tensor rcrm by 4 .

Q = (4702_4 (—\) Yu) Ycu ¢ Lj‘V)(:f(V)

3 Rg,wOk+) r’l“ (2.c-5)

b

W
Here (ie(-gl is "the sol*d- hc:momc o*eratox obtained by replacing 3
the components of ¥ 1n ‘jl('(') = { “-o)¢) by the components .
of the gradient operator in ¢ -space.
. . s 20 . . .
_ Using the gradient forrula , the IK-th component of the first

rank tensor (\Z-\';-) 1s given b,_vz7

(R 3

Kr ¥
(Y'K,( - __‘H,Z(- C(le)ﬂo) C(& "Q. %1 K’) ‘A’“) ,Q(I) A&;Al' <
" 4k ¢ o (2.C-6)

where

. - “Woob ) .
Ap g =+ (220) I Een)

Au : _(z&ﬂ)"'—r,&"/’rf“a(a-r.)
, | _

(2.C-7)

23, See for example E. U. Condon and G. H. Shortley, "Theory of Atomic
Spectra' (Cambridge University Pres?, Londou, 1935).




_and E(x-y) = }:fcr z>y ;.=0 for v x . P The K-th spherical

component ‘of the-vector LI ) is ¥

(RAA :(‘g_ﬂ):"‘-;"“” (ifrou) %(V \j(v ).

- —

(2.C-8)-

W)
Finally, we require the one-center e¢zpansion cof lﬂ (—lz , which

has been derived by Rose 24

3

:' W«H) - (ch")V‘ ZZ S CL L M) 1

Lzo M Y_(J.L.-H)! (z-20)) 7

Mo w-M .
x\{L(;_) Y._‘C) i - (2.€-9)

Combining the results of Eqs. (2.C-6) -
25
. center expansion for the operator Q2

ZZ %+L+w+KC(L' L)'JM - M)

LEg LoMuK BEYRING BTSN\

(2.2-9) we obtain the one-

Q = wm’e®
Q 3

x C1&;00)C (81K} 4,-1) 66" 4
K-g\ w-M W 4 ™M -
X %"’ \,/_‘,_" (j.(Z) X(z) Ym kj" (V).

(2.C-10)

24. M. E. Rose, J Math. ang Phys. 37, 215 (1958).

. The spherical tensors of the same argument ‘could be coupled
together in Eq. (2.C-10).. However, it is often more convenient
not to do this until after Q2 has operated on a furction.
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The one center expznsicn fer H., is given by Egqs. (2.C-1), 7
(Z.C-S)ﬂand (2.C-10). For the de-He interacztion the approximate

expression ror siven by fc. (2.%-13), coatains the

W

LL,6:0 > &
!

following integrals,

ol CH oy =Lt T

(2.c-11)

<O‘:(.DV.OHLL\O.> = I.? *Iw +IS +Is‘ ' _ (2.€-12)
where

T, -<012,Q2,10> ; I, =<012,Q.2,10
Iz;:(ol?:?,'Q‘lO? i Ly = <oizrQ,

T, =<012,2.Q107 ; IL,=<ol22,a10>

(2.C-13)
-2, (G H1) (2.C-14)

. ° -3
0> = Yy = Za €
- e

v h]

,_n

Here we evaluate the integral 1, expliditiy. The other integrals:

i

<

are gasier and can be treated i1n an ana]og~v menner. The following

- 20,26
propertiss of. the Clebscu~Gerdon coe:tlc1ents, Clobc,xkpg¥)
ang the Racah coefiicients, W(abcd;e$) are useful;

26. A. Simon, J. H. Varnder Sluis and L C. Biédeni‘ac'\, Tables of the -
Racanh Coefficients, Technical Report ORKL-1679, Physics va191on.
Oak Ridge Naticnal Lauorator,, Oak Ridge, Tenneasee

]

>
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3
o

' Z Clabe;,x-0) Clabd, o, ¥-a) = 6.4 (2.C-15)
=% . - . '

C{aetnasan]\Wlebced e ) 'fzC(‘O-bem,ﬁ)C(edc,-wﬂ;s-«‘-p)
-+ | 4 |

« : - XC(bdS;p ¥v-u-p) ClaSc;ot,5-0t)
: (2.c-16)

A T
A

.
J‘Pg?.‘.& oy :’ﬁf‘w‘ Tr
Pl T Yk s

Clebve;up) Cledc;x+g,6) = ZUlf’-'f"(lfr.ﬂ)]vb\/‘\-/‘“’“{355')
. s 4 |

XC(bdf,'B},g) C ('lffc.;o(_,’ﬂi-g)
(2.C-17) -

s
oy
il

<

Z (2e41)(24+) Wiabcdie§) Wiabed;eq) - = gg.j.
o L ,

ko
o

Wi

3.

TP
A OUCTE

oy
7 t

(2.C-18)"

- T
Ny

.

SRRy

.
T gy

o]

:

Ak
g

Letting Q, operate on the product (2, LP(!,L)) Ty, the

integral 12 may be written as

v ‘R‘WJ

< .
"6 gl

NS

() - {3
IL = I)_ + lz.

»(2.C-19)

Y~ R AT Ny
NN
AR

3 N
;;.,,,‘l #

‘where

gy

)

"

Y
. b

(Al
"o rak

el
-‘h,, ¥ L
(T

g ng

ATy
_1‘,:5./ 4




: B 1
B : i . X

) Y”"l el < . \% Lt ’ . N : .

I’(l) o Z .(477,)3(2‘)‘/1. ! . Z: /\’) Al\“!/. (\/ \L,;‘L,'j P?;W“M}
T T T RXg tio M - - -

< - N ,: \,’ 2
gz;+n3(3;zL)!]

XU Rk jeo ! Clhilige)

o, ~w, ¥ tils 3 'M o :
/- \/ \\‘/ ,/ \ \{ \/‘ [
AR w ¥ (22 |4 C

\1\{ A O 0 ¢ i

. S S ! il
!
’ (2.¢-20)
and . 1 . « .
: . < ! § LK ) )
- Z 'L Z'z__, - Clorbnime-m)
e « g uw Lo Me : A
! ST Ykltft)!(?le)!)
X C(Rik500) (1 "h’%,aﬁ <)
. -
/ -
)(g\\4l)\f|) \/(U \ran} \/iz)\r, \/ Lf‘ 21%4 ff
- oo -l (-
(2.C-21)
;g ' i 27
é§ Integratlng over the angle: win Eg. -20} vyields .
g o Im 2, (tHr)(J.)}__7 Z("‘AC( -&,R; -ww%)v(”*’?'“‘”/“ £
B ERR Y o

K=o,
x CRR13¢.4) C(IR 5 4.8) (114,85 00) C(Rik5 00)
T iy oo)[m.fif IL’»wn] Owr)

. We have made qse of the svmmetry relaticns for the Clebsch-
Cordon cocfficients, see for example refs. 20 and 2o.. !

Q

A
AN
v

Gsdiad

Snesy
X

(2.€-22)

L
3ar
o)

Y-
%
ki
N
~J

' N
4

»

Ve
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wvhere
o

@(&,/if) = S[ Ay &'V"“ddﬁ

4

(2:¢-23),

Using Eq. (2.C-15) and summing over (¥ and éb« gives

: ! (LA'+1)

pzo

i

X C( l)l-.&,J::'il'd“o)ECMIEjOO)}L@(Q,K) .

(2.C0-2%)

F
e 27

Integrating over the anglas in Eq. (2.C-21) ;

V. -Z (w‘) o ZZZ Z Ll bimwieomm)

AR L o MWK Qp

X C(I,I—L,ﬂ;—-w,u—m ) C(L'IP)'M)"K.) C(P-& M=K, K=-M)

‘x Clogiym-m) Clloksood) Clin-t,400) C( iLp;00)

| [ake2 kD)
XC““'!,OO) C(?}ll)oo) (ZLfﬂ)'(). .*Z.‘L)J]C(iﬂﬂ ~K,K-M)

- ;.

X NURE)
; (2.C-25)

»,\;;;.? , where

i E oo w

T4, (‘ 2

A P L+3 $-L

{; ER N AR =) ! Lot A&&" q/(bl) dodr, | (2.c-2)
i - . ‘




S(;ming over w, K., M and ,g ine. | (-;3‘ and (2.C- 16‘ y ‘elds
Voo
i
IM' -2 @) Z A \/\/‘L"“w?k) Ceank; J°)
e G RE ey

XC(I,:—L,L;oé) oL :,),oo) C\an 00) C(Fﬁ' oo) .

. (7.4&+n)J_V+) '\
X(ZQ"")!(J—L‘M 12,—.,...)‘_) : ’(L n”;’ )

fZ.C-??ﬁ

Applying Eq. (2.C-17) ome can express tne produdt EC(L'(’;)o) C(P'&'JOO)}
in terms of the Racah coeilriient N(L!lkjpﬁ) fren SUmSLng OVEr P

"and using Fq. (2.C-1&} ore ovscaln: tincily

T =-2. w0 (A)"LZ Clptt om?u A00) CLRr00)]
ks _q-—— 'QE’ - . |

. (L he1) (L k+1)
-’ : - \’(\gt_ﬂ')'(z Z_L)'] NIL&E) -

T ’ : . . (2.c-28)

- e

The techniques illustrzted in the evalgzilica of 1, apply equally
well to the calculation <f{ the-cther i-tear-i: defined in Eq. (2.C-13]

The results feor these integralé are:
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Finally, evaluating the Ciebechi-CGorvon woeffsizients in the

expressions for the. integrais I-l',"' 5 [(: we cbtain;g -
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