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IMPROVEPENT OF UNCO'JPTWD HARTREE -FOCK EXPECTATION VALUES 

n.9k 
FOR PHYSICAL PROPERTIES , 
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ABSTRACT 

It i s  shown t h a t  i f  one uses t h e  uncoupled Hartrec-Fock 

method as  a zero-order  approximation f o r  c a l c u l a t i n g  a t  A.c  

and molecular second-order p r o p e r t i e s  ( e i t h e r  s t a t i c  or  dynamic), 

t hen  t h e  f i r s t  o rde r  c o r r e c t i o n s  t o  t h i s  approximation a r e  

determined s o l e l y  by quan tE t i e s  a l r eady  a v a i l a b l e  from t h e  

zero-order  c a l c u l a t i o n s .  No new eq,uations need be so lved .  
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Io lNTRODUCTION 

F i r s t - o r d e r  p r o p e r t i e s ,  such as permanent d i p o l e  and quadrupole 

moments, diamagnetic s u s c e p t i b i l i t y ,  charge d e n s i t y  a t  t he  nucleus,  e tc . ,  

are t h e  s t r a i g h t  expec ta t ion  va lues  of c p e r a t o r s  W which a r e  the  sum of 

one e l e c t r o n  ope ra to r s  w ( , % ) ~  For  a system wi th  Hamiltonian H i n  a s t a t e  

wi th  energy E ,  such expec ta t ion  values  can be brought i n t o  the  framework 

of  p e r t u r b a t i o n  theory  by in t roducing  a per turbed  Hamiltonian 132 

w i t h  normalized e igenfunct ions  4 and w i t h  e igenvalues  

Here E (" = < W > , t h e  expec ta t ion  va lue  of W, Second-order p r o p e r t i e s  

such as e l e c t r i c  p o l a r i z a b i l i t i e s ,  paramagnetic s u s c e p t i b i l i t y ,  o p t i c a l  

r o t a t o r y  cons t an t s ,  chemical s h i f t s ,  and n u c l e a r  s h i e l d i n g  c o n s t a n t s  

are p r o p o r t i o n a l  t o  E'*) = < Q > where Q can be regarded as t h e  

symbolic o p e r a t o r  Q = - ( W - < iJ > ') ( H - E ( W - < W > ). 

Since  t h e  exac t  e igenfunct ions  f o r  many-electron atoms and molecules 

a r e  n o t  known, t h e  c a l c u l a t i o n  of f i r s t -  and second-order p r o p e r t i e s  

s tar ts  w i t h  an apprcximate e igenfunct ion  which s a t i s f i e s  a SchrBdinger 

equa t ion  H d Y  = €51 The Hamiltonian H can be w r i t t e n  i n  t h e  

form H = Ho + A V where )j V i s  t h e  c o r r e c t i o n  f o r  t h e  "badness" 

of  t h e  approximate e igenfunct  ion .  I h e  f i r s c  and second-order p r o p e r t i e s  

Y 

can then  be expanded i n  powers s f A 7  

1 
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I n  t h i s  paper  w e  wish t c  d i s c u s s  < W -3 
Hartree-Fock approximation t : I  t h e  wave iun-tion of a ground s t a t e  atom o r  

molecule con ta in ing  an even nuarber, N = 2n ,  of e l e c t r o n s .  < W >, i s  

then  t h e  f ami l i a r  Hartree-Fock Approxlmation t o  W 2 and, as w i l l  be 

shown below, < Q 3 i s  t h e  uncoupl?d Hartree-Fock approximation 

aqd < Q 3 when i s  t h e  

394 

tQ < Q >* 
5 A s  i s  w e l l  known, and as w e  will r ede r ive  below, < W 3 0 f o r  

t h i s  s i t u a t i o n .  It i s  our purpose t o  show t h a t  e.'. Q .; can be c a l c u l a t e d  

us ing  only  q u a n t i t i e s  a l r eady  a v a i l a b l e  f r o m  t h e  c a l c u l a t i o n  of  < Q >- . 

Thus va lues  of second-order  p r o p e r t i e s  can be made a c c u r a t e  through f i r s t -  

o r d e r  i n  A wi th  out t o e  much e x t r a  e f f o r t ,  

It  i s  important t o  n a t e  howevzr t h a t  f i r s t - o r d e r  i n  hV i s  n o t  

t h e  same as f i r s t - o r d e r  i n  t h e  e r r o r  3 f  the  coupled Hartree-Fock 

approximation t o  < Q >,, Hence t h e  s ~ a t e r n e ~ t  t h a t  < Q >, + A <  Q >/ 
i s  a c c u r a t e  through f i r s t  - C r d e r ,  and the  s ta tement  t h a t  coupled Hartree- 

3 Fock i s  accu ra t e  through f i r s t - c r d e r  hav i  a smehow d i f f e r e n t  con ten t .  

We p l a n  t o  r e t u r n  t o  t h i s  p o i n t  e lsewhere,  I t  i s  cur  hope, of  course ,  

t h a t  < Q 2 + A< Q f 
t he  coupled Hartree-Fock approximat ;DE, b u t  ye t  be eas ie r  t o  eva lua te .  

3 

will have a E C C U K ~ C Y  comparable t o  t h a t  of  
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11. REVIEW OF tL4RTREE-POCK THEORY 

$ is a single Slates determinant composed of ortho-normal spin- 

0 0 0 15 is the antisymmeterizer, N o  orbitals u 1' u 2' 0 0 - 9  u 

(5) # 3 a --- - - - U,"WI 

The spin-orbitals are determined by minimizing the expectation values of H, 

If the Hamiltonian is 

then 

where 

( 9 )  

and P commutes the coordinates of electron i into those of electron q 

The orbitals satisfy the characteristic equation 
iq 



The c o n s t a n t  C may be w r i t t e n  in t h e  form 

where we use  the n o t a t i o n  

The Hartree-Fock wave function than s a t i s f i e s  t he  SchrSdinger equa t ion  

H~ + =  G where 

The e r r o r s  i n  the Hartree-Fcck approximation correspond t o  

However, s i n c e  < ? / V I + >  = 0 , i f  one expands E i n  powers of A ,  

1t1 e = 0 and the d i f f e r e q c e  between E and is second-order i n  . 
An important p rope r ty  inf t h e  Hartree-Fock wave f u n c t i o n  i s  t h a t  i t  

6 .  
i s  s t a b l e  with r e s p e c t  ca one e l e c t r o n  e x c i t a t i o n s  ( B r i l l o u i n ' s  theorem 
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That  is ,  i f  a S la te r  determinant  x 
only  i n  having  t h e  one s p i n - o r b i t a l  u 

d i f f e r s  fron t h e  Hartree-Fock 4 
a 

k ’  rep iaced  by a s p i n - o r b i t a l  v k 

then  

For  ou r  purposes,  i t  i s  convenient  t o  r e s t a t e  t h e  B r i l l o u i n  theorem i n  

t h e  form 

= o  

111. EVALUATION OF FIRST-ORDER CORRECTIONS 

We now cons ide r  t h e  SchrYdinger equa t ion  ( H +,U W)$ = E*& 
0 

where H i s  t h e  Hartree-Fock Hamiltonian given by Eq. (8). S ince  

Ho -I-,& W 

0 

i s  t h e  s u m  of one e l e c t r o n  ope ra to r s ,  5 can be expressed  as 

t h e  S l a t e r  determinant  

where t h e  s p i n - o r b i t a l s  u s a t i s f y  t h e  c h a r a c t e r i s t i c  equat ion  
k 

The u k ( l )  and t h e  e 

e l e c t r o n  p e r t u r b a t i o n  problem s t a r t i n g  wi th  u (I) and e 

z e r o t h  o rde r  e igen func t ion  and e igenvalue  r e s p e c t i v e l y .  Expanding u (1) 

can then be determined as s o l u t i o n s  t o  a one k 
0 0 as t h e  k k 

k 
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i n  powers o f p  gives 

I n  a similar fashion,  $ can be expanded i n  powers of p, 

Here 

and 

The 51 '*',' y '"" are terns i n  the  double expansion of 9- , 

If w e  a l s o  expand 2 
t heo ry  , we can then i d e n t i f y :  

as a double power s e r i e s  and u s e  double p e r t u r b a t i o n  

1 



and 

t h e  formula fo r  {OA being  exac t ly  t h a t  of t h e  uncoupled Har t ree-  

Furthermore, a s  a r e s u l t  of t he  Dalgarno 3,4 

1 7 2  

F oc k appr ox ima t ion.  

Interchange Tbeorem 

Then, s i n c e  I/ i s  independent of ,h! i t  fol lows from 

E q s .  (211, (27 )  and 128) t h a t  (W) :  c A, and . (&a = /JJ 



t 
c 
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Making use of Eqs. (9) ,  (11)9 and (14) ,  together  w i th  the n o t a t i o n  

of Eq. (12 ) )  w e  then f ind  

" 

i n  powcrs of  f i  , and c o l l e c t i n g  terms, 
Uk Expanding the 

g ives  A, = .(f l?=o Furthermore, 

The i n t e r e s t i n g  and important r e a t u r e  of t h e s e  formulae 6s t h a t  they - 
(2 J 

do no t  involve the U.; .( A l l  one needs a r e  u('2 and k' '2 

which a r e  a l r eady  a v a i l a b l e  from t h e  c a l c u l a t i o n  o f  (42 . This  

s i m p l i h i c a t i o n  has come about i n  the following way: 

i s  t h e  sum of one e l e c t r o n  e x c i t a t i o n  S l a t e r  

determinants ,  i t  fol lows from t h e  Br iP lou in  Theorem, E q .  

t h a t  

(17) ,  

< w4 = 0 .  < F ' ~ / ' /  I// p >  t= o and hence 

I n  a s i m i l a r  manner, s i n c e  v'',~' m l y  invo lves  Lc 12; 

through one e l e c t r o n  e x c i t a t i o n  S l a t e r  de t e rminan t s ,  

i s  independent of  the second-order s p i n - o r b i t a l s .  Thus, E q .  (31) 

provides  us wi th  a very simple expres s ion  f o r ,  <'a> 
/ 

which only 



t 

9 

r e q u i r e s  t h e  knowledge of t he  unperturbed and f i r s t - o r d e r  s p i n -  

o r b i t  a Is 

Simi la r  r e s u l t s  can be shown t o  hold i n  the  c a l c u l a t i o n  of 
7 

second-order frequency dependent p r o p e r t i e s .  I n  t h e  n o t a t i o n  of 

r e f e r e n c e  1, Chapter 9 ,  one can prove t h a t  if PLo’ i s  the  

Har tree-Fock f u n c t i o n  then  ( i )  one e l e c t r o g  e x c i t a t i o n  terms 

i n  $+ d o  not c o n t r i b u t e  t u  L ar&d Qii), t he  two e l e c t r o n  - 
e x c i t a t i o n  terms i n  8t + 6- ihrhfch is t h e  q u a n t i t y  one 

needs t o  compute L , a r e  aPL e x p r e s s i b l e  i~ terns o f  the s p i n -  

o r b i t a l s  of v2 which a r e  a v a i l a b l e  from the  zero order  

c a l c u l a t i o n .  

( 0 )  

D e t a i l s  and r e s u l t s  of c a l c u l a t i o n s  f o r  s p e c i f i c  examples 

w i l l  be publ ished as  soon as  poss fb le ,  
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