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I 

Summary li 

The Landau-Milelchin hydrodynamic model of very high energy 
I 
1 

nucleon in te rac t ions  i s  extended t o  ca l cu la t e  t he  pion energy 

and angle d i s t r ibu t ions  i n  the  center of mass system (CMS) and 

of the  nucleonic f l u i d s  leads t o  t runcat ion of the  pion d is t r ibu-  

laboratory frames. 

on the  average energy of the  pions produced i n  the  decomposition 

Consideration of the physical l imi ta t ions  

t i o n  and a r a the r  slow energy dependence of the average CMS pion I 
energy on the incident  proton energy. 

dence i s  chosen fo r  incident  primary cosmic r ay  protons, the  

pion production spectrum found in the  laboratory frame has a 

steeper energy spectrum than those found using s impler  models 

of nucleon in te rac t ions .  

When a power l a w  depen- 

i 
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FIGURE CAPTIONS 

Fig. 1. - Nucleon-Nucleon Scattering According to the Landau 
Model (Adaption of a Figure from AMAI et al. (5) ). 

Fig. 2.  - Pion Transverse Momentum Distribution, after MILEKHIN (16) . 
Fig. 3.  - f(ec), 
Pions, Given by Eq. (10) in Terms of the Center of Momentum 

Angle 8'. 

the Center of Momentum Angular Distribution of 

C Fig. 4. - f(ET ), 

Given by Eq. (16). 

Center of Mass Energy Distribution of Pions, 

Fig. 5. - Laboratory Energy Distribution of Pions, 
Eq. (30). 

f(ER) from 

Fig. 6. - Laboratory Angular Distribution of Pions, f (6)  

Produced in a Single Collision. 
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Fig. 7. - Pion Source Function in Space 
Ray Collisions (a) Hydrodynamic Model (Present Paper) (b) 
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1. Introduction 

Recent experiments (" 2, studying cosmic r ay  proton co l l i s ions  

a t  very high energies  

model of nucleon-nucleon interaction does not  explain properly 

( > 10'' eV) indicate  t h a t  a per ipheral  

mult iple  production of mesons at  these energies .  In t h i s  paper 

therefore ,  a de ta i led  study i s  made of a highly i n e l a s t i c  model 

of nucleon-nucleon co l l i s ions .  (4) Both the  FERMI (3) and the  LANDAU 

models of nucleon-nucleon co l l i s ions  are examples of such highly 

i n e l a s t i c  processes. 

The Fe rmi  model character izes  the  c o l l i s i o n  volume of the  

The f l u i d  i s  typ i f i ed  two nucleons as a highly exci ted f l u i d .  

by a temperature t h a t  i s  determined by the  t o t a l  center  of mass 

system energy. The f l u i d  decays i so t rop ica l ly  i n t o  particles 

with a probabi l i ty  dependent only on the  s ta t is t ical  weight of 

t h e i r  f i n a l  states. The t o t a l  number of particles i s  proportional 

t o  the  fourth root  of the incident laboratory energy of the cosmic 

ray  proton. 

 author^'^). 
d i c t s  many more K mesons and nucleons than are produced, and 

The Fermi  model has been extensively t r ea t ed  by many 

It has several  shortcomings, i n  pa r t i cu la r  it pre-  

much higher  energies  than observed. 

The Landau-Milekhin model, l i k e  the  Fe rmi  model, i s  hydro- 

dynamical. The col l id ing  nucleons are character ized as co l l id ing  

f l u i d s .  When the  nucleons co l l ide  they form a highly exci ted 

f l u i d  volume t h a t  expands according t o  the l a w s  of re la t ivis t ic  
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hydrodynamics. 

pions are ejected.  

decomposes i n t o  individual  mesons. There i s  some f i e l d  theo re t i c  

j u ~ t i f i c a t i o n ' ~ )  fo r  t h i s  model. 

In the e a r l y  s tage of expansion a few high energy 

In later s tages  the  f l u i d  cools and f i n a l l y  

This model's predict ions seem 

t o  be reasonably substant ia ted by the  recent  data (1 , 2) 

The Landau model, though more complex than the  Fe rmi  model, 

seems f r u i t f u l  t o  adopt fo r  fur ther  study. 

fu r the r  i n  the  next sect ion.  

It i s  discussed 

Section 3 contains the  appl icat ion 

of the  Landau-Milekhin model of pion production t o  the  center  of 

mass system. The laboratory frame i s  discussed i n  Section 4;  

energy d i s t r ibu t ion  functions are introduced which are angle inde- 

pendent. The f i n a l  sect ion contains an example of the  techniques 

developed i n  Section 4, i n  the calculat ion of t he  energy spectrum 

of pions produced by cosmic rays, and some concluding remarks. 

2. The Landau model 

W e  begin an ana lys i s  of the Landau-Milekhin model by estab- 

l i s h i n g  notat ion.  L e t  E be the t o t a l  energy of the  incoming 

cosmic r a y  proton, and let  the  t a rge t  proton be a t  rest i n  t h e  

laboratory frame of reference and, i f  c i s  taken as "l", have 

a rest energy M ( = 1 GeV). We define the quan t i t i e s  y - E /M 
P P 

and y, = ER/p where p i s  the pion mass and E i s  the pion 

t o t a l  energy. CMS quan t i t i e s  are dis t inguished by the  use of a 

"c" 

P 

n- 

superscr ipt ,  w h i l e  laboratory quan t i t i e s  are not  labeled. 
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I 

I 

I 

The dimensionless energy, y, i s  r e l a t e d  t o  the dimensionless 
2 2  veloci ty ,  B, by y = (1 - /3 ) . The CMS frame i s  assumed t o  
-1 

1 

move with ve loc i ty  W i n  the laboratory, i n  the  d i rec t ion  of 

the incident  nucleon. W e  def ine r = (1 - 2) , which by ele- 

mentary kinematics = [yp/2]'. The col l id ing  protons i n  the CMS 

w i l l  have energy E - MI'. W e  sha l l  always consider yp > 50. 

-1 
2 

1 

C 

P 
According t o  many experiments, the high energy cross  sect ion 

of a nucleon i s  approximately i t s  geometrical cross  section, w i t h  

t h e  pion Compton wavelength fo r  a diameter (5 = n(h/2p) . We 
2 

assume that a nucleon a t  rest i s  a uniform f l u i d  sphere of t h i s  

c ross  sect ion.  

w i t h  ve loc i ty  W, t h e i r  sphe res  contract  t o  disks  of t ransverse 

Therefore, i n  a system where the nucleons are moving 

radius  h / & '  and thickness h / & r  = A .  The  t i m e  of c o l l i s i o n  i s  
C 

of order n and i f  a f ract ion,  q, of t h e  t o t a l  energy 2E i s  t rans-  

f e r r e d  t o  the  mesons (q i s  frequently ca l l ed  the i n e l a s t i c i t y ) ,  

t he  "mechanical act ion" changes by 

Because M/p. S= 7, it follows that 6 s  =: 7qh. For a c l a s s i c a l  

P 

A = h[M/p]q.  C 

6s = 2qEP 

t he  Landau theory i s  l imited t o  highly i n e l a s t i c  co l l i s ions .  

The Landau model (see Fig,  1) considers that a t  t he  in s t an t  

of contact  of t he  co l l id ing  nucleons 

begin t o  propagate in to  the  disks  with ve loc i ty  

( t  = 0), two shock waves 

Co given by 

re la t iv i s t ic  Rankine-Hugoniot re la t ions  (6) . Here Co i s  the 

sound v e l o c i t y  i n  the  medium given by thermodynamics. A t  high 
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temperatures, T >> c1., w e  f ind  Co = 0.557, while a t  the  lowest 

temperatures under consideration, 

ter continues t o  be compressed, with veloci ty  =: 1. 

A t  t i m e  tl = A/(Co 2 + l), the  shocks reach the outer  edges of the 

= 0.538. The co l l id ing  m a t -  
cO 2 3  W = (1 - l / r  ) 

disks and matter begins t o  flow outward from the  compacted region 

of t he  co l l i s ion .  The region between the outgoing matter f ron t  of 

the shocks and the  ingoing matter of the nucleons i s  the  so-called 

region of the  progressive wave solut ion(7) ,  and although it accounts 

fo r  only one or  two pions, these can car ry  off  up t o  half  the avail- 

ab le  energy. A t  t h e  t i m e  tl (8) ra refac t ion  waves s tar t  t o  travel 

back from the  outer  edges w i t h  veloci ty  Co. They m e e t  a t  the 

- 2  

3 
. The e n t i r e  svstem a t  this 1 L A  LO 

center  a t  t 2  = -0 + r l )  rl rl c( bo coL + 1 
i n s t a n t  i s  described by the  progressive wave solut ion.  The tempera- 

t u r e  i s  s t i l l  given by T 2 2E C . The system now expands rapidly,  
P 

pushing the progressive wave regions outward with ve loc i ty  = 1. 

This i s  the  region of the  "nontr ivial"  solut ion t o  the  hydrodynamic 

equations(8).  The expansion, which i s  l a rge ly  one dimensional, 

continues un t i l  the temperature approaches Tc * = b. Then the com- 

p l i c a t e d  three  dimensional phase begins (which can be t r ea t ed  only 

crudely, but which governs only the minor t ransverse phenomena). 

A t  Tc = p the  whole system dis in tegra tes  i n t o  particles. The 

p robab i l i t y  of production of a par t icu lar  species  "x" i s  given 

(a t  least f o r  bosons) by e x p (  - Mx/Tc) , so if Mx >> CL, the  "x" 
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particle species does not occur i n  s ign i f icant  numbers. 

quently, mainly T I S  and a f e w  K t s  are produced. The number of 

particles produced i s  proportional t o  the t o t a l  change in  entropy 

as the  temperature drops from To t o  T . The t o t a l  number of 

pions produced Vn, o r  pion mult ipl ic i ty ,  is  found t o  be 

Conse- 

C 

1 
v = K [E /MI' 
n T P  

where KT i s  given by experimental  f i t  t o  be of the order of 3 . 3 .  

Agreement i s  good f o r  E fromabout 50 GeV t o  10 4 GeV. Above 
P 

4 E = 10 GeV, data are scarce but there  i s  some evidence t h a t  vT 

may be r i s i n g  more slowly. 
P 

3 .  Pion energy and angular d i s t r ibu t ion  i n  CMS 

An experimental resul t") ,  of which frequent use i s  made, i s  

t h a t  t h e  average t ransverse momentum < PI> 

t i v e l y  independent of production angle  and E Recall t h a t  PI 

of the  pions i s  rela- 

P 

i s  a Lorentz invariant  PI= PI C . 
measured t o  be 0.4 - 0.7 GeV/c. 

t h ree  dimensional expansion stage 

most probable value of PI t o  b e  

The average value of P i s  

When w e  completely ignore the 

i n  the  Landau model, we  ge t  the  

1-2 CL as a r e s u l t  of thermal 

I 

motion. This i s  of the  r i g h t  order. For the overwhelming majori ty  

of pions, PI> k.  

d i f f e r e n t i a l  t ransverse momentum spectra of pions fo r  various inc i -  

This i s  i l l u s t r a t e d  i n  Fig.  2, which shows the 

dent proton energies  ( the parameter 4 r e f l e c t s  the  incident proton 
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I I C C 

I I I 

I I I - u 
('i 1 

L d - 1 - d - I  

x -  

(i) The i n s t a n t  of 
c o l l i s i o n  (t=to) 

' I  

(iii) x - 
(iii) The shocks have 
j u s t  passed over 
t h e  matter (t=t,) 

x -  (ii) 

(ii) Shock wave propagates  i n  both 
d i r e c t i o n s  w i t h  v e l o c i t y  c .  The 
matter  between shock cont?nues t o  
be compressed wi th  v e l o c i t y  c; v, 
t h e  v e l o c i t y  of  t h e  f l u i d ,  i s  ze ro  
between t h e  shocks 

R-j 
ti- 6 

(iv) x ---c 

( i v )  The outf low of  matter has 
begun and i t s  e f f e c t  ( t h e  rare- 
f ac t ion  wave) i s  propagat ing t o  
the  c e n t e r  with sound ve loc i ty .  
The flowing region i s  represented  
by t h e  progress ive  s o l u t i o n  (shaded 

A area)  

I (4 x 4  v=- c v=c 
x -  

(v)  The two p rogres s ive  (rare- ( v i )  The reg ion  of n o n t r i v i a l  
f a c t i o n )  waves have j u s t  m e t  so lu t ion  bounded by t h e  two 

progress ive  waves i s  formed, 
and expands quickly,  pushing 
the p rogres s ive  waves i n t o  t h e  
narrow space very  near  t h e  wave 
f r o n t s  

Fig. 1 Nucleon-Nucleon Scattering According to the Landau Model 
(Adaption of a Figure from AMAI et a1.(5)) Research Dept . 

RE-215J 
6 June 1965 



energy through the dependence sinh [aEp 3i% ) .  The d i s t r ibu t ion  curve 

i s  peaked near P L / p  = 1 (depending on E ) with a long t a i l  

toward higher PI. 
P 

In the  der ivat ion of the energy and angle d i s t r ibu t ion  of the  

pion i n  the  center  of .mass of the  co l l id ing  protons, w e  follow 

MILEKHIN i n  defining the parameters q and C by: 

(3) 

Then the  CMS emission angle of the pions i s  given by 

(4) t an  8' = tanh 5 csch q . 
Milekhin shows t h a t  t h e  d is t r ibu t ion  funct ion t 

(5) 

may be approximated t o  b e t t e r  than 10 p e r  cent accuracy by a 

Gaussian 

the  normalization being 

(7) 

-03 
J 
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The "Landau parameter", L, is chosen by Milekhin to be 

L = 0.56 an EP + 1.6 

for nucleon-nucleon collisions; this is slightly higher than 

the conventional value in order to get a better fit to the 

angular distribution. 

To derive "exact" energy and angle distributions f (q, c ) ,  
the distribution in C for fixed q is also needed. Unfor- 

tunately, f(q, <) 

angle distributions can be calculated still by employing the 

result PI > fi for the vast majority of particles. Consequently 

in Eq. (3),  we set sinh C > 1. Immediately, then 

is not in closed form; however, the energy- 

(9) 
1 

sinh q tan ec 2 

which via the identity: 

csch -1 x = an 

yields 

x -1 + (1 + x'z)+] , 

and 
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Fig. 2 Pion Transverse Momentum Distribution, After MILEKHIN (10) 
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Thus, the CMS angular d i s t r ibu t ion  i s  given by 

f(eC) i s  normalized by 

f(eC)deC = 1 . r 0 
The form of the  function f (ec )  i s  shown i n  Fig. 3 .  

The CMS energy can be expressed as a s i m p l e  f u n c t i  

(2), (3) ,  and (9), so CMS angle through the  use of Eqs. 

n of the  

t h a t  

[p 2 21: 
C I + c L  

s i n  ec 
E =  
7J 

. 

Because the t ransverse momenta of a l l  t he  pions are of t he  same 

order of magnitude, t h e i r  CMS energy may be approximated by e i t h e r  

t h e  expression 

[ 2 213 
C < P I  > + w  

E =  
s i n  e' 7J 
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n 

CD 
W 
Q4 

0 

> 

Fig. 3 f(ec), the Center of Momentum Angular Distribution of 
Pions, Given by E q ,  (10) i n  Terms of t h e  Center of 
Momentum Angle Qc. 
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or,  by introducing a constant, 

nologically,  may be wr i t ten  

K, which can be determined phenome- 
* 

for  a l l  proton energies  as 

E =  C R  

s i n  ec TT 

One f inds  '. K c\, 2p. 

Equation (12) allows us t o  obtain the  CMS energy d i s t r ibu t ion  

d i r e c t l y  from the  pions! CMS angular d i s t r ibu t ion  using 

W e  f ind 

* 
The d i s t o r t i o n  of the bas ic  Landau-Milekhin theory i s  minimized 

by replacing the  r ad ica l  i n  Eq. (11) by a constant.  Figure 2 

represents  dNTT/dPI as peaked in  the  neighborhood of p followed 

by a long t a i l  toward the  higher energies .  

d i s t r i b u t i o n  aTT/d[PL ] w i l l  be  even more s t rongly peaked and 

Clearly then, t he  

2 

consequently the  replacement of PI 2 by < PI 2 > i s  not a 

severe d i s t o r t i o n  of t he  theory 's  predict ion.  
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C * A s  we always consider ET >> K, Eq. (13) may be s implif ied t o  

Equation (14) seems t o  reasonably represent  the  pion d i s t r ibu -  
1 

K e('')' f o r  proton energies t i o n  from E = K t o  ET - - 
Ep > 50 GeV. 

spectrum appears t o  f a l l  d ra s t i ca l ly .  

t r i bu t ions  t o  account f o r  this experimental r e s u l t  by using a 

d i s t r i b u t i o n  of t he  form given in  Eq. (14) fo r  ET between p 

and p e (2L)3 and set f(E:) = 0 outs ide t h i s  region. This 

requi res  a r enorml iza t ion  of t h e  d i s t r ibu t ion  t o  s a t i s f y  Eq. (7 ) .  

C 

3 a - 2  
,K e(2L) , the  experimental 2 A t  pion energies above 

W e  can r ev i se  these d is -  

C 

* 
Equation (14) may be a l t e rna t ive ly  derived by considering 

c -  E = K cosh q ; a 
C * f o r  Ea >> K w e  have q >> 1, cosh q = $eq, and 

The reder iva t ion  of Eq. (14) follows then by use of Eq. (6). 
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Using the "error" in t eg ra l  

f o r  zero otherwise (see Fig. 4) 

An addi t iona l  reason f o r  truncating the  pion energy d i s t r ibu -  
C 

t i o n  is  found by analyzing the  mean energy < E >, as a function 

of L(Ep). I f  one used Eq, (14) without a cut-off t o  evaluate < ET 
one f inds  

7r 
C >, 

C 1 

Since f o r  l a rge  L, @((L/2)'). = 1, < E~ > w i l l  increase as 

eLl2. This is  not physical  - a glance a t  Eq. (14) shows t h a t  

most particles w i l l  have ET C 

cut  o f f  w e  f i n d  

1 - 
< e  (2L)2.  However, w i t h  t h e  
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E= a 

Fig, 4 f(E;), Center of Mass Energy Distr ibut ion of Pions, 

Given by Eq. (16) , 
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(2L) e 
C 

77- 
E ‘f(E ‘)dE <ETc>=[ P a 

Here, for large energies, 

- L/2 
3 

2 1 

@ [  (L/2)&] - @ [  (L/2)‘ - 11 =: a ’ [  (L/2)sj = - 
fie 

which, using the asymptotic formula 

leads to 

which decreases as L increases and is always less than 1, 

satisfying the physical requirements. 

The cut-off in CMS energy implies a cut-off in the angular 

distribution near A renormalization in the calcula- 

tion similar to that involved in Eq. (16) gives the angular dis- 

8‘ = 0, a. 

tribution 
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2 ec an tan  -1 1 2 (19) f (ec)  = 
c p ( 1 )  (27rL)3 s i n  ec 

C C < e < 8- , where C 
min fo r  8 

C 

3 
-1 -(2L)f e min 

2 = t an  e 

C e 
= 2  2 .  

C 1 
-1 . (2~) '  p ~ min e 

= t an  2 

The in t eg ra l  energy d i s t r ibu t ion  defined through 

i s  found t o  be 

E C  
r "  

C = O  i f  E a < p  

C (2L)S = 1  i f  ET > p e  

In Table 1 we have tabulated G(ETc). 

t o  inc ident  proton energies of l o2  and 10 GeV respect ively;  

Column 3 is  introduced t o  permit t he  use of the t ab le  fo r  calcula- 

t i o n s  of a r b i t r a r y  incident proton energies.  

Columns 1 and 2 correspond 

8 

17 Research Dept . 
RE-215J 
June 1965 



3aLE 1 

INTEGRAL ENERGY DISTRIBUTION: G (E_') 

Each, 

8 (EP - lo2  GeV) (EP = 10 GeV) 

C 

7T 
an- E - 

(2L) F7T 

1 .24  1.44 .075 
1 .54  2.08 .15 
1 .73  2.53 .19 
3.00 6.69 .395 

6 . 0 5  

7.39 
11.02 
13.46 

22.20 
29.96 
54.60 
81.45 

.638 

.695 

.828 

.910 

Similarly, the integral angular distribution G(ec), 

.10 
w 20 
.25 
.50 

75 
.80 
.90 
.95 

the fraction 

of particles with 8 < is found via Eq. (19) to be given by 

C 
= 0 if e < emin 

C = 1  if @)emax . 

This function is tabulated in Table 2 .  
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TABLE 2 

INTEGRAL ANGULAR DISTRIBUTION : G (8) 

ec ec 

G (6 E = lo2 GeV E = 10 8 GeV 1 an tan  2 ec 
P P (2L) 

39" 
90 O 

114" 
152" 
164" 
169" 

17" 
90 " 

129" 
167" 
177" 
178" 

-0.39 0.25 
0 0.50 
0.15 0.60 
0.485 0.80 
0.695 0.90 
0.830 0.95 

4. Distr ibut ion of pions i n  the laboratory frame 

A form f o r  the  energy d i s t r ibu t ion  of the  pions, which w i l l  

be independent of the  angle of production, can be a r r ived  a t  

through a re la t ionship  between the pion laboratory energy. 

and the  hydrodynamic var iable  "qtl [see.Eq. (6) 3 .  To obtain t h i s  

r e l a t i o n  le t  u s  consider the  expression fo r  the  laboratory pion 

energy 

ET, 

This can be replaced f o r  high energy pions by the Doppler form 

r( i  + COS e') C E = ET 
7J (23) 

2 C ( for  E = 10 GeV, < B, > = .98). The angular function i n  P 
Eq. (23) can be replaced a f t e r  some manipulation of Eq. (14) by 
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, 

- 
(sinh2q + tanh 2 2  C) 

When COS 8' i s  placed i n  Eq. (23) we find, a f t e r  employing the  

usual L a n a u  approximation tanh C = 1, t h a t  
L 

E = PI' cosh q cosh C [ l  + tanh q ]  . 
7J (24) 

We can remove the  las t  of t he  I l C l l  dependence by u t i l i z i n g  the  

constancy of the  t ransverse momentum [see Eqs. (3) and (12) ]  so 

t h a t  

E - KI' cosh q [ 1  + tanh q ]  
TT 

E - w e n .  
Tr 

Because 

dN7J 9 1 dNTr - 1 -I I ,  f(ET) = - - - -  
a N dE NT dq dE 

7 J T r  

it follows immediately from Eqs. (6) and (25) t h a t  I 

Equation (26) ,  l i k e  Eq. ( 6 ) ,  i s  normalized upon the  assumption of 

an i n f i n i t e  upper l i m i t  fo r  the pion energies .  To normalize the 
~ 

I 
laboratory frame d i s t r ibu t ion  as had been done f o r  t he  corn., w e  

I 
need t o  determine the energy l i m i t s  i n  the laboratory frame. These 

can be obtained by considering the use of Eq. (12) i n  Eq. (23):  
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i 

t h e  ambiguity sign r e fe r r ing  t o  e i t h e r  motion "forward", cos 8' > 0, 
C C o r  "backward", cos 8 < 0, i n  t he  CMS. Then E >> K reduces 

Eq. (25) t o  
IT 

C 

7r 
E = 2IE 7r 

2V2r 
E = -  

C 
7r 

E 7T 

("forward" i n  CMS) 

("backward" i n  CMS) . 

Consequently, t he  energy l i m i t s  f o r  the  laboratory d i s t r ibu t ion  

are 

1 
= 2pr exp(-2~) '  . 

min E7rl 

Renormalizing Eq. (26) with these l i m i t s  give,s 

(30) 

where 

-1 
A 7r = [@(l) (~TL)'] . 
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Fig, 5 Laboratory Energy Distribution of Pions, 
f(E ) from Eq, (30). 

7T 
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Equation (30) then gives the omnidirectional energy distribution 

function for pions produced by a proton of energy 

function is illustrated in Fig. 5 .  

E this 
P’ 

In Section 5 we utilize this 

distribution to calculate the pion energy distribution in space 

due to cosmic ray collisions. 

The angular distribution of the pions can be readily found 

through the relativistic angular transformation 

As in the energy distribution for high energy pions, Eq. 

be written in a Doppler form 

(31) may 

Incorporating Eq. (19) and (31) into the distribution formula 

7T exp[2 an 2 . 1  ‘Ir tan e ) ]  , 2A 

f(e) = sin 28 

f(e) = o . 
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L r - 
0" 45 " 90" 

Fig. 6 Laboratory Angular Distribution of Pions 
Produced in a Single Collision 
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The range of f (e )  i s  establ ished from Eqs. (19) and (31) t o  be 

1 
-1 ex (-2L}T 

= t a n  [ P min e 

-1 exp{2L}z e I M X  = tan [ '1 
Equation (32) indicates  an angular d i s t r ibu t ion  i n  the labora- 

to ry  that i s  peaked s t rongly in  the  forward direct ion.  

w i l l  be t o  the  l e f t  of 8 = tan-'(l/r) i n  t he  d i s t r ibu t ion .  For 

-1 50 G e V  cosmic rays,  where tan (l/r) = 14.8 degrees, the  dis-  

The peak 

t r i b u t i o n  peaks i n  the  forward d i rec t ion  a t  8 < 0.6 degrees (see 

Fig.  6 ) .  

A useful  quant i ty  of ten re fer red  t o  i n  the literature i s  the  

angle  i n  the  laboratory corresponding t o  within which 

angle  [Table 2, o r  by the obvious symmetry i n  

pions are contained. This angle is  of ten denoted 8, - = t an  (l/r). 
Experimentally - gives a myasure of the  incident  cosmic ray  

Bc = go", 

f ( e c ) ]  half  the  

-1 
2 

y + 1 2  
energy E via r = ( P ) t h a t  is, 

P 

2 E = M ( 2  t an  8, - - 1) . 
P 2 

One must be cautious about using t h i s  equation i n  t h e  general  litera- 

ture ,  as experimental s i tua t ions  usual ly  deal with nucleon-nucleus 

collisions(11'12) where the  assumption of CMS symmetry about 

8 = 90" i s  r a t h e r  dubious. 
C 
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The p a r t i c l e  number i s  a Lorentz invariant .  Therefore we 

may f ind  G(B), t he  in t eg ra l  d i s t r ibu t ion  function i n  the  labora- 

t o ry  frame, merely by transforming angles 

The t a b l e  of values, Table 2, i s  then v a l i d  i n  the laboratory frame 

i f  the  las t  

and G ( e ) ,  

Tables 

1 
two column headings are changed t o  1/(2L)' X Jn ( r  tan  e )  
respect ively,  and if the  CMS angle columns are ignored. 

3 and 4 give the r e s u l t s  of calculat ions using the  above 
rl 

formulas, with incident  energies ranging from E - l o L  GeV t o  

10" GeV, including cut-offs,%eans,"and 80 pe r  cent values of 
P 

t he  i n t e g r a l  spectra .  

5. The cosmic r ay  pion source function 

A useful  extension of the pion energy d i s t r ibu t ion  [see Eq. (30) ] 

i s  the  cosmic r a y  pion source d is t r ibu t ion ,  t he  number of pions pro- 

duced i n  the  energy range ET to ET + dE by cosmic r a y  protons 

co l l i d ing  w i t h  matter space of densi ty  n protons 

sec t ion  CI . The pion source function can be wr i t ten  as 

a 
c m  -3 and cross  

PP 

where j (E ) is  the  cosmic r a y  flux, which can be represented by 

the  power l a w  K E sr G e V - l  sec (i = 2.6), and the  
P P  

'q cm-2 -1 -1 
P P  
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f ac to r  v f dE i s  the  number of pions with energy between ET 

and E + dE produced i n  a co l l i s ion  by a proton with energy E 

The thermal energy of the target  nucleon i s  negl ig ib le  when com- 

pared t o  the incident  cosmic ray proton. 

T I - T I -  TI- 

TI- 7T P 

Equation (34) can be wri t ten e x p l i c i t l y  using Eqs. (1) and (30) 

as 

E 
n p2 -* no  

P T  E 
A E  PP \ (Ed&* = K K - 

TI-P TI- 

Pl 
J E  

3 pions/cm sr GeV sec. 

The l i m i t s  of integrat ion are arr ived a t  by invert ing Eqs. (29). 

This i n t e g r a l  i s  evaluated i n  t h e  Appendix where it is  found t o  

be 

KPKTrnopp exp(3.2q - 2.4) q~(E~)dE . , ,  = 2p@(l)k 

- kul) + @ (: - ku2)] 
2 

2kv - e  @ (" u1 + kul) - (: 2 + ku2)]] dE 7T 
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where 

and 

= 1 + 3.78 + 2 0 2  
u2 L . 

Equation (36) has  been evaluated and p lo t t ed  by an e lec t ronic  

computer (IBM 7094). 

curve i n  Fig. 7 .  

plo t ted ,  f o r  comparison, as the broken l i n e .  The f igure  ind ica tes  

t h a t  Eq. (36) can be w e l l  approximated by the  power l a w  

The plot ted r e s u l t s  are shown as the s o l i d  

The r e s u l t s  of GINZBURG and SYROVATSKI (I3) are 

'2 Pions 
Q l r ( E p T  = c E 3 c m  sr GeV sec 7rT  

where z = 3.26, and CT = 7.2 na  when q = 2.6, K = 1.5, 

and KT = 3.3. 
PP P 

A recent  experimental paper by KIM") compares Landau model 

pred ic t ions  with experimental r e s u l t s  i n  the  case of the pion 's  

t ransverse  momentum and angular d i s t r i b u t i o n  i n  the CMS frame. 

There it  i s  found that agreement i s  good. It is  hoped t h a t  the 

form i n  which the  angular and energy d i s t r ibu t ion  are presented 
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Energy (GeV) 

Fig. 7 Pion Source Function in Space (n 1) from Cosmic Ray PP 
Collisions: a) Hydrodynamic Model (present paper); b) 
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i 

above are of a nature  t h a t  w i l l  help lead t o  an improved descrip- 

t i o n  of t h e  production of pions. 

per ipheral  model a lone w i l l  not  describe t h i s  phenomenon. 

It seems c e r t a i n  t h a t  t h e  

Extensions of the pion energy d i s t r ibu t ion  t o  t h e  ca lcu la t ions  

of t h e  high energy gamma ray background i n  space h a s  been ca r r i ed  

out by LIEBER, MILFORD, and SPERGEL ( I 4 ) .  

gamma ray ca lcu la t ion  and some of t h e  present  pion ca lcu la t ion  

can be found i n  R e f .  15. SPERGEL and SCANLON (I6) have calculated 

an approximate high energy electron production spectrum i n  space. 

Further  d e t a i l s  of t h e  
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APPENDIX 

We consider below the evaluation of the integral form of 

the pion source function that appears in  E q .  (36) of the text: 

I 

t 

1.6 E e  
When w e  introduce the substitution z = an and 

O P  
7T 

1 . 6 ,  E q .  ( A . l )  may be written as 

A2 

where 

3.2q-2.4 
C =  1 

PP 
no p~(1)7~"  
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I 

1 

When the  fur ther  subs t i tu t ion  u = L" i s  made, Eq. (A.2) be- 

comes 

P B2 

J 
B1 

In tegra ls  of the  form of Eq. (A.3) have been evaluated by SPERGEL 

and SCAN LO^^). Using Eq. (B.1) of t h e i r  paper Eq. (A.3) imme- 

d i a t e l y  becomes 

1 1 
where k = (2q - 2)' , v = (zT/2)' . The determination of 

the  l i m i t s  f o r  Eq. (A.l) and consequently Eq. (A.4) follows from 

Eqs. (29) i n  the  text. The minirmun proton energy, E , that can 

contr ibute  t o  Eq. (A.l) i s  the proton energy t h a t  s a t i s f i e s  Eq. (29a) 

f o r  the pion energy i n  question, The maximum proton energy t h a t  

can contr ibute  pions follows from Eq. (29b). Equations (29) can 

P 1  

36 Research Dept . 
RE-215J 
June 1965 



be solved readily for L or u.  In terms of u1 and u2, 

Eqs. (29) can be written as 

2-u2 Jz-1.6 
t 

u2 e P E =  
2 0  

and one finds immediately 

(A 5) 

and 

-1 
u 1 = 2 2  

-2. 
u 2 = 2 2  

\ 

as only u > 0 is a physical solution for u. 
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