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Summary
The Landau-Milekhin hydrodynamic model of very high energy i

nucleon interactions is extended to calculate the pion energy

and angle distributions in the center of mass system (CMS) and

laboratory frames. Consideration of the physical limitations

on the average energy of the pions produced in the decomposition

of the nucleonic fluids leads to truncation of the pion distribu-

tion and a rather slow energy dependence of the average CMS pion

energy on the incident proton energy. When a power law depen-

dence is chosen for incident primary cosmic ray protoms, the

pion production spectrﬁm found in theblaboratory frame has a

steeper energy spectrum than those found using simpler models

of nucleon interactions.
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FIGURE CAPTIONS

Fig. 1. - Nucleon-Nucleon Scattering According to the Landau

Model (Adaption of a Figure from AMAI et al.(s) ).
Fig. 2. - Pion Transverse Momentum Distribution, after MILEKHIN(16).

Fig. 3. =~ f(ec) the Center of Momentum Angular Distribution of
]

Pions, Given by Eq. (10) in Terms of the Center of Momentum

Angle 6.

Fig. 4., - f(EWc), Center of Mass Energy Distribution of Pionms,
Given by Eq. (16).

Fig. 5. = Laboratory Energy Distribution of Pionms, f(Ev) from
Eq. (30).

Fig. 6. - Laboratory Angular Distribution of Pions, £(6)

Produced in a Single Collision.

Fig. 7. - Pion Source Function in Space (n Gpp

Ray Collisions (a) Hydrodynamic Model (Present Paper) (b)

1) £from Cosmic

n

GINZBURG - SYROVATSKI(ls).
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1. Introduction

(1,2)

Recent experiments studying cosmic ray proton collisions

at very high energies ( > 1010 eV

) 1indicate that a peripheral
model of ngcleon-nucleon:huxmaction does not explain properly
multiple pfoduction of mesons at these energies. In this paper
therefore, a detailed study is made of a highly inelastic model
of nucleon-nucleon collisions. Both the FERMI(B) and the LANDAU(4)
models of nucleon-nucleon collisions are examples of such highly
inelastic processes.

The Fermi model characterizes the collision volume of the
two nucleons as a highly excited fluid. The fluid is typified
by a temperature that is determined by the total center of mass
system energy. The fluid decays isotropically into particles
with a probability dependent only on the statistical weight of
their final states. The total number of particles is proportional
to the fourth root of the incident laboratory energy of the cosmic
ray proton. The Fermi model has been extensively treated by many

3

authors It has several shortcomings, in particular it pre-
dicts many more K mesons and nucleons than are préduced, and
much higher energies than observed.

The Landau-Milekhin model, like the Fermi model, is hydro-
dynamical. The colliding nucleons are characterized as colliding
fluids. When the nucleons collide they form a highly excited
fluid volume that expands according to the laws of relativistic
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hydrodynamics. In the early stage of expansion a few high energy
pions are ejected. In later stages the fluid cools and finally
decomposes into individual mesons. There is some field theoretic
justification(s) for this model. This model's predictions seem
to be reasbnably substantiated by the recent data(l’z).

The Landau model, though more complex than the Fermi model,
seems fruitful to adopt for further study. It is discussed
further in the next section. Section 3 contains the application
of the Landau~Milekhin model of pion production to the center of
mass system. The laboratory frame is discussed in Section 4;
energy distribution functions are introduced which are angle inde-
pendent. The final section contains an example of the techniques
developed in Section 4, in the calculation of the energy spectrum

of pions produced by cosmic rays, and some concluding remarks.

2. The Landau model

We begin an analysis of the Landau-Milekhin model by estab-
lishing notation. Let Ep be the total energy of the incoming
cosmic ray proton, and let the target pfoton be at rest in the
laboratory frame of reference and, if c¢ 1is taken as "1", have
a rest energy M ( = 1 gev). We define the quantities Vp = Ep/M
and Vo = Ewlu where p 1is the pion mass and Ev is the pion
total energy. CMS quantities are distinguished by the use of a

"¢" superscript, while laboratory quantities are not labeled.
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The dimensionless energy, <Y, 1is related to the dimensionless
velocity, B, by v = (1 - 62)-%. The CMS frame is assumed to
move with velocity W in the laboratory, in the direction of
the incident nucleon. We define T = (1 - Wz)-%, which by ele-
mentary kihematics = [YP/Z]%. The colliding protons in the CMS
will have energy Epc = MI'. We shall always consider YP > 50.

According to many experiments, the high energy cross section
of a nucleon is approximately its geometrical cross section, with
the pion Compton wavelength for a diameter o = w(h/Zu)z. We
assume that a nucleon at rest is a uniform fluid sphere of this
cross section., Therefore, in a system where the nucleons are moving
with velocity W, their spheres contract to disks of transverse
radius #/2u° and thickness #/2ur' = A, The time of collision is
of order A and if a fraction, ¢, of the total energy 2E ¢ is trans-
ferred to the mesons (q is frequently called the inelasticity),
the "mechanical action" changes by ©&s = 2quc - A= n[M/ulq.
Because M/p = 7, it follows that ©&s =~ 7qh. For a classical
theory to be valid, ©&s >> h, so we must have q ~ 1. Thus,
the Landau theory is limited to highly inelastic collisions.

The Landau model (see Fig. 1) considers that at the instant
of contact of the colliding nucleons (t = 0), two shock waves
begin to propagate into the disks with velocity C02 given by

®)

relativistic Rankine~Hugoniot relations Here C0 is the

sound velocity in the medium given by thermodynamics. At high

3
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temperatures, T >> i, we find C; = 0.557, while at the lowest

temperatures under consideration, CO = 0.538. The colliding mat-

ter continues to be compressed, with velocity W = (1 - 1/1’2)2 ~ 1.

-

At time tl = A/(Co2 + 1), the shocks reach the outer edges of the
disks and matter begins to flow outward from the compacted region

of the collision. The region between the outgoing matter front of
the shocks and the ingoing matter of the nucleons is the so-called
region of the progressive wave solution(7), and although it accounts
for only one or two pions, these can carry off up to half the avail-

(8)

able energy. At the time t rarefaction waves start to travel

back from the outer edges with velocity C,. They meet at the

center at t, = g“(l +'A“ % — - The entire system at this

o % %,
instant is described by the progressive wave solution. The tempera-
ture is still given by T = ZEPC. The system now expands rapidly,
pushing the progressive wave regions outward with velocity =~ 1.

This is the region of the "nontrivial" solution to the hydrodynamic
equations(s). The expansion, which is largely one dimensional,
continues until the temperature approaches Tc = u. Then the com-
plicated three dimensional phase begins (which can be treated only
crudely, but which governs only the minor transverse phenomena) .

At Tc = 1 the whole system disintegrates into particles. The

probability of production of a particular species "x" 1is given

(at least for bosons) by exp( - Mk/Tc)’ so if M >> 1, the "x"
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particle species does not occur in significant numbers. Conse-
quently, mainly 7's and a few K's are produced. The number of
particles produced is proportional to the total change in entropy
as the temperature drops from T0 to Tc' The total number of

pions produced VW’ or pion multiplicity, is found to be

&~

M v, = K IE /]

where KT is given by experimental fit to be of the order of 3.3.
Agreement is good for Ep from about 50 GeV to 104 GeV. Above
4

Ep = 10  GeV, data are scarce but there is some evidence that vw

may be rising more slowly.

3. Pion energy and angular distribution in CMS

An experimental result(g), of which frequent use is made, is
that the average transverse momentum < P;> of the pions is rela-
tively independent of production angle and Ep. Recall that P

. . . c
is a Lorentz invariant P¢= P;

The average value of P is
measured to be 0.4 - 0.7 GeV/c., When we completely ignore the
three dimensional expansion stage in the Landau model, we get the
most probable value of P; to be 1-2 u as a result of thermal
motion. This is of the right order. For the overwhelming majority
of pioms, Pl> . This is illustrated in Fig. 2, which shows the

differential transverse momentum spectra of pions for various inci-

dent proton energies (the parameter £ reflects the incident proton
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between the shocks

C

(iv) The outflow of matter has
begun and its effect (the rare-
faction wave) is propagating to

the center with sound velocity.

The flowing region is represented
by the progressive solution (shaded
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(vi) The region of nontrivial
solution bounded by the two
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fronts

Fig. 1 Nucleon-Nucleon Scattering According to the Landau Model

(Adaption of a Figure from AMAI et al,(5)) Research Dept.
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energy through the dependence sinh &aES&3. The distribution curve
is peaked near P¢/“ = 1 (depending on Ep) with a long tail
toward higher PL.

In the derivation of the energy and angle distribution of the

pion in the center of mass of the colliding protons, we follow

MILEKHIN(lo) in defining the parameters n and { by:
(2) EWc = . cosh 7 cosh ¢
(3) P =y sich £ .

Then the CMS emission angle of the pions is given by

(4) tan 6¢ = tanh ¢ esch 7 .
Milekhin shows that the distribution function

dN

(5) legfsf ()

may be approximated to better than 10 per cent accuracy by a

Gaussian
~ 1 2
(6) £(m) = T exp(- n°/2L) ,
(27L) @
the normalization being
(7) f(q)dn =1 .
7
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The "Landau parameter", L, is chosen by Milekhin to be

Ep
(8) L=20.56 4n T + 1.6

for nucleon-nucleon collisions; this is slightly higher than
the conventional value in order to get a better fit to the
angular distribution.

To derive "exact" energy and angle distributions f(n, 6,
the distribution in { for fixed 1n is also needed. Unfor-
tunately, £(n, £) is not in closed form; however, the energy-
angle distributions can be calculated still by employing the
result P >u for the vast majority of particles. Consequently

in Eq. (3), we set sinh § > 1. Immediately, then

cn~ 1
(9 tan 9° = sinh 7 *

which via the identity:

()

csch-1 x = In

- - 2
x1+(1+x2)],

yields
o€
1= = /n tan 2

and

|dTl | = L sec & = 1

de® 9 ta 8¢ 2 gin 6°

72
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Thus, the CMS angular distribution is given by

de - f(njec))

’ 1
£(6%) = =
Nw de® sin 6€
(10)
1,2 e_c]
o1 el (e S|
- - > ;
(27L) @ sin 6

f(ec) is normalized by

£(6%ae® =1 .
0
The form of the function f(ec) is shown in Fig. 3.
The CMS energy can be expressed as a simple function of the

CMS angle through the use of Egs. (2), (3), and (9), so that

N

L2+
(11) E = =~-

. c
sin 6

Because the transverse momenta of all the pions are of the same

order of magnitude, their CMS energy may be approximated by either

the expression

1
2

c [< PL2 >+ uz]

(12a) EW ~ ,

. c
sin 6

10
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Pions, Given by Eq. (10) in Terms of the Center of
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or, by introducing a constant, K, which can be determined phenome-

*
nologically, may be written for all proton energies as

(12b) EC . —K—

sin 6°¢
One finds "K ~ 2u.
Equation (12) allows us to obtain the CMS energy distribution

directly from the pions' CMS angular distribution using

c
dec o - K/Ev
1
dEvc c 2 2 ©
(Ev ) - K
We find
f(EWC) = L T L I
(27L) ® o 9 2
(EW ) =K
(13)

[N

*The distortion of the basic Landau-Milekhin theory is minimized
by replacing the radical in Eq. (11) by a constant. Figure 2
represents dN,[r/dP_L as peaked in the neighborhood of p followed
by a long tail toward the higher energies. Clearly thep, the
distribution dNW/d[PLZ] will be even more strongly peaked and
conseqﬁently the replacement of PJ_2 by < PLZ > 1is not a

severe distortion of the theory's prediction.
Research Dept.
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*
As we always consider EWc >> K, Eq. (13) may be simplified to

2E
1 1 1 2|71
(14) £E ) = T exp{- <= In } .

Equation (14) seems to reasonably represent the pion distribu-

1
2
c e(2L)

T for proton energies

tion from E ¢ . K to E =~ K
T 2

. . K _(21)% .
Ep > 50 GeV. At pion energies above 5 € s the experimental

spectrum appears to fall drastically. We can revise these dis-

tributions to account for this experimental result by using a

distribution of the form given in Eq. (14) for Evc between
1

(2L) @

and u e and set f(EWc) = 0 outside this region. This

requires a renormalization of the distribution to satisfy Eq. (7).

*
Equation (14) may be alternatively derived by considering

C
EW = K cosh 7 3

for Evc >> K we have 1 >> 1, cosh 1 = 1e, and

The rederivation of Eq. (14) follows then by use of Eq. (6).

13 Research Dept.
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Using the "error" integral

2

(15) ox) = —2— | e at,
T
0
c
. L BnZ[EE_
e, _1 11 oL
(16) f(Ev ) = E?TT(Z/WL) e e
T
%

for p < EWc <u e(ZL) s zero otherwise (see Fig. 4).

An additional reason for truncating the pion energy distribu-
tion is found by analyzing the mean energy < EWc >, as a function

of L(EP). If one used Eq. (14) without a cut-off to evaluate < Evc >y

one finds *

C c

- . cy . c
KES>=1| ES €€ + &

(17) K
= % . [@ ((L/Z)%) + 1] eL/2

1
Since for large L, ®((L/2)?) .= 1, <'E1Tc > will increase as

eL/Z. This is not physical — a glance at Eq. (14) shows that
1
. . c (2L) 2 .
most particles will have Ev e . However, with the

cut off we find

14 Research Dept.
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f(E:;_)

Fig. 4 f(E;), Center of Mass Energy Distribution of Pions,

Given by Eq. (16).

15
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[V

o (2L)

c c c
<E_~ > %rf@w)d%r

(18)

L/2

- 565 o] @wn®| - o arn)® - ]} .

Here, for large energies,
o w2t - o[ - 1] =o' [w2?] - —j——_e' Lz,

which, using the asymptotic formula

2
-2

s .2 e Jl .1
®(2) 1 ST 2z 1 222} ’

leads to

1 i
2 2

(&4
<E1T >g el { 1 }

(2L o(1) V' (L/2>

which decreases as L increases and is always less than 1,
satisfying the physical requirements.

The cut-off in CMS energy implies a cut-off in the angﬁlar
distribution near 6°€ = 0, 7. A renormalization in the galcula-

tion similar to that involved in Eq. (16) gives the angular dis-

tribution

16 Research Dept.
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c
| 1 exp{- + an tan Q—}

(19) £(6%) = L 2k 2 ]

| ®(1) (27L) 2 sin 6°

|

i c c c

} for emin AR < emax s Where

|

i e . € 1

! mzln = tan 1 e (ZL) s
0 C 1 6 C
max _ .1 (QL)* 1 _ min_

2 2 2 '

The integral energy distribution defined through

E c
T
c, _ c c
G(Ev ) = f(Ev ) dEW
o8
is found to be
) c
{ E
c 1 1 T

(20)

]
o
r-l
Hh
t=
A
=

1
2
ETrc S e(ZL) ]

]
=
[N
Fh

In Table 1 we have tabulated G(EWC). Columns 1 and 2 correspond
2

to incident proton energies of 10~ and 108 GeV respectively;
Column 3 is introduced to permit the use of the table for calcula-
tions of arbitrary incident proton energies.

17 Research Dept.
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TABLE 1
INTEGRAL ENERGY DISTRIBUTION: G(Ewc)

E /u_ - E /v (zi) 1 /n :L:T:— G(E_ )

&, = 102 Gev) &, = 108 Gev)
1.24 1.44 .075 .10
1.54 2.08 .15 .20
1.73 2.53 .19 .25
3.00 6.69 .395 .50
6.05 22.20 .638 .75
7.39 29.96 .695 .80
11.02 54.60 .828 .90
13.46 81.45 .910 .95

Similarly, the integral angular distribution G(Gc), the fraction

of particles with 6 < Gc is found via Eq. (19) to be given by

Cc

c(e%) = % + EE%I; ® (Zi)% In(tan %r)
(21) =0 if o< ©
-1 if 6> emaxc
This function is tabulated in Table 2.
18 Research Dept.
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TABLE 2

INTEGRAL ANGULAR DISTRIBUTION: G(8%)

GC eC
C .
E = 102 GeV E = 108 GeV L T fn tan s G(ec)

P P (2L) 2 2

39° 17° -0.39 0.25
90° 90° 0 0.50
114° 129° 0.15 0.60
152° 167° 0.485 0.80
164° 177° 0.695 0.90
169° : 178° 0.830 0.95

4, Distribution of pions in the laboratory frame

A form for the energy distribution of the pions, which will
be independent of the angle of production, can be arrived at
through a relationship between the ﬁion laboratory energy. EW,
and the hydrodynamic variable "n" [seeEq. (6) ]. To obtain this

relation let us consider the expression for the laboratory pion

energy

_n C c c
(22) E. . =E T(1+8_ cos 67)

This can be replaced for high energy pions by the Doppler form

c c
(23) Ew = Ew I'(l + cos 67)

2

(for E_ =10 GeV, < ﬁwc > = ,98). The angular function in

Eq. (23) can be replaced after some manipulation of Eq. (14) by

19 Research Dept.
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sinh 7

c
cos 6 =

[

2

H
(sinh“n + tanth)

When cos 8¢ is placed in Eq. (23) we find, after employing the

usual Landau approximation tanh { = 1, that

(24) Ew = ul’ cosh 1 cosh {[1 + tanh 7] .

We can remove the last of the "{" dependence by utilizing the

constancy of the transverse momentum [see Eqs. (3) and (12)] so

that
Ew = KI' cosh n[l + tanh 7]
(25)
E = KI en
T
Because
ey =t o1 Dpdn
T N_ dE N dn 'dE_' "’
T T T

it follows immediately from Eqs. (6) and (25) that

| E
o1 21,2 T
Equation (26), like Eq. (6), is normalized upon the assumption of
an infinite upper limit for the pion energies. To normalize the
laboratory frame distribution as had been done for the c;m., we
need to determine'the energy limits in the laboratory frame. These

can be obtained by considering the use of Eq. (12) in Eq. (23):

20 Research Dept.
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(27) E_= E7r rl +

the ambiguity sign referring to either motion "forward", cos 6% > 0,

or "backwafd", cos 6° < 0, in the CMS. Then EvC >> K reduces

Eq. (25) to
Ev = 2TE © ("forward" in CMS)
28
(28) )
2u°r
E = ("backward" in CMS)
T g
T

Consequently, the energy limits for the laboratory distribution

are
1
(29a) Ewl = 2ul exp(2L)°
max
1
(29b) Evl = 2ul’ exp(-2L)2 .
min

Renormalizing Eq. (26) with these limits gives

A E
- I =l ,2 1
(30) f(Ev) Ew exp <2L In K;> R

where

A=~ [@(1) (zmﬁ]-l :

21
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f(Ew)

|
I
[~
|

Fig. 5 Laboratory Energy Distribution of Pionms,
f(Ew) - from Eq. (30).
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Equation (30) then gives the omnidirectional energy distribution
function for pions produced by a proton of energy Ep; this
function is illustrated in Fig. 5. In Section 5 we utilize this
distribution to calculate the pion energy distribution in space
due to cosmic ray collisions.

The angular distribution of the pions can be readily found

through the relativistic angular transformation

. c
(31) tan 6 =L . —sin 8 _
r c W

cos 6 + —_Z

p

T
As in the energy distribution for high energy pions, Eq. (31) may

be written in a Doppler form

tan 6 = % tan[ec/2] .

Incorporating Eq. (19) and (31) into the distribution formula
dN
i SR
£(0) = @ - Eeeh - 195 =

we get for emin <0< emax < w2,

2A

(32) £0) = T5oi5p exp[g% i’ {r tan 6}} ,

and for 6 > emax or e < emin’

£(6) = 0 .
23 | Research Dept.
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£(0)

0° L5e 90°

Fig. 6 Laboratory Angular Distribution of Pions
Produced in a Single Collision
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The range of £(8)
min ~ a0
(33)

= tan
max

is established from Eqs.

(19) and (31) to be

-exE{-ZL]%
r

| O —

-exp{ZL}%
r

Equation (32) indicates an angular distribution in the labora-
tory that is peaked strongly in the forward direction. The peak
will be to the left of 6 = tan-l(llr) in the distribution. For
50 GeV cosmic rays, where tan-l(llr) = 14.8 degrees, the dis~
tribution peaks in the forward direction at 6 < 0.6 degrees (see
Fig. 6).

A useful quantity often referred to in the literature is the
angle in the laboratory corresponding to 6¢ = 90°, within which
angle [Table 2, or by the obvious symmetry in f£(6%)] half the

pions are contained. This angle is often denoted 6, = tan-l(l/F).
2

Experimentally 6, gives a measure of the incident cosmic ray

2 =
YE + 132 ,
energy Ep via ' = ( 2 ) that is,
2
E = M(2 tan“6, - 1) .
p 2

One must be cautious about using this equation in the general litera-

ture, as experimental situations usually deal with nucleon-nucleus

(11,12)

collisions where the assumption of CMS symmetry about

& = 90° 1is rather dubious.
c
_ Research Dept,
RE-215J
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The particle number is a Lorentz invariant. Therefore we
may find G(6), the integral distribution function in the labora-

tory frame, merely by transforming angles

1.1
GO =5+ 5Mm

¢|—=—=< In(T tan 0)| .
(2L) 2

The table of values, Table 2, is then valid in the laboratory frame

if thé last two column headings are changed to 1/(2L)% > (I tan 0)

and G(6), respectively, and if the CMS angle colummns are ignored.
Tables 3 and 4 give the results of calculations using the above

formulas, with incident energies ranging from Ep ~ 102 GeV to

1011 GeV, including cut-offs,"means,"and 80 per cent values of

the integral spectra.

5. The cosmic ray pion source function
A useful extension of the pion energy distribution [see Eq. (30) ]
is the cosmic ray pion source distribution, the number of pions pro-

duced in the energy range ETr to Ev + dEW by cosmic ray protons

colliding with matter space of density n protons cm 3 and cross

section GbP' The pion source function can be written as

(34) qw(Ew)dEv = ng

i * v (E - £ (E E . dE . dE
op | Jp®p) Vi E) - £ (B, E) .

P

where jp(Ep) is the cosmic ray flux, which can be represented by

the power law KpEp-n em 2 sr7! gev! sec”! (n ~ 2.6), and the

26 | Research Dept.
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factor vva dE# is the number of pions with energy between ETr
and E7r + dEv produced in a collision by a proton with energy EP.
The thermal energy of the target nucleon is negligible when com-
pared to the incident cosmic ray proton.

Equation (34) can be written explicitly using Eqs. (1) and (30)

as

(35)

pions/cm? sr GeV sec.

The limits of integration are arrived at by inverting Eqs. (29).

This integral is evaluated in the Appendix where it is found to

be
K no
_ Kk mopp i
{ “okv| [y X
(36) . 5 o <“1 kul) + @ (uz kuz)

- 2 -q> (& + ku1> -0 (L + ku2>}} dE_
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where

g 1.6
1
k= (24 - 2)2 , v=—— gn-TL

JI  uwv/7Z

u = 2'%{-1 + {1 +2,/72 z}%} ,

and
u, = 2'%{ 1+ {3.78 +2/2 z}%} .

Equation (36) has been evaluated and plotted by an electronic
computer (IBM 7094). The plotted results are shown as the solid

curve in Fig. 7. The results of GINZBURG and SYROVATSKI(13)

are
plotted, for comparison, as the broken line. The figure indicates

that Eq. (36) can be well approximated by the power law

-z Pions

cms sr GeV sec

qw(Ev)dEw = CWEW

where z = 3.26, and CW = 7.2 nopp when n=2.6, K.p = 1.5,
and K_= 3.3.

T
(1)

A recent experimental paper by KIM compares Landau model
predictions with experimental results in the case of the pion's
transverse momentum and angular distribution in the CMS frame.

There it is found that agreement is good. It is hoped that the

form in which the angular and energy distribution are presented
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above are of a nature that will help lead to an improved descrip-
tion of the production of pions. It seems certain that the
peripheral model alone will not describe this phenomenon.
Extensions of the pion energy distribution to the calculations
of the higﬁ energy gamma ray background in space has been carried
out by LIEBER, MILFORD, and SPERGEL(14). Further details of the
gamma ray calculation and some of the present pion calculation

can be found in Ref, 15, SPERGEL and SCANLON(16) have calculated

an approximate high energy electron production spectrum in space,
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APPENDIX

We consider below the evaluation of the integral form of

the pion source function that appears in Eq. (36) of the text:

K K no

| PP
q (B )E =~
(2w)2Ew¢(1)
(A.1) Ep
2 1
-
E E
12 f=1 , 2/ @
* 3 P ® <zur)} aE,
E
P
E e1.6
When we introduce the substitution z = fn —I—— and
vV 2
recall that L = %/n wp + 1.6, Eq. (A.l) may be written as
By
dL 2
(A.2) qﬂ(EW)dEW = C 3 exp|2(n - DL + z /2L dEw
L2
Ay

where

i

e3.21]-2.4

C =

35

1
o(1l) T2
noppu (L7

9
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(N

When the further substitution u = L® 1is made, Eq. (A.2) be-

comes

2 2 2
(A.3) q#(EW)dEW = 2C du exP{Z(n - Du” + z_ /2u ]dETr .

Integrals of the form of Eq. (A.3) have been evaluated by SPERGEL
and SCANLON(4). Using Eq. (B.l) of their paper Eq. (A.3) imme-

diately becomes

B
1 .
@, =g {e Vo (- )
B,
(A.4)
B,
+ e2kv o) (ﬁ + ku> } s
By

1 1
where k= (273 -2)2 , v= (ZW/Z)Z The determination of
the limits for Eq. (A.l1) and consequently Eq. (A.4) follows from

Eqs. (29) in the text. The minimum proton energy, Ep , that can
1

contribute to Eq. (A.l) is the proton energy that satisfies Eq. (29a)
for the pion energy in question. The maximum proton energy that

can contribute pions follows from Eq. (29b). Equations (29) can
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or u. In terms of Uy

| be solved readily for L

Eqs. (29) can be written as

2
u, uy V2-1.6

and Uy,

) (A.3) E_= vV 2 e
P 2 ;
] " a, -uzﬂ-l.
(A.4) E1r = e R
2/ 2
|
and one finds immediately
1.6'2
21 E1T e "
(A.5) ul=22-1+ 1+2 fn———
Wy 2/
and
2,/ 2E el
(A.6) u, = 2 2|1+ (L + 2 in
2 K
as only u > 0 is a physical solution for u.
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