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ABSTRACT
2773

The S-49 satellite, launched on 5 September 1964, carrieg,a pair of
radio beacons operating at harmonically related frequencies modulated by
20- and 200-kc signals. The radio-beacon experiment was designed to
investigate the exosphere by studying the behavior of the columnar elec-
tron content between ground and satellite as the latter moves from peri-
gee to apogee in its highly eccentric orbit. To avoid errors arising
from over-simplified assumptions about the dense ionosphere, which would
mask the effects in the exosphere, simultaneous measurements were made
of the differential-Doppler frequency and the Faraday-rotation angle.
The former provides columnar-content information from ground to trans-
mitter while the latter yields columnar-content information determined
mainly by the ionization in the lower ionosphere. The difference between
the contents thus obtained can be attributed to the columnar content of
the exosphere up to satellite height and should be essentially independent
of variations in the lower ijionosphere.

The objective of the present report is to describe the underlying
principles and the techniques for translating the rad data received from
the EGO beacon experiment into curves of slant columnar content in the
exosphere vs time. These curves are the starting point for an analysis
of the exospheric behavior. Such an analysis, however, is not a part of
the present report.

The usual first-order analysis of the differential-Doppler-frequency
and the Faraday-rotation-angle data is complicated in the present case
by the rotation of the satellite antenna. The effect of this rotation
is investigated and methods for taking it into account are developed.
The effects of various approximations usually made in the first-order
analysis are investigated and, when necessary, proper corrections are
introduced.

In brief, the use of this report will permit the specification of
scaling techniques for the records bearing the raw data from the satel-
lite and the writing of computer programs that will yield exospheric

columnar contents.
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SYMBOLS
velocity of light, 3 X 108 m/sec
path element
electric field intensity, volts/m
base of natural logarithms; also charge of the electron, mks
a general frequency, cps
differential-Doppler beat frequency
modulation frequency
mean value of product H cos @
geomagnetic field intensity, ampere-turns/m
scale height of Chapman layer m
total electron content (vertical), electrons/m2
total electron content (slant), electrons/mz

total electron content (slant), from differential-Doppler
frequency, electrons/m

reference value of I electrons/m2

SD’

total electron content (slant), from Faraday-rotation angle,
electrons/m2

a constant, 80.62 m3/sec?

a constant, 0,02976, mks

mass of the electron, kg

electron concentration, electrons/m3

ratio between higher and lower frequency of differential -
Doppler pair

apparent spin period of satellite, sec
phase path length, m

true spin period of satellite, sec
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SYMBOLS (Cont)

a constant relating the time derivative of the total slant
content to the differential-Doppler frequency, 3.31 X 10'15, mks

path length, m
length along the path, m
time, sec
phase velocity, m/sec
group velocity, m/sec
2, 2
w_fw
o/
height average of X
w _fw
o/
plane defined by antenna firing axis at position of observer

Y plane at initial time

+

(wé/w)cos 6 (negative sign for electrons)

I+

(&é/w)sin 0 (negative sign for electrons)

Phase-path difference between a wave in vacuum and one in an
ionized medium, both having the same terminal points, m

angle between the firing axis and the spin axis of the satellite
antenna

permittivity of medium
permittivity of free space
angle between line of sight and spin axis of satellite antenna

angle between ray path and direction of geomagnetic field,
radians

a general wavelength, m

phase refractive index

group refractive index

angle between planes YO and Y, radians

a general phase angle, radians
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SYMBOLS (Cont)

a phase angle at the input of a receiver, radians

zenithal angle of the line of sight from source to observer,
radians

angle of polarization of the transmitted electric vector,
radians

Faraday-rotation angle, radians

a general angular frequency, radians/sec
2n fD

electron gyro frequency

electron plasma frequency

a frequency at the input of a receiver

angular spin frequency of satellite antenna
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I. INTRODUCTION

Measurement of the columnar content of the ionosphere by means of
satellites is, by now, a well-established tool for the study of the
ionized layers of the earth's atmosphere. Diurnal, seasonal, and solar-
cycle variations in these layers have been analyzed. Continuous monitor-
ing of the columnar content through the use of geostationary satellites
is yielding richly detailed additional information on diurnal variations,
and the characteristics of observed irregularities have been measured.
Latitude dependence of the ionization has also been an objective of
research by this method.

The present report describes the techniques used to extend satellite

measurements of columnar content to the investigation of the exosphere.
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II. THE SATELLITE

The S-49 gatellite, also known as EGO (Eccentric Geophysical
Observatory) or OGO-A, was launched on 5 September 1964 and carries
aboard, among other experiments, a pair of radio beacons operating at
harmonically related frequencies (40.01 and 360.09 Mc), which are modu-
lated by 20- and 200-kc signals. The various spectral components have the

output powers shown below.

Output
Frequency Power
(Mc) (mw)
Carrier 230
40 Each 200-kc sideband 230
Each 20-kc sideband 55
Carrier 125
360 Each 200-kc sideband 20
Each 20-kc sideband 12.5

The 40-Mc transmitting antenna is a simple dipole (gain: 2 db); the
360-Mc antenna is a yagi (gain: 8 db). The orbit of the satellite is
highly eccentric: apogee is at nearly 149,000 km, while perigee (which
occurs at about 20o S geographic latitude) has been steadily increasing
in height, at a rate of some 5,000 km/year. On 28 February 1965, it was
at slightly more than 3,000-km altitude. The period of the orbit is very
nearly 64 hours. The inclination of the orbit, unlike that of less-
eccentric satellites, is also growing. The rate is about 18 deg/year;
at the above date, it had reached a value of 39.1 deg.

It was planned to have an earth-stabilized satellite, but difficulties
that appeared immediately after launch caused the satellite to spin at a
rate of 5 rpm, introducing some unexpected complications in the radio-
beacon experiment. The spin-axis orientation is not known precisely.
Values of 42.5 deg in right ascension and -9 deg in declination, suggested

by some independent measurements, were used in interpreting the data,
Figure 1 shows the general configuration of the satellite.

SEL-65-063 -2 -
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FIG. 1. GENERAL CONFIGURATION OF THE EGO, SHOWING
THE POSITIONS OF THE TWO RADIO-BEACON ANTENNAS.
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III. GENERAL DISCUSSION OF THE ANALYSIS

The radio-beacon experiment aboard the EGO satellite was designed
with the objective of investigating the exosphere by studying the be-
havior of the columnar electron content between ground and satellite
as the latter rises from perigee in its very eccentric orbit. Since this
involves looking at a tenuous exosphere through a much denser ionosphere,
it became immediately apparent that simple assumptions about the latter,
such as time invariance and horizontal stratification, would lead to
errors that would completely mask the effects sought. To avoid this
difficulty, it was decided to make simultaneous measurements of the
differential -Doppler frequency and the Faraday-rotation angle, The former
can be translated into columnar content from ground to transmitter while
the latter, being weighted by the geomagnetic field, yields columnar
content determined mainly by the ionization below, say, 1000 km. The
difference between the contents thus obtained can be attributed to the
columnar content of the exosphere up to satellite height and should be
fairly independent of the variations in the lower ionosphere.

Both the differential-Doppler-~frequency and the Faraday-rotation-angle
methods require independent measurement of an absolute reference value--
in the Doppler method because of an unknown integration constant and in
Faraday method because of the uncertainty in the number of half rotations.

The absolute reference for Doppler is derived from group-delay
measurements and, as can be seen in Fig. 2, there is a good agreement be-
tween the shapes of the columnar-content-vs-time curves obtained by the
two methods, Unfortunately, instrumentation difficulties have caused us
to place little reliance on the absolute values thus obtained. It appears,
however, that there is no fundamental difficulty in the method and it
can probably be made to yield useful results. Many conclusions can be
drawn from the EGO radio-beacon data even when these absolute values
are unknown, because they do not affect the shape of the columnar-content-
vs~time curve.

The measurement of the absolute reference level for the Faraday-
rotation-angle columnar-content curve is more critical because here the

slope of the curve is dependent on the level, which is derived from the

SEL-65-063 -4 -
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FIG. 2. COLUMNAR CONTENT VS TIME, DERIVED FROM GROUP-DELAY
MEASUREMENTS. Shape of curve, in general, shows good agreement
with results obtained from differential-Doppler-frequency data.

differential-Faraday-rotation angle between the two 200-kc sidebands of
the 40-Mc signal. This latter measurement leads to a wide scatter of
points (Fig. 3) but, with suitable averaging process, it is believed
that errors of less than +10 percent can be attained. Our confidence
in this accuracy is bolstered by comparisons with simultaneous measure-
ments made with Syncom III and S-66 satellites [Garriott, Smith and
Yuen, 1965].

Curves of columnar density vs time are shown in Fig. 4. The Doppler
and Faraday results are obtained independently, and it can be seen that
the irregularities in the ionosphere are faithfully reproduced in both
traces. For the present investigation, it is the difference between the
two slant-content curves that is of interest. Figure 5 shows this dif-
ference for the three days represented in Fig. 4. Because of the diffi-
culties mentioned before with the group-delay measurements, it was

impossible to assign a correct value to the magnitude of the difference;
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FIG. 3. COLUMNAR CONTENT VS TIME, DERIVED FROM DIFFERENTIAL-
FARADAY MEASUREMENTS, SHOWING WIDE SCATTER DUE TO SCALING
DIFFICULTIES. Asterisks represent values of running mean
through measured points.

the shape of the curve vs height or time, however, gives useful infor-
mation.

Figure 6 shows reproductions of two stretches of the graphic-recorder
charts that consitute the raw data used. It can be seen that, under
certain conditions, the differential-Doppler beat note has a very dis~
torted shape, which can introduce considerable difficulties in the
scaling., The cause of this distortion is explained in Chapter IV.

The amplitude fluctuations of the 360-Mc carrier, being relatively
unaffected by the Faraday effect, are used to measure the spin rate of
the satellite. The differential-Faraday data are obtained by scaling
the time difference between the lower- and upper-sideband minima and com-

paring this with the period between two consecutive minima of one of the

sidebands.

SEL-65-063 -6 -




n
[\

|45§ "

:33 . SLANT 7 0CT64 , 3 2lr SLANT 10 NOV 65
2 ‘ = 20r ~
Q- = ol T DOPPLER
x i € 19 ~.
T > '8p \‘«-\,\_

H [

Eno"r g7t FARADAY “d
L 4 9 . — -

® "% DOPPLER < 5L \

©g ; R

~ . [ L e
— . \... // 5 14 ]
E H - E | 3L 3 ! ) 1 (ot ) |
= i (e} 20

Z 6 J e (&) N

S FARADAY\ .Jﬁw,/w 219 VERTICAL 10 NOV 65

5 5 e £ gt ™,

T 4[ P U U P WU MUY BFUS R B 5 AN

5 6 a7t . DOPPLER

2 o VERTICAL 7 OCT 64 ; 6 T~
x Z I5F

24 “~. _DOPPLER § al . A:;DA\Y

33 ~ S 3 \

e —\MW = ./
57 FARADAY ~
Ol ) | A A R R

250 310 330 350 410 430 450 510 530 550 1850 1930 20i0 2050

TIME (2) TIVE (2)
a. Early morning b. Midday
i0
9
SLANT 17 FEB 65 S
e 8¢ ff
=T e
S s
g ’.’\-\
= 5 FARADAY ) I
@ N 5
2 4 / Nﬁ""
[
Pl [ R T B SR RS S BT R R R RS SR SR
s
Z9
(&) :-’
3 8- VERTICAL 17 FEB 65 -~
E 6 | e
Z »
S st
B

3 FARADAY I
© 4r /—'—-‘—- ) 'M;

1040 1100 1120 1140 1200 1220' 1240 1300 1320 1340 1400 1420 1440 1500 1520
TIME (Z)
c. Early evening

FIG. 4. COLUMNAR ELECTRON CONTENT VS TIME, SHOWING BOTH DOPPLER
AND FARADAY RESULTS. Sunset and sunrise effects are clearly visible
in the beginning of the vertical-content curves for a. and c.,
respectively. Ionospheric irregularities, more prevalent during the
day, can be seen in b. Nighttime ionization in this phase of the
sunspot cycle seems to be quite steady.
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FIG. 5. DIFFERENCE BETWEEN SLANT COLUMNAR DENSITIES OBTAINED FROM
DOPPLER AND FARADAY MEASUREMENTS ON THREE REPRESENTATIVE DAYS
SHOWN IN FIG, 4.

The Faraday-rotation angle is obtained by scaling the time of occur-
rence of a minimum to the nearest 0.1 sec, and comparing the interval
between two minima with the spin period of the satellite. The
differential-Doppler frequency is scaled by a simple cycle count, Group-
delay data are collected by annotating the phase-meter readings. 1In
general, all data were scaled at l-min intervals.

In view of the fact that our interest lies in observing the small
difference between two large columnar-content values, it became important
to examine critically all approximations made. Several corrections had
to be introduced into the first-order theory, which is briefly reviewed
in Chapter VII. The approximations and corrections mentioned are dealt

with in subsequent chapters,
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FIG. 6. EXAMPLES OF GRAPHIC-RECORDER CHARTS CONTAINING THE
RAW DATA USED IN THIS STUDY.
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IV. SIGNALS RECEIVED FROM A SPINNING ANTENNA

A. GENERAL

The EGO was designed to be stabilized and earth-oriented. Unfor-
tunately, this objective was not achieved and the ground observer re-
ceives a signal radiated from a spinning, linearly polarized antenna
whose firing axis (defined in Section B) is not parallel to the spin axis,.
In addition, the antenna is seen under continuously varying aspect angle
as the satellite moves in its orbit.

This unexpected motion causes not only an amplitude modulation due
to the wobbling of the radiation pattern but also results in the addition
of the spin frequency to (or the subtraction of it from) the radiated
frequency when the receiving antenna is circularly polarized. The 40-
and 360-Mc signals are thus no longer in strict harmonic relationship,
and a beat note appears in the combined output of the two differential-
Doppler receivers. This effect has to be taken into account when inter-

preting the data.

B. DIFFERENTIAL-DOPPLER BEAT FREQUENCY

Define the firing axis of an antenna as any chosen line in the
equatorial plane of a dipole or the line in the equatorial plane of a
yagi corresponding to the direction of maximum radiation, Consider a
linearly polarized antenna, spinning around an axis that makes an angle

0 with the firing axis, as in Fig. 7.

!‘-\C
v &
\ 12 &
ANTENNA\ ié /é FIG. 7. ANGLES BETWEEN ANTENNA
FIRING

2 /éb FIRING AXIS, LINE OF SIGHT,

N
AXIS \i%//v < AND SPIN AXIS.
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As seen by an observer whose line of sight makes an angle { with

the spin axis, one extremity of the antenna appears to describe an ellipse,

- as shown in Fig, 8.

FIG. 8. GENERAL ELLIPSE DESCRIBED BY THE
EXTREMITY OF THE ANTENNA AS SEEN FROM
THE OBSERVER'S POSITION.

If we assume that the radiation pattern of the antenna is that shown
in Fig. 9, then it can be shown that the field strength is proportional
to the apparent length of the antenna projected on a plane perpendicular
to the line of sight and that, in consequence, Fig. 13 also represents

the field strength E near the receiver.

ANTENNA

FIG. 9. ASSUMED ANTENNA RADIATION
CIRCLE PATTERN.

The geometry indicated in Fig. 10 allows us to relate the parameters
b and c¢ of the ellipse to the angles o and {. The value of a can

be taken as a reference scale factor.

2¢c

asin { tan «

b = acos £ .

- 11 - SEL-65-063
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: b~
\‘G/_»| //<\ // e
[ \ 1 - N

AXIS \

I—— SPIN AXIS
|

FIG. 10, SIDE VIEW OF CONE DESCRIBED
BY A SPINNING ANTENNA WHOSE FIRING
AXIS MAKES AN ANGLE « WITH THE
SPIN AXIS.

Let w be the angular frequency of the radiated signal and wl the

angular spin frequency of the antenna. The rotating vector in Fig. 8

represents a linearly polarized electric field with components

E_= 2a sin w;t cos wt (1a)

5]
]

2(c + b cos wlt) cos wt (1v)

and pointing in a direction

a sin wlt
V= eretan oF cos ot

Equation (1) can be rewritten as

E_=a sin(w+wl)t - a sin(w-wl)t =E +E_ (2a)

R L

and

Ey = [c cos wt + b cos(a&wl)t] + [c cos wt + b cos(w-wl)t]

=E_ +E (2b)
Yo YL
so that E = E_+B
a = R+ L .

SEL-65-063 - 12 -




Assume now that we have a circularly polarized receiving antenna
consisting of two orthogonal linear elements, one oriented along the x
and one along the y direction, and connected in such a way that the
y-element voltage is retarded a quarter period (ﬂ/?z.o) Such an antenna
is right circularly polarized. The output voltage is the sum of the

voltages from each element.

=
]

EXR(t) + EyR(t- %) + EXL(t) + EyL( - -3[25)

]

a sin(w—wol)t + c cos a)(t- %) +b cos[(cmwl) (t- %)] - a sin(w-wl)t

R O RLR (GIS)

w
T 1
sin wt + b cos (wt S-St t -2 —w> - a sin(wuul)t

17 " 2
a
=) -

But « << w; hence the term (n/z)(wl/w) can be dropped:

1l

0

a sin(oﬁ-(bl )t o+

+csinwt+bcos(wt- - wt +

SRR
N R

+
o’

2 1

7
+ b cos [(wt- 2) - wlt]

sin wt cos w,t + b cos wt sin w1t + 2c¢ sin wt
i 4

E=a sin(aﬁwl)t cos[(wt- E) + W t] + 2 sin wt - a sin(w-wl)t

+
o

a sin((m-wl)t
- a sin(w-wl)t + b sin ot cos w t - b cos wt sin wt

= a sin((m-wl)t +b sin(aﬂ—wl)t + 2c sin wt - a sin(a)—a)l)t + b sin(w-wl)t

(b+a) sin(a)—m)l)t + (b-a) sin(w-wl)t + 2c sin wt . (3)

We observe that, when ¢ =0 and a=> (i.e., when we are looking
down the spin axis) then the receiving antenna described above receives

only the ER component because the radiation can be split into two

- 13 - SEL-65~063



circular components, When a % b and c # 0, there are three frequencies
present, namely, w-wl, w, and dHﬂﬁ.

When seen perpendicularly to the spin axis, the first and third fre-
quencies are associated with signals of identical amplitude. At other
view angles, one of these will predominate, while the signal with fre-
quency & 1is always small,

In the case of the EGO, the spin frequency is approximately 1/12 cps.
The loop filter of most phase-lock receivers will accept a band of more
than 10 cps. It is therefore clear that the VCO will lock on the com-
bined signal, assuming an average frequency equal to that of the most
intense of the three components while the remaining two will phase-
modulate the output.

This fact can be visualized if Eq. (3) is represented by phasors
plotted on a frame rotating with an angular speed equal to the angular
frequency of the dominant component.

Let the amplitude of phasor AB = a+b, that of BC = a-b, and that
of CD = 2c.

If a > 0, then the dominant component has frequency w«bl and the
VCO will have a phase @»H»l)t+¢cw, where ¢CW can be determined by

studying Fig. 11.

,/E \ FIG. 11. PHASORS REPRESENTING EQ. (3).
- The VCO will have the same average
frequency as that of phasor AB but
will be phase-modulated by ¢.

AE = AB - BF + FE

(b+a) + (b-a) cos 2w t + 2¢ cos wt

DE = -FC + DG = (b-a) sin 2w,t + 2c sin w,t

1 1
tan ¢ _ DE ) (b-a) sin Zwlt + 2c¢ sin wlt - (4a)
C¥ ~ AE = (b+a) + (b-a) cos 2, t + 2c cos wt
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If the spin is counterclockwise, then the VCO will have a phase

(w-wl)t+¢ccw,

-(b+a) sin 2wt - 2 sin gt

tan B, = (4b)
(b-a) + (b+a) cos 0, t + 2¢ cos oyt
and a < 0,

Since two harmonically related frequencies w and nw (n = 9) are
transmitted, the phases of the VCO's of the two receivers on the ground

will be
- Q
(w + wl)t + ¢ and (a>+ )t + n’

respectively. (The higher-frequency receiver has its VCO effectively
locked at l/n times the incoming frequency.)

The phase comparator will see the difference

Paier = “1(1 ) %) v+ ¢<1 l %)

8
Baire = oPcw * ©4t) -
If the spin direction were reversed, then we would have

8
= = - t) .
Baiee = 9 Pcow ~ “1t)
Finally, if one of the receiving antennas is left and the other right
circular, then the phase difference will be
10
= —(0 % .
Baire = 90 = ot)
In conclusion, the spinning antenna on the satellite causes a beat
note to appear in the output of the phase comparator. The frequency of

this beat (which must be removed in order to recover the ionization
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effects) can be either 8/9 or 10/9 the spin frequency, depending on
the relative polarization of the 40- and 360-Mc antennas on the ground.
The beat is not sinusoidal, being distorted by the phase modulation as a
result of the time dependence of ¢.

When the view angle { is small, the distortion is insignificant.
As { increases, ¢ becomes more significant and, as 90 deg is approached,
wild deformations in the wave shape appear, making it nearly impossible
to scale accurately,

This fact is illustrated in Fig. 12, which shows the computer-
synthesized waveforms representing sin ¢diff for ¢ = 7.5 deg, an 8/9
coefficient, and various values of (. These may be compared with the

waveforms in Fig. 6.

C. PHASE MODULATION RESULTING FROM SEPARATION OF SATELLITE ANTENNAS

Because the firing axes of the 40- and 360-Mc antennas are not
collinear, there should be a phase modulation in exactly the same rhythm
as the rotation rate, except when we observe the satellite exactly along
the spin axis. Such a phase modulation is also responsible for the con-
siderable distortion of the waveforms. The pertinent geometry is dis-
played in Fig. 13. The rotation of the vehicle causes the relative
distances of the two antennas to the observer to vary cyclically, so that
the received phase ¢O (in the absence of radial motion or ionospheric

variations) is

27

@ (t)=6 (0) +w,.t+5—2bsin sin w, t * w t
040 40 40 A40 1 1
and
27
¢ (t) =8,..(0) + %, t - 20 sin £ sin w t * w t ,
0360 360 40 360 1 1
where: W is the angular frequency fed to the 40-Mc antenna; A

40
represents the wavelengths associated with the two radiated carriers;

a, b, and { are self-evident from Fig, 13; and wy is the angular spin

frequency. Neglecting the initial phases, which are unimportant, we
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CCW SPIN ¢ =50°
SN N\ N
CCW SPIN [ =60°

AN N TN

CCW SPIN [ =70°

ANVARN AR WA

CCW SPIN ¢ =80°

/Lﬁ’ J/ML/ W\ﬁuyﬂm
\\ CcwW SP!L\J\VC =‘8O°AU
AVIVAAV VAN VAANIV/
CW SPIN ¢ =70°

Wm/” AV

CW SPIN £
V\/V/A\M
CW SPIN C = 50°

CW SPIN ¢ =40°

ANV

FIG. 12. WAVEFORMS SYNTHESIZED BY A DIGITAL COMPUTER REPRESENTING THE
OUTPUT OF THE PHASE COMPARATOR OF A DIFFERENTIAL-DOPPLER RECEIVING
SYSTEM TUNED TO A SIGNAL RADIATED FROM TWO SPINNING DIPOLES. Angle
between spin and firing axes was 7.5 deg, and different values of
view angle ( are shown. Both receiving antennas were taken as
right circular. One can observe the large distortions that appear
when ({ approaches 90 deg.
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/
/
/spm AXIS FIG. 13. SCHEMATIC REPRESENTATION
: OF EGO SHOWING THE DIFFERENT
QUANTITIES NECESSARY TO CALCULATE
THE PHASE MODULATION RESULTING
FROM THE SEPARATION OF THE 40-

AND 360-MC ANTENNAS.

360Mc —~
ANTENNA =

40Mc¢
ANTENNA

.
o OBSERVER
D —_

obtain for the phase of the differential-Doppler beat,

27 2 @t
¢D = 5 2b sin £ sin Wit E ot + oo 20 sin £ sin w,t + ——
40 360
27 . .
= =— 2(a+b) sin { sin w .t + Aw, t
A 1 1
40
or
43 . .
¢D = 75 D sin £ sin ot + At

where A can assume one of the four values (8/9, -8/9, 10/9, -10/9) as
discussed in the previous section,

When this additional phase modulation is taken into account, the
waveforms of the output of the phase comparators suffer a further dis-
tortion,

Changes in ionization in the raypath would result in a frequency
fD in the output of the phase comparator if the satellite did not spin,
To obtain fD from the observed frequency fr’ one applies the equation
fD = fr+Afl,
ization and satellite spin direction, and f is the apparent spin fre-

where A 1is 18/9 or ilO/Q Eepending on antenna polar-

quency of the satellite, as discussed in Section A.
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It proves convenient to use antennas for 40 and 360 Mc of opposite
polarization. This use gives a larger offset and less chances of reversal
in the sign of fD during a run, which might make the scaling more
difficult, In addition, it turns out that second-order corrections are
much smaller, in the Northern Hemisphere, when the 40-Mc antenna is left-
polarized [Ross, 1965]. This fact leads us to prefer the left-circular

antenna for 40 Mc and the right-circular for 360 Mc.
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V. APPARENT SPIN RATE OF THE SATELLITE

In the calculation of the total electron content from both the Doppler
and the Faraday data, knowledge of the exact spin rate of the satellite
is a critical factor.

Although eddy-current losses and other phenomena tend to reduce the
spin rate progressively, the effect is small enough so as to be negligible
during any particular pass. On the other hand, certain mechanical
maneuvers on the satellite, such as slewing the solar panels, introduce
changes in the spin that cannot be predicted. Fortunately, such maneuvers
are infrequent.

What must be taken into account in the data reduction is the apparent
variation in spin rate that results from the relative motion of observer
and satellite,

Assume that the spin axis of the satellite is parallel to the firing
axis of the antenna, and consider a plane Y defined by this firing axis
and the position of the observer, Let Y0 be a plane that coincides
with Y at t =0 and is fixed in a frame that moves with the observer.
Assume also that the antenna firing axis moves parallel to itself.

As the relative positions of the antenna firing axis and the observer
change, the angle T between Y and YO also changes,

To compute the apparent spin rate of the antenna, mark a reference
direction on the plane perpendicular to the firing axis and let P be
the time interval between two successive occasions when this direction
faces the observer (Fig. 14). If Po is the true spin period, then
P = POtAt, where At 1is the time necessary for the antenna to rotate
through the angle T and the sign depends on the relative motion of the
observer and the direction of the spin. Clearly, At = (T/Zn)PO.

if dT/dt is considered constant over one period, then

or

P dT/dt
0 1;(p0/2n)(d’r/d77

T=
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ANTENNA FIRING
AXIS (+ TO PAPER)
AT t=0

INTERSECTION OF Yo
~ WITH PLANE OF PAPER

INTERSECTION OF Y
WITH PLANE OF PAPER

OBSERVER (ON
-— PLANE OF PAPER)

FIG. 14. ANGLES INVOLVED IN CALCULATION OF
APPARENT SPIN RATE OF SATELLITE ANTENNA.

and

Po

1¥(P0/2n)(dT/dt)

P =

It now remains to compute dT/dt for any given instant of the pass.

For this we will use the topocentric coordinate systems described in
Fig. 15. The cartesian axes have the declinations and right ascensions
indicated in Figs. 16 and 17,

If a is the unit vector in the direction from observer to

0S
satellite, then the directional cosines will be

a,q = C0s € sin (5a)
1

a,g = COS € cos O (5b)
2

aOS3 = sin ¢ . (5¢)

Let SS be the declination and as be the right ascension of the

spin axis, and let ZSS be a vector in the direction of this axis. The
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VERTICAL

3

X, NORTH

SOUTH
POLE

ORIGIN: OBSERVER POSITION

CARTEZIAN COORDINATES

X, = EAST (HORIZONTAL)

X, = NORTH (HORIZONTAL)

X3 up

SPHERICAL  COORDINATES
AZIMUTH, EAST FROM NORTH

ELEVATION, UP FROM HORIZONTAL

RANGE

%}—c

T

5 -

[T

o 4
0d
rao
m-
I

¢ © V"R
1]

a

FIG. 15. TOPOCENTRIC COORDINATE SYSTEMS USED AS REFERENCE
FOR SPIN AND FARADAY PERIOD COMPUTATIONS.

NORTH
X,
X
3 3
85 8.'0
N 8zs¥—-lxl
C

EQUATORIAL PLANE

A = LATITUDE OF OBSERVER

FIG. 16. DECLINATION OF CARTESIAN AXES,

directional cosines with respect to our topocentric cartesian system
will be

= = i - i ) ~ LE
assl cos SS cos Qg sin(fn - LEQ) + cos BS sin o cos(«n Q)
(6a)
SEL-65-063 - 22 -




OBSERVER
NORTHERN HEMISPHERE

ALL LONGITUDES EAST

{n = LONGITUDE OF OBSERVER
LEQ= LONGITUDE OF EQUINOX
@ = RIGHT ASCENTION
af%‘fl“— LEQ

gg{}’l’:‘%!i a, {TT +{n—LEQ RORERERN HEMISPHERE
R
{n* LEQ COCTHE RN HEMISPHERE
a = la—LEQ

=X, AXIS TRANSLATED
ZERO MERIDIAN

X AXIS TRANSLATED
SEEN FROM THE NORTH

FIG. 17. RIGHT ASCENSION OF CARTESIAN AXES.

assz = ¥cos By cos O sin|A| cos(£n-LEQ) ¥ cos 8y sin Qg sin|A| sin(¢n-LEQ)

+ sin B cos A, (6b)

where the upper sign corresponds to the Northern Hemisphere, and

as cos A sin(/n-LEQ)

a = cos O_ cos ¢
3 S

cos A cos(fn-LEQ) + cos 8y sin a

S S

+ sin SS sin A . (6c)

The vector
%y = 205 X Bgg (7)

defines the direction of plane Y at any given moment. Clearly T is

the angle between ZY and ;YO:

%
cos T = X 0 . (8)

a.
Y aYO

Introducing Eq. (5) and (6) into Eq. (7) one can find ZY and, by
choosing an arbitrary initial time, can obtain ;YO' Consequently, T

can be found from Eq. (8).
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To obtain dT/dt, T is computed at 1l-min intervals and successive
differences are taken,

Figure 18 shows the theoretically computed curve of apparent spin
period (seen from Stanford) vs time for the 2 November 1964 run. The
true spin period of 12,024 sec was measured at Goddard Space Flight
Center using sun-sensor data. The experimental values follow the general
trend of the theoretical curve and there is a good agreement in the

absolute values of the spin period after the sharp peak is passed.

920

80— x — EXPERIMENTAL POINTS

60
__—THEORETICAL

50

SPIN PERIOD {msec +12 sec)

0 1 | | I l
B30 1900 1930 2000 2030 2100 2130
TIME (Z)

FIG. 18, APPARENT SPIN RATE OF SATELLITE ANTENNA
AS SEEN FROM STANFORD.
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VI. AZIMUTH CORRECTION FOR RECEIVING ANTENNA

As the receiving antenna swings in azimuth, tracking the satellite,
the positions of the Faraday minima change even when there is no modifi-
cation in the intervening ionization. In vacuum, the minima would occur
every time the spinning transmitting antenna appeared to be perpendicular
to the direction of the receiving-antenna element,

Let P1 be a plane defined by the line of sight and the direction
of the receiving-antenna element, and P2 be the plane defined by the
same line of sight and the direction of the transmitting-antenna element,
As the latter spins, the angle between P1 and P2 changes. For any
spin-axis direction (except perpendicular to the line of sight), this
angle goes through ﬂ/2 twice per rotation. At these points, the
vacuum-Faraday signal goes through a null.

We shall adopt the same topocentric coordinate system used in the
previous section and define:

-

aoS = unit vector along the line of sight from observer to satellite
;SS = unit vector along the spin axis of the satellite antenna
ZAR = unit vector along the direction of the receiving antenna
;AT = unit vector along the direction of the transmitting antenna
Z = unit vector perpendicular to P_; since Z is perpendicular
Pl t a we define 1 AR
o aOS’
e - —>
8p) = 34p X 20g (9)
aP2 = unit vector perpendicular to 9
- e - (10)
p2 = T X %05 °
The directional cosines of ;OS and ESS are given in Chapter V,
-
Wi must now determine the components of ;AR and ;AT so that aPl
and aP2 can be obtained.

Assume that, when the receiving antenna is set at zero elevation, the

antenna wire makes an angle 7 with the vertical. When the elevation
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is increased, the angle £ with the vertical changes according to

= = . 11
cos B cos Y cos € aAR3 ( )

Since ZAR is always perpendicular to the line of sight (i.e., to

a a +fa a + {a a =0, (12)
(ARl Osl> ( AR2 052> < AR3 083>

Finally, aAR is a unit vector and must therefore satisfy

a + a + a =1, (13)

Simultaneous solution of Eqs. (11), (12), and (13) leads to

a = -cos @ cos ¥ sin € * sin Q sin ¥ (14a)
AR
2
2 -
a _cos & cos ¥y sin € + sin O cos 0 sin ¥y - cos 7 sin € (14b)
AR, - sin O :

In the two latter equations we arbitrarily choose the upper sign,

thus taking the upward direction of the antenna wire as positive.

The components of Epl can now be written by introducing the values
of aARi into Eq. (9):
8 = %p 835 " Z4p g (15a)
1 2 3 3 2
a = a a - a a (15b)
Pl2 AR3 OS1 AR1 OS3
a = a a - a a . (15c¢)
Pl3 ARl OS2 AR2 OS1
For the computation of the components of a we take the direction

AT’
of the transmitting-antenna wire to be perpendicular to the spin axis.

Thus, as the antenna spins around with angular velocity Wy, its
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declination and right ascension vary cyclically: sin SA = cos BS cos wlt,
and
cos wlt
&, =Q_ - arccos |[-~sin O .
A 2 1/2
S (1-00526 cos w, t) /2
S 1
The first equation is obtained directly from the geometry involved
while the second results from constraining the antenna to move perpen-
dicular to the spin axis.
It is now possible to find the directional cosines of ;kT in the
adopted coordinate system:
aATl = -cos 8, cos Q, sin(4n-LEQ) + cos 8, sin a, cos(/n-LEQ) (16a)
aAT2 = jcos B, cos Q, sin|A| cos(£n-LEQ)
fcos B, sin Q, sin|A| sin(4n-LEQ) + sin 8, cos A, (16b)
where the upper sign is for the Northern Hemisphere, and
)y, = cos 8, cos a, cos A cos{4n-LEQ)
3
+ cos B, sin Q, cos A sin(£n-LEQ) + sin 8, sin A . (16c)
By introducing Eq. (16) into Eq. (10), we can find the components
f b d
o a5,
2pa. = %At %0s_ ~ Zar_ os (17a)
1 2 3 3 2
2pg_ = ®ar_ %0s. ~ Par. %0s (170)
2 3 1 1 3
®p2_ = ®ar. %0s_ " %ar. %os, ’ (17¢)
3 1 2 2 1
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where the different ap, are functions of wlt. We want to find the
values of this latter quantity that satisfy the condition for perpen-

dicularity between Pl and P2:

a a + a a + a a =0 . (18)

To find these values the computer calculates aARi and aosi for
every minute of the pass and, introducing these parameters in Eq. (18),
solves for the value of t (nearest the assumed full minute) that
satisfies Eq. (18). The time interval between two successive solutions
is the duration of 10 semi-revolutions. The '"Vacuum Faraday Period,"
defined as the time interval between the occurrence of two alternate
nulls (assuming no iomnization change), is then easily found. This
Vacuum Faraday Period, used in computing the Faraday-rotation angle
as explained in Section VIII.C contains all the necessary corrections
for apparent spin rate and receiving-antenna azimuth changes. Figure 19
compares true spin period, apparent spin period (calculated and

observed), and the Vacuum Faraday Period.

11.90

APPARENT SPIN RATE

1.88t—

\ TRUE SPIN RATE
11.86 —

FIG, 19. APPARENT SPIN
RATE OF SATELLITE
ANTENNA AS SEEN FROM
STANFORD,

VACUUM FARADAY PERIOD

SPIN PERIOD (sec)

o
H
—

EGO ( STANFORD)
17 FEB 65
.82 —

r_

I | 1 il
180050 100 1o 1120

TIME (2)
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VII. EFFECTIVE ZENITHAL ANGLE IN THE EXOSPHERE

In Chapter III the columnar electron content of the exosphere up to
satellite altitude was defined as the difference between the columnar
contents from Doppler and from Faraday measurements, Since we are
dealing with slant contents, the number obtained in such a fashion is
also the slant content of the exosphere and should be converted to
vertical content for proper interpretation. This conversion requires
knowledge of the exosphere density profile, which is not known; hence,
only a rough approximation can be found, by assuming a plausible model.

Figure 20 shows the pertinent geometry.

FIG. 20. GEOMETRY NECESSARY FOR ESTIMATION OF
EFFECTIVE EXOSPHERE ZENITHAL ANGLE,

S
I = f N ds (density of column A to S)
A
S
I= N dh (same as density of columns B to S
B if perfect stratification exists).
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From the geometry,

sin X cos €

o p+h
sin X = £ cos €
p+h

[(p+n)? - pzcosze]l/2

cos X = p+h
ds = dh
cos X
Then
S S S
. _f N(h) dh_f N(h) x (p+h) dh _f N(r)rdr
B - 2 2 h 2 2.1/2
S A cos x A [(p+h) -p 00326]1/2 A [r -a"]
where r = p+h and a = p cos ¢
We want sec xeff = IS/I, and to find it we must assume an exosphere

profile. The model that best fits the meager data available is based on
3
a 1/r law,

3
Let N = No(ro/r) for r > r, = p+H;. Then

I.=Nr> ,/ﬂr o - N> Lﬁflﬁfliii ’
S 00 rz( 2_2 1/2 00 a2y ,
0 0
N 3 0\ 1/2 gr\1/2
= 00 1 - a'— - 1 -~ .a_
o2 < 2 .2 !
0

and I = Is(e = ﬂ/2).
Since a - 0 when ¢ - ﬂ/2 the above expression for IS becomes
indeterminate for vertical incidence. To lift the indeterminancy we

expand the square root:
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2 4 6
a

N 1o 2 4 6
I = 00 1 -2 -2 - -2 1+ 32—+ B, +
S— 2 2 4 6"..0" 2 4 6 L)
2
a r 8r 16r 2r0 8rO 16rO
3
Moo |/ o1\, %1 1\, et/1_ 1
=72 2 2 e\ a7 4 8 6r6+"'
0 0 Yo
and, when € = n/z,
3
I_iqr_o _1__..1“_
=72 2 z)”
0

Hence

i - [efr)cos €12 - |1 - [o/xg)eos e17|H/2 oy

sec X = 2
oft (6 cos €)% [(1/x2) - (1/x?)]

This equation allows us to convert from the measured slant-columnar

content of the exosphere into a first approximation of what may be called

the vertical-columnar content of that region.
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Viii. FIRST-ORDER ANALYSIS

A. DIFFERENTIAL-DOPPLER-FREQUENCY METHOD

The methods for calculating the columnar electron content of the
ionosphere by the differential-Doppler-frequency technique have been
fully described by many authors, as, for instance, Ross [1960] and
de Mendonca [1962]. A recapitulation is presented here for sake of com-
pleteness.

Let ¢ be the phase of a signal radiated from a transmitter.

If the radiated frequency w 1is constant, and a path of length R,
in vacuum, separates transmitter from receiver, then the phase at the
latter will be ¢r = wt-(27R/\) where A\ 1is the wavelength.

However, if there is intervening ionization, A will vary along

the path and

H
€
t
1
0l
=s}
T
PN
n
~
Q.
0

The angular frequency at the receiver is:

w d J[R
W, =g = o at u(s) ds .

0
If two coherent frequencies, wl and wz = nwl, are transmitted,
© R
©p =‘“1'"cl:—tf ny(s) ds
1 0

and
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When the higher received frequency is divided by n and the result
is subtracted from the lower received frequency, a slowly varying beat-

note @y called the differential-Doppler angular frequency, is obtained.

w
. £2 wl d ./PR U/ﬁR
Wy EO T =g p2<s) ds - pl(s) ds . (20)

1 0 0

Since the refractive index is frequency-dependent, Hy # Ho o Also,
notwithstanding the fact that the integration paths have common terminal
points (the transmitter and receiver), they do differ by virtue of the

dissimilar refraction of the two signals (Fig. 21).

TRANSMITTER

JIONIZED
LAYER

PATH OF LOWER_./ /4 PATH OF HIGHER
FREQUENCY WAVE FREQUENCY WAVE

RECEIVER

FIG. 21, REFRACTION EFFECT ON THE PATHS OF
WAVES OF DIFFERENT FREQUENCIES THROUGH
AN IONIZED LAYER.

Approximation Y., Assume similar paths.

Under the simplifying Approximation I, Eq. (20) reduces to

w R
AT CRCIE (21)

Approximation II. Assume there is no steady magnetic field.
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Approximation III. Assume no collisions.

With Approximations II and III, the refractive index can be expressed

as
2
9 @) KDN(s)
po=1-—=1-——7/,
2 2
w f

where N(s) is the electron density and f = w/2x, and

K = ———— = 80,62 m3/sec2 .

Approximation IV. Assume the received frequencies are much larger than

2 2
the plasma frequency--w >> &b°
We can then write

p:l-—'z—-. (22)

Equation (21) reduces to

n 0
d R
=Q—f N(s) ds , (23)
dt
0
-15
where Q = 3.31 X 10 for fl = 40 Mc and f2 = 360 Mc.
From Eq. (23),
1 t R
= = = R 24
Q'o/ £ dt + I [ N(s) ds = I (24)
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The slant-columnar electron content ISD from ground to satellite
is given, for any moment, by Eq. (24), provided we know the total content
ISDO, at time t = 0, which must be found by independent means. In
the EGO experiment it is derived from group-delay measurements.
f; fD dt is simply the differential-Doppler cycle count. To obtain
this from the EGO records, the effect of satellite spin must be taken
into account. As we showed in Chapter IV the spinning of the satellite

introduces an additional differential-Doppler frequency so that

where fd is the recorded frequency and fr is the spin frequency.

B. GROUP-DELAY METHOD

This method of measuring the columnar ionization content between
ground and satellite is used to provide an absolute reference value for
the integration of the differential-Doppler-frequency data. The results
of the group-delay method itself cannot conveniently be used in the
final analysis (thereby dispensing with Doppler) because of the larger
spread of the data points and by virtue of the fact that much better
signal-to-noise ratios are required, rendering it impossible to obtain
this kind of information except when the satellite is at relatively
short range.

The method consists of comparing the phase of arrival of the modu-
lation envelopes of the 40- and 360-Mc signals., This phase depends on
the relative group velocity of the two frequencies and, therefore, on
the ionization traversed.

Equation (22) gave us a simplified expression for the refractive
index and since, under the assumption of no collison, the group velocity

is Vg = cuy, this velocity can be expressed as

K N
vV = C(l - D2> ~ < > .
€ 2f 1+ (K /2t%)N
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Let t be the time for a signal to travel between satellite and observer:

R R K
t = ./f %ﬁ =1 v/ﬁ (} +-J%5ﬁ> ds
0 g ° 0 2f
R 5
=zt 2Is-
2cf

At a frequency n times higher, the time will be

B %
tn =< * 2.2 Is ‘
2cn £ n
In general, as a result of the different paths taken by the signals

at different frequencies, Rn % R and ISn # IS.

Approximation I. Assume similar paths.

Then

= 1. (25)
2
20f2 n S
If both carriers are modulated (in the same phase) by a frequency
fM’ the retardation At will reveal itself as a phase difference A¢
between the two demodulated tones,

op = 2m £, At . (26)

Combining Egs. (25) and (26) and solving for I, gives
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For the values used in EGO,

f = 40.01 Mc
fM = 0.2 Mc
n= 9,

and, expressing A¢ in degrees,
14 2
I_=1.673x 107 x M electrons/m” .

C. FARADAY-ROTATION-ANGLE METHOD

This method of measuring the total electron content of the ionosphere
has received wide attention mainly because of the simplicity of the
equipment necessary. This equipment may be a common communications
receiver, in contrast with the differential-Doppler-frequency method
that requires, generally, the use of phase-lock receivers.

A good description of the theory behind the measurements can be found
in an article by Garriott [1960].

The anisotropic nature of the ionosphere, due to the presence of a
steady geomagnetic field, results in the splitting of the high-frequency
electromagnetic wave into two components; associated to each one is a

different refractive index.

Approximation III. Assume no collisions,

The Appleton-Hartree equation for the refractive index reduces to

Yz/z Y4/4 1/2{-1
2 T T 2
W=l - X4l - ¢ 5+ Y,

(1-x)
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Approximation V. Assume quasi-longitudinal conditions [Ratcliff, 1962,

Chapter 8].

Then

po =1 - ———, (27)

2
Approximation IV, Assume w >> wﬁ. S XK1,

Approximation VI. Assume w >> ag. R YL << 1.
Applying these approximations, Eq. (27) can be written
X -
= - = +
w=1-3501 IYL’) ,

which gives a simplified expression for the indexes of refraction cor-
responding to the two magnetoionic modes, each of which is circularly
polarized, one right-handed and one left-handed. The difference between
the two values of | causes the phase-path length of the two modes to
be unequal, so that the resulting wave is linearly polarized, with a
polarization plane that slowly rotates as the signal propagates through
the medium,

The phase-path lengths are

and

If we make Approximation I assuming identical paths, then the phase-

rath difference is

R
AP:_[(uu-pl)ds=fXYLds,
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which corresponds to a rotation angle

R
AP nf u/”
X T o XYL ds .

Approximation VII., Represent the effect of the YL factor inside the

integral by an average YL :

f — .)rR
Y YL X ds

Q=
0
or e3
bo H cos ©
Q= I
81 ce m fz S
0
K
F
=— GI_ ,
f2 S
where: 3
Ho®
K, = ———— = 0.02976 (mks)
F 2 2
8nce m
0
G = Hcos 6

G is evaluated at the '"ionosphere point,'" defined as the intersection
of the line of sight from observer to satellite with a spherical shell
at an altitude conveniently chosen, The value of H 1is obtained from
an expansion of the geomagnetic field in six spherical harmonics as
described by Eckhouse [1964].

The total rotation angle is usually of the order of many tens of
radians, while experimentally the measurements yield values between 0
and = leaving an nx ambiguity., It is therefore necessary to determine,
by independent means, the value of IS at one given time of a run., The
value of I at any other time can then be computed from the experimental

S
data.
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For the EGO experiment, differential-Faraday-rotation-angle
measurements are used to establish this reference so that, at t = tO’
KF
o(t,) = =z 6(ty) Ig(ty)

and at any other time

2

14(t) = al?y [G(to) 1 (t,) + f{—m] ,

F

where AQ = Q(t)-Q(tO) is obtained from the experiment as described
below.

The Faraday minima are numbered consecutively and a tabulation is
made of the time of occurrence of every tenth minimum (to the nearest
0.1 sec). They repeat approximately every half satellite-spin period.
Assume that the reference value for the total slant electron content
was obtained at the occasion of the n minimum (at time tnr). If Q

did not change, then the next minimum would occur at

However, if AQ # 0, then t £ t and
r+l1
t -t

nHl__ 27

AQ = 27 = [% P(t ) *roo- ot ] .
P(t ) P(t > i r r+l
n +1 n
r r+l

It should be pointed out here that, as discussed in Chapter V on
spin-period error, P, the vacuum Faraday period, is not constant, but
rather a function of time,

If the next tabulated minimum after n_ is n (do not confuse

r+l
n +1 with n_ _), then
r r+l

21 1
Q(t > - Q(t ) = ——— |(n - n) = P/t +t -t ]
noq n. ) r+l 2 ( nr+l> n. no

P(tn
r+l
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and, in general,

m
27

P
Un,) " ) 7 2 Cri ") 3 (5 )
r+m r r+i+l

t
P( n > i=0
r+m

+t -t ) (28)

A similar expression can be developed for the minima that precede nr.

D. DIFFERENTIAL-FARADAY-ROTATION-ANGLE METHOD

It was pointed out in the previous chapter that it is necessary, in
order to use the Faraday-rotation-angle data, to obtain one reference
value for the total slant content from an independent measurement. The
differential Faraday technique was adopted to this end for the EGO
experiment,

The beacon transmitters aboard the satellite are phase modulated
by a 200-kc tone in such a way that the sidebands and carrier have
approximately the same power, In effect, if fO is the carrier fre-

quency, we have three signals of frequencies (in megacycles)

The Faraday rotation observed on the ground will differ slightly
for each signal, Let us take the f_ and f+ pair. The difference

in Faraday rotation will be

£

1 1
AQ = KF GIS <f2 - 2) .
+
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For all realistic conditions A will be smaller than = radians
and there is no ambiguity in the measurement, The angle AQ 1is scaled
directly from the Faraday fading record, but a rather wide scatter is
observed, requiring the averaging of many measurements to obtain a reli-

able value of IS.
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IX. ERRORS

Because the final result of the data-reduction process in the EGO
experiment is the difference between the columnar contents derived by two
methods, and since this is a small difference between large numbers, it
is important to examine the effect of all approximations made in the
first-order analysis, described in the preceding chapters, and to
introduce corrections whenever the error is of a magnitude comparable
with the desired output. In addition, other sources of error must be
sought out and, if necessary, corrected.

The main uncertainties in the results stem from the following origins.

1. Errors due to the uncertainty in the spin rate
2. Errors due to the uncertainty in the satellite position

3. Errors due to the inaccuracy in absolute reference value of
columnar electron content

4, Errors due to the uncertainties in data scaling.

In the next two sections, we analyze the effect of choosing a wrong
value for the spin rate of the satellite in the reduction of both
differential -Doppler-frequency and Faraday-rotation-angle data.

It is shown that, whereas the Doppler method is relatively insensi-
tive to small spin-rate errors, the Faraday results depend critically
on these values. Precision of the order of *1 msec in the roughly
12-sec spin period is desirable. This accuracy can be obtained from
solar-sensor data, and the Goddard Space Flight Center (GSFC) has pro-
vided the necessary information for some of the runs. It is also, in
some occasions, possible to derive the spin period to nearly the above
tolerance from the observation of the amplitude fades of the 360-Mc signal

received with a circular antenna,

A. SPIN-RATE ERROR IN DIFFERENTIAL-DOPPLER-FREQUENCY METHOD

In Section VII.A, the slant-columnar content from differential-

Doppler-frequency data is given by
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where a = (Qil)/Q depending on the relative polarization of the 40-

and 360-Mc receiving antenna, and fr is the spin frequency of the

probe,
If we assume that both fd and fr are constant,
I =1 + l(f -af )t
SD SDO Q' d r
and
dISD _at
daf - Q °
r

This statement means that an error of Af will result in an error AISD

that is proportional to the time:

AISD=—% ro

For example, let the true spin period be 12,025 sec and assume that
a +5-msec error was made in the estimation of this period. The true
spin frequency would be 0.0831 cps and the error would be Afr =
-3.455 X 10-5 cps. With a = 10/9 the error after one hour would be
about 4 X 1013 electrons/mz. If in this hour the satellite rose
15,000 km (say, from 10,000 to 25,000 km) this change would result in an
error of 2.7 electrons/m3 in the estimation of the average exosphere
electron density.

As shown below, this error is negligible compared with the one

introduced by a similar spin-period uncertainty in the Faraday measure-

ment,

B. SPIN-PERIOD ERROR IN FARADAY-ROTATION-ANGLE METHOD

As shown in Section VIII.C, the change in Faraday rotation from a

given arbitrary reference value QO is

n
27
- = - ——————— t - t .
Cin = % Pt ) z (npii1 ™ Pryy) 2 Tt T Fren
i=0
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To estimate the error introduced by an incorrect value of P, let
us assume that both the incorrect and correct values are time-independent,

This assumption simplifies the above equation to

2
r+n Q0 = “[nr+n TRt E(tr-tr+n)]
and
A0y 7%) I
dp - 2 r r+n’ °
P
Thus, if P = 12 sec and dP = AP = 0,005 sec,

2.2 x 10" % At .

After one hour the error in the Faraday angle will be 0.8 radian or
some 45 deg. A typical value for G at Stanford is 25 amp/m. Con-
sequently, the 0.,8-radian error will lead to an over- (or under-) esti-
mation of the total content by about 0.17 X 1016 electrons/mz, a
discrepancy some 40 times larger than that found for the Doppler method.
Again, assuming that during the above hour the satellite rose 15,000 km,
the error in the determination of the average exosphere density would be
110 electrons/ms, which is comparable to the expected local density.

For the above reason, the tl-msec tolerance was set as a goal for the
data interpretation. This tolerance would then leave, under the con-

3
ditions described, an uncertainty of 22 electrons/m in this example,

C. ERRORS DUE TO UNCERTAINTY IN SATELLITE POSITION

Since the apparent spin rate near perigee is dependent on the position
of the satellite, and in view of the fact that this spin rate influences
the final result, it is clear that uncertainties in the satellite's
location may introduce important errors in the reduced information,
especially near the beginning of each run. In order to calculate the
factor G in the Faraday-rotation-angle method, and the refraction and

zenithal angle corrections, it is also necessary to know the satellite's
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position., Predictions of satellite latitude, longitude, and height,
whether obtained from GSFC or locally generated, are frequently not
accurate enough because of the strong perturbations in the highly
eccentric EGO orbit. The shape and position of the orbit are generally
known within an adequate tolerance, but the timing may be off by several
minutes on occasions., For this reason it proves essential to use

a posteriori positions, hopefully correct within 1 min of time.

D. ERROR DUE TO INACCURACY IN REFERENCE VALUE OF COLUMNAR ELECTRON
CONTENT IN FARADAY-ROTATION-ANGLE METHOD
The total slant electron content derived from Faraday-rotation-

angle data is

Ig = ) ISO + g(t) (29)

where both g(t) and G(t) are functions of time but not of ISO.

When an incorrect value of ISO is used, not only is the value of
IS shifted correspondingly but, in addition, a spurious slope in the
Is-vs-t curve is introduced as a result of the larger or smaller weight
given the first term on the right-hand side of Eq. (29). This leads to
an error in the estimation of the average exosphere density. The magni-
tude of this spurious slope is assessed below.

Let the correct value of I be I

S S; and the faulty one Isz. At
time t = t; the error will be (Isl-Isz)to and, at t =t,, (Isl-Isz)tl'
Referring to Fig, 21 we see that, in the time interval between tl

and t the ordinate of the curve with the faulty reference departs

2’
from that of the correct one by

AIE(I -1) =<1 -1>
S; Sy 51 S,/
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As an example, consider the following values obtained during the

2 November 1964 pass of EGO, at Stanford.

Time Height G
(Z) (km) amp/m
18:49 10,000 30.35
19:49 25,300 24.94
16 2
Reference value (assumed correct) IS = 16,8 X 10 electrons/m

at 19:31Z, G, = 25.33 amp/m. 1

Assume a lO-percent error in the above reference value, so that

15.1 X 1016 electrons/m2

b=l
I

and

2
Al = 0.31 X 1016 electrons/m

These values would correspond, under the conditions of the example
used in the preceding sections, to an erroneous estimate of the average
exosphere electron density equal to 207 electrons/ms. This would cer-
tainly obscure the true value to be measured. One must conclude that,
in this particular case, in order to reduce the uncertainty caused by the
use of incorrect reference value to some 20 electrons/mB, the reference
should have a tolerance of about 1 percent, However, this is an unattain-
able accuracy 1n lnis niud <5 “.casurement,

It is therefore clear that one can hope only to obtain a good estimate
of local electron densities in the neighborhood of regions where the tan-
gential motion of the satellite, as seen from the ground, is very small,
resulting in only minor changes in G, The above discussion indicates
that the greatest effort should be made in the direction of obtaining the

best possible value from the differential-Faraday-rotation-angle method.
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X. SECOND-ORDER ANALYSIS

The approximations in the first-order analysis were:

I Similar raypaths are assumed for both higher- and lower-frequency
waves in the differential-Doppler-frequency and group-delay mea-
surements,

ITI In the differential-Doppler-frequency and group-delay measurements,
it is assumed that there is no geomagnetic field.

IIT In all measurements it is assumed that there are no collisions,

IV It is assumed that all operating frequencies are much higher than
the plasma frequency.

V Quasi-longitudinal propagation conditions are assumed,

VI It is assumed that the frequencies at which Faraday rotation is
being observed are much higher than the maximum electron gyro-
frequency.

VII The effect of the gyro-frequency is represented by an average value
calculated at the height of the ionosphere point.

Approximation III is good under all conditions, while V 1is good
under all conditions for the stations involved in this project since the
satellite, as a result of its low inclination, is never seen toward
the north.

The refraction and path-splitting effects implicitly ignored through
Approximation I and the linearization of the refractive index as a func-
tion of electron density and magnetic field, made by Approximations IV and
VI respectively, will be all taken into account by means of equations
derived by Ross [1965], as will be the effect of the geomagnetic field on

the differential-Doppler measurements (Approximation II).

A, DIFFERENTIAL-DOPPLER-FREQUENCY METHOD

For the case of a radio source well above the bulk of the ionization,
Ross [1965] has shown that the phase-path defect, corrected for second-

order effects, is given by
- - - - 2
AP = (hX/Z) sec x(1 ¥ Yo+ (BX/4) X sec x)
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where X (fg th)/h is the height average of X
B = Xz/i2 is a factor related to the nonuniformity
of the ionization distribution with
height.
For a uniform slab of ionization of width d, B = h/d and for a Chapman

layer of scale height H, B = 0.16h/H;

K
hX sec x = Y I (30)
£ S
AK
- D
BX = —— 1 , (31)
by
which is seen to be height-independent.
1
For slab, A= 3
0,
For Chapman, A= —1%9
Thus
K 1 K
DS |, - A D
AP:-—Z-f—2 1+YL+Z;—2‘ISSGCX . (32)

The YL term provides the geomagnetic correction, while the last
term inside the brackets originates in part from refraction effects and

in part from the nonlinearity of the refractive index with electron den-

sity.
K K
£ e D |d _d A'D d ;.2
fDl =cP =gz lat s ” ¥ ) + 5 L2 dt (g sec x)| . (33)
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At a frequency n times higher,

K
f - D d -

D2 2¢fn |dt 7S

2 2 dt
4 2.2 dt

1 d 2
v (ISYL) + (1 sec x)| ,

but the two last terms are second-order corrections; if n is suffi-

ciently high they become negligible:

K

D d
= -1
sz 2cfn dt S (34)
K K
1 D 1\ 4 - d A D d
= - =1 = e e I —_— - — — (I X
A 2cf< 2>dtIS+dt(SL)+42t( sec x)
1 2 n f
t
=f fDdt+QISDO
0
2
= jﬁl 1 - 1 I+ —52 Y, + lL-EQ-Iz sec X
- 2cf nz S 2¢f S'L 8cf3 S
1
=QIg, (35)

where Is is the value of total content obtained from the first-order
analysis.
Equation (34) is quadratic in I and can be solved directly,

S
yielding

j

2 2 _r 2 2 2 ! 2
1 - {([n"/(n —1]YL-1] + {(1¥[n YL/(Z -7+ IS(AKD/f ) sec x} (36)
(AKD/Zf ) sec x
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where the + sign was taken in front of the square root, so that Eq. (36)

reduces to the first-order solution, when the coefficient of Ig tends
|
toward zero, or IS can be computed initially and a correction can be

applied, as shown below.

1

I
I = S . (37)

S ¥ + (AK /4f2)I' sec X
L D S

15 [nz/(nz—l)]Y

The choice of signs in Eqgs, (32) through (37) depends on which of the
two magnetoionic modes is received.
In the Northern Hemisphere, a downward propagating wave with right-

circular (clockwise) polarization is the extraordinary component. Hence

a circularly polarized ground receiving antenna pointing upward to a
satellite will, in general, select the ordinary mode (upper sign in our

equations) if it is left=-circular (counterclockwise) and vice-versa.

We see that a left-circular antenna in the Northern Hemisphere,

imposing the use of a negative signal in Eq. (32), causes a partial

cancellation of the geomagnetic correction by the third term in the bracket.

The use of such an antenna thus minimizes the second-order corrections for

differential-Doppler measurements.

B. FARADAY-ROTATION-ANGLE METHOD

Again referring to Ross' paper [1965] we find that, if Q' is the
first-order approximation of the Faraday rotation angle, then the second-

order angle ( 1is given by
BX  B-1 _ =
= B2 L 2=
o= a1+ 5+ 5= JX]
Here J 1is a geometrical factor defined by

J = tan x(tan x - tan @)

and X and 6 have the same meaning as in Sec, VII.C,
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If the source is well above most ionization, B >> 1 and, by using

Eq. (31), we get

AK
Q=0"{1+ —-g Is(l + J)
2f

we can find a quadratic for 1

. 2 .
Since Q' = (K G/f7)Ig, x

G(1

AK Ko (1+3) s K@

— 7 gtz g-e=0,
2f f

which may be solved directly or through the same process of iteration

used in the last section, yielding

1

I
I, = S .

S 1+{[AKD(HJ) Ié]/Zfz}

In view of the relatively high frequency used (40 Mc) the second-

order corrections discussed in this chapter are relatively small,

Using the more favorable antenna polarization, left-circular, alluded

to in Chapter V, we find the values of the corrections are, typically, as

shown below:

Elevation Second-order Correction
(deg) for Faraday for Doppler
(percent) (percent)
12 -1.5 -6.3
20 -1.9 -3.5
40 -0.5 2.1
70 =-0.,1 -1.3

SEL-65-063 - 59 -




If a right-circular antenna is used, the corrections for Doppler are
roughly doubled while those for Faraday remain unchanged. It should be
pointed out that these corrections are azimuth-dependent, as a result of

the geomagnetic-field influence.
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ERRATA

Caption of Figure 4 should read: "Sunset and sunrise effects
are clearly visible in the beginning of the vertical-content
curves in a. and in the end in c¢., respectively."

The following sentence should be added to the caption on
Figure 5: "The difference has been converted to 'vertical
columnar content' as explained in Section VII."

The electron concentrations in the examples are per cubic
centimeter and not per cubic meter as indicated,

The reference to Figure 21 should be ommitted.



