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ABSTRACT /365' 
The Lagrangian formulat ion of quantum dynamics i n  

terms of p a t h - i n t e g r a l s  due t o  Feynman desc r ibes  systems 

f o r  which the  Hamiltonian i s  c l a s s i c a l  i n  form and quan t i za t ion  

is  c a r r i e d  out  i n  terms of commutators r a t h e r  than anticommutators. 

The d i f f i c u l t y  wi th  the  Feynman method i s  t h e  a c t u a l  eva lua t ion  

of t h e  p a t h - i n t e g r a l  i t s e l f .  We g ive  an e x p l i c i t  eva lua t ion  

f o r  c l a s s i c a l  wave motion i n  one dimension. This r e q u i r e s  

an extens ion  of t he  Feynman method which was introduced by 

Tobocman and s tudied  i n  d e t a i l  by Davies. 

We a l s o  d i scuss  the  work of Corson on the  ques t ion  of 

p * 4 -  
a un i f i ed  formulat ion of dynamics. 
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1. In t roduc t ion  

The p a t h - i n t e g r a l  approach t o  quantum mechanics (Feynman 

1948) provides  an a l t e r n a t i v e  t o  t h e  formulat ion based on the  
(1 

Schrodinger equat ion  and the  usua l  commutation r u l e s .  It 

does not ,  however, desc r ibe  the  Dirac f i e l d  i n  which ope ra to r s  

s a t i s f y  c e r t a i n  anti-commutation laws (Tobocman, 1956). 

The d i f f i c u l t y  wi th  t h e  Feynman method i s  t h e  a c t u a l  

eva lua t ion  of t he  p a t h - i n t e g r a l  i t s e l f .  Cases which have 

been e x p l i c i t l y  eva lua ted  a r e  those corresponding t o  t h e  

f r e e  p a r t i c l e  and t o  the  harmonic o s c i l l a t o r  (Davies, 1957). 

A f u r t h e r  example is provided by t h e  p a t h - i n t e g r a l  formulat ion 

of classical wave motion i n  one dimension. To d i s c u s s  t h i s  

w e  f i r s t  of a l l  r e q u i r e  a n  ex tens ion  of t he  Feynman method 

wh ch  was introduced by Tobocman (1956) and s tud ied  i n  d e t a i l  

by Davies (1963). 

2 .  Extension of Feynman Method 

This extens ion  i s  based on t h e  Hamiltonian of t he  

system r a t h e r  than  on the  Lagrangian. 

development of t h e  wave func t ion  i s  given by 

I n  i t  t h e  t i m e  

1 



2 

which connects t h e  wave func t ion  V(+’iT) a t  t i m e  T with  

the  wave func t ion  ‘L(%’,O) 

pa th - in t eg ra l ,  K (%’,$’; 7,) 

a t  an  e a r l i e r  t i m e .  The ke rne l ,  or  

i s  given by 

where 

I n  ( 3 ) ,  

the  subsc r ip t  h denotes  any h i s t o r y  of t h e  system s p e c i f i e d  

by two a r b i t r a r y  func t ions  of time c2/(t] and p( t )  sub jec t  

t o  t h e  r e s t r i c t i o n s  q ( O ) = % ’  , and q ( T ) = $  . Thus s b  is  

the  c l a s s i c a l  a c t i o n  f o r  a h i s t o r y  h . I n  (2 ) ,  means 

a sum over h i s to r i e s  which s a t i s f y  the  end cond i t ions  and 

not  only over the  h i s t o r y  which i s  the  a c t u a l  c l a s s i ca l  pa th  

between the  end-points .  The normal iza t ion  f a c t o r  N i s  

H i s  the  c l a s s i c a l  Hamiltonian of t h e  system while 

)I 

ti 

chosen so  t h a t  

K(%’&10) = a(&%”) , ( 4 )  
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where 6 i s  the  Dirac d e l t a  func t ion .  

The equivalence of t h i s  approach t o  t h e  u s u a l  one based 

11 
on t h e  Schrodinger equat ion 

i s  r e a d i l y  shown by means of s e t t i n g  up ope ra to r s  i n  a 

func t ion  space and d e f i n i n g  an appropr i a t e  inner  product .  

Th i s  i s  now ou t l ined .  

3 .  The Operators  ’p and Cj, . 

We suppose t h a t  t he  elements of t he  func t ion  space 

are f@) , f ( e )  , e t c .  Then, fol lowing Davies (1963) ,  

w e  de f ine  an inne r  product  ( f ,  ) as fol lows : 

where 

and t h e  h i s t o r i e s  t o  be summed over are those  s p e c i f i e d  by 

g iv ing  q2/(t), p ( t )  a r b i t r a r y  va lues  over t h e  range 0 s  15 s 
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sub jec t  t o  t h e  r e s t r i c t i o n s  

By the method descr ibed i n  s e c t i o n  5 we eva lua te  t h e  

summation i n  (7)  and f ind  t h a t  

a r e s u l t  independent of T . Hence the  inner  product  (f,?) 
becomes 

which corresponds wi th  the  fre .quent ly  used inner  product  

of func t ion  space.  

We now de f ine  ope ra to r s  corresponding t o  t h e  v a r i a b l e s  

C D j P  F i r s t ,  w e  d e f i n e  the  ope ra to r  & corresponding 

t o  q/ by 



5 

where 

where a t i m e  t has  been assoc ia ted  wi th  such t h a t  O < k < T  

and once aga in  the  summation has t o  be carried out  over a l l  9-P 
h i s t o r i e s  sub jec t  t o  t h e  r e s t r i c t i o n s  

The eva lua t ion  of (12)  i s  ca r r i ed  out  by the  method descr ibed  

i n  s e c t i o n  5 and w e  f ind  t h a t  

which i s  i d e n t i c a l  t o  t h e  usual  r e p r e s e n t a t i o n  of t he  

opera tor  corresponding t o  Q . 
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In a similar way, t h e  opera tor  corresponding t o  P i s  

defined by 

where 

I t  can be r e a d i l y  shown t h a t  

> 

where 6' i s  t h e  f i r s t  d e r i v a t i v e  of t h e  Dirac d e l t a  

funct ion.  Hence equat ion  (16)  becomes 

1 

c 
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where (19)  has been obtained by i n t e g r a t i o n  by p a r t s .  

shows t h e  usua l  quantum mechanical correspondence of t h e  v a r i a b l e  

Equation (19) 

'p with  t h e  opera tor  - i d l d v .  

11 

4 .  Equivalence of the  pa th - in t eg ra l  method wi th  the  Schrodinger 

Approach. 

Since we have now defined t h e  ope ra to r s  Q , 7 

corresponding t o  the  v a r i a b l e s  

ope ra to r s  corresponding t o  5 
func t ion  F(ri / ,p) . Thus, we w r i t e  

, 10 , we can d e f i n e  s i m i l a r l y  

1 and t o  rz and, indeed, t o  a 

where 

I n  t h e  same way w e  can def ine  t h e  opera tor  
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We now choose F(%,p,t) t o  be equal  t o  H(%)pl t )  , t h e  

Hamiltonian of a system. But now, for  t h i s  p a r t i c u l a r  choice 

of F(qlp,t) , t he  k e r n e l  1 of equat ion  (23) i s  i d e n t i c a l  

wi th  the k e r n e l  I( of equat ions  (l), (2)  and (3)  which 

determined a func t ion  p(%'iT) from a func t ion  *(%'IO) . SO 

i f  we wr i t e  T(rl/) = q ( w )  J we have 



. '  

which i s  j u s t  the  i n t e g r a l  form of t h e  Schr:dinger equat ion 

N3/ = z'? . 
a t  

I 1  
The equivalence of t he  pa th - in t eg ra l  method wi th  the  Schrodinger 

approach i s  the re fo re  e s t ab l i shed .  

5. C l a s s i c a l  Wave Motion 

We take the  c l a s s i c a l  wave equat ion  i n  one space dimension 

and w r i t e  i t  i n  the  two-component &arm 

> 
M q  = t' aly 

at 

where 

and 

M = - 0 - 7 ,  

9 
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w i t h  

11 
Equation ( 2 7 )  i s  of Schrodinger type and the  equivalence 

out l ined  i n  Sec t ion  4 enables  us  t h e r e f o r e  t o  re formula te  ( 2 7 )  as  

wi th  

and 

Following Davies ( 1 9 6 3 )  we use a Riemann d e f i n i t i o n  of t he  

i n t e g r a l  and write (33 )  as  

c 



c 
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r 

I 

where a p a r t i t i o n  to = 0 ? b, , t, , , . - , t, = -i- 

made of the  i n t e r v a l  and where ct; = $(tr) and T~ = ~(2-1 

with tr-, 6 t r  < t, , and 

has  been 

Then 

’ m Averaging over t he  momentum v a r i a b l e s  

we ob ta in  

, pL , .. . . 



* 

12 

where I is  the  u n i t  2 x 2  matrix,  and where we have used 

t h e  r e s u l t  

The summation over h i s t o r i e s  i s  now obtained by i n t e g r a t i o n  

, so  t h a t  over $, > qJl ,  4 . > %I-, 



c 
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s ince 

and 

c 

I 

(Itr)(I-r) = 0 ~ 

The i n t e g r a l s  over C@2,%3 , . . . , f & - ,  

t he  same way and w e  o b t a i n  

can be evaluated i n  

= Z n - ' (  r t r )  , 

and in t roducing  t h e  normalizat ion f ac to r  N = (2n)-', 

w e  have 

(44 1 



. 
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Equations (31) and (45) toge ther  provide a p a t h - i n t e g r a l  

formulation of c l a s s i c a l  wave motion. 

condi t ions ,  equat ion  (31) has  a s o l u t i o n  whi.ch agrees  of 

course wi th  the  s tandard D'Alembert so lu t ion .  

With given i n i t i a l  

6 .  Unified formulat ion of dynamics 

We now consider  the  work of Corson (1963) on the  ques t ion  

of f ind ing  a s i n g l e  p o s t u l a t e  ( i f  one e x i s t s )  t h a t  would cover 

both c l a s s i c a l  and quantum dynamics. This  p o s t u l a t e ,  t he re fo re ,  

must lead t o  the  Schrodinger equat ion  i n  t h e  quantum case  and 

t o  Lagrange's equat ions  (or e q u i v a l e n t s )  i n  the  c l a s s i c a l  case. 

( 1  

The c l a s s i c a l  case  i s  given by 

6 s  = o ,  

where s i s  t h e  a c t i o n  def ined i n  equa t ion  (3). Equation 

(46) means t h a t  

v a r i a t i o n  i n  the  pa th  between t h e  endpoints  ( e ' , O )  and($:T). 

Now Hamilton's p r i n c i p l e  (46)  is r e a l l y  j u s t  t h e  s imples t  

form of  a s t a t i o n a r y  cond i t ion  invo lv ing  a It could bk 

replaced by 

i s  s t a t i o n a r y  w i t h  r e s p e c t  t o  a smal l  

8F(S) = O (47 1 
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P 

with  F some reasonable  func t ion  of S . Corson's choice  

of F i s  

because of t h e  form of t h e  pa th - in t eg ra l  

Corson (1963) then p o s t u l a t e s  

Y i n  equat ion  ( 2 ) .  

as t h e  fundamental equat ion of dynamics. There a r e  two cases, 

namely, (i) t h e  d e f i n i t e  path case ,  and (ii) t h e  i n d e f i n i t e  

pa th  case :  

(i) d e f i n i t e  path.  I f  t h e r e  i s  only one pa th  h , then  

equat ion  ( 4 9 )  reduces  t o  

or 

6s = o ,  

and equat ion  (50) leads ,  of course,  t o  Lagrange's equat ions .  

This  t hen  covers  t h e  c l a s s i c a l  case .  
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( i i )  i n d e f i n i t e  path.  If t h e r e  are many paths ,  

i s  a func t ion  of t he  end-points  only, and s ince  the  end-points  

remain f ixed  under the 6 -va r i a t ion ,  i t  fol lows t h a t  

,$ - i s h  

6 z fyQL'S& = 0 
h 

t r i v i a l l y .  This  cond i t ion  t h e r e f o r e  does not  appear t o  lead 

t o  anything. The c l a s s i c a l  case  8s = O  l eads  t o  

Lagrange's equat ions ,  b u t  t he  many pa th  case  does not  t e l l  

u s  what func t ion  of the end-points  ZexyiS~ a c t u a l l y  is .  

Th i s  r e q u i r e s  an a d d i t i o n a l  p o s t u l a t e  - one involv ing  the  

not ion  of s t a t e  or wave func t ion .  

h 

Thus t h e  conclus ion  would seem t o  be t h a t  Corson's 

s i n g l e  p o s t u l a t e  i s  no t  enough. To formulate  quantum 

dynamics from c l a s s i c a l  a c t i o n  expres s ions  one must  p o s t u l a t e  

t h e  t i m e  evo lu t ion  of t he  wave func t ion  a s  Feynman d i d .  
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