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. 
GEOMETRICAL INTERPRETATION AND GRAPHICAL SOLUTION 

TO MINIMUM ENERGY DISCRETE-DATA CONTROL 

A.  M .  Revington and J. C .  Hung 

SUMMARY 

Compact and s i m p l e  design equat ions  have been previous ly  obta ined  

f o r  the minimal energy des ign  of a l i n e a r  PAJ r e g u l a t o r  by working not  

i n  the  s t a t e  space,  but  i n  a new space ,  the  "canonical  space." The 

input  sequence i s  s p l i t  i n t o  two s e c t i o n s  and t h e  minimal energy con- 

d i t i o n  i s  a simple r e l a t i o n  between t h e  two p a r t s  of the inpu t .  The 

r e l a t i o n  is  used here  t o  give a d i r e c t  method of  f ind ing  what s ta tes  

can be taken t o  the o r i g i n ,  using the  l i n e a r l y  designed input  sequence, 

without  v i o l a t i n g  a s a t u r a t i o n  c o n s t r a i n t .  For second o rde r  systems 

the  technique i s  p a r t i c u l a r l y  use fu l  i n  t h a t  a simple graphica l  tech-  

nique i s  poss ib l e .  An example demonstrates  the  method. &@ 
INTRODUCTION 

For a number of years  the Z-transform was the  only technique 

a v a i l a b l e  t o  engineers  t o  handle d i s c r e t e  r e g u l a t o r s .  This  technique 

has  many disadvantages when applied t o  the  r e g u l a t o r  problem, but  i t  

has  the  advantage t h a t  i t  i s  c l o s e l y  r e l a t e d  t o  the  f a m i l i a r  Laplace 

t ransform,  and the  root - locus  and frequency domain methods can s t i l l  be 

used. The in t roduc t ion  of s t a t e  v a r i a b l e  techniques has cons iderably  

c l a r i f i e d  the  a n a l y s i s  and design of both d i s c r e t e  and continuous systems, 

but un fo r tuna te ly  a knowledge of t ransform methods i s  not  much he lp  i n  

understanding t he  s t a t e  var iab le  techniques . However, u s ing  only 

elementary mat r ix  a lgebra , remarkably compact r e s u l t s  and a simple 
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6 des ign  procedure have been obtained f o r  t he  pulse  amplitude modulated 
(PAM) r e g u l a t o r  293 . 

It i s  w e l l  t h a t  f o r  an n - th  o rde r  l i n e a r  PAM p l a n t  

r egu la t ion  can be achieved i n ,  a t  most, n sampling pe r iods .  I f  the 

number of sampling per iods  used i s  increased  beyond n then  i n  genera l  

t he re  a r e  many poss ib l e  input  sequences t h a t  w i l l  r e g u l a t e  t he  p l a n t .  

The problem of which sequence t o  choose and how t o  o b t a i n  i t  has  

received much a t t e n t i o n ;  the  usual approach i s  t o  make the  system 

minimize some c o s t  func t ion  while performing the  primary t a s k  of regu- 

l a t i o n .  We choose the  cos t  func t ion  E given by 

N 

E = T 1 u2(k) .  

k= 1 

T i s  the  sampling per iod ,  N the number of sampling pe r iods  used f o r  

r e g u l a t i o n  and u(k)  i s  the input  over t he  k - th  sampling pe r iod .  This  

c o s t  func t ion  has  s e v e r a l  advantages.  The system i s  i n t r i n s i c a l l y  un- 

l i k e l y  t o  s a t u r a t e ;  i t  can be shown f o r  s t a b l e  systems t h a t  i f  N i s  

l a r g e  enough the  l i n e a r  design equat ions  give an  input  sequence t h a t  

enables  the  p l a n t  t o  ope ra t e  i n  i t s  l i n e a r  reg ion .  The sequence i s  

easy  t o  c a l c u l a t e  and i s  unique. F i n a l l y ,  the  minimizat ion of E gives  

a good approximation t o  the minimum f u e l  problem where the  c o s t  func t ion  

i s  

N 

~ k = l  

While the  use  of t h e  l i n e a r  des ign  equat ions  gives  an input  

sequence which, because of the na tu re  of t he  c o s t  func t ion  E ,  i s  

l eas t  l i k e l y  t o  s a t u r a t e  t h e  p l a n t  w e  would c e r t a i n l y  l i k e  t o  know 

j u s t  when w e  can take advantage of the  s i m p l i c i t y  of t he  l i n e a r  design 

equat ions .  I n  o t h e r  words fo r  what se t  of i n i t i a l  s t a t e s  does a l i n e a r  

des ign  give an inpu t  sequence s a t i s f y i n g  a given s a t u r a t i o n  c o n s t r a i n t  

M ,  t h a t  i s  lu(k)l 

p l i n g  per iods  are not  s u f f i c i e n t  t o  allow a l i n e a r  des ign  then  can w e  

< M, k=i, 2 ,  . . . N? Furthermore; suppose N sam- 
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. 
i nc rease  N and, i f  so by how much, so t h a t  t h e  l i n e a r l y  designed sequence 

s a t i s f i e s  the  s a t u r a t i o n  c o n s t r a i n t ?  

I n  the  next  s e c t i o n  t h e  development of the  l i n e a r  des ign  equat ions ,  

u s ing  the  "canonical vec to r  space," i s  summarized. 

def ined  and generated v i a  an intermediate  se t  . I f  t h e  i n i t i a l  s ta te  

i s  i n  % t he  l i n e a r  des ign  equat ions  can be used. 

Then the  s e t  % i s  

LN 

MATHEMATICAL DEVELOPMENT 

To keep the  development a s  s i m p l e  a s  poss ib l e  w e  s h a l l  cons ider  

only a s i n g l e  input  t ime- invar ian t  p l a n t .  

o f  such an n- th  o rde r  system are  descr ibed  by the  vec to r  d i f f e r e n c e  

equat ion  , 

I n  d i s c r e t e  form the  dynamics 

6 

- x(k+l)  = G(T)x(k) - + h(T)u(k)  (2) 

where - x(k ) ,  an n-vec tor ,  is the s t a t e  of t he  p l a n t  a t  t he  k - t h  sampling 

i n s t a n t ,  G(T) i s  the  n x n t r a n s i t i o n  mat r ix  and - h(T) i s  the  nxl  d r i v i n g  

mat r ix .  

L inear  Design Equations 

5 
The d i s tu rbed  s t a t e  o r  i n i t i a l  cond i t ion  x(0) can be represented  

by 
N 

- x(o)  = 1 & u(k)  
k= 1 

where r i s  the  k - th  "canonical vector"  given by -k 

(3 )  

-k r = -G(-kT)h(T) ( 4 )  

The r e g u l a t o r  problem i s  t o  take ~ ( 0 )  t o  the  r e fe rence  x ( N )  = 0 i n  

N > n sampling per iods  while  minimizing E .  The s o l u t i o n  t o  the  problem 

i s  cons iderably  s impl i f i ed  i f ,  i n s t ead  sf working with the n-dimensional 

s t a t e  space X ,  we work i n  an n-dimensional "canonical  space" C .  The 

3 



. 
b a s i s  vec to r s  f o r  p o i n t s  i n  C are t h e  canonical  vec to r s  rl, r2 ,  .... r . 
Then corresponding t o  5 i n  X we have - c i n  C.  

. -n 
The nonsingular  l i n e a r  

t ransformat ion  t a k i n g  c i n  C t o  5 i n  X i s  R ,  where 

R = rl, r2 ,  .... r ; (5) 
-1 [ -3 

R t akes  i n  X t o  5 i n  C. Furthermore, t h e  input  sequence i s  d iv ided  

i n t o  two s e c t i o n s ;  thus  

(6 1 I a = u ( 1 ) ,  u ( 2 ) ,  . . .u (n)  

- bt = [u (n+ l ) ,  u(n+2), ... u (  N)] , 
- t [  

where t denotes  the t ranspose of a matr ix .  Then Eq. (3 )  reduces t o  

- c =  - a + Hb - (7) 

where H ,  an nxN-n matrix, has  as  i t s  columns t h e  remaining N-n canonical  

vec to r s  expressed i n  C: Eq. 1 i s  now 
c 

The condi t ion  t h a t  must be s a t i s f i e d  f o r  r egu la t ion  wi th  minimum E 

is e a s i l y  found t o  be 2 

(9 1 
t b = H  2 - 

0 Eq. ( 7 )  and Eq. (9) give immediately t h e  opt imal  input  sequence 2 and 

- bo a s  

t o  
b o =  H a  - - 

0 
where I i s  the  n x n u n i t  matr ix .  F i n a l l y  the  l e a s t  energy E i s  

given by ( l e t t i n g  T = 1) 
t o  E o = c  5 

The Prcblem ~f Sa tu ra t ion  

Normalizing the input  sequence so t h a t  the  s a t u r a t i o n  c o n s t r a i n t  

t akes  the form 

4 



We have 

Iu(k)l  & 1 ,  k=1, 2 ,  . . . N  

I bj l  & 1 j=1, 2 ,  . . .  N-n, 

where a and b .  a r e  the  components of 5 and b. 
i J 

Kalman' and o t h e r s  have considered the  s e t  rN of a l l  s t a t e s  5 

i n  X t h a t  can be taken t o  the  o r i g i n  i n  N sampling per iods  o r  l e s s ,  

sub jec t  t o  input  s a t u r a t i o n .  

I N \ 

Read'IrN i s  the  s e t  of a l l  s t a t e s  2, where 2 i s  given by 2 = 

and loi I c 1 , i=l, 2 ,  

i=l 

. . .N." The ai a r e  s c a l a r s .  

I n  the  canonica l  space C, 

Figures  l ( a )  and l ( b )  below i l l u s t r a t e  r3 i n  X and C r e s p e c t i v e l y  

f o r  a second o rde r  system. 

5 



=2 

I 
I _ _ _  --J 

Fig .  l ( a )  F ig .  l ( b )  

On the  boundary of there  i s  a unique con t ro l  sequence f o r  
‘ 6  r e g u l a t i o n  i n  N sampling p e r i o d s  . I n  o t h e r  words the re  i s  only  one 

way t o  l i n e a r l y  combine the  canonical  vec to r s  -1’ r -2’ r ...+ t o  reach 

an i n i t i a l  s t a t e  on the  boundary of . For an i n i t i a l  s ta te  i n s i d e  

the re  a r e  an i n f i n i t e  number of ways t o  r ep resen t  the  i n i t i a l  

s ta te .  From these  we have chosen t h a t  unique combination t h a t  mini- 

mizes the energy E .  To  f i n d  out j u s t  when t h e  l i n e a r  des ign  can  be 

appl ied (g iv ing  a non-sa tura t ing  con t ro l  sequence lu(k)l Q 1 , k=l, 2, 

. . . N )  we de f ine  t h e  se t  M 

rN 

N’ 

Def in i t i on .  The set of  i n i t i a l  states t h a t  can be taken t o  the  o r i g i n  

i n  e x a c t l y  N sampling per iods wi th  minimal energy Eo = 5 2 
s a t i s f y i n g  the  s a t u r a t i o n  cons t r a in t  i s  c a l l e d  . 

t o  and 

MN 
Thus i n  the  canonical  space ,  

I n  general  MN i s  a proper s u b s e t  of r 
cond i t ion  b = H a t h a t  i s  added t o  r t o  give 

This  i s  because of t h e  e x t r a  N ’  
MN 

t . To be ab le  t o  
N - - 
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. 
d i s c u s s  w e  need the  term ' ' free minimal energy input  sequence." 

Def in i t i on .  

g iv ing  the  minimal energy Eo = 5 2 
energy input  sequence," u ( k ) ,  k = l ,  2 ,  ... N ,  i . e . ,  t he  amplitude 

i s  not cons t ra ined .  

0 The vec to r s  - a and - bo, c a l c u l a t e d  from Eq. 10 and Eq. 11 
t o  , c o n s t i t u t e  the  " f r ee  minimal 

0 

I n  t h i s  sequence w e  may well have u (k)  > 1 f o r  some va lue  

By d e f i n i t i o n  the re fo re  the  s e t  % con ta ins  only  those i n i t i a l  
l o  I 

of k. 

s t a t e s  whose f r e e  optimum input  sequences s a t i s f y  the  s a t u r a t i o n  

c o n s t r a i n t .  S t a t e s  i n  & but  not i n  5 have f r e e  minimal energy input  

sequences t h a t  v i o l a t e  t h e  s a t u r a t i o n  c o n s t r a i n t ,  so t h a t  i f  the  inpu t  

sequence i s  cons t ra ined  by s a t u r a t i o n ,  t he  energy needed f o r  r e g u l a t i o n  

i s  g r e a t e r  than  E . The problem of f i n d i n g  t h i s  cons t ra ined  ' input  

sequence, one o r  more members of the  input  sequence need t o  be forced 

back t o  the  s a t u r a t i o n  l i m i t ,  i s  not d i r e c t l y  considered he re .  

0 

THE GENERATION OF % 

From Eq. 10 and Eq. 11 the re  a r e  N equat ions  of the  form 

n 1 a . . c  = u ( j )  , j=1, 2 ,  . . .  N 
ji i 

i=l 

where the  ci a r e  the  n components of the  i n i t i a l  s t a t e  c and the  a 
a r e  s c a l a r s .  We could then se t  u ( j )  + 1 and u ( j )  4 - 1 t o  

o b t a i n  2N n-dimensional h a l f  spaces i n  C-space. The convex s e t  formed 

by the  i n t e r s e c t i o n  of these  ha l f  spaces would then be . This  method 

i s  q u i t e  c o r r e c t  bu t  f a i l s  t o  give a c lear  p i c t u r e  of what i s  happening. 

The s e t  5 can be found qui te  simply v i a  cons ide ra t ion  of the i n t e r -  

mediate set  $ which w i l l  be developed i n  t h e  fol lowing paragraphs.  

j i  

5 

Consider E?. 9 :  which can be r e w r i t t e n  a s  

7 



where h 

of bo, j = 1, 2 ,  . . . .  N-n. 

r expressed i n  C-space (h i s  shown i n  F ig .  l b . ) .  So t h a t  

i s  t h e  j - t h  column vec tor  of H and bo i s  the  jth component 

The vec to r s  h are t h e  canonica l  vec to r s  
-j j 

-j 

-n+ j -1 

-1 h = R  r -j - n + j  ' 

Eq. 18 rep resen t s  N-n n-dimensional hyperplanes,  normal t o  

h .  i n  C-space. 
-J 
respond t o  the  i n i t i a l  s t a t e  

coord ina tes  of a po in t  2 i n  C are  usua l ly  considered t o  be the  components 

of  some i n i t i a l  s t a t e  - c .  

have a dua l  meaning f o r  the generat ion of %; they  can r ep resen t  t he  

components of an i n i t i a l  s t a t e  2 o r  the  components of the  input  vec to r  

a . To demonstrate t h i s  consider  a second o rde r  system (n=2) wi th  h 

as shown i n  F ig .  2.  

t h e  l i n e  passes  through Lhe ar ig iz ,  nzrmal t o  !I.. 

p a r a l l e l  t o  i t s e l f  i n  t h e  d i r e c t i o n  of + h1 and f o r  b l <  0 i n  the  

d i r e c t i o n  -h When lbll = 1 the  perpendicular  d i s t a n c e  from the  

l i n e  t o  the  o r i g i n  i s  1/ IIh . IIhill i s  t h e  Eucl idean norm o r  

the  l eng th  of &I. 
most u s e f u l  when n = 2 so t h a t  hyperplanes a r e  s t r a i g h t  l i n e s .  

It should be noted t h a t  t h e  vec to r  ao does not  cor-  - 
0 

= - a (un le s s  N=n) even though the  

The coord ina tes  of C-space a r e  considered t o  

0 

-1 - 
Consider the s t r a i g h t  l i n e  h t  ao = bl .  For bl = 0 -1 - 

For bi > 0 i t  moves -1 

-1 * 

1 II 
These p r o p e r t i e s  hold f o r  h i n  genera l ,  but a r e  

-j 

,/ 
. -~ 

Fig .  2 
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The admissible  (non-sa tura t ing)  set of a 0 and a 0 l i e  i n  o r  on 
1 0  2 

the  square shown i n  F i g .  3 .  For 

space between o r  on the  l i n e s ,  

lbyl < 1 the  2 must also l i e  i n  the  

/ 

t o  
+1 = bo = k1 2 , 1 

lap1 < 1 and lbol t h a t  i s  t o  s a t i s f y  
0 1 must l i e  i n  I 1  so t h a t  any a 

t h e  cross-hatched r eg ion ,  which w e  c a l l  L 
- 

3 '  

-1 

Fig .  3 

When N = 4 w e  cons ider  a l s o  bo The se t  of admissible  so now 2 .  
must be the  i n t e r s e c t i o n  of L and the  space between the  l i n e s  3 

0 t o  + l = b  = h  2 . - 2 -2 

This  i s  shown i n  F ig .  4 and i s  c a l l e d  Lee. 

9 



Fig. 4 

10 



For the  genera l  case t h e  set  $ i s  def ined .  

D e f i n i t i o n .  The set  L i s  def ined as t h e  i n t e r s e c t i o n  of t he  2n h a l f -  

spaces  a 4 1, ai > - 1 and the 2(N-n) ha l f - spaces  h 

h.gOpp-1, i = 1, 2,  ... n ,  j = 1, 2, ..,N-n i n  the  n-space wi th  Car tes ian  

t o  a 
N 

0 0 < 1, i -j - t 
--I 

0 0  0 J 

coord ina tes  a 1' a 2 '  . . , an  

C lea r ly  $ i s  convex and $+1 is  a subse t  of LN. The reason f o r  

d e f i n i n g  L i s  twofold.  N 
0 

( a )  We only need t o  c a l c u l a t e  2 , i f  we have L t o  know i f  the  N' 
f r e e  minimal energy input  sequence exceeds the s a t u r a t i o n  c o n s t r a i n t .  

I n  o t h e r  words i f  2 i s  i n  L then c i s  i n  . % 
0 - N 

(b)  We can generate  % d i r e c t l y  from $ without  i n v e r t i n g  any 

matrices. 

Generat ion of from L, 

There i s  c l e a r l y  a one t o  one correspondence between p o i n t s  
0 0 - a 

boundary of L 

t h e  boundary of L w e  t r a c e  out t he  boundary of . We have 

i n  $ and i n i t i a l  s t a t e s  - c i n  %. In  p a r t i c u l a r ,  i f  - a i s  on the  

then  - c i s  on the boundary of %. Thus by moving a long  N 

N % 
0 

- c = 2 + Hbo 

h (20) 
0 0 

= - a + by hl + b i  h2 + ..... + bN,* -N-n 

3 Consider t he  po in t  A a t  a ve r t ex  of L i n  F ig .  5 .  

t o  t h i s  - a 

t h e  l i n e s  bo = 1, a 2  = 1. 

s t a t e ,  on the  boundary of M with  bl = 0 and a; = -1. (We added noth ing  

t o  5 a t  B . )  Other po in t s  on M can be obtained j u s t  a s  e a s i l y .  3 

Adding - hl a lone 
0 gives  a ve r t ex  of  M3, A' ,  def ined by the  i n t e r s e c t i o n  of 

1 
0 Simi la r ly  B i n  L gives  B '  , an i n i t i a l  

3 

3 
0 

0 

We note  t h a t  i n  F ig .  5 t he  axes a r e  now l a b e l l e d  c and c2 ,  the  

Thus f o r  example the  l i n e s  bo = + 1 
1 

coordina tes  of t h e  i n i t i a l  s t a t e .  

a r e  now t h e  bounding l i n e s  of M3 (see F ig .  3). 

while  genera t ing  i 

genera t ing  and us ing  M3 w e  should use c 

1 -  
S t r i c t l y  speaking,  

--- c h n l l l d  l a b e l  the  axes a,  and a? ;  bu t  whi le  0 0 

3 w c  * * - - - - -  I - 
2 '  and c 1 

11 
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The s e t  M 

Po in t s  A through H i n  L3 correspond t o  p o i n t s  A '  through H' i n  M3. 
has been obtained by us ing  only  a s e t  square and d i v i d e r s .  . 3 

I n  genera l  % can be found i n  e x a c t l y  the  same way from the  set  

LN.  
s t a b l e  systems IIhill > 
s u f f i c i e n t l y  l a r g e ,  any i n i t i a l  s t a t e  can be taken t o  the  o r i g i n  wi th  

a non-sa tura t ing  f r e e  optimum input sequence. 

For n > 2 simple graphica l  techniques a r e  no longer  p o s s i b l e .  For 

~ ~ t ~ ~ - ~ ~ ~  , i = 1, 2 ,  .... N ,  so t h a t ,  f o r  N 

We have shown how t o  generate % from LN. Geometrical p r o p e r t i e s  

of LN give the  geometr ical  p r o p e r t i e s  of s. 
respond t o  t h e  v e r t i c e s  of M 

t o  the bounding f aces  of . 

The v e r t i c e s  of $ cor-  

and the  bounding faces  of L correspond 
N N 

MN 
An example i s  now given f o r  a second o rde r  system, which w i l l  

N '  demonstrate s eve ra l  p a r t i c u l a r  u s e s  of L 

EXAMPLE 

2 
Consider t h e  pure i n e r t i a l  p l a n t  l / s  . 

of T secs  the  vec to r  d i f f e rence  f o r  t h i s  system i s  

With a sampling per iod 

where x (k)  i s  the  output (pos i t i on )  a t  t he  k - th  sampling i n s t a n t  

and x2(k)  i s  the  time de r iva t ive  of the  output  ( v e l o c i t y )  a t  the  

k - th  sampling i n s t a n t .  We soon f i n d  

1 

r -k 
, k = 1, 2 ,  . . .  

13 
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and then  

g iv ing  

h =  
-P 

1 -+ T2 
T 

p = 1, 2 ,  ... N-n. 

For t h i s  p l a n t ,  t he  canonical  vec tors  i n  C a r e  independent o f  t he  

sampling pe r iod .  

-1, p = 1 , 2 ,  3 i n  The l i n e s  h a = b a re  shown f o r  bo = 0 ,  +1, 

F ig .  6 .  = + 1 a t  a2  = + 1; 

they i n t e r s e c t  ao = + 1 a t  ao = + 

t o  0 

0 0 -p -0 P P 

1 -  2 - p+l 

For b = + 1 these  l i n e s  i n t e r s e c t  a P -  1 -  - 
. 

1 

I .  Fig.  6 
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0 0 L i s  bound by a = +1 and bl = +l. I n  genera l  L i s  bounded by 

a: = +1 and bo = +l. 

i s  bounded by the l i n e s  ao = +1 and bo = +l. 

the  f i r s t  and las t  inpu t s  a re  wi th in  the  s a t u r a t i o n  l i m i t  then  a l l  the  

o t h e r  i npu t s  a r e  a l s o  wi th  the  s a t u r a t i o n  l i m i t .  

- 
.I P+2 3 1 -  

Then we know t h a t  M has only 4 v e r t i c e s  and 
P -  P+2 

Thus i f  N = p+2, and i f  
1 -  P -  

M and M a r e  shown i n  Fig. 7 .  C l e a r l y  M i s  not  a subse t  of  3 4 
M4, even though M4 covers  a l a rge  p o r t i o n  of t h a t  M d i d  n o t .  

Comparing the  areas of  M and L, M4 and r4 w e  see t h a t  a l a r g e  

propor t ion  of i n i t i a l  s t a t e s  i n  r3 and r4 a r e  included i n  M and M 

r,' 3 

3 

4' 3 
This  w i l l  remain t r u e  a s  p i s  increased.  

The l i n e s  of Eq. 1 7  can be found from L by f ind ing  two 
0 P+2 

p o i n t s  on t h e  l i n e s  a = +1, i=l, 2 ,  ... n ,  o r  b? = +1, j = 1, 2 ,  .... 
N - 2 .  

i -  3 -  
These l i n e s  a l l  i n t e r s e c t  a t  t he  v e r t e x  of r N given by 

N 
0 x = c,  but  it  i s  ev ident  t h a t  on ly  t h e  f i r s t  and l a s t ,  a and 1 - 

i=l 
0 bN-2 pass  i n t o  . Then w e  have the  fo l lowing  r e s u l t s  f o r  t h i s  p l a n t .  

0 1. A s u f f i c i e n t  condi t ion  f o r  x t o  be i n  r i s  t h a t  a and N 1 
- 0  

b N - 2  be non-sa tura t ing  ( s ince  5 i s  i n  5) .  
2 .  A necessary condi t ion  f o r  x t o  be i n  i s  t h a t  none of - rN 

0 the  inpu t s  a j = 1, 2 ,  . . . N-3 s a t u r a t e .  

N . B .  If al and bN s a t u r a t e  w e  may s t i l l  have x i n  r see f o r  

example F ig .  7 .  

bo 2 '  j' 
0 0 

- - N '  

These p r o p e r t i e s  of 5,  even though f o r  a p a r t i c u l a r l y  simple 

p l a n t ,  do i l l u s t r a t e  how t h e  s e t  L ( ) can be use fu l  i n  a t tempt ing  

t o  so lve  t h e  s a t u r a t i o n  problem i n  t h i s  i n d i r e c t  way. 
N M N  
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Fig. 7 
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I .  

CONCLUSIONS 

The simple and compact design equat ions  p rev ious ly  obtained f o r  

t he  minimal energy l i n e a r  PAM regula tor  have been reviewed. 

shown t h a t  i f  the  input  sequence i s  s p l i t  i n t o  two components these  two 

components a r e  r e l a t e d  by a l i n e a r  t ransformat ion .  

a method has  been presented t o  f ind  those s t a t e s ,  %, i n  rN t h a t  can 

be taken t o  the  o r i g i n  us ing  only the  l i n e a r  des ign  equat ions .  While 

the  geometr ical  concepts and p rope r t i e s  of t h i s  method a re  t r u e  i n  

gene ra l ,  f o r  second o rde r  systems the technique can  be used t o  f ind  

these  s t a t e s  g raph ica l ly .  

It was 

Using t h i s  p rope r ty ,  
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