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SUMMARY

178 3L

This report presents a set of basic equations for thin elastic spherical shells and a
digital program for the analysis of the static response of segmental spherical shells

with fixed edges under the following loading conditions:

/
/
® Uniform pressure
e Linear thermal gradient through the thickness of shell

The problem is solved numerically by means of finite-difference technique, using a
direct method of solving a large system of simultaneous equations. A numerical
example showing the stresses and deformations of a spherical sector under uniform

pressure is also presented. For completeness as a self-gontained report, much of ‘,)

the information presented in Vol. II is repeated here. /
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FOREWORD

This report is the result of a study on the numerical analysis of stresses and deforma-
tions of fixed-edge isotropic segmental spherical shells under uniform and hydrostatic
pressures as well as linear thermal gradient across the thickness of the shell. Workon
this study was performed by staff members of Lockheed Missiles & Space Company in
cooperation with the George C. Marshall Space Flight Center of the National Aeronautics
and Space Administration under Contract NAS 8-11480, Contract technical representa-

tive was H. Coldwater.

This volume is the fourth of a nine-volume final report of studies conducted by the
department of Solid Mechanics, Aerospace Sciences Laboratory, Lockheed Missiles
& Space Company. Project Manager was K. J. Forsberg; E. Y. W. Tsui was Techni-

cal Director for the work.

The nine volumes of the final report have the following titles:

Vol. I Numerical Methods of Solving Large Matrices

Vol. II  Stresses and Deformations of Fixed-Edge Orthotropic Segmental
Cylindrical Shells

Vol. Il Stresses and Deformations of Fixed-Edge Segmental Conical Shells

Vol. IV Stresses and Deformations of Fixed-Edge Segmental Spherical Shells

Vol. V Influence Coefficients of Segmental Shells

Vol. VI Analysis of Multicellular Propellant Pressure Vessels by the
Stiffness Method

Vol. VII Buckling Analysis of Segmental Orthotropic Cylinders Under Uniform
Stress Distribution

Vol. VIII Buckling Analysis of Segmental Orthotropic Cylinders Under Non-
uniform Stress Distribution

Vol. IX Summary of Results and Recommendations
iii
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NOTATION

a, bi '€ A B,C, ¥ nondimensional parameters defined in text

D = ER3/12(1 - »%) flexural rigidity of shell

E modulus of elasticity
Fi boundary force at Station i
Ff boundary forces of fixed-edge shell due to applied forces or

thermal gradients

G shear modulus

h thickness of shell

h, k mesh spacings in ¢ - and 6-coordinate directions
m, n number of columns and rows of the mesh

i,] dummy subscripts

k, kij stiffness influence coefficients

IC/I ()’ IA\I ) moments and stress resultants

surface or body forces

T
—

Q( ) transverse shears

R radius of curvature

T change of temperature from a zero thermal stress condition
a,v,w displacement components in directions ¢, 6, and z
¢,0,z shell coordinates

ix
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o coefficient of thermal expansion

£, m orthogonal coordinates along boundaries of shell
(Si boundary deformations (displacements or rotations) at Station i
€ direct and shear strains

changes of curvature or torsion of middle-surface

v Poisson's ratio
w( ) rotations of the normal at the middle-surface
() o
o 0
( )]i functions at a discrete point i, j where i, j implies the ¢- and

f-directions respectively

il rotation in the middle-surface around the normal

Additional notations and symbols are defined in the text.
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Section 1
INTRODUCTION

As a result of an investigation of juncture stress fields peculiar to the multicellular
pressure vessels (Fig. 1), a theory for the prediction of the membrane and bending

stresses and the corresponding deformations for such shell structures was formulated.*

SYMMETRICAL
ABOUT

CENTERLINE —~_|

+

4 ~CELL STRUCTURE 20-CELL STRUCTURE

Fig. 1 Multicellular Shell Structure

*"Investigation of Juncture Stress Fields in Multicellular Shell Structures,"” by
E. Y. W. Tsui, F. A, Brogan, J. M. Massard, P. Stern, and C. E. Stuhlman,
Technical Report M-03-63-1, Lockheed Missiles & Space Company, Sunnyvale,
Calif. | Feb 1964 — NASA CR-61059.
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Due to the fact that analytic solutions are still lacking, it was decided to solve the
problem numerically by means of finite-difference technique. To ensure the feasi-
bility of such a numerical solution, a direct method of solving large matrices with a

high-speed digital computer was also developed.

According to th- previous work, if the stiffness or displacement method is used, the
total forces and hence the corresponding stresses along the juncture of the shell seg-

ments (Fig. 2) may be expressed concisely in the following matrix form

F - ké + F! (1.1)

where k is the stiffness matrix; 6, the deformations; and Ff, the fixed-end
forces due to applied loads or thermal gradients. In view of this situation, it is
logical to solve the problem systematically by the established general procedure of

analysis already described.* This procedure may be stated briefly as follows:

1. Determination of the fixed-end forces, Ff, along the boundary as well
as stresses and deformations in the interior of shell segments due to
loads

2. Determination of the influence coefficients, kij , along the boundaries
of shell segments, i.e., the induced forces at points i due to unit
deformations (6 = 1) at points j

3. Determination of the actual deformations, 6, along the shell boundaries;
this requires the satisfaction of both compatibility and equilibrium con-

ditions at the junctures of the structure

Once all the work involved in these three steps is completed, the total stresses and

deformations in the specific discrete interior locations may be obtained.

*""Investigation of Juncture Stress Fields in Multicellular Shell Structures," by
E. Y. W. Tsui, F. A. Brogan, J. M. Massard, P. Stern, and C. E. Stuhlman,
Technical Report M-03-63-1, Lockheed Missiles & Space Company, Sunnyvale,
Calif., Feb 1964 — NASA CR-61050.
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IF'ig. 2 Basic Shell Elements of Multicellular Structure

LOCKHEED MISSILES & SPACE COMPANY



This volume presents results of the work involved in Step 1 only and covers the

following items:

Nondimensional formulation of the problem
o Detailed description of a workable digital program for the generation
of solutions
e Example including tabulation of stresses and deformations of an isotropic

spherical shell with fixed edges under uniform internal pressure
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Section 2
FORMULATION OF THE PROBLEM

The necessary analytical expressions for a spherical shell have already been pre-
sented.* All the required equations are repeated in this report to make it a complete

unit.

2.1 ANALYTICAL FORMULATION

The isotropic segmental spherical shell under consideration is of uniform thickness.
It is bounded by a cylindrical panel, a segmental conical shell, and two radial plates
as shown in Fig. 2. Only one half of the cell structure is shown in this figure because

of the symmetry of the structure and the loading.

The geometry of the spherical segment is shown in Fig. 3. The orthogonal coordinates,
¢ and 6, can be oriented in a number of ways in the sphere so as to obtain a con-
venient description of the boundary curve. For example, in the orientation of Fig. 3
the intersection of the cylinder and sphere occurs at 6 = 0. It should be noted, how-

ever, that these coordinates are not parallel to all the intersections with the sphere.

In the formulation which follows the dependent variables and geometry have been non-

dimensionalized by the radius of curvature, R, as follows:

(2.1a)

w| >

*"Investigation of Juncture Stress Fields in Multicellular Shell Structures,’ by
E Y. W. Tsui, F. A. Brogan, J. M. Massard, P. Stern, and C. E. Stuhlman,
Technical Report M-03-63-1, Lockheed Missiles & Space Company, Sunnyvale, Calif.,
Feb 1964 — NASA CR-61050.
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v = % (2. 1b)
w = % (2. 1c)
z = Eﬁ (2. 1d)
h = ﬁﬁ (2. le)

Other nondimensional quantities will be defined as they are introduced. Note that the

coordinates ¢ and 6 have not been normalized.

CYLINDER

Fig. 3 Geometry of Segmental Spherical Shell
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2.1.1 Rotation-Displacement Relations

Positive displacements and rotations of the middle-surface are shown in Fig. 4 and

are related by equations:

wd) =u-w,d> (2. 2a)
W =V - (sirll ¢)w 0 (2.2b)

[V,¢ - (1/sin ¢)u,6 + cot ¢ V]

d = 5 (2 20)

Fig. 4 Displacements and Rotations

2. 1.2 Strain-Displacement Relations
The strains of the middle-surface are related to displacements by

€, = u + w (2. 3a)

LOCKHEED MISSILES & SPACE COMPANY



= _ 1
€9 (sin ¢>)V,9 +cotpu+ w

Yoo T V.9

and the changes of curvature and torsion are

= v —cot¢v+<

1

sin ¢

)“, 6

X = DRl =8y W
) [v 5 - (1/sin ¢)w gp T (W - W (p)cos ¢]
Xg = [XgR] = — sin & ’
[-w +cot ow ,+u , +sing v - cos ¢ v]
Y _ 06 , 0 , 0 , @
Xpo = Xl = sin &

The strains at a distance z from the middle-surface are

€9 = €0+ZX9

Yoo = Yoo T 22X g

2.1.3 Constitutive Relations

Positive stress resultants are shown in Fig. 5.

2.

2.

(2.

(2.

(2.

(2.

2.

3b)

.3¢)

4a)

4b)

4c)

5a)

5b)

5c)

Nondimensional stress resultants are

related to them and to strains by the following equations:

2 2
N ]
¢ Eh

LOCKHEED MISSILES & SPACE COMPANY
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Fig. 5 Stress Resultants, Moments, and Loads
9
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where

T AT 2.1 h/2
N = [A%&Vv)] = “(1+V)% fasz
-h/2
AT h/2
MY = éjfg - -mt1+lo;% J.aTzdz
h™ _h/2

and T is temperature change relative to a zero thermal stress condition; « , the

coefficient of thermal expansion;and « = h2/ 12.
2. 1.4 Governing Differential Equations

The governing differential equations for a spherical shell in terms of displacement

components u, v, and w are given by

aluvdﬂb + ayu g + agu +oa,u + a5V 4 6" 6
a + = A 2.7
+a7w’¢¢¢ + a8w,¢96 + a9w,¢>d) + 10w’99 allw,¢ ( a)
blu,¢>6 + bzu,g + b3v’d)¢ + b4v’96 + b5v’¢ + b6V
- B .7b
+b7w,¢)¢0+b8w’969+b9w,¢9+b10w’9 (2 )
+
Clu,(b(;bd) + Czu,d)GG + 03u,¢¢ + C4u, 06 + CSu,¢) C6u
oV wen T %8V 060 T %9V 96 T C10Y,0
T 11V se00  “12% 00060 T 13V 0000
+
T4V poe T %15V, 000 T %16V 00 " C17V, 00
+ C18W,¢ + CigW = C (2.7¢)

10
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where

a, = (1 +«)sing
_ 1 -y
A9 7 (1+4K)231n¢
a, = (1 + k) cos ¢
2 . 2
a, = _ cos <1>:*-vsm ¢(1+x)
sin ¢
1 +vy
a; =~ + (2 - v)K

ag = - %L [3 -+ 2% - )]

6
a; = - K sin ¢
- _{o _ K
ag = -2 V)sin¢>
ag = -K COS ¢
a = (3 -v) K cot ¢
10 sin ¢
2 .2
_ . cos ¢ + vsin ¢
ay4 (1 + v)sing + sin & K
11
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1+ v

b1= 5 + (2 - v)k

b, = [§—J+ (3 - 2v)x] cot ¢

2 2

b, = 2=Y (1 + 4x) sin

3 2 ¢
__1+K

by = sin ¢

b, = =Y (1 + 4k) cos ¢

5 2

. 2 2
_ 1 -y sin” ¢ - cos” ¢
bg = 73 < sin ¢ >(1+4")

b7 = -(2 - v)k
by = - —%5
sin” ¢

b9 = -k cot ¢
b10 = (1+v) - 2k(1 - v)
¢y = sin ¢

c. = 2.—v

2 sin ¢

Cq = 2 cos ¢

12
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10

11

12

13

14

15

Cos (é

sin2 ¢

sin ¢ K

2
_<1+~V.s1n ¢, 1+ Sin¢>

13
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c _ 1+ vsinzg
16 sin ¢

_4-(1 + ) sinqu

c =
17 sin3¢)
c = -11-v+ L cos ¢
18 . 2
sin” ¢
_ 1+0v .
019——2 « Sin¢

In general, the loading functions are

P R
. 2,7 ¢ T T
A = - sin 1 - ~— + N + KM 2.8
in ¢ [( vY) EE 6 ’ J (2. 8a)
- _ sin T T
B [(1 VipgREEE + N+ KM’B] (2. 8b)
P T
_ . 3 Yz 2N T T 1 T
C = -sin¢ [R D - + M,¢¢ + cot M,¢ +<——Sin2 ¢>M,60] (2.8c)

As mentioned in Sec. 4, the digital computer program which has been prepared has
two options for loading. Specialization of the loading functions for each of these

options follows:

® Uniform pressure

A=B =0

R2p

c = —sin¢——D—Z = -sin ¢

This will yield solutions normalized by R3 pZ/D. For a given pressure,
modulus, and value of Poisson's ratio this quantity can be found. The

values of the dimensional dependent variables, u,v, and w, canbe

14
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computed from the nondimensional u, v, and w, obtained from the

computer solution as

o>
|

<>
I

<>

I
N

€

e Linear thermal gradient through the thickness of the shell

For this special case T is given by

T = T1 + Tzz
where
T1 = %(Te + Ti) - 2T0
LT T
2 h
and
Te = temperature at external surface (z = %)
Ti = temperature at internal surface (z = - —}21)
T0 = reference temperature

15
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Then in nondimensional form

Z
|

= (1 + v) Ole

=
I

-(1 + v) osz

The loading functions in nondimensional form become
A =B =0

+
1+ v ozT1

C
K

-2 sin @

Dimensional displacements can be computed from the nondimensional

solutions for u,v, and w through the relationships

u = uR
v = vR
;’V:WR

2.2 BOUNDARY CONDITIONS

It was pointed out in Sec, 2.1 that the coordinates can be oriented so as to obtain a
convenient description of the boundary curve. By such a description it is implied

that the boundary is parallel or nearly parallel to coordinate lines. Two orientations of
the orthogonal coordinates ¢ and 6 are shown in Fig. 6. The coordinates in the

two orientations are related to the rectangular coordinate system as follows:

Orientation 1

x = R{sin ¢ cos ¢, cos § - cos ¢ sin ¢,) (2.9a)

y = Rsin ¢ sin @ (2. 9b)

z = R(cos ¢ cos ¢, + sin ¢ cos 6 sin ¢,) (2.9c¢)
16

LOCKHEED MISSILES & SPACE COMPANY




/B A
—'/
— CONE R
-
¢ $5
w
2 %2
¢2

o, 0 |
i CYLINDER

Orientation 1 (Side View)

- $
— CONE 1

Orientation 2 (Top View)

Fig. 6 Orientations of Coordinate ¢

17
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Orientation 2

x = Rsin¢ cos 8 (2. 10a)
y = -Rcos ¢ (2. 10b)
z = R sin ¢ sin 0 (2. 10c)

To use these orientations, consider the sphere cut as shown in Fig. 6 by the plane OA

which is parallel to plane OlB . That part of the sphere which is between the cone and

plane OA is described by Orientation 1; the remaining portion, by Orientation 2. Thus,
the sphere is divided into two parts each of which has two boundaries parallel to the

curvilinear coordinates. The boundary curve and boundary conditions of Orientation 1
are given as shown in Fig. 7.

a
SYMME TRY
LINE
b -
Q
d /’7
N
c 8 n
¢
N
v 4
M;

Fig. 7 Boundary Curve and Forces for Orientation 1

18
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The boundary forces along the edges of the shell are given by the equations:

along ab
Nn = N¢0+2KM¢9
—I:I§=N¢)
Q= -[Q¢+£1sir_1—ql;)M¢6,9]
Mg = Md)

along cd
Nn = N¢9+ 2KM¢9
NE =N¢
Q= W +%§¢L)M¢9,9
1\71€ = M,

alongR

Since the curve bc is notparallelto a coordinate line the boundary forces are given

by the general expressions:

2z
+
2>

N_ =
n n

|-

&n

Ziy>
II
2z

19
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where

I:I =cosz>\N +sin27\N +sin2)\ﬁ

z 0 ¢ ¢6
N :lsingy\(ﬁ -I:I)+(sin2}\—cos27\)ﬁ
n 9 2] (b ¢9
Q3 = Sln}\Ql(p + cos )\QO
1\7[ = cos2 AM + sin2 7\1\7[ + sin 2)\10[
¢ 6 ¢ of7
M, = isinoa(M, - M,) + (Sinz A - cos” 7‘)1\7[
tm 2 o6 ¢ ¢6

The direction cosine must be found from the following intersection relations:

1

COsS A = %
1/2

[f2 sin2 ¢ + 1]
where A is the angle between the boundary curve and the ¢-axis and

tan¢, | - (Rl/R - 1) cos ¢ +sin ¢,

f =
sin2¢ cos 6 +tan ¢>1 cos ¢>2 sin 6

20
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The relation between 6 and ¢ is found by the relation

‘ tan¢>1 R1
sin 6 - tan¢1cos ¢>2 cos § = sin & [<T - 1> - sin¢>2 cos d)].

For the spherical segment to have fixed edges, the displacement components are all

zero. Hence, the required boundary conditions are as follows:

-5 ow

ab uzvzwza¢50
. v o= ow = O
bC u:V:W:agzo
Pt ey = w = Y
cd u=V:w=8¢_0

The boundary curve and boundary condition of Orientation 2 are given as shown in

Fig. 8.

The boundary forces along the edges of the shell are given by the equations:

along dc

N77 = —Neqb - 2;<M¢9
N§=N6
Q = Q0+(1—V)M¢9’¢
M§:M0

21
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SYMMETRY d / f / K

LINE

Fig. 8 Boundary Curve and Forces for Orientation 2

along ef
I\_In = _NGd) - 2K1\/I<b9
Né = N,
Q=-1Q +(1-wM, ]
1\7[g = M,
along ce

The curve ce is not parallel to a coordinate lines as was the case for line bc for

Orientation 1. Thus, the boundary forces are given by the general expressions:

A A 12

N =N +=M

U n R im
NézNg

2 . 18@
Q=Q3* 3 5
A A n
M_ =M

¢ ¢

22
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The quantities NT)’ ANE, Q3, IQIE, f’[m can be found by the equations given for
Orientation 1, once cos A is known. For the curve Eé, the relation between 6 and

¢ 1is

[cos ¢ + tan ¢, (RI/R - 1))
sin ¢ tan ¢>1

cos 6 = -

The direction cosine is given by

Ccos A
9 5 511/2
ltan ¢, sin” ¢ - [cos ¢ +tan ¢>1(R1/R - 1)] }
o | 2 2 2 2 1/2
“1 + tan d)l(Rl/R - 1) cos d)] + tan ¢1 sin” ¢ - [cos ¢ + tan ¢1(R1/R - 1)] ]
For the spherical segment, dcef , the boundary conditions for a fixed edge are as
follows:
dc Yy = w o= W _
dc u =V = WwW = 56 =0
T Sy = w =W
be usvEw=as = 0
=d W o= W
cd u=v=w=gy = 0
2.3 STRESS IN SKIN
Once the stress resultant and couples are known, the corresponding maximum and
minimum stress of an isotropic shell can be computed by the relations:
12 6
o, ==xN, +—M 2.11a
o e 2o (2. 112)
Uez%ﬁeif‘_zﬁae (2. 11b)
h h
23
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This development is based on the assumption of a linear stress variation through the

thickness given by
0. = . + zd’
1 1 1

- b . .
where o, isa membrane stress and zo, in the stress due to bending.

24
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Section 3
NUMERICAL ANALYSIS

The finite-difference method is used to solve the governing equations of a spherical
shell segment with fixed edges. The scheme in this numerical method is to replace
the continuous problem of a continuous coordinate system by one defined at a finite-

number of coordinate points. To accomplish this discretization, the continuous two

dimensional (¢, 8) domain of the spherical shell is covered by a uniform rectangular

net as shown in Fig. 9. Lattice points of this net which are within the domain D

COLUMNS ——= 8¢

"
SYMMETRY ' r

—_— |

Fig. 9 Domain and Boundary of Spherical Shell Segment

25
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are called mesh points, and lattice points on the boundary curve T are called bound-
ary points. At these lattice points the dependent variables (u, v, w) of the governing
differential equations are replaced by the discrete values of uJ , g, wi The subscript
i of uJ denotes the row number and corresponds to the ¢- coordmate while the super-
script j denotes the column number and corresponds to the 6-coordinate. In general,
the boundary curve does not coincide with the net as seen in Fig. 9. For the present
numerical analysis, it is desirable to have the boundary curve coincide with the net so
as to avoid computational complications. With the orthogonal coordinates ¢, 8, it

is not possible to have all the coordinate lines coincide exactly with the boundary.
However, the coordinates can be orientated in such a manner that at least two boundary
curves are parallel to coordinate lines. Two orientations are given in Sec. 2.2 which
accomplish this objective. The domain shown in Fig. 9 corresponds to Orientation 1
which indicates the degree to which the actual boundary curve deviates from the rec-

tangular net.

The difference equations which are a set of algebraic relations representing the gov-
erning equations and boundary conditions are formed by first approximating the deriva-
tives at a given point by a function of the variable at neighboring points. These functions
replace the derivatives of the governing equations. Thus, at each mesh point three
algebraic equations can be written in terms of neighboring points. When the boundary
conditions are accounted for in these equations the resulting set of simultaneous

algebraic equations
AX = B

replaces the continuous problem. The solution of this set of algebraic equations can

be accomplished by methods described in Vol. 1.
3.1 APPROXIMATION OF DERIVATIVES

The derivatives of u, v, w are expressed in terms of their values at neighboring

mesh points to transform the governing equations to difference form. These

26
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derivatives are determined by a Taylor series approximation* for a rectangular net

and are given by the following equations:

£y = 1/28 (15 - £°,)
f = 1/}—12(1"0 _ 90 4 ¢° )
L0 > 2%+ 1%
foop " 1/2}_13(f; - 2f(1’ + Qf(_)l - fﬁz)
f’q'><b<i>¢ - 1/E4<f‘2) - 4f(i + 6fg - 4f?1 + f(jz
ty = 1/212(% _ f(—)l)
f o9 = VR (5 - 210 + f;l)
f 600 ~ 1/2R% (5 - 21y + ot - £7)
ogge = VK (g - 45+ 6lg - T
f 4o~ 1/4?112(1"1 _ f}l ) f11 . f:})
fopo = 1/2521?(-2% + 2f;1 + fi . fil e

*"Investigation of Juncture Stress Fields in Multicellular Shell Structures," by
E. Y. W, Tsui, F. A. Brogan, J. M. Massard, P. Stern, and C. E. Stuhlman,

(3.

(3.

(3.

(3.

(3.

(3.

(3.

(3.

(3.

(3.

Technical Report M-03-63-1, Lockheed Missiles & Space Company, Sunnyvale,

Calif,, Feb 1964 — NASA CR-61050.
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1a)

1b)

1c)

1d)

le)

1f)

1g)

1h)

1i)

1j)



£ 400 /2% (-2 + 28+ 1)+ 170 o - i7) (3. 1k)

£ p00 1/h%k 2 (-Zf‘{ - 2% -2l - 27t w1l f}l sty i1+ 4fg) (3. 11)
Lower order approximations to be used as noted

U gos 1/1‘13(ug - 3ud + 3u - u(_)l) (3. 1m)

U oo 1/1_13(u2 - 3ug + 3u(_)1 - u(_)z) (3. 1n)

Vo600 " 1/1_{3(Vi - 3vg + SV;1 - v(-)z) (3. 10)

3.2 DIFFERENCE EQUATIONS

The formation of the difference equations is effected in a straightforward manner by
substituting the appropriate expressions of Egs. (3. 1) into the governing equation

[Egs. (2.7)]. Only when the equations are written one row or column from the
boundary, the low-order third derivatives of u with respect to ¢ [Egs. (3. 1m and n)]
or the third derivative of v with respect to 6§ [Eq. (3. 10)] are used to obtain a
sufficient number of unknowns for the given number of equations. With these substi-

tutions the three governing equations in difference form at a point 0, 0 are as follows:

o) o 1 -1 o) 1 -1 1 -1
Ay + Agu ¥ As(uo *u, ) AU, AS(VI vy -Vt V-1)
1 1 (o} (o} o o) 1 -1
+ - p—
A6(Vo v ) * A7(W2 W-z) T AgWy) F Agw +A10(“’0 tW, )
1 -1 1 -1 o _ 0o
RSP R R ) ISP M O
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where

0 1 1 -1 1 1 2 _ -2
+06“0”37("0"’ )+CS(V1 V1)+09(V-1“’-1)+C10( )

o 2 —2) 0 0 ( 1 1)
+C w2+Clzw_2 C13(w0+wO +Cl4tw1+C15w_1 C16w +w0
1 -1 ( 1 —1) 0
+C17(w1+wl >+018 Wt w 1) ¥ Cig%,
a a
A = _.l.-{»-%
1 52 oh
S T
Ay T 27 G
h 2
a
2
A, = —=
3 EZ
A4 = a, - (A1 + A2) - 2A3
a5
A5 = —=
4hk
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(3. 2¢)



a
7
A = —=
7 573
a a
_ %,
Ag = -2A,-2A .+ — ¥ ~
h
a a
_ 911
A9 = 2A7 + 2A11 + 52 oF
10
A - =
10 £2
A - 8
T
AL =0 gy
12 72 10
A° = A
[0}
b
B, = L
4hk
_ b2
B, = —
2 2k
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o
o

B = _3 + _é_
3 }—12 oh
_ b3 b5
B, = —5 -
4 }—12 oh
B oo a
5 EZ
B6 = —(B3+ B4) - 2B5+b6
) < b b8>
By = ~2- =
2h k k

8 —2- T
2h“k  4hk

B = b7 - &
9 2 4hk

2h“k
Y
10 253
B = B
(o]
C
€, = _?%
2h
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10

11

_4
2
Sy
ohk?
(] (]
23 -2+ o
h k
f1 %8, ‘10
%k & 2k
C 09
o + —
2h“k  4hk
‘v %
o2k  4hk
‘s
ok
C C
T
h 2h
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c - u_ ‘u
12 4T3
13
c.. = -3
13 7
C C C C C C
iy = 4 -255-— '——125 A
h h%k h hk h 2h
c. - 4 °11 2012 L1, %15 %16 S8
15 7 -4 0 “=2-2 0 30 -2 =2 " oh
f Pk B0 Ik f
€12 13 %17
Cig = 235471 ¥ 3
h%k K i
c . a2 ‘i
17 2n
C
c . 12 _ 15
18 H2E2 2'}'11;2
C C C C C
Chg = 6—g +455+6—2 23 -2-"0scp
f B2k K h K
c’® = ¢C
0o

The complete set of difference equations are obtained by writing these equations at
each mesh point. Along lines of symmetry only two equations are necessary since

one of the variables will be zero. After incorporation of fixed-edge boundary
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conditions, a sufficient number of equations for unknowns yields a set of simultaneous

algebraic equations which are written in matrix form as

~

AX = B

Unless care is exercised in ordering the equations and unknowns, the square matrix
A can be full. From the aspect of solving a large number of equations (Vol. I), the
ordering is important. To establish an insight into the idea of the ordering employed,
it is noticed from the difference expressions [Egs. (3.1)] that the highest derivatives
are in terms of at most two rows '"above;" two rows ""below;" two columns to the
""left,” and two columns to the "right'" of a given mesh point. If all the equations for a
given column were written and stored in submatrix form, the unknowns would involve
two columns to the ""right" and "left." Thus, any column would involve, at most, five
submatrices. The matrix A is accordingly partitioned in the manner shown below,

where m is the number of columns in the finite-difference net.

r 1
ElFlGl 0
D2E2F2G2
C3D3E3F3G3O

é =
n-2
m-1
C
! m m m |

This matrix A is obtained by writing Egs. (3.1) in D and not on the boundary I'.
The boundary and symmetry conditions have been used to eliminate certain equations.
Fixed-edge boundary conditions are well-suited for this formulation, since they do
not require complex algebraic expressions. Specifically, if Egs. (3. 1) are written

one column from the boundary, then the submatrix Fm is zero (u = v = w = 0)
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and the submatrix Gm contains only w terms which are reflected into Em due to
the boundary condition. Along a symmetry line, all terms are either reflected with
the same or opposite sign. This fact accounts for the missing C1 and D1 matrices.
Similar alterations are made in each matrix to account for boundary and symmetry

conditions.

Because of the boundary behavior of shells it is desirable to incorporate a means of
decreasing the mesh spacing in order to reveal the boundary solution with greater detail
and accuracy. A rather simple method called grading which does not destroy the form
of matrix A is incorporated in the numerical solution. An explanation of grading was

given in Vol. II, Sec. 3.3.
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Section 4
DIGITAL PROGRAM

4.1 GENERAL DESCRIPTION

The present program provides solutions for fixed-edge spherical shell segments under
loads and changes of temperature. The method of solution consists basically in obtain-
ing the displacement components u, v, and w at various discrete stations of the
structure by finite-difference approximation (see Secs. 2 and 3). The corresponding

strains and stresses may then be computed.

The program is designed to compute the fixed-edge forces due to intermediate loads
or thermal graident. However, displacements, strains, and stresses in the loaded

region are also evaluated simultaneously. The following program options are available:

e Iinite-difference mesh
(a) Uniform spacing
(b) Graded spacing in the ¢-direction
(¢) Symmetry in the ¢-direction
o Loading conditions
(a) Uniform normal pressure

(b) Linear temperature gradient through the skin thickness

There are no restrictions on the geometrical dimensions of panels. However, the
accuracy with which the basic differential equations are approximated may vary for

different configurations of the shell.

The [inite-difference mesh network is specified completely by prescribing the number
of rows and columns exclusive of the boundaries, together with the grading options

which have been chosen. Rows in the finite-difference mesh are parallel to the
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#-direction, and columns are parallel to the ¢ -direction. The number of rows may
vary from 4 to 24 and the number of columns from 4 to 80. Thus, a maximum of 5760
unknowns can be solved. Greater accuracy near the boundaries can often be obtained
by selective grading. By this means, it is possible to use a mesh spacing at the

boundary as little as 1/32 of that at the middle portion of the panel.

There are certain restrictions on the use of the grading option. When such an option
is used, a separate input card is required to specify a mesh spacing exponent MM(J)
for each row J. The finite-difference equations are written along Row J, then the
mesh spacing XH/2**MM(J) is used. This distance must be the least of the two
distances from Row J to the row above and the row below. XH is the basic input mesh
spacing along the ¢ -direction. For any Row J. MM(J) and MM(J + 1) must not differ
by more than 1. Also, three consecutive rows cannot have three distinct exponents.

MM(J) may vary from 0 to 5.

The description of symbols and input data are shown in Tables 1 and 2; Fig. 10 shows

the flow diagram of this program.

Table 1

DESCRIPTION OF SYMBOLS

Symbol Description

RECORD Hollerith information describing problem
IpPT1 Uniform mesh spacing

Graded mesh spacing in ¢-direction
IpPT2 Symmetry in the ¢ -direction
Row 1 is symmetry line

Row 2 is adjacent to boundary
16PT3 Omit shell strains
Print shell strains

16 PT4 Uniform normal pressure

— QO H O N = O = O

Linear temperature gradient through the skin
thickness
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Table 1 (cont'd)

Symbol Description

I$PT5 0 Not last case with plots
1 Last case with plots
RoW Number of rows in the finite-difference mesh
CoL Number of columns in the finite-difference mesh
XH Basic distance between rows in the mesh
XK Basic distance between columns in the mesh
ZNU Poisson's ratio
THC Half angle of segment BC
PH1 Angle ¢ of upper boundary
FF Ratio of angle of ¢ of lower boundary to ¢ of
upper boundary

RH Radius to thickness ratio, R/h
TE External temperature
TI Internal temperature
To¢ Ambient temperature for zero stress
¢C Coefficient of thermal expansion
MM(J),d =1, RoW Grading mesh constants, mesh spacing used for

difference equations on Row J is equal to
XH/2. **MM(J)

MM (31) Number of rows to be plotted

MM(32) Four row numbers for which plot output is desired
MM(33) (u,v,w, N M, ,N M)

MM (34) A

MM(35)

CILBL(I, 1), I
CILBL(I, 2), I
CILBL(I, 3), I
CILBL(, 4), I

Curve labels appearing on the plot output to identify
the rows selected CILBL(I, 1) corresponds to
MM(32); etc.

e o
A D

an
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Set tape unit
designations;
initialize clock

|

Read and write
input data

Plot

Uniform mesh
spacing

Graded mesh
spacing in
¢-direction

Row 1 of mesh is
symmetry line in
¢ -direction

Row 1 of mesh is
adjacent to the
boundary

Linear Uniform
thermal normal
gradient pressure

Y

constants

Compute coefficients of
finite-difference equations
and values of control

!

Factor finite-difference
matrix by recursion on
the submatrices

Reset tape
control values
and write run
time

)

—

Print shell
strains

Write stress
resultants

N¢, N6, No@,
No¢;Me, M6,
M(pe’ Q¢’ QB

Write solution
for displacement
components u ,
v , and w

!

Omit shell
strains

Obtain particular
\solution X by
backward substitution
in factored matrix

Fig. 10 Flow Chart
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Table 2

INPUT DATA SEQUENCE AND FORMAT

Card FORTRAN Symbol Format
1 RECORD 72H

2 16PT1, 16PT2, 16PT3, I6PT4, I6PT5 1011

3 ROW, CoL, XH, XK 3E12. 8
4 ZNU, THC, PH1, FF. RH 6E12. 8
580 MM@), T = 1, ReW 3512
6 TE TI, T, oC 4E12.8
7 MM(J), J = 31, 35 512
8¢ CILBLI.1).1-= 1.6 6A6
ol®)  CcILBLI.2).1 = 1.6 6A6
10 CILBLI.3). 1= 1.6 6A6
114¢)  CILBL(I.4). 1 = 1.6 6A6

(a) Omitted unless 16 PT1 = 1.
(b) Omitted unless Ip PT4 =
(¢) Omitted if MM(31) = 0.

|
—

4.2 NUMERICAL EXAMPLE

Analysis of the spherical shell segment shown in Fig. 11 will serve as an example to
illustrate input data, format, and the type of information that can be obtained through

use of the program described in this volume,

The example is for the loading option of uniform normal pressure (pZ = constant).
Grading is used in the ¢-coordinate so as to obtain a reasonable solution with the

present restrictions of the computer program (24 rows, 80 columns). The actual
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LOWER

BOUNDRY
SPHERE
"/
CONE RIGHT
///,// // BOUNDRY
SYMMETRY
LINE
UPPER
BOUNDRY
GC
b
4 /90°
SIDE VIEW END VIEW

g, = THC=0.61 RAD}US-
qb4=PH| =1.0297 RADHIS

FF:%—/L029?=L5708

R
— = RH =100
h

Fig. 11 Segmented Spherical Shell

mesh spacing which yields a solution of desired accuracy must be obtained by explora-
tory runs using different number of rows and columns. Such runs were made with the
given geometry. It was found that 17 rows and 30 columns were required to obtain
satisfactory results in both displacements and stress resultants. More accurate

results can be obtained by use of an even finer mesh spacing.

Values of input quantities for the 17 by 30 case are given in Table 3 and a listing of
the corresponding input data cards is presented in Table 4. For convenience, the

¢ -coordinate corresponding to the row number follows:

41

LOCKHEED MISSILES & SPACE COMPANY



Table 3

INPUT VALUES FOR THE EXAMPLE

Symbol Value Symbol Value

¢ PT1 1.0 MM(8) 0

Ip PT2 1.0 MM(9) 0

1o PT3 0 MM(10) 0

Ip PT4 0 MM(11) 1.0

16 PT5 1.0 MM(12) 1.0

RoW 17.0 MM(13) 2.0

CoL 30.0 MM(14) 2.0

XH 0.067635 MM(15) 2.0

XK 0.02033 MM(16) 3.0

ZNU 0.3 MM(17) 3.0

THC 0.61 TE, TI, T¢ , ¢C Not required
PH1 1. 0297 MM(31) 4.0

FF 1.5255 MM(32) 5.0

RH 100. 0 MM(33) 9.0

MM (1) 3.0 MM(34) 16.0
MM(2) 3.0 MM(35) 17.0
MM(3) 2.0 CILBI(I,1)I=1,6 PHI = 1.503, Row 5
MM (4) 2.0 CILBL(I,2)I = 1,6 PHI = 1.300, Row 9
MM(5) 2.0 CILBI{I,3)I =1,6 PHI = 1.038, Row 16
MM(6) 1.0 CILBI(I,4)I = 1,6 PHI = 1. 029, Row 17
MM(7) 1.0
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e o 6 6 6 6 6 6 6

[ T T = SR S S S Sy S Sy WGy WY

. 0297 — Row 18
. 0381 — Row 17
. 0466 —Row 16
. 0635 — Row 15
.0804 — Row 14
. 0973 — Row 13
. 1311 — Row 12
. 1650 —Row 11
.2326 —Row 10
.3002 —Row 9

e S 8 6 6 6 6 6 6
I

I

.3679 — Row 8
.4355 —Row 7
.4693 —Row 6
.5031 —Row 5
.5200 — Row 4
.5369 — Row 3
.5539 — Row 2
.5623 —Row 1
.5703 —Row 0

Results from the computer program are in the form of printed digital values and

selected plots. Sample printed output given in Table 5 presents displacement com-

9N6,N9¢,N¢07M¢’M95M¢97Q¢’Q9)’
, Q, M). (Note that these quantities

ponents (u,v,w), stress resultants (N

¢

and boundary stress resultants (N N
norm

tan’

are in nondimensional form as defined in Sec. 2.) Plotted output includes displace-

ment components (u,v,w) and stress resuitants (N

2, 10, and 16 and boundary stress resultants (N

curve.

44

tan’
This plotted output is shown in Figs. 12a through o.

N,,M
¢’ 07 ¢

norm’
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Table 5

EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE

SPHERE DISPLACEMENT COMPONENTS (U,V,W)

coL
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,
19,

ROW
20
19
18
17
16
15
14
13
12
11
10

N W BN DO

-0
-1
-2

BCUNDARY

BCUNDARY

U
0.
-2.638945E-03
O .

2.602412E-03
5.086261E-03
9.652772E-03
1.323534E-02
1.572938E-02
1.853742E-02
1.769688E-02
1.115614E-02
~1.421190E-04
-1.144092E-02
-1.792110E-02
-1.868753E-02
-1,578401E-02
-1.324659E-02
-9.636059E-03
-5.067179E-03
-2.589518E-03
0.
2.620010E-03
0.

SPHERE STRESS RESULTANTS,

ROW
7
7
8,
8,
8,
8,
8,
8,
8,
8,
8,
8,
8,
8,
8.,
8,

coL
30

NX NTHETA
1.,0666FE-01 3,1256E-01
9.4004E-02 3.1335E-01
4,1548E-01 4,9208E-01
4,1553E-01 4,9204E-01
4,1566E-01 4.9192E-n1
4,1588E-01 4.9173E-0n1
4,1619E-01 4.9145E-01
4,1662E-01 4,9108E-01
4,1721E-01 4,9062E-01
4,1799E~-01 4.9007E-01
4,1901E-01 4.8942E-01
4,2033E-01 4,8865E-01
4,2202E-01 4.8777E-01
4,7413E-01 4.R674E-01
4,2670E~-01 4.8555E-01
4,2975F-01 4,8417E-01

45

v
0.
1.021954E-03
0.

~9.899542E-04
-1.945970&~-03
-3,786246E-03
~5.476061E-03
-7.016443E-03
-9.803262E-03
-1,200326E-02
-1.531577€-02
-1.615930€E~02
-1.475764E-02
-1.120068E-02

-8.990277E-03

-6.338675E-03

-4.903025E~-03

~3.359861E~03

-1.713557E-03

-8.672638E-04
0.
8.860647E~-04
0.

NXTHETA
1,8012E-01
1.,9175E-01
0 L]
1.,0850E-03
2.1802E-03
3,2953E-03
4,4417E-03
5.6343E-03
6,8937E-03
8.2481E-03
9,7361E-03
1,1409E-02
1.3331E-02
1.5584E-02
1,8265E-02
2.1481E-02

W
3.658652E~02
7.759879€E-03
0. S
7.759879E~-03
2.549251E-02
7.057005E-02

' 1.238788E-01

1.787364E-01
2,864289E-01
3.637405E-01
4,653016E-01
4.937291E-01

4.663140E-01

3,641097E-01

2.861686E-01

1,231290E~-01
6.997208E-02
2.523418E-02
7.664569E-03
0.
7.664569E-03
3.608237E~02

NTHETAX
1.8012E-01
1.9175€E-01
0.
1.0850E-03
2,1802E-03
3.2953E~03
4,4417E-03
5,6343E-03
6.8937E-03

9.7361E-03
1.1409E-02

1.3331E~-02

1.5584E-02
1.8265E-02
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Table 5 (cont'd)

8, 15 4.3322E-01 4.8256E-p1 2,5349E-02 2.5349E-02

8, 16 4.3699E-01 4.,8068E-01 2.9978E-02 2.9978E-02

8, 17 4,4079E-01 4.7845E-01 3.5459E-02 3.5459E-02

8, 18 4,4419E-01 4,7582E-01 4.1842E-02 4.,1842E-02

8, 19 4.4655F-01 4.7268F-01 4,9109E-02 4.9109E~-02

B, 20 4.4694E-01 4,6895FE-01 5.7146E-02 5.7146E-02

8, 21 4.4417E-01 4.6452E-01 6.5720E-02 6.5720E-02

8, 22 4.2677E-01 4.5927F-01 7.4460E-02 7.4460E-02

8, 23 4.2304F-01 4.5309E-n1 8,2873E-02 8,2873E-02

8, 24 4.0125E-01 4.4589E-01 9.0384E-02 9.0384E-02

8, 25 3.6991F-01 4.3757E-01 9.6441E-02 9.,6441E-02

8, 26 3.2827FE-01 4.2804FE-p1 1,0068E-01 1.0068E-01

8, 27 2.7705E-01 4.1721F-0p1 1.0312E-01 1.0312E-01

8, 28 2.1947E-01 4.0492FE-p1 1.0444E-01 1.0444E-01

8, 29 1.6251E-01 3.9095E-01 1,0609E-01 1.0609E-01

8, 30 1.1856E-01 3.7494FE-01 1.1031E-01 1.1031E-01-

8, 31 1.1186E-01 3,7287E-01 1.,1898E-01 1.1898E-01

9, 1 4.0953E-01 5,1282E-01 O. 0.

9, 2 4.0958E-01 5.1279E-n1 3,6104E-04 3,6104E-04

9, 3 4.0973E-01 5.1267FE-01 7.2488E-04 7.248BE-04

9, 4 4,.0998E-01 5.1246E-01 1.0946E-03 1,0946E-03

9, 5 4.1034E-01 5,1217E-01 1.,4736E-03 1.4736E-03

9, 6 4.1084E-01 5.1179E-n1 1,8661E-03 1,8661E-03

9, 7 4,1152E-01 5.1131F-p01 2.2768E-03 2,2768E-03

9, B8 4,1242E-01 5,1073E-01 2.7111E-03 2.7111E-03
SPHERE STRESS RESULTANTS,
ROW COL MX MTHETA MXTHETA QX QTHETA
7, 30 -1.8034E 01 -6.6409E 01 -6.3016E 00 3.9493F 01 -3.2650F 03
7, 31 -4,3271E 01 ~1.4424E 02 -1,9175E-01 1.1332E 02 -3.7978E 03
8, 1 1.4440F 01 4.12%2E 00 O, 4,8136F 01 2.0322E-05
8, 2 1.4450F 01 4.1492E 00 2.8456E-02 4,8305E 01 6.7031E-01
8, 3 1.4456E 01 4.1439E 00 5.7105E-02 4,8467E 01 -5.3604E-01
8, 4 1.4459F 01 4.1103E 00 8.8090E-02 4.8636F 01 -1.6947E 60
8, 5 1.4460F 01 4.0489F 00 1,2348E-01 4.8820E 01 -2,7939E 00
8, 6 1.4460F 01 3.9603F no 1.6520E-01 4.,9025E 01 -3.7863E 00
8, 7 1.4460F 01 3.8464E 00 2.1487E-01 4.9254E 01 -4.5651F 00
8, 8 1.4464F 01 3.7113FE 00 2.7354E-01 4,.9504E 01 -4.9409E 00
8, 9 1.4477F 01 3.5639E 00 3.4131E-01 4.9767E 01 -4.6206E 00
8, 10 1.4507E 01 3.4198E 00 4.1674E-p1 S.0022E 01 -3,1864E 00
8, 11 1.4563E 01 3.3043E 00 4,9617E-01 5.0236E 01 -7.5807E-02
8, 12 1.4661F 01 3.2559E 00 5.7280E~-01 5.0357E 01 5.,4176E 00
8, 13 1.4817F 01 3.3298F no 6.3573E-01 5.0313F 01 1.4113E 01
8, 14 1.5055FE 01 3.5998F 00 6.6901E-01 5.0000E 01 2.6885E 01
8, 15 1.5399E 01 4.1605E 00 6.5092E-01 4.9288F 01 4.4558E 01
8, 16 1.5875E 01 5.1257E 00 5.5373E-01 4.8016E 01 6.7715E 01
8, 17 1.6506E 01 6.6226F 00 3,4453E-01 4.5998F n1 9,64n5E 01
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8,
8,
8,
8,
8,
8,
8,
8,
8,
8,
8,
8,
8,

9,
9,
9,
9,
9,
9,

9,

18
19
20
21
22
23
24
25
26
27
28
29
30
31

O NN DN

Table 5 (cont'd)

1,730%E 01 8.7797E 00 -1.2557E-02 4.3033E 01 1.7975E 02
1.8270E 01 1.1705E np1 -5.5192E-01 3,8932E 01 1.6538E 02
1.6365E 01 1.5449E 01 -1.2993E 00 3.3554E 01 1,9877E 02
2,0513FE 01 1.9955F 01 -2.2616E 00 2.6866FE 01 2,2244E 02
2,1569E 01 2.4989F 01 -3,4135E 00 1.9017E 01 2,2506E B2
2,2308E 01 3.0042E 01 -4,6830E 00 1.0435E 01 1.9068E p2
2,2397E 01 3.4225E p1 -5.9383E 00 1.9232E 00 9,8242E 01
2,1385F 01 3.6142FE 01 -6.9821E 00 -5.2742F 00 ~-7.8293E 01
1.8690E 01 3.3776E 01 -7.5634E 00 ~9,4875E 00 -3,6866E 02
1.2609F 01 2.4408F 01 -7.4186E 00 -8.8120F 00 -8,0323E 02
5,3436E 00 4.6353F 00 -6,3573E 00 -1.5812E 00 -1.4073E 03
-6.5531E 00 -2.9455E 01 -4,4022E 00 1.2757E 01 -2.1924E 03
-2,4093E 01 -8.1850E 01 -1.9791F 00 3.2301F 01 -3.1434E 03
-4.6744E 01 -1.5581F 02 -1.,1898E-01 5.0972E 01 -3.6314E 03
1.0706E 01 2.7788E 00 O, 4,7328E 00 2.0558E-05
1.0717E 01 2.8047E 00 5.5560E-03 &,.0009E 00 7.0565E-01
1.,0724E 01 2.7964F 00 1.1408E-02 5.2746F 00 -6,7898E-01
1.0729E 01 2.7549E 00 1,8096E-02 5,5704E 00 -1.9872E 80
1,0732E 01 2.6814F 00 2.6100E-02 5,9019E 00 -3.193%E 00
1.0734E 01 2.5774E 00 3.5800E-02 6.2796F 00 -4,2344E 00
1.0739E 01 2.4462E 00 4.7404E-02 6.7091F 00 -4,9696E 00
1.0750E 01 2.72943E no 6.0844E-02 7,1881EF 00 -5,1727E 00
BOUNDARY STRESS RESULTANTS,
ROW COL NTAN NNORM 0 M A
18, 1 0. 3.1654E-01 -8,3278E 03 ~-1.9934F 02
18, 2 -2,8194E-03 3.1655E-01 ~8,3267E 03 -1,9937FE 02
18, 3 -5.6834E-03 3.1656E-01 ~-8,3274E 03 -1,9944E 02
18, 4 -8.6365F-03 3,1658E-01 -8,3296F 03 -1.9956F 02
18, 5 -1.1726E-02 3,1661F-01 -8.3332E 03 -1.,9972F 02
18, 6 -1,5005E~02 3.1666FE-01 -8.3385E 03 -1.9995E 02
18, 7 -1,8534F-02 3.1671E-01 -8,3457E 03 -2,0025F 02
18, 8 -2,2%85E-02 3,1677E-01 -8.355%E 03 -2,.0065F 02
18, 9 -2.6642E-02 3.1684E-01 -8,3686E 03 -2,0116E 02
18, 10 -3.1405E-02 3.1691FE-01 -B8.3861E 03 -2.0183F 02
18, 11 -3.6790E-02 3,1697E-01 -8,4092E 03 -2.0268E 02
18, 12 -4.2930E-02 3,1699E-01 -8,4394E 03 ~-2,0374E 02
18, 13 ~-4,9972E~02 3.1694E-01 ~-8,4785E 03 ~2,0504E 02
18, 14 -5,8073FE-02 3.1676E-01 -8,5283F 03 -2.0660F 02
18, 15 -6.7390E-02 3,1638E-01 -8,5906E 03 ~2,0843FE 02
18, 16 -7.8067E-02 3,1568E-01 ~-8,6666E 03 -2,1049E 02
18, 17 -9,0212E~02 3,1452E-01 -8.7569E 03 ~2,1269E 02
18, 18 -1.,0387E-01 3.1269F-n1 -B.B602E 03 -2.1489F 02
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18,
18,
18,
18,
18,
18,
18,
18,
18,
18,
18,
18,
18,

18,

19
20
21
22
23
24
25
26
27
28
29
30
31

31

31
J1
31
31
31
31
31
31
31
31
31
31
31
31
31
31
31
31
31

31

31
30
29
28
27
26
25
24
23
22
21

-1,1899&-01
-1.3537E-01

-1,5260E-01

-1.7003E-01
~1,8669E-01
-2.0125E~-01
-2,1202E-01
-2,1695E-01
-2,1369E-01
-1.,6971E-01
-1.7204E-01
-1,2332E-01
0.

-0,
6.,2429E-02
1.0333E-01
1.5904E-01
1,8736E-01
2.0035E-01
2.,0334E-01
1,7540E-01
9,2693E-02

-1.,2941E-02

-1.1898E-01

~-1,6174F-01

-2.1314E-01

-2.0256E-01

~-1,8584E-01

-1,5%98E~-01

-9,6554F-02

-5.,772E=-02
0.

-0,
1.7570E-01
1.7161E-01
1.5603E-01
2.0635E-01
2.0607F-01
1,6817E-01
1.8526F-01
1,69456-01
1,8239E-01
1.35726E-01

Table 5 (cont'd)

3.0996E~-01
3.0607E~01
3.0064E-01
2.9327E-01
2.8354E-n1
2.7100E-01
2.5518E-01
2.3562E-01
2.118%€E-01
1,8329E-01
1.4896E-01

1.0458E-01
0.

0.
6.6763E-02
1.0408E-01
1.5705€E-01
1.9392E-01
2.2494E-01
2.8463E~-01
3.2177E-01
3.7727€E-01
3.8796F~-01
3.7287E-01
3.1335E-01
2.7501E-01
2.1514E-01
1.8463E-01
9.7046E-02
6,1051E-02
0.

-0,
1.0769E-01
1.5369E-01
1.8906E~01
2.1778E-01
2.4103F-01
2.5964E-01
2.7427E-01
2.8556E-01
2.9408E-01
3.0037E-n1
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-8,9730E
-9,0883E
-9,1941E
~9.2718E
-9,2945¢E
-9,2247E
-9,0124E
-8,5922E
-7 .8802E
-6,7676E
~5,1084E
-2,7357E
-3.7534E

-0,
~1,8459E
~5,8460E
-1,5130E
~2.,2564E
-2,7428E
~3,4037E
~3,5660E
-3.,4916E
~3.4799E
-3,6314E
~3,7978E
~-3.6301E
-2,8917E
~2,3600E
~-1,5637E
-5,9817€E
-1,9192E
0.

-3,3510E
~-2.1392E
-4,1497E
-5,.8101E
-7.0648E
-7,9498E
-8,5311E
-8,8790k
-9,0566F
-9,1169E

03 -2.1682E
03 -2.1812E
03 -2.1823E
03 -2,1188E
03 -2.0338E
03 ~1.8972E
03 -1,6964E
03 "'1 -4214E
03 -1.N698F
03 -6.5787E
03 -2.4507E
00 -0,

0.
02 -5,6682E
0?2 -1.7943E
03 -4,7199E
03 -7.4360E
03 -9.5980F
03 ~1.3038E
03 -1,4594E
A3 -1.5588E
03 -1.5683E
03 ~-1.5581FE
03 -1,4424€
03 -1.2743E
03 -9,1868F
03 -7.0433E
03 ~4,4102E
02 -1,6483E
02 -5.1964F

0,
00 -0.
02 -3,0291E
03 -7.5918E
03 -1.1849E
03 -1,.5281F
08 ~-1.,7822F
03 -1,9574E
03 -2.0689E
03 -2.,1324E
03 -2.1614E
03 -2.1673E
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02
02
02
02
02
02
02
02
02
02
01
01

60
01
01
01
01
02
02
02
02
62
02
02
01
01
01
01
00

01
01
02
02
02
02
02
02

02




0,
0,
0.
0,
0,
0,
0,
0,
0,

—ar

0,
0,

1

0.

20
19
18

17

16
15

14

13
12

10
9

8
7
6
5
4
3
2
1

1,1887t-01
1,0370E-01

9.0002E-02

7.7856E<02
6.,7221E-02
5.7985E-02

- 4,9999E-02

4,3097E~-02
3,7116E-02

2.,7324E-02
2,3258E-02

1.5604E-02

1.6279€-02
1,3213€-02

T 1,0347E-02

7.6330E-03
5,0287E-03

2,4962E-03
-0,

3.1904E-02

Table 5 (concl'd)

3,0491E-01 ~-9,1010F 03
3.0810E-01 -9.0399E 03
‘3.1028E-01 -8,9560E 03
3,1173E-01 -8,8641E 03
3.1266E-01 -8.7739E 03
3,1324E-01 ~-8.6910E 03
3.1360E-01 -B8,6181E 03
3,1380E~01 -8,5561E 03
3,1393E-01 -8,5046E 03
3.1400E-01 -8,4627E 03
3.1406E-01 -8,4292E 03
3,1410E-01 -8.4025E 03

"3.1414E-01 -8,3816E 03

3.1418E-p01 -8,3652E 03
3.1422E~-01 -8,3524E 03

3.1425E-01 -B,3425E 03

3.1428E-01 -8,3350E 03
3.1430E-01 -8,3293F 03

'3,1431E-01 -8,3251E 03

3.1431E-01 -8,3224E 03

49

-2,1585¢E
"201416E
TZ:lZQBEW
-2.0992¢E
~2.0787E

02
02
02
02
02

-2,0602E 02

-2,0441F 02
~2.0306E 02
_=2.0194E 02
-2.0104E 02
-2.0032E 02
~1,9975E 02
-1.9931E 02
-1,9896E 02
-1.9869E 02
-1.,9849E 02
-1,9833E 02

-1.9823E 02

-1.,9816E 02
-1.9813E 02
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agBF Y

EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE 001 DOJi
O PHI = 1.503 , ROW 5 ® PHI = 1,038 , ROW 16
X PHI = 1.300 , ROW ¢ Y PHI s 1.029 , ROow 17

\f\\
" v v v ¥ " ] o
° 8
X% % x — ——F———* x H— | e
/
/
/
/
!
/
-1.0x10"%2 | /
/
4
/
. L T o
] 0.2 0.4 0.8 0. “—l.!

THETA

a — Sphere Displacement Components

Fig. 12 Output Plot for the Example: Spherical Segment Under Uniform
Normal Pressure
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EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE
PHI =

a4BFYe
002 000
1.038 , ROW 18

Y PHI = 1,029 , ROW 17

ol e - v
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b — Sphere Displacement Components
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L

EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORWAL PRESSURE 005 000
6 PHI = 1.503 , ROW § @ PHI = 1.038 , ROW 16
X PHI = 1.300 , ROW 9 Y PHI = 1.029 , ROW 17
s.ox10” %!
/‘—"L\
wr)/k \\
¥ * 1
40010791 \
3.0x1079? I3 \
f f
[ |
2.0x10°91 \
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1.0x10°%1 \ \
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] — ¥ \4 1 v ¥ M ‘g v v v 1 | e
0 0.2 0.4 0.0 . 1.8

THETA

¢ — Sphere Displacement Components
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NPHI

EXANPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE

«BFY4

004 000
O PHI = 1.503 , ROW 3 @ PHI = 1.038 , ROW 16
X PHI = 1.300 , Row § Y PHI = 1.029 , ROW 17
L_—”~L
L] \\
4.0x10”M * * il \\\
o—— o—T—° 1 o~ \
e 1 I R A A RS ‘\\
Nt
RN
2.0x10” 9! \ \\
1.0x1070%
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o 0.2 0.4 0.0 0.0 1.8
THETA

d — Sphere Stress Resultants
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NTHETA

a4BFYe

EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRE $SURE 008 000
® PHI = 1.503 , ROW 5 PHI = 1.038 , ROW 186
X PHI = 1.300 , ROW 9 Y PHI = 1.029 , ROW 17
.ox10”9? B x Ty |
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.ox10701
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e — Sphere Stress Resultants
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«4BFVe

EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE 06 000
O PHI = 1,503 , ROW 8 PHI = 1.038 , ROW 16
X PHI = 1,300 , ROW 9 Y PHI = 1.029 , ROW 17
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f — Sphere Stress Resultants
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a«4BFY4

EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE 007
6 PHI = 1.503 , ROW 5 @ PHI = 1.038 , ROW 16
X PHI = 1,300 , ROW § Y PHI = 1.029 , ROW 17
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g — Sphere Stress Resultants
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EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE
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h — Boundary Stress Resultants
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NTAN

EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE

«4BF Y4
co9

060

®  RIGHT BOUNDARY
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i — Boundary Stress Resultants
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NNORM

F
EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE “BFYS o000

] CURVE 1= UPPER BOUNDARY

X CURVE 2= LOWER BOUNDARY
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j — Boundary Stress Resultants
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a4BF Y

EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE 011 000
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k — Boundary Stress Resultants
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EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE BT, soo

[ CURVE 1= UPPER BOUNDARY

X CURVE 2= LOWER BOUNDARY
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1 — Boundary Stress Resultants
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ag¢BFYe
EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE 013 000

] RIGHT BOUNDARY
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m — Boundary Stress Resultants
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aebFyY
EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE “ors  ooo

] CURVE 1= UPPER BOUNDARY

X CURVE 2= LOWER BOUNDARY
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n — Boundary Stress Resultants
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EXAMPLE SPHERICAL SEGMENT UNDER UNIFORM NORMAL PRESSURE 015 000
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0 — Boundary Stress Resultants
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4.3 LISTING OF THE PROGRAM

The complete program is given in Table 6.
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