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FRONT IS P IECE 

An a c c e s s i b l e  r eg ions  comparison of t h e  
Sa tu rn  1B-Space C r u i s e r  (low t h r u s t )  v e h i c l e  
w i t h  b a l l i s t i c  launch v e h i c l e s  f o r  a 500 l b  
exper imenta l  and communications payload and 
a maximum t r i p  t i m e  of 1100 days.  

(1) Space C r u i s e r  Parameters : 

I n i t i a l  weight i n  Ea r th  o r b i t  20,000 l b s  
- Power r a t i n g  500 kwe 

Powey p l a n t  s p e c i f i c  weight 20 lb/kw 
S p e c i f i c  impulse 12,000 sec 
Est imated weight o f  s t r u c t u r e  3500 l b  

Launch Vehicle  A i s  a t h e o r e t i c a l  4 s t a g e  
v e h i c l e  w i t h  t h e  f i r s t  s t a g e  f u e l e d  w i t h  
02/H2 and t h e  upper 3 s t a g e s  f u e l e d  w i t h  
0 2 / H 2 / B e .  I n i t i a l  weight i s  about  
1 m i l l i o n  l b s .  

tankage and G&C 

(2)  

(3)  For t h e  b a l l i s t i c  s p a c e c r a f t ,  t h e  t o t a l  
weight assumed i s  1300 l b s  i n c l u d i n g  shroud 
and a d a p t e r .  Of t h i s  weight ,  700 l b s  are 
a l l o c a t e d  t o  s t r u c t u r e ,  power and G&C. 

I I T  R E S E A R C H  I N S T I T U T E  
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SUMMARY 

The a c c e s s i b l e  r e g i o n s  method provides  a s imple and 

g raph ic  means o f  d e l i n e a t i n g  gene ra l i zed  t r a j e c t o r y  energy 

requi rements  f o r  s o l a r  system e x p l o r a t i o n ,  and, by r e l a t i n g  

t h e s e  requirements  t o  s p e c i f i c  v e h i c l e  systems , a l s o  provides  

a convenient  g r a p h i c  assessment of payload c a p a b i l i t i e s .  This  

r e p o r t  a p p l i e s  t h e  a c c e s s i b l e  ree ions  method t o  l o w - t h r u s t  f l y -  

by mis s ions  throughout  t h e  s o l a r  s y s t e m ,  By analogy t o  t h e  

f a m i l i a r  "AV" a s s o c i a t e d  w i t h  b a l l i s t i c  f l i g h t ,  t h e  q u a n t i t y  
I t  11  J ( d e f i n e d  a s  t h e  t i m e  i n t e g r a l  o f  t h r u s t  a c c e l e r a t i o n  squared)  

i s  used h e r e i n  t o  l i n k  t r a j e c t o r y  energy requirements  and v e h i c l e  

system c h a r a c t e r i s t i c s  f o r  low-thrust  f l i g h t ,  

The p r i n c i p a l  i d e a  o f  t h i s  concept  o f  d a t a  p r e s e n t a t i o n  

l i e s  i n  showing t h e  maximum region i n  t h e  s o l a r  system which 

can  be reached  w i t h  a given va lue  o f  J, This  i s  accomplished 

by assuming t h a t  a miss ion  can always be launched when Ear th  i s  

i n  t h e  proper  l o n g i t u d i n a l  pos i t i on  t o  minimize t h e  J r e q u i r e d  

t o  r each  a given t a r g e t  p o s i t i o n  i n  a g iven  t i m e  o f  f l i g h t .  

The e l i m i n a t i o n  o f  t h e  E a r t h ' s  p o s i t i o n  from t h e  computation 
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e f f e c t i v e l y  reduces t h e  t h r e e  dimensional. s o l a r  system t o  a 

two-dimensional model. Basic  r e s u l t s  a r e  p re sen ted  i n  t h e  

form o f  J contours  p l o t t e d  on a two-dimensional s p a t i a l  back- 

ground of t h e  s o l a r  system. Every p o t e n t i a l  t a r g e t  p o s i t i o n  

has a corresponding p o i n t  i n  t h i s  p l ane  g iven  by i t s  h e l i o -  

c e n t r i c  d i s t a n c e  and l a t i t u d e .  

J contours  f o r  100, 300 and 1000 day f l i g h t  t i m e s  and 

f o r  bo th  v a r i a b l e  t h r u s t  and cons t an t  t h r u s t  modes of propuls ion  

a r e  p re sen ted .  The v a r i a b l e  t h r u s t  contours  may be cons idered  

a " r e fe rence  s o l u t i o n "  which gives  t h e  t h e o r e t i c a l  upper per -  

formance bound f o r  power-limited v e h i c l e s .  The performance 

degrada t ion  due t o  t h e  more r e a l i s t i c  c o n s t a n t  t h r u s t  mode of  

o p e r a t i o n  i s  then i n d i c a t e d  by comparison. I n  a d d i t i o n  t o  t h e  

J c o n t o u r s ,  t h i s  r e p o r t  i l l u s t r a t e s  t h e  a c c e s s i b l e  r eg ions  

method i n  terms o f  t h e  payload c a p a b i l i t y  o f  a conceptua l  

n u c l e a r - e l e c t r i c  Space Cruiser*.  

The a c c e s s i b l e  r eg ions  method of d a t a  p r e s e n t a t i o n  may 

be used t o  compare t h e  exp lo ra t ion  c a p a b i l i t y  of b a l l i s t i c  and 

t h r u s t e d  v e h i c l e s .  The f r o n t i s p i e c e  i s  such a comparison 

between a Sa tu rn  1B-Space C r u i s e r  and s e v e r a l  b a l l i s t i c  launch 

v e h i c l e s .  Each contour  shown r e p r e s e n t s  t h e  r eg ion  a c c e s s i b l e  

w i t h  a 500 l b .  exper imenta l  and communications payload i n  a 

maximum t r i p  t i m e  o f  1100 days.  For t h e  Space C r u i s e r ,  t h e  

"tisefu1" payload f i g u r e  i s  t h e  gross payload d e l i v e r e d  t o  t h e  

'k Thc S ace  C r u i s e r  i? a JPL  design conce t havin an i n i t i a l  ! i n  E a r t h  o r b i t  of 20,000 l b s .  ang a 500 a w e  nuc lea r  
we=%h t u r  o e l e c t r i c  power p l a n t .  

I I T  R E S E A R C H  I N S T I T U T E  
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target less 13,500 l b s  a l l o c a t e d  t o  t h e  power p l a n t ,  s t r u c t u r e ,  

tankage,  and guidance and c o n t r o l .  For t h e  b a l l i s t i c  s p a c e c r a f t ,  

"useful"  payload was a r r i v e d  a t  by s u b t r a c t i n g  an  e s t i m a t e d  

700 l b s  of s t r u c t u r e ,  power, and guidance and c o n t r o l  from t h e  

s p a c e c r a f t  weight a t  i n j e c t i o n ,  

The Space C r u i s e r  i s  a b l e  t o  d e l i v e r  t h e  500 l b  payload 

t o  t h e  r eg ion  i n  t h e  e c l i p t i c  plane ex tending  from t h e  Sun o u t  

t o  Uranus (19.5 AU), and t o  all angles  o u t  of t h e  e c l i p t i c  i n -  

c l u d i n g  an "over-the-Sun" f l i g h t  a t  a d i s t a n c e  o f  7 . 5  AU. For 

the t r i p  time l i m i t a t i o n  of  1100 days ,  t h e  r eg ion  a c c e s s i b l e  t o  

t h e  S a t u r n  V-Centaur launch v e h i c l e  ex tends  from t h e  n e a r  

v i c i n i t y  of t h e  Sun t o  a p o i n t ,  j u s t  s h o r t  of  Uranus ( o n l y  

d i r e c t  b a l l i s t i c  t r a j e c t o r i e s  a r e  cons ide red  h e r e ) .  Out-of- 

the  e c l i p t i c  f l i g h t s  are l i m i t e d  t o  about  46" l a t i t u d e  and 

3.1 AU vertical  displacement .  The h igh  energy launch v e h i c l e  A 

( t h e o r e t i c a l )  can extend  t h i s  region somewhat, bu t  s t i l l  does 

not match t h e  performance of  t h e  e lec t r ic  Space C r u i s e r  f o r  

o u t - o f - t h e  e c l i p t i c  mis s ions ,  

Space C r u i s e r  contour  r e f l e c t s  t h e  r e l a t i v e  ease o f  ach iev ing  

p l a n e  changes w i t h  cont inuous t h r u s t i n g  v e h i c l e s .  It should  

be mentioned t h a t  t h e  performance advantage of  t h e  t h r u s t e d  

upper s t a g e  is mainly c h a r a c t e r i s t i c  o f  very  high-energy 

mis s ions  and long f l i g h t  times. 

(e .g , ,  f l y -bys  of t h e  n e a r e r  p l a n e t s ) ,  t h i s  p o t e n t i a l  advantage 

would decrease and may even d isappear .  

The more rounded shape of t h e  

For less ambi t ious  miss ions  

A l s o ,  i t  i s  no ted  t h a t  

I I T  R E S E A R C H  I N S r l T U T E  
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t h e  u s e  o f  p l a n e t a r y  bodies  f o r  g r a v i t y  ass is t  would t end  t o  

f i l l  i n  t h e  performance gaps between t h e  d i r e c t  b a l l i s t i c  and 

t h r u s t e d  modes of  f l i g h t .  
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Report No. T-14 

LOW-THRUST TRAJECTORY AND PAYLOAD ANALYSIS 
FOR SOLAR SYSTEM EXPLORATION UTILIZING 

THE ACCESSIBLE REGIONS METHOD 

I INTRODUCTION 1. 

The a p p l i c a t i o n  o f  e l e c t r i c  p ropu l s ion  systems t o  upper 

s t a g e  space  v e h i c l e s  i s  gene ra l ly  thought  t o  o f f e r  a h igh  per -  

formance p o t e n t i a l  f o r  c a r r y i n g  o u t  a long-range, comprehensive 

p l a n  o f  s o l a r  system exp lo ra t ion .  

underway toward t h e  development o f  l i g h t w e i g h t  and r e l i a b l e  

advanced p ropu l s ion  systems which are  necessa ry  i f  t h i s  p o t e n t i a l  

i s  t o  be r e a l i z e d .  Concurrent wi th  t h i s  developmental e f f o r t  

t h e r e  h a s  been an i n c r e a s e d  a c t i v i t y  i n  miss ion  r e l a t e d  s t u d i e s  

i n c l u d i n g  a n a l y s i s  o f  low- thrus t  t r a j e c t o r i e s  and payload capa- 

b i l i t i e s .  

t o  p a r t i c u l a r  t a rge t  bodies  i n  t h e  s o l a r  system such as Venus, 

Mars and J u p i t e r .  Although these  p l a n e t s  a r e  undoubtedly o f  

i n t e r e s t  f o r  e a r l y  e x p l o r a t o r y  miss ions ,  t h e r e  a r e  numerous 

o t h e r  c e l e s t i a l  bodies  and regions o f  t h e  s o l a r  system which 

p r e s e n t  i n t e r e s t i n g  t a r g e t s  f o r  f u t u r e  s c i e n t i f i c  i n v e s t i g a t i o n s .  

t 

Considerable  e f f o r t  i s  now 

\ 

These s t u d i e s  have been mainly concerned w i t h  miss ions  

I l l  R E S E A R C H  I N S T I T U T E  
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This  r e p o r t  p r e s e n t s  r e s u l t s  o f  a t r a j e c t o r y / p a y l o a d  c a p a b i l i t y  

s tudy  which adopts  t h i s  broader  view o f  s o l a r  system e x p l o r a t i o n .  

For long-range miss ion  planning purposes  i t  i s  u s e f u l  

t o  have a v a i l a b l e  a convenient  graphic  means o f  determining t h e  

t r a j e c t o r y  energy requirements  for  f l i g h t s  throughout  t h e  s o l a r  

system. 

and,  by r e l a t i n g  t h e s e  requirements  t o  p a r t i c u l a r  v e h i c l e  

system c h a r a c t e r i s t i c s ,  a l s o  provides  a g r a p h i c  assessment  o f  

payload c a p a b i l i t i e s .  The fundamental i d e a  behind t h e  a c c e s s i b l e  

r e g i o n s  method i s  t o  p o r t r a y  the  three-d imens iona l  s o l a r  system 

i n  a two-dimensional model. 

t h a t  a miss ion  can always be launched when E a r t h  i s  i n  t h e  

proper  l o n g i t u d i n a l  p o s i t i o n  t o  minimize t h e  energy requirement  

t o  r e a c h  a given t a r g e t  i n  a given t i m e  o f  f l i g h t .  R e s u l t s  a r e  

p r e s e n t e d  g r a p h i c a l l y  as performance contours  ( e e  g o  , t r a j e c t o r y  

energy requirements  o r  payload)  p l o t t e d  on a two-dimensional 

s p a t i a l  background of t h e  s o l a r  system. 

The a c c e s s i b l e  r eg ions  method provides  such a means, 

This i s  accomplished by assuming 

The a c c e s s i b l e  r eg ions  method was developed f o r  a s t u d y  

o f  b a l l i s t i c  f ly-by f l i g h t s  throughout t h e  s o l a r  system (Narin 

1964) .  

m i s s i o n s  

2 .  PARAMETERS OF ADVANCED PROPULSION SYSTEMS 

This r e p o r t  ex tends  t h e  method t o  low- thrus t  f ly -by  

I n  any a n a l y s i s  which at tempts  t o  r e l a t e  t r a j e c t o r y  

r equ i r emen t s  and v e h i c l e  performance i n  a q u a n t i t a t i v e  manner, 

i t  i s  necessa ry  t o  have a s u i t a b l e  " l ink"  between t h e  t r a j e c t o r y  

I I T  R E S E A R C H  I N S T I T U T E  
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kinemat ics  and t h e  v e h i c l e  propuls ion  c h a r a c t e r i s t i c s .  I n  t h e  

case  of  b a l l i s t i c  i n t e r p l a n e t a r y  f l i g h t ,  which i s  a s s o c i a t e d  

w i t h  h i g h - t h r u s t  launch v e h i c l e s ,  t r a j e c t o r y  energy requirements  

a r e  u s u a l l y  expressed  i n  terms of an impulsive v e l o c i t y  i n c r e -  

ment - t h e  f a m i l i a r  "AV". 

dependent parameter and provides  t h e  necessary  l i n k  between 

k inemat i c s  and p ropu l s ion .  

f l i g h t ,  which i s  a s s o c i a t e d  w i t h  low- thrus t  upper s t a g e  v e h i c l e s ,  

AV no longer  s e r v e s  a s  a u s e f u l  l i n k i n g  parameter .  Thrus t  

a c c e l e r a t i o n  cannot  be considered impuls ive ,  bu t  r a t h e r ,  t a k e s  

p l a c e  over  a s i g n i f i c a n t  p o r t i o n  o f  t h e  t r a j e c t o r y .  

t h e  two c l a s s e s  o f  v e h i c l e  propuls ion  do n o t  n e c e s s a r i l y  o p e r a t e  

under t h e  same c o n s t r a i n t s .  

Here, AV i s  s t r i c t l y  a t r a j e c t o r y -  

I n  the case  o f  t h r u s t e d  i n t e r p l a n e t a r y  

Furthermore,  

The k inemat ic  performance parameter  now i n  common usage 

f o r  l ow- th rus t  t r a j e c t o r y  a n a l y s i s  i s  des igna ted  by t h e  symbol 

J (Melbourne 1961) .  This  i s  def ined  a s  

J -  -ff a 2 ( t )  d t  (1) 
0 

where Tf  i s  t h e  s p e c i f i e d  t i m e  of f l i g h t  and a ( t )  i s  t h e  t h r u s t  

a c c e l e r a t i o n  a s s o c i a t e d  w i t h  t h e  miss ion  t r a j e c t o r y .  The above 

i n t e g r a l  i s  somewhat analogous t o  AV i n  t h a t  i t  provides  t h e  

n e c e s s a r y  l i n k  between t r a j e c t o r y  energy requi rements  and 

vehic le  performance. 

Unlike chemical  propuls ion  s y s t e m s ,  wherein performance 

i s  l i m i t e d  i n  p a r t  by t h e  energy c o n t e n t  of  t h e  p r o p e l l a n t ,  

I l l  R E S E A R C H  I N S T I T U T E  
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e l e c t r i c  p ropu l s ion  systems a r e  power-limited,  i . e . ,  l i m i t e d  

i n  performance by t h e  c h a r a c t e r i s t i c s  of  t h e  s e p a r a t e  power 

p l a n t  needed t o  g e n e r a t e  k i n e t i c  energy of  t h e  p r o p e l l a n t .  

These c h a r a c t e r i s t i c s  i nc lude  t h e  e l e c t r i c  power r a t i n g ,  weight ,  

and convers ion  e f f i c i e n c y  of  t h e  power p l a n t .  It i s  g e n e r a l l y  

assumed t h a t  t h e  power p l a n t  w i l l  be ope ra t ed  a t  i t s  maximum 

power r a t i n g  dur ing  pe r iods  of  e l e c t r i c  t h r u s t o r  o p e r a t i o n .  

T h i s  c o n s t a n t  power c o n s t r a i n t  r e f l e c t s  upon t h e  necessa ry  

r e g u l a t i o n  o f  p r o p e l l a n t  flow r a t e  (M) and j e t  v e l o c i t y  ( V . ) ;  

o r ,  a l t e r n a t i v e l y ,  t h r u s t  (E') and s p e c i f i c  impulse ( I s p ) .  

q u a n t i t a t i v e  r e l a t i o n s  a r e  ( i n  the MKS system of u n i t s )  

* 

J 
The 

(2 )  * 2  
j 

2P. = 2 T P e  = M V 
J 

2P. = FV. = (P 1 ) g J J SP 0 ( 3 )  

where P i  i s  t h e  k i n e t i c  power i n  t h e  exhaus t  j e t ,  Pe i s  t h e  

e l e c t r i c  power r a t i n g ,  azid ? i s  a f a c t o r  combining power COT?- 

v e r s i o n  e f f i c i e n c y  and power u t i l i z a t i o n .  

e q u a t i o n s  (l), ( 2 )  and ( 3 )  combine, a f t e r  i n t e g r a t i o n ,  t o  y i e l d  

t h e  c h a r a c t e r i s t i c  mass equat ion f o r  power- l imited f l i g h t  (con- 

s t a n t  ?/ i s  assumed) 

J 

( 

Since  a = F/M, 

The s i g n i f i c a n c e  of J now becomes c l e a r  a s  does i t s  

qrT3logy t o  AV. For  a given i n i t i a l  mass and power r a t i n g  of 

t h e  v e h i c l e ,  i t  i s  seen t h a t  the v a l u e  of J r e q u i r e d  t o  accom- 

p l i s h  a given miss ion  determines the f i n a l  mass of t h e  v e h i c l e .  
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Furthermore,  i t  i s  observed t h a t  minimizing J i s  e q u i v a l e n t  t o  

maximizing t h e  f i n a l  mass ( o r  minimizing t h e  p r o p e l l a n t  r e q u i r e -  

ment) .  

t r u e  f o r  maximizing payload. 

It can r e a d i l y  be shown t h a t  t h i s  conc lus ion  i s  a l s o  

Following c u r r e n t  p r a c t i c e  , w e  assume t h a t  t he  v e h i c l e  

mass i s  s imply a l l o c a t e d  i n t o  p r o p e l l a n t  (M ),  power p l a n t  (M ),  

and n e t  payload (M ), i . e . ,  
P PP 

PI 

P I  M(t) = Mp(t) + Mpp + M ( 5 )  

I f  t h e  i n i t i a l  p r o p e l l a n t  l oad  i s  assumed t o  be j u s t  t h a t  amount 

needed t o  accomplish t h e  miss ion  ( p r o p e l l a n t  d e p l e t i o n  a t  t = Tf), 

t hen  t h e  f i n a l  v e h i c l e  mass i s  

M(Tf) = Mpp + M = M(o)  - M p ( o )  P I  

I n  c l a r i f i c a t i o n  of t h e  above d e f i n i t i o n s ,  M(Tf) could  be thought  

nf as  the g r o s s  payload de l ive red  t o  t h e  t a r g e t .  For nuc lear -  

e lec t r ic  power p l a n t s ,  

system less tankage and p r o p e l l a n t ,  e . g . ,  n u c l e a r  r e a c t o r  

system, r a d i a t i o n  p r o t e c t i o n  s h i e l d ,  h e a t  r e j e c t i o n  r a d i a t o r s ,  

t u r b o - e l e c t r i c  g e n e r a t i n g  system, power c o n d i t i o n i n g ,  and e l e c t r i c  

t h r u s t o r s .  N e t  payload,  M might t y p i c a l l y  be broken down 

i n t o  s t r u c t u r e ,  t ankage ,  guidance and c o n t r o l  equipment, and 

s c i e n t i f i c  experiments  inc luding  communication equipment. 

would c o n s i s t  of the e n t i r e  propulsior;  
MPP 

P I ’  

Now, d e f i n i n g  t h e  s p e c i f i c  mass o f  t h e  power p l a n t  as 
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equa t ion  ( 4 )  may be r e w r i t t e n  i n  terms o f  t h e  n e t  payload 

This  expres s ion  c lear ly  shows the d e s i r a b i l i t y  f o r  having low 

v a l u e s  o f  both a and J. 

a l s o  has  an e f f e c t  on t h e  maximum payload t h a t  can be ob ta ined .  

T h i s ,  however, i s  a q u e s t i o n  o f  v e h i c l e  des ign  which i s  beyond 

t h e  scope o f  t h i s  s t u d y .  The po in t  t o  be  made h e r e  i s  t h a t ,  

f o r  a g iven  v e h i c l e  system ( r e a l  o r  h y p o t h e t i c a l )  and va lues  of  

J corresponding  t o  p a r t i c u l a r  missions of i n t e r e s t ,  equa t ion  (8) 

provides  a convenient  means o f  e s t i m a t i n g  payload c a p a b i l i t y .  

The a l l o c a t i o n  of power p l a n t  mass 

F igure  1 i l l u s t r a t e s  a payload vs J curve  f o r  a con- 

c e p t u a l  des ign  of  a n u c l e a r - e l e c t r i c  I 1  . )pace Cruiser"  developed 

i n  a JPL s tudy  (Beale e t  a l .  1963) .  The Space C r u i s e r  concept ,  

cons ide red  t o  be f e a s i b l e  w i t h i n  t h e  n e a r  f u t u r e  s t a t e  of t h e  

a r t ,  would be capable  of probing a s i g n i f i c a n t  p o r t i o n  of  t h e  

s o l a r  system w i t h  reasonable  mission t imes .  

chosen f o r  t h i s  example a r e  

System parameters  

Mo = 20,000 l b .  

Pe = 500 kw 

7( = 0 .8  

a = 20 lb /kw 

F igu re  1 shows t h e  c h a r a c t e r i s t i c  dec rease  o f  n e t  payload a s  

t h e  m i s s i o n  d i f f i c u l t y  i n c r e a s e s ,  i . e . ,  i n c r e a s i n g  v a l u e s  of  J. 

I l f  R E S E A R C H  I N S T I T U T E  
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It i s  observed t h a t  payload vanishes a l t o g e t h e r  f o r  J r e q u i r e -  
2 3 ments grea te r  than  88 m /sec e However, i f  one wishes t o  assess 

t h e  " u s e f u l "  payload c a p a b i l i t y  o f  t h e  Space C r u i s e r ,  t h e  

p r a c t i c a l  l i m i t a t i o n  p laced  on 61 i s  about 40 m /sec . This  

l i m i t  i s  a r r i v e d  a t  by s u b t r a c t i n g  from t h e  n e t  payload an  

e s t ima ted  weight o f  3500 l b .  a l l o c a t e d  t o  s t r u c t u r e ,  tankage,  

and guidance and c o n t r o l  equipment. Thus, f o r  example, a miss ion  

t h a t  can be accomplished w i t h  a J requirement  o f  34 m /sec 

would a l low about 1000 l b s .  f o r  s c i e n t i f i c  and communications 

equipment. 

2 3 

2 3 

It i s  t o  be emphasized t h a t  t h e  above example w a s  p re-  

s e n t e d  mainly t o  i l l u s t r a t e  the meaning of J i n  r e l a t i o n  t o  

payload. Although t h i s  example h a s  p r a c t i c a l  s i g n i f i c a n c e ,  i t  

i s  r e a l i z e d  t h a t  o t h e r  v e h i c l e  s y s t e m  c o n f i g u r a t i o n s  would 

change t h e  p a r t i c u l a r  numbers given above. 

A l t L  -.-- I, it I--- L---- L--... t - - : t l - -  <-.-1'  
L - l L L l l U U ~ l l  lllcly I l c l V t :  UtZCll L d L l C L Y  IlllpLied t h a t  J depzrids 

on ly  upon t h e  s p e c i f i e d  t r a j e c t o r y  c o n d i t i o n s  ( t a r g e t  c o o r d i n a t e s  

and f l i g h t  t i m e ) ,  t h i s  i s  not  gene ra l ly  t r u e .  Unlike b a l l i s t i c  

f l i g h t ,  wherein A V  i s  s t r i c t l y  t r a j ec to ry -dependen t ,  t h e  J 

requi rements  f o r  t h r u s t e d  f l i g h t  are  r e l a t e d  t o  t h e  mode o f  

p r o p u l s i o n  system o p e r a t i o n .  Two d i f f e r e n t  modes of e lec t r ic  

t h r u s t o r  o p e r a t i o n  t h a t  are usua l ly  cons ide red  are  

1. Var i ab le  t h r u s t  
2 .  Constant t h r u s t  

I n  t h e  v a r i a b l e  t h r u s t  mode it i s  assumed t h a t  any t h r u s t  l eve l  

and s p e c i f i c  impulse can be obtainec? c o n s i s t e n t  w i t h  t h e  c o n s t a n t  
I l l  R E S E A R C H  I N S T I T U T E  
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power c o n s t r a i n t ,  i . e . ,  F and Isp may be v a r i e d  a r b i t r a r i l y  

provided t h e i r  product  remains cons t an t .  Accordingly,  i n  ob- 

t a i n i n g  t r a j e c t o r y  s o l u t i o n s  f o r  t h e  v a r i a b l e  t h r u s t  mode, a ( t )  

i s  v a r i e d  i n  an optimum manner i n  o r d e r  t o  minimize t h e  J r e q u i r e -  

ment. I n  t h i s  case, J i s  no t  a func t ion  o f  t h e  p ropu l s ion  I 

I 
system parameters  bu t  r a t h e r  depends only  upon t h e  s p e c i f i e d  

t r a j e c t o r y  c o n d i t i o n s .  Var i ab le  t h r u s t ,  t h e n ,  i s  t h e  leas t  

r e s t r i c t i v e  mode o f  p ropu l s ion  and, hence,  y i e l d s  t h e  b e s t  
, 

I p o s s i b l e  performance i n  a t h e o r e t i c a l  s ense .  

For t h e  c o n s t a n t  t h r u s t  mode o f  o p e r a t i o n ,  s p e c i f i c  

impulse i s  h e l d  c o n s t a n t  and a c c e l e r a t i o n  must obey t h e  r e l a t i o n -  

s h i p  

a 
( 9 )  0 

a a ( t )  = 

1 -  O t  c o n s t a n t  t h r u s t  
go ISP 

1 

i 

Furthermore;  the i n i t i a l  a c c e l e r a t i o n ,  ao: i s  c o n s t r a i n e d  by 

t h e  parameters  of t h e  v e h i c l e  system des ign ,  e . g . ,  

P 
a -  -22LoL&eL 
O go ISP Mo go ISP a Mo 

A s  a r e s u l t  of  t h e  above c o n s t r a i n t s ,  J = a d t  m u s t  be I’ 
f u n c t i o n a l l y  dependent upon t h e  v e h i c l e  system parameters  i n  

a d d i t i o n  t o  t h e  s p e c i f i e d  t r a j e c t o r y  c o n d i t i o n s .  

u l a r  mi s s ion ,  however, i t  i s  p o s s i b l e  t o  minimize t h i s  dependence 

by an  a p p r o p r i a t e  cho ice  o f  s p e c i f i c  impulse and by i n s e r t i n g  

a c o a s t  pe r iod  i n  t h e  t ra jec tory  des ign .  When t h i s  i s  done, J 

For a p a r t i c -  

I I I T  R E S E A R C H  I N S T I T U T E  
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can be reduced t o  a v a l u e  which approaches t h e  optimum v a r i a b l e  

t h r u s t  s o l u t i o n  (about  15-20 percent  h i g h e r ) .  

Because of t h e  a d d i t i o n a l  parameters  t o  be cons idered ,  

t r a j e c t o r y  and payload a n a l y s i s  i s  much more d i f f i c u l t  f o r  t h e  

c o n s t a n t  t h r u s t  mode. However, from a p r a c t i c a l  s t a n d p o i n t ,  i t  

i s  necessa ry  t o  t r ea t  t h i s  c a s e  s i n c e  c o n s t a n t  l e v e l  t h r u s t o r s  

are  more r e p r e s e n t a t i v e  of r e a l i s t i c  e l e c t r i c  p ropu l s ion  

systems.  The a c c e s s i b l e  reg ions  method w i l l  be  i l l u s t r a t e d  f o r  

b o t h  t h e  v a r i a b l e  and c o n s t a n t  t h r u s t  modes o f  p ropu l s ion .  

3 .  ACCESSIBLE REGIONS METHOD 

The b a s i c  i d e a  of the  a c c e s s i b l e  r e g i o n s  method has 

hnnm ,4<--.----.-1 
uF;F;ll uJ-3Lu33cu i f i  the i n t r o d u c t o r y  remarks.  A more d e t a i l e d  

d e s c r i p t i o n  o f  t h i s  method as i t  a p p l i e s  t o  t h r u s t e d  t r a j e c t o r y  

a n a l y s i s  w i l l  now be g iven .  

Consider some a r b i t r a r y  t a r g e t  p o i n t  i n  t h e  s o l a r  
--- L -_. 3 y a ~ e t t 1  as s p e c i i i e d  by i t s  h e i i o c e n t r i c  d i s t a n c e  (Rj , i a t i t u d e  

( B ) ,  and long i tude  ( A ) .  

o f  f l i g h t  f o r  an Earth- launched space v e h i c l e  t o  i n t e r c e p t  t h e  

t a r g e t .  A s  t h e  E a r t h  moves around t h e  Sun, t h e r e  i s  some long i -  

t u d i n a l  p o s i t i o n  from which t h e  s p e c i f i e d  f l i g h t  may be launched 

such  t h a t  t h e  t r a j e c t o r y  energy requirement  i s  a minimum, i . e . ,  

a minimum va lue  o f  J .  

from t h i s  optimum long i tude  i n  order  t o  ach ieve  maximum pe r -  

formance. Hence, t h e  t a r g e t  longi tude  may be e l i m i n a t e d  from 

c o n s i d e r a t i o n ,  and t h e  three-dimensional  s o l a r  system i s  

e f f e c t i v e l y  reduced t o  a two-dimensional model. 

Suppose, now, t h a t  w e  s p e c i f y  a t i m e  

Suppose we choose t o  launch t h e  f l i g h t  

Of cour se ,  
I l l  R E S E A R C H  I N S T I T U T E  
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in format ion  r ega rd ing  t h e  d a t e  of launch i s  n o t  d i r e c t l y  

a v a i l a b l e  from t h i s  method. However, f o r  long-range p lanning  

purposes  t h e  exac t  d a t e  o f  launch i s  n o t  o f  immediate impor- 

t a n c e  s i n c e  every  p o s i t i o n  of  Earth i n  i t s  o r b i t  i s  a t t a i n e d  

once p e r  yea r .  

The a c c e s s i b l e  r eg ions  method o f  d a t a  p r e s e n t a t i o n  i n -  

vo lves  p l o t t i n g  contours  o f  equal-valued performance parameters  

( e . g . ,  J o r  payload) on a f i c t i t i o u s  p lane  PN, normal t o  t h e  

e c l i p t i c  p lane .  PN i n t e r s e c t s  t h e  e c l i p t i c  p l ane  a t  t h e  Sun 

and i s  f ree  t o  r o t a t e  about  t h e  Sun ( t h i s  i s  e s s e n t i a l l y  a 

s i d e  view o f  t h e  s o l a r  s y s t e m ) .  Each contour  r e p r e s e n t s  t h e  

L L I Q A ~ L L l u L L l  L-.--J---- -c +k- - - - + ; - I  r n n 4 - n  q n n a c c + h l a  t~ 2 space uuuiiuaLy V L  LLLC; o y a c ~ a i  L L ~ A V L L  U L L ~ U U A Y L ~  
- ---_I -. .- 

v e h i c l e  having a p a r t i c u l a r  performance parameter  and a' 

s p e c i f i e d  f l i g h t  t i m e .  

" Figure  2 i s  a pe r spec t ive  drawing o f  t h e  p l ane  P 

:-lo-w-ilig t'rlc path --1- * -L w i i i L i i  t h e  p ? ~ i i e t  X G ~ S  ~ ~ i l l d  t r a ~ c  if thc 

p l a n e  were t o  move ( i n  longi tude)  w i t h  Mars a s  t h e  p l a n e t  re- 

vo lves  about  t h e  Sun. F igure  3 i s  a diagram o f  t h e  p l ane  on a 

5 AU scale .  

p r o j e c t i o n s  i s  a measu re  o f  t h e  o r b i t a l  e c c e n t r i c i t y ,  wh i l e  

t h e  v e r t i c a l  h e i g h t  i s  a measure o f  t h e  o r b i t a l  i n c l i n a t i o n .  

Every p o t e n t i a l  t a r g e t  p o s i t i o n  has  a cor responding  p o i n t  i n  

t h i s  p l a n e  a s  r e p r e s e n t e d  by the r a d i a l  d i s t a n c e  from t h e  Sun 

(R) and t h e  l a t i t u d e  measured from t h e  e c l i p t i c  p l ane  @ I .  A 

t y p i c a l  J contour  i s  shown. 

The h o r i z o n t a l  width of  t h e  p l a n e t a r y  o r b i t a l  

I I T  R E S E A R C H  I N S T I T U T E  
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The method used t o  cons t ruc t  t h e  J con tour s  may be 

exp la ined  w i t h  r e f e r e n c e  t o  t h e  bas i c  geometry shown i n  

F igure  3 .  Along a g iven  f3 d i r e c t i o n ,  a ser ies  of  R v a l u e s  a r e  

s e l e c t e d ,  and t h e  minimum J values r e q u i r e d  t o  r each  t h e s e  

p o i n t s  from an a r b i t r a r y  E a r t h  p o s i t i o n  i n  a g iven  f l i g h t  time 

a r e  computed. (Ea r th  i s  assumed t o  have a c i r c u l a r  o r b i t  i n  

t h e  e c l i p t i c  p lane  f o r  t h e  purpose of t h i s  c a l c u l a t i o n . )  

t h a t  computed f l i g h t  pa ths  a r e  fly-by o r  i n t e r c e p t  t r a j e c t o r i e s  - 
no c o n s t r a i n t  on t e r m i n a l  v e l o c i t y  i s  s p e c i f i e d ,  From t h e  J 

v a l u e s  so  ob ta ined ,  a g r a p h i c a l  p l o t  such a s  F igure  4 i s  con- 

s t r u c t e d .  

Note 

I n  p l o t t i n g  a contour  f o r  a g iven  va lue  of  J ,  t h e  

corresponding (R,  $1 c o o r d i n a t e s  a r e  graphiza??y a s c e r t a i n e d .  

I n t e r p o l a t i o n  i s  u s u a l l y  necessary t o  ob ta i r ,  a s u f f i c i e n t  number 

o f  p o i n t s  t o  a c c u r a t e l y  d e f i n e  the contour .  

by making up p l o t s  o f  J ve r sus  f3 f o r  c o n s t a n t  parameter  R .  

Th i s  i s  accomplished 

rillie bas ic  d a t a  fol- constr .u@~~on of CL- Llle:  d L L c 3 3 1 U l e  ^^^^I^ 2 L 1  

r e g i o n s  contours  were ob ta ined  from numerical  i n t e g r a t i o n  

s o l u t i o n s  of  optimum (minimum J) t r a j e c t o r i e s .  

were implemented by t h e  JPL  Low-Thrust T r a j e c t o r y  Opt imiza t ion  

Code (Richardson 1963).  This  computer program, w r i t t e n  i n  FAP 

language ,  i s  based on a v a r i a t i o n a l  c a l c u l u s  approach t o  the  

o p t i m i z a t i o n  problem. 

program was u t i l i z e d  only  t o  ob ta in  s o l u t i o n s  of  t h e  h e l i o c e n t r i c  

p o r t i o n  o f  t h e  f l i g h t ,  t h a t  i s ,  beginning a t  t h e  Ear th-escape  

c o n d i t i o n .  Hence, t h e  b a s i c  J contours  t o  be p r e s e n t e d  r e p r e s e n t  

These s o l u t i o n s  

It should be noted t h a t  t h e  computer 

t h i s  p o r t i o n  of  f l i g h t  on ly .  The Ear th-escape  phase of  t h e  
I l l  R E S E A R C H  I N S T I T U T E  
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mission may be t r e a t e d  a s  a s e p a r a t e  problem s i n c e  t h e  J r e q u i r e -  

ments f o r  t h i s  phase are  independent of  t h e  s p e c i f i e d  t a r g e t  

c o o r d i n a t e s .  

w i l l  be cons ide red  i n  a l a t e r  s e c t i o n  on payload con tour s .  

4 .  J CONTOURS 

4 .1  Var i ab le  Thrus t  Mode 

I n c l u s i o n  o f  t h e  Earth-escape phase o f  f l i g h t  

F igu res  5 through 7 are a c c e s s i b l e  r e g i o n s  con tour s  f o r  

minimum J f l i g h t s  o f  100, 300, and 1000 days,  r e s p e c t i v e l y .  

Regions of t h e  s o l a r  system o u t  t o  50 AU are  covered.  These 

con tour s  are  f o r  t h e  v a r i a b l e  t h r u s t  mode o f  p ropu l s ion ,  and,  

hence,  may be cons idered  a " re ference  s o l u t i o n "  which g i v e s  t h e  

t h e o r e t i c a l  upper performance bound f o r  power- l imited v e h i c l e s .  

AS p r e v i o u s l y  d i s c u s s e d ,  a p r a c t i c a l  l i m i t a t i o n  imposed upon J 

by t h e  p r e s e n t  s t a t e  o f  t h e  a r t  of advanced p ropu l s ion  t ech -  

nology i s  about  40-50 m /sec , 

l i m i t a t i o n  i n  mind i n  r ead ing  the  a c c e s s i b i e  r eg ions  p l o t s ;  

however, t o  be complete,  J va lues  o u t  t o  200 m / s e e 3  a r e  shown. 

2 3 It would be w e l l  t o  keep t h i s  

2 

S e v e r a l  t ypes  o f  information a r e  r e a d i l y  ob ta ined  from 

t h e s e  g raphs .  

p o i n t  i n  t h e  s o l a r  system i n  a given t i m e  of f l i g h t  may be 

q u i c k l y  e s t i m a t e d  by v i s u a l  i n t e r p o l a t i o n .  Conversely,  t h e  

maximum s p a t i a l  r e g i o n  a c c e s s i b l e  t o  a v e h i c l e  having a g iven  J 

c a p a b i l i t y  i s  immediately i n d i c a t e d .  

The minimum v a l u e  of J r e q u i r e d  t o  r e a c h  a g iven  

Cons ider ,  f o r  example, the 300 day contours  shown i n  
2 F i g u r e  6 .  

p l a n e  from t h e  nea r  v i c i n i t y  o f  the Sun o u t  t o  4 AU may be 

With a J of 20 m /sec3 a l l  r e g i o n s  i n  t h e  e c l i p t i c  

I I T  R E S E A R C H  I N S T I T U T E  
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~ 
explored .  For t h i s  same va lue  of J ,  t h e  maximum a t t a i n a b l e  

h e i g h t  above t h e  e c l i p t i c  p lane  i s  about  l 0 1  AU, and t h e  maximum 

l a t i t u d e  i s  about  i.1". 

11 over-the-Sun" f l i g h t  a t  a d i s t ance  o f  0 .8  AU, and in-p lane  

f l i g h t s  s l i g h t l y  beyond t h e  o r b i t  o f  J u p i t e r .  

Increas ing  J t o  50 m 2 /sec3 al lows an 

S ince  t h e  p r o j e c t i o n s  of  t h e  p l a n e t a r y  o r b i t s  a r e  I 

inc luded  i n  t h e  f i g u r e ,  one can determine t h e  range of  J 

r e q u i r e d  t o  i n t e r c e p t  a given p l a n e t  i n  each  synodic pe r iod .  
For f a s t  f l i g h t s  of 100 days,  a J c a p a b i l i t y  of  9.5-30 m 2 /sec 3 

i s  needed t o  i n t e r c e p t  Mars a t  any p o i n t  i n  i t s  o r b i t ,  wh i l e  

Mercury f l i g h t s  can be made w i t h  J ranging  from about 15 t o  
2 3 30 m /sec . 

5 m /sec . For a r a t h e r  long f l i g h t  o f  1000 days,  f ly-by 

Venus can always be reached f o r  a J a s  s m a l l  a s  
2 3 

mis s ions  t o  Sa tu rn  may be made wi th  a c a p a b i l i t y  o f  8-9 m 2 /sec 3 . 
However, P l u t o  can never  be reached i n  t h i s  f l i g h t  t i m e  u n l e s s  

J i s  g r e a t e r  than  about  70 m'/sec'. 
2 

One o f  t h e  most s i g n i f i c a n t  c h a r a c t e r i s t i c s  of t h e  pe r -  

formance contours  f o r  t h r u s t e d  f l i g h t  i s  t h e i r  s t e e p  s l o p e  a t  

t h e  e c l i p t i c  p lane  f o r  f l i g h t s  beyond E a r t h .  I n  c o n t r a s t ,  AV 

con tour s  f o r  b a l l i s t i c  f l i g h t  e x h i b i t  a r a t h e r  shal low s l o p e ,  

T h i s  c h a r a c t e r i s t i c  r e f l e c t s  the r e l a t i v e  ease of  achiev ing  

p l a n e  changes w i t h  cont inuous t h r u s t i n g  v e h i c l e s  which i s  n o t  

a f f o r d e d  b a l l i s t i c  v e h i c l e s .  

Return ing  t o  t h e  p o i n t  of  p r a c t i c a l  l i m i t s  p l aced  on J 

v a l u e s ,  i t  i s  seen from t h e  a c c e s s i b l e  r eg ions  contours  t h a t  

some o f  t h e  more ambit ious miss ions ,  p a r t i c u l a r l y  t o  t h e  o u t e r  

I I T  R E S E A R C H  I N S T I T U T E  
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p l a n e t s ,  may no t  be p o s s i b l e  wi th in  t h e  t i m e  o f  f l i g h t  assumed. 

This  under l ined  q u a l i f i c a t i o n  i s  an impor tan t  p o i n t  s i n c e  a t r a d e -  

o f f  between J and Tf i s  always a v a i l a b l e .  

such a t r a d e - o f f  f o r  e c l i p t i c  plane f l i g h t s  t o  s e v e r a l  p l a n e t a r y  

d i s t a n c e s .  I n  g e n e r a l ,  t h e  longer t h e  t i m e  a l lowed t o  reach  a 

g iven  t a r g e t ,  t h e  smaller t h e  J requirement.  One n o t e s ,  however, 

t h a t  t h e r e  i s  a p o i n t  of  diminishing r e t u r n ,  t h a t  i s ,  t h e  J vs  

Tf c h a r a c t e r i s t i c  e x h i b i t s  a l e v e l i n g  o f f  beyond some f l i g h t  

t i m e .  This  p o i n t  g e n e r a l l y  occurs when t h e  h e l i o c e n t r i c  t r a v e l  

ang le  o f  t h e  t r a j e c t o r y  becomes q u i t e  l a r g e  (about 270") .  For a 

J l i m i t a t i o n  o f  40 m /sec,  i t  i s  seen t h a t  t h e  minimum f l i g h t  t i m e s  

t o  J u p i t e r  and Sa tu rn  a r e  about 300 and 490 days ,  r e s p e c t i v e l y .  

4.2  Constant Thrus t  Mode 

F igure  8 i l l u s t r a t e s  

2 

1 The a c c e s s i b l e  r eg ions  contours  f o r  t h e  c o n s t a n t  t h r u s t  

=ode o f  propuls ion  a r e  ob ta ined  by an approximation method 

which i s  both s imple and s u r p r i s i n g l y  a c c u r a t e ,  

d i g i t a l  computer program employed i n  t h i s  s tudy  i s  p e r f e c t l y  

capab le  o f  handl ing  t h i s  mode of propuls ion  i n  an exac t  manner, 

t h e  d e s i r e  t o  minimize s o l u t i o n  c o s t  l e d  t o  t h e  c o n s i d e r a t i o n  

of  t h i s  method which may be termed " c h a r a c t e r i s t i c  l e n g t h  

c o r r e l a t i o n ' '  (Zola 1964) .  The approximate J va lues  s o  de r ived  

were checked a g a i n s t  t h e  exac t  v a l u e s  ob ta ined  from computer 

s o l u t i o n s .  I n  g e n e r a l ,  t h e  comparison showed agreement t o  

w i t h i n  s e v e r a l  p e r c e n t .  The bas i s  f o r  t h i s  method and t h e  

p e r t i n e n t  c o r r e l a t i o n  formulas a r e  p re sen ted  i n  Appendix A a long  

w i t h  numer ica l  d a t a  v a l i d a t i n g  the  accuracy of  t h e  method, 

Although Lhe 
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Figures  9 through 11 show a c c e s s i b l e  r eg ions  contours  

f o r  c o n s t a n t  t h r u s t  f l i g h t s  o f  100, 300, and 1000 days. 

f a c i l i t a t e  a comparison, t h e  v a r i a b l e  t h r u s t  contours  are  a l s o  

p l o t t e d  i n  t h e s e  f i g u r e s .  

t h r u s t  contours  depend upon t h e  propuls ion system parameters  

a. and Isp. 

t h i s  example. 

To 

For a given f l i g h t  t i m e ,  t h e  c o n s t a n t  

The fo l lowing  parameter va lues  a r e  chosen f o r  

XfY days %, m/sec I sec -SPY- 
100 3 l o m 3  3000 

2 

300 1.5 x lo-’ 6000 
1000 0.75 12000 

It should  be noted  t h a t  an optimum combination o f  a. and Isp 

cou ld  be found f o r  each  miss ion  (Tf,  R ,  B ) .  

r e p r e s e n t s  a r easonab le ,  bu t  no t  optimum, s e t  o f  parameters .  

The performance l o s s  due t o  t h e  c o n s t a n t  t h r u s t  con- 

The cho ice  above 

s t r a i n t  i s  apparent  when one compares the var iab le  and c o n s t a n t  

t h r u s t  contours .  

a c c e s s i b l e  t o  c o n s t a n t  t h r u s t  v e h i c l e s  f o r  a g iven  J c a p a b i l i t y  

and f l i g h t  t i m e .  O r ,  a l t e r n a t i v e l y ,  t h e  c o n s t a n t  t h r u s t  v e h i c l e  

can  e x p l o r e  t h e  same reg ion  only i f  t h e  J c a p a b i l i t y  i s  inc reased  

o r  t h e  f l i g h t  t i m e  extended.  

This  loss i s  r e f l e c t e d  by t h e  sma l l e r  r eg ion  

I n  t h e  case of cons t an t  t h r u s t  p ropu l s ion ,  t h e r e  e x i s t s  

a maximum va lue  o f  J which depends on Tf , a o ,  and Isp ( s e e  

e q u a t i o n s  (1) and (9 )  ) .  This  t h e o r e t i c a l  upper l i m i t  occurs  

when t h r u s t  i s  r e q u i r e d  cont inuous ly  throughout t h e  f l i g h t  

d u r a t i o n  - most c o n s t a n t  t h r u s t  f l i g h t s  i nc lude  a c o a s t  pe r iod  

I I T  R E S E A R C H  I N S T I T U T E  
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of vary ing  l eng th .  For t h e  p a r t i c u l a r  parameters  of t h i s  

example, t h e  maximum va lues  of J a re  6 4 6 ,  1 7 1 ,  and 108 m 2 /sec 3 

corresponding  t o  f l i g h t  t i m e s  o f  100, 300, and 1000 days,  

r e s p e c t i v e l y .  This  l i m i t a t i o n  of J i s  r e f l e c t e d  by t h e  maximum 

s p a t i a l  r eg ion  a c c e s s i b l e  t o  a cons tan t  t h r u s t  v e h i c l e .  

f o r  example, F igure  10 shows t h a t  300 day f l i g h t s  w i t h  t h e  

assumed propuls ion  parameters  cannot reach  beyond 6 , 9  AU. 

c o u r s e ,  i n c r e a s i n g  a. would inc rease  t h i s  l i m i t ,  

5. PAYLOAD CONTOURS FOR CONCEPTUAL SPACE CRUISER 

Thus, 

O f  

S e c t i o n  2 o f  t h i s  r e p o r t  d i scussed  t h e  r e l a t i o n s h i p  

between t r a j e c t o r y  energy requirements ,  v e h i c l e  system param- 

eters,  and payload c a p a b i l i t y .  T h i s  s e c t i o n  w i l l  i l l u s t r a t e  

t h e  a c c e s s i b l e  r eg ions  method i n  terms o f  payload. The con- 

c e p t u a l  n u c l e a r - e l e c t r i c  space c ru iser  d i scussed  i n  Sec t ion  2 

w i l l  be cons ide red  f o r   he p i i r p ~ s z  of  this i l l u s t r a t i o n  To 

re i te ra te ,  t h e  b a s i c  v e h i c l e  system parameters  a r e  an i n i t i a l  

weight  of 20,000 l b .  a power p l a n t  r a t i n g  of 500 kw, a power 

convers ion  and u t i l i z a t i o n  f a c t o r  of 0 .8 ,  and a power p l a n t  

weight  of 10,000 l b s .  ( a  = 20 lb/kw). 

It i s  assumed t h a t  t h e  space c r u i s e r  begins  i t s  mission 

from a 200 N. m i l e  c i r c u l a r  s a t e l l i t e  o r b i t  about  

E a r t h .  Hence, t h e  space  c r u i s e r  may be cons ide red  a s  t h e  

upper s t a g e  of a chemical launch v e h i c l e  such a s  t h e  Sa tu rn  1 B .  

The mis s ion  proceeds i n  two phases : (1) E a r t h  escape  phase,  and 

( 2 )  h e l i o c e n t r i c  t r a n s f e r  phase,  Accordingly,  t h e  t o t a l  mission 

I l l  R E S E A R C H  I N S T I T U T E  
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energy requirement  i n  t e r m s  of J i s  g iven  by 

The method o f  o b t a i n i n g  JH has a l r eady  been d i scussed .  For 

t h e  purpose of  t h i s  example, values  o f  JE are  ob ta ined  from 

a n a l y t i c a l  formulas which g i v e  e x c e l l e n t  agreement w i t h  t h e  

v a l u e s  o f  J E  ob ta ined  by numerical  i n t e g r a t i o n  o f  t h e  escape 

t r a j e c t o r y  (Melbourne 1961) .  A t a n g e n t i a l ,  c o n s t a n t  t h r u s t  

program i s  assumed f o r  t h e  escape phase.  For t h e  h e l i o c e n t r i c  

phase o f  t h e  miss ion ,  a c o n s t a n t  t h r u s t  program w i t h  optimum 

t h r u s t  d i r e c t i o n  and c o a s t  per iod  i s  assumed. The t h r u s t  

a c c e l e r a t i o n  i s  matched a t  t h e  boundary of  t h e  escape and h e l i o -  

c e n t r i c  phases .  Each phase i s  cons idered  a s e p a r a t e  "two-body 

problem" w i t h  t h e  E a r t h  and Sun as  s u c c e s s i v e  c e n t r a l  g r a v i t a -  

t i o n a l  b o d i e s ,  

Two h e i i o c e n t r f e  f l i g h t  t i m e s  a r e  cons ide red ,  namely, 

300 and 1000 days.  

each  o f  t h e s e  f l i g h t  t i m e s ,  namely, 6000 and 12000 seconds.  The 

A d i f f e r e n t  s p e c i f i c  impulse w a s  chosen f o r  

fo l lowing  t a b l e  l i s t s  t h e  i n i t i a l  a c c e l e r a t i o n ,  escape t i m e ,  

and J E  which r e s u l t .  

T+, days Lsp, sec a m/sec 2 T+, days - J E ,  m2/sec3 
-0' 

300 6000 1 . 5  5: 11 e 3 

1000 12000 0.75 1~:' 5.5 

F igu re  1 2  shows a c c e s s i b l e  r eg ions  payload contours  f o r  

t h e  352 day miss ion .  The payload q u a n t i t y  h e r e  i s  t h e  n e t  

payload ,  M d e l i v e r e d  t o  t h e  t a r g e t ,  e x c l u s i v e  o f  t h e  weight  
P I '  

I I T  R E S E A R C H  I N S T I T U T E  
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of  t h e  power p l a n t .  This  payload f i g u r e ,  t hen ,  i n c l u d e s  

v e h i c l e  s t r u c t u r e  and tankage,  guidance and c o n t r o l ,  communica- 

t i o n s ,  and s c i e n t i f i c  experiments .  With a 4000 l b  payload, t h e  

r eg ion  o f  t h e  s o l a r  system t h a t  may be explored  ex tends  from 

0.12 AU t o  3 .6  AU i n  t h e  e c l i p t i c  p l ane  and t o  1 AU normal t o  

t h e  e c l i p t i c  p lane .  This  r e g i o n  inc ludes  t h e  p l a n e t s  Mercury, 

Venus and Mars. The 6000 l b  payload can  be d e l i v e r e d  t o  both  

Venus and Mars, but  j u s t  s h o r t  of Mercury. 

F igu re  13 i l l u s t r a t e s  t h e  mission-paylszd c a F a b i l i t y  

f o r  1107 day miss ions .  

l oad  can  be d e l i v e r e d  beyond Sa turn  and t o  about 2 AU "over- 

the-Sun". 4000 l b s  can be d e l i v e r e d  t o  Uranus over  about  h a l f  

Here, one sees t h a t  a 6000 l b  n e t  pay- 

I 

I o f  i t s  o r b i t .  

F igu res  14 and 15 show the  e f f e c t  of  power p l a n t  mass 

on t h e  r e g i o n  a c c e s s i b l e  t o  a Space C r u i s e r  d e l i v e r i n g  a 4000 

l b  payload.  It i s  r e c a l l e d  t h a t  the nominal specific mass of 

t h e  power p l a n t  was assumed t o  b e  20 lb/kw. 

t o  reduce  t h e  s p e c i f i c  mass t o  15 lb/kw, t h e  J u p i t e r  miss ion  

cou ld  be accomplished i n  352 days t o t a l  t r i p  t i m e .  

t o  10 lb/kw would ex tend  t h e  1107 day mission to Neptune and 

I 

I f  it were p o s s i b l e  

I A r e d u c t i o n  

a lmost  t o  P l u t o .  

p l a n t  were i n c r e a s e d  t o  25 l),/kw, tz--~ rc:gisn x c 2 s s i b l e  t o  t h e  

Space C r u i s e r  i s  s i g n i f i c a n t l y  reduced. 

If ,  however, t h e  s p e c i f i c  mass of t h e  power 
I 

Although t h e  assumed c o n f i g u r a t i o n  of  t h e  Space C r u i s e r  

i s  cons ide red  t o  be r e p r e s e n t a t i v e  o f  t h e  p r e s e n t  o r  n e a r  f u t u r e  

s t a t e  o f  t h e  a r t ,  t h i s  c o n f i g u r a t i o n  i s  n o t  n e c e s s a r i l y  opt imal .  
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For example, no a t t empt  w a s  made here  t o  a r r i v e  a t  t h e  b e s t  

I 

power l e v e l ,  s p e c i f i c  impulse o r  t r i p  t ime f o r  any g iven  miss ion  

o b j e c t i v e .  Hence, t h e  above r e s u l t s ,  a l though p rov id ing  u s e f u l  
, 

i n fo rma t ion ,  should b e s t  be considered exemplary of t h e  method 

of a n a l y s i s  and g raph ic  p r e s e n t a t i o n  which w a s  t h e  prime ob- 
I 
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Appendix A 

AN APPROXIMATION METHOD FOR DETERMINING 
CONSTANT - THRUST J REQUIREMENTS 

The a c c e s s i b l e  r eg ions  contours  a r e  o b t a i n e d  from 

optimum t r a j e c t o r y ,  s o l u t i o n s  covering a wide range of  t a r g e t  

p o s i t i o n s .  Optimum t r a j e c t o r y  a n a l y s i s  is  c h a r a c t e r i z e d  by a 

mixed two-point boundary va lue  problem i n  which a set  o f  i n i t i a l  

c o n d i t i o n s  must be found i n  order  t o  s a t i s f y  a s e t  of s p e c i f i e d  

t e r m i n a l  cond i t ions .  S ince  t h e  c o r r e c t  i n i t i a l  c o n d i t i o n s  are  

n o t  u s u a l l y  known i n  advance, numericai  i t e r a t i o r ;  p r ~ c e d ~ r e s  

are r e q u i r e d  i n  a r d e r  t o  f i n d  the s o l u t i o n .  The a d d i t i o n  o f  an 

i t e r a t i o n  requirement  t o  an a l r eady  complex numerical  i n t e g r a t i o n  

procedure  r e s u l t s  i n  a v e r y  time-consuming and c o s t l y  s o l u t i o n  

p r o c e s s .  This  s i t u a t i o n  i s  d i f f i c u l t  f o r  v a r i a b l e  t h r u s t  so lu -  

t i o n s  and  becomes even worse i n  t h e  case of  c o n s t a n t  t h r u s t  pro- 

p u l s i o n  which involves  t h e  c o n s i d e r a t i o n  o f  a d d i t i o n a l  parameters .  

Although t h e  d i g i t a l  computer program employed i n  t h i s  s tudy  i s  

p e r f e c t l y  capable  of handl ing  t h i s  mode o f  p ropu l s ion  i n  an 

exact manner, t h e  d e s i r e  t o  minimize s o l u t i o n  c o s t  has l e d  t o  
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t h e  c o n s i d e r a t i o n  of a s imple and s u r p r i s i n g l y  a c c u r a t e  method 

of approximation. 

The use  of  a s imple model t o  o b t a i n  approximate so lu -  

t i o n s  t o  t r a j e c t o r y  problems i s  c e r t a i n l y  n o t  a new i d e a  and,  

i n  f a c t ,  has  been t h e  s u b j e c t  of numerous i n v e s t i g a t i o n s  r e p o r t e d  

i n  t h e  l i t e r a t u r e .  For t h e  present  s tudy ,  an approximation 

method desc r ibed  i n  a recent paper (Zola 1964) has  been adopted.  

Thc b a s i s  f o r  t h i s  method can a l so  be found i n  an ea r l i e r  paper  

(Melbourne 1961).  

The key i d e a  of  t h i s  method, which may be termed 

c h a r a c t e r i s t i c  l e n g t h  c o r r e l a t i o n " ,  l i e s  i n  t h e  c o n s i d e r a t i o n  11 

o f  a t r a j e c t o r y  l e n g t h  parameter which may be used t o  re la te ,  

or c o r r e l a t e ,  t h e  t r a j e c t o r y  energy requirements  o f  v a r i o u s  

modes o f  propuls ion .  The under ly ing  assumption h e r e  i s  t h a t  

C v G L y  ---n--r f i u P d - t i m e  L&&-- t r a j e c t o r y  between two s p e c i f i e d  t e r m i n a l s  has 

a s s o c i a t e d  w i t h  i t  a c h a r a c t e r i s t i c  l e n g t h  which i s  n e a r l y  i n -  

v a r i a n t  w i t h  t h e  p a r t i c u l a r  mode o f  p ropu l s ion  employed, For 

each p ropu l s ion  mode o f  i n t e r e s t ,  t h e  r e l a t i o n s h i p  between t h e  

performance parameter  J ,  t h e  c h a r a c t e r i s t i c  l e n g t h  L,  and t h e  

f l i g h t  t i m e  Tf i s  de r ived  from a s imple  t r a j e c t o r y  model; a 

r e c t i l i n e a r  f l i g h t  p a t h  i n  f i e l d - f r e e  space.  Then, i f  an  e x a c t  

s o l u t i o n  o f  J i s  a v a i l a b l e  for  any one p ropu l s ive  mode, t h e  

v a l u e s  of  J f o r  o t h e r  propuls ive  modes may be found d i r e c t l y  

from the  c o r r e l a t i o n  formulas e 

I n  t h e  f i r s t  r e f e r e n c e  c i t e d  above (Zola 19641, t h e  

a u t h o r  sugges t s  t h a t  b a l l i s t i c  t r a j e c t o r y  s o l u t i o n s  ( i n f i n i t e  
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impulsive t h r u s t )  may s e r v e  as t h e  r e f e r e n c e  mode of  propuls ion  

from which t h r u s t e d  t r a j e c t o r y  requirements can  be de r ived .  

S ince  b a l l i s t i c  s o l u t i o n s  are r e a d i l y  ob ta ined ,  t h e  computa t iona l  

r e d u c t i o n  a f f o r d e d  by t h i s  approach i s  ex t remely  l a r g e .  I n  

e v a l u a t i n g  t h i s  approach f o r  s e l e c t i v e  Earth-Mars f l i g h t s ,  Zola 

found t h e  approximation accuracy t o  be w i t h i n  5-10 pe rcen t .  

However, when an a t t empt  w a s  made t o  apply  t h e  b a l l i s t i c  c o r r e l a -  

t i o n  method t o  t h e  p r e s e n t  problem, we  q u i c k l y  found it  t o  be 

completely inadequate .  ) T h i s  w a s  p a r t i c u l a r l y  t r u e  f o r  ou t -of -  

the-p lane  t r a j e c t o r i e s  and f o r  t r a j e c t o r i e s  having a l a r g e  

h e l i o c e n t r i c  t r ave l  ang le .  This  r e s u l t  w a s  no t  e n t i r e l y  un- 

expec ted  s i n c e  b a l l i s t i c  t r a j e c t o r i e s  are  o f t e n  far t o o  d i f f e r e n t  

from low- thrus t  t r a j e c t o r i e s  t o  be u s e f u l  a s  a r e f e r e n c e .  

It w a s  decided t o  use v a r i a b l e  t h r u s t  t r a j e c t o r y  s o l u -  

t i o n s  as a source  o f  r e f e r e n c e  va lues  o f  c h a r a c t e r i s t i c  l eng th .  

The v a r i a b l e  t h r u s t  J requirements f o r  any p a r t i c u l a r  miss ion  

are ob ta ined  by exac t  numerical  s o l u t i o n s  us ing  t h e  JPL Low- 

Thrus t  T r a j e c t o r y  Optimizat ion Code (Richardson 1963).  The 

c o r r e l a t i o n  formulas from which t h e  c o n s t a n t  t h r u s t  J r e q u i r e -  

ments are ob ta ined  are  g iven  below. Although no t  d i scussed  i n  

t h e  t e x t  o f  t h i s  r e p o r t ,  t h e  cons t an t  a c c e l e r a t i o n  mode of 

p r o p u l s i o n  i s  inc luded  h e r e  a l so .  

W e  assume t h a t  t h e  v a r i a b l e  t h r u s t  J requirement  for a 

p a r t i c u l a r  f ly-by mission of i n t e re s t  has been ob ta ined .  This  

requi rement  i s  denoted as JVT. The c h a r a c t e r i s t i c  l e n g t h  

I I T  R E S E A R C H  I N S T I T U T E  

37 



a s s o c i a t e d  w i t h  t h i s  mission i s  then computed from 
3 

Now d e f i n e  a. a s  t h e  i n i t i a l  a c c e l e r a t i o n  ( a t  t h e  i n i t i a t i o n  o f  

t h e  h e l i o c e n t r i c  t r a n s f e r )  and t a s  t h e  p ropu l s ion  t i m e  

(tP < T f ) .  

c o n s t a n t  a c c e l e r a t i o n  p ropu l s ion  a r e  a s  fo l lows :  

P 
The c o r r e l a t i o n  formulas f o r  c o n s t a n t  t h r u s t  and - 

1. -- Constant Thrus t  

V a 

a. v j  P J P  L = V .  (i - T ~ >  In  (1 - t + V .  t 

a tp 
a 

1 0 - t  

- 0  

0 
JCT - 

V j  P 

P The c o n s t r a i n t  V . / a o > t p  must app ly  when determining t 
J 

frnn ( A 2 ) .  

2.  Constant Acce lera t ion  

2 2L t = Tf - J T f  - - a 
0 P 

J ~ ~ =  a t 
O P  

where t h e  c o n s t r a i n t  a. > - 2L m u s t  apply .  

a c c e l e r a t i o n  can be f r e e l y  chosen t o  minimize JCA, then  

I f  t h e  i n i t i a l  
.- T f 2  
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I n  c o n s t r u c t i n g  t h e  a c c e s s i b l e  r eg ions  con tour s  f o r  con- 

s t a n t  t h r u s t  p ropu l s ion ,  formulas ( A 1 1  through (A3) are  worked 

i n  reverse o r d e r .  

t h e  parameter  t 

The contour  a s s o c i a t e d  w i t h  t h i s  va lue  o f  dVT i s  then  e q u i v a l e n t  

t o  t h e  d e s i r e d  dCT con tour .  

j y  
and V 

i s  f i r s t  computed, then  L ,  and f i n a l l y  J m e  
aO , Thus, f o r  chosen va lues  o f  JCT, 

P 

The numerical  d a t a  presented  i n  Tables  AI. m d  A 2  compare 

r e s u l t s  o f  t r a j e c t o r y  s o l u t i o n s  p red ic t ed  by t h e  c o r r e l a t i o n  

formulas  w i t h  t h e  a c t u a l  r e s u l t s  ob ta ined  by t h e  JPL Low-Thrust 

T r a j e c t o r y  Optimizat ion Code. Both c o n s t a n t  a c c e l e r a t i o n  and 

c o n s t a n t  t h r u s t  modes o f  propuls ion  are cons ide red ,  I n  t h e  

former case, one n o t e s  t h a t  t h e  p red ic t ed  v a l u e s  o f  i n i t i a l  

a c c e l e r a t i o n  and p ropu l s ion  t ime do no t  always agree c l o s e l y  w i t h  

t h e  a c t u a l  v a l u e s ,  however, t h e  d e v i a t i o n s  conibirie I:: scch a 

manner t h a t  t h e  c r i t i c a l  parameter J* i s  a c c u r a t e  t o  w i t h i n  

several  pe rcen t .  The accuracy of t h e  c o r r e l a t i o n  formulas i s  

somewhat less  i n  t h e  case of  t h e  c o n s t a n t  t h r u s t  t r a j e c t o r i e s  

compared - t h e  wors t  example shows a 13 p e r c e n t  d i screpancy .  

I n  g e n e r a l ,  t h e  approximate and exac t  r e s u l t s  are i n  c l o s e  

enough agreement t o  s u b s t a n t i a t e  t h e  u s e f u l n e s s  of t h e  c o r r e l a -  

t i o n  formulas  
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Table A 2  

ACCURACY VALIDATION OF  APPROXIMATE^ SOLUTION 
CONSTANT THRUST TRAJECTORIES 

300 2 .79  
300 2.79 
300 2 . 7 9  
300 1 . 5  
300 1 . 5  
300 1 . 5  
300 1 . 5  10-3 

100 3 
100 3 

1 n-3 300 1.5 x I W  

6000 
6000 
6000 
6000 
6000 
6000 
6000 
6000 
3000 
3000 

0 
0 
0 
0 
0 
0 
30 
30 
0 
0 

8 
6 
4 
6 
4 
2 
4 
3 
1 . 7  
1.4 

1 6 8 . 1  
8 5 . 9  
4 2 . 5  
7 2 . 1  
2 7 . 4  

7 . 5 4  
54 .6  
3 7 . 4  
4 6 , 8  
2 0 , 2  

168 e 5 
8 6 . 5  
4 0 . 4  
8 3 . 2  
25,7 

7 . 5 1  
5 3 . 1  
39 .0  
4 4 . 0  
1 9 . 0  

1. S t a r r e d  v a r i a b l e  re fe rs  t o  s o l u t i o n  ob ta ined  from c o r r e l a t i o n  
formulas  
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Appendix B 

NOMENCLATURE 

t h r u s t  a c c e l e r a t i o n ,  m/sec 2 

E a r t h  s u r f a c e  g r a v i t y ,  9.806 m/secL 3 

i n t e g r a l  of a2 d t ,  m 2 /sec 3 

s p e c i f i c  impulse,  s e c  

c h a r a c t e r i s t i c  length ,  m 

v e h i c l e  mass, kg 

p r o p e l l a n t  m a s s ,  kg 

power p l a n t  mass, kg 

. -  i c - L -  payload mass, kg 

k i n e t i c  j e t  (exhaust)  power, wat ts  

e l e c t r i c a l  power r a t i n g ,  wat ts  

f l i g h t  t i m e ,  s e c  

propuls ion  t i m e ,  sec 

j e t  (exhaus t )  v e l o c i t y  , m/sec 

s p e c i f i c  mass of power p l a n t ,  kg/wat t  

power conversion and u t i l i z a t i o n  f a c t o r  
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