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ABSTRACT 

Spacewise v a r i a t i o n s  i n  a random load  f i e l d  are o f t e n  

n e g l e c t e d  i n  computing the  s t a t i s t i c a l  p r o p e r t i e s  o f  the 

dynamic r e sponse  of a s t r u c t u r e  t o  t h a t  f i e l d .  A method 

i s  g iven  f o r  de t e rmin ing  whether such an approximation i s  

c o n s e r v a t i v e  o r  n o t ,  and f o r  computing t h e  c o r r e c t i o n  which 

s h o u l d  be used  t o  take i n t o  account  t h e  spacewise v a r i a t i o n s  

i n  t h e  i n p u t  f ie ld . ,  The proposed method i s  b a s e d  on the  

d e t e r m i n a t i o n  of t h e  response o f  t h e  s t r u c t u r e  t o  a few 

s i m p l e  d e t e r m i n i s t i c  loadings  and does n o t  r e q u i r e  the use 

o f  mul t id imens iona l  power s p e c t r a l  a n a l y s i s  It y i e l d s  a 

c o r r e c t e d  V a l &  f o r  t h e  power s p e c t r a l  d e n s i t y  of  t h e  r e sponse ,  

from which va lues  may b e  ob ta ined  f o r  t h e  mean squa re  o f  t h e  

r e sponse ,  as we l l  as f o r  o t h e r  o f  i t s  s t a t i s t i c a l  cha rac t e -  

r i s t i c s  I 
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a 

k * 

Ki 

NOMENCLATURE 

= d i s t a n c e  from c e n t e r  o f  beam t o  s p r i n g  

s u p p o r t  

= h a l f - l e n g t h  o f  beam 

= l o a d i n g  a t  p o i n t  r and t i m e  t 

= d e t e r m i n i s t i c  l oad ings  d e f i n e d  i n  E q .  ( 2 2 )  

= f u n c t i o n  d e f i n e d  i n  E q , ( 1 4 ) ,  See a l s o  

4M 

E q s ,  ( 2 6 )  and (27L 

= second moment o f  Qf(kSo)" See Eq.(15)  

= t r a n s f e r  f u n c t i o n  f o r  c o h e r e n t  l o a d i n g  

= Mult id imens iona l  t r a n s f e r  f u n c t i o n  

= Complex ampl i tude  o f  r e sponses  t o  l o a d i n g s  

f i l a  f i 2  

= v e c t o r  o f  components ki  

= wave n m b e r s  

= c o r r e l a t i o n  l e n g t h  o r  s c a l e  of random f i e l d  

= mass of beam 

= response o f  sys tem 

= mean squa re  o f  response  

= mean squa re  of response  ( s i m p l i f i e d  a n a l y s i s )  

= p o s i t i o n s  v e c t o r s  

= c o o r d i n a t e s  

= (w/wo)2 

= ( a /b l2  
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A * c o r r e q t i o n  

e, 8i2 = phase  ang le s  

= L k  - K - 
K i = L ki 

IJ = r a d i u s  o f  g y r a t i o n  

P = p o s i t i o n  v e c t o r  

= c o r r e l a t i o n  f u c n t i o n  o f  l o a d  f i e l d  

= power s p e c t r a l  d e n s i t y  o f  l o a d  f i e l d  
Pf 
@f 

4 = power s p e c t r a l  d e n s i t y  of  response  

4 = power s p e c t r a l  d e n s i t y  of  response  ( s i m p l i f i e d  
Q 

Q o  

a n a l y s i s  ) 

Q a  1 = t i m e  i n t e r v a l s  

w = f requency 

0 0  = n a t u r a l  frequency i n  t r a n s l a t i o n  
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1, I n t r o d u c t i o n  

It i s  known t h a t  the power s p e c t r a l  d e n s f t y  @ (0) o f  
9 

the  response  q ( t )  o f  a l i n e a r  sys t em t o  a s t a t i o n a r y  random 

l o a d  f ( t )  may be expres sed  as 

where is  t h e  power spec t ra l  d e n s i t y  o f  the  l o a d  and 

H(,) is  the t r a n s f e r  f u n c t i o n  of  t h e  s y s t e m ,  When the s y s t e m  

is s u b j e c t e d  s imul t aneous ly  a t  s e v e r a l  p o i n t s  t o  a s t a t i o n a r y  

homogeneous random lo.ad f i e l d  f(r  t )  which v a r i e s  i n  space  

as w e l l  as i n  t i m e ,  E q , ( l )  must be r e p l d c e d l m 2  by 
-0 

where H and @ f  are f u n c t i o n s  of t h e  wave numbers k,, k,, k, 

d e f i n i n g  the v e c t o r  k and of  t he  frequency w 0  Whether 

Eq,(l) o r  Eq, (2) is  used t o  de te rmine  + , ( w ) ,  the  mean-square 

v a l u e  o f  the response  may be expres sed  as 

+ 

If the  l o a d  f i e l d  i s  n o t  p e r f e c t l y  random spacewise ,  i t  

is g e n e r a l l y  p o s s f b l e  t o  d e f i n e  a c o r r e l a t i o n  l e n g t h  o r  scale 
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8 I 

L d i f f e r e n t  from z e r o o  When the l a r g e s t  dimension of  t h e  

s y s t e m  i s  small  compared t o  L, as i t  ccciirs i n  many c a s e s  of 

p r a c t i c a l  i n t e r e s t  ( e o g o  t h e  resporise of' an a i r p l a n e  t o  atmos- 

p h e r i c  t u r b u l e n c e ) ,  i.t :S 3 f t e n  assumed t h a t  the  spacewise  

v a r i a t i o n s  i n  the load f i e l d  may be n e g l e c t e d  and Eq,(l) i s  

used ,  Such an  assumption leads t o  a conqe rva t ive  estimate 

o f  the p r o b a b i l i t y  of s u r v i v a l  o f  a s t r u c t u r e  s u b j e c t e d  t o  a 

random l o a d  f i e l d  when t h e  c r i t i c a l  response  q ( t )  depends 

c h i e f l y  upon the even-order modes d f  v i d r a t i o n  o f  the s t r u c t u r e ,  

Indeed ,  t h i s  assumption i s  e q u i v a l e n t  td t h a t  o f  complete 

coherence of the l o a d  f i e l d  a t  a l l  inpu-t; p o i n t s  and r e s u l t s  

i n  a high estimate o f  F2J 
q ( t )  depends i n  a l a r g e  measure on the  odd-order modes o f  

v i b r a t i o n ,  t h i s  assumption may w e l l  lead'  t o  a low estimate o f  

q2 s i n c e  i t  does no t  make any al lowance ' f o r  the p o s s i b i l i t y  

of e x c i t a t i o n  of such  inodeso 

On the other hand, when t h e  response  

- 

We s h a l l  p r e s e n t  i n  t h i s  paper a method f o r  de t e rmin ing  

whether the s i m p l i f i e d  analysis based on Eq,(l) leads t o  a ~ 

c o n s e r v a t i v e  estimate o f  t h e  p r o b a b i l i t y  o f  s u r v i v a l  of  a 

g iven  s t r u c t u r e ,  We sha l l  a l s o  i n d i c a t e  how the power s p e c t r a l  

d e n s i t y  o b t a i n e d  from E q , ( l )  and t h e  cor responding  va lue  o f  

t h e  mean s q u a r e  of  t h e  response shou ld  be c o r r e c t e d  t o  take 

i n t o  account  the e f f e c t  o f  spacewise  v a r i a t i o n s  f n  t h e  load  

f i e l d ,  The method p resen ted  may b e  ea s i ly  a p p l i e d  t o  t h e  

I 
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I .  

a n a l y s i s  of  t h e  r e sponse  of 8 Yalage airframe t o  a tmosphe r i c  

t u r b u l e n c e  

i o n s  f o p  t h e  C o r r e c t i o n s  t o  the Power 

-Density and t h e  Mean Square of  the  Response 
_-__I , 0- 

Denoting r e s p e c t i v e l y  by 4qa ( a >  and c$ the  power s p e c t r a l  

d e n s f t y  and t h e  mean squa re  o f  t h e  r e sponse  o b t a i n e d  from t h e  

s i m p l i f i e d  a n a l y s i s  based on E q ,  (91, and by 

the e x a c t  e x p r e s s i o n s  o b t a i n e d  from E q , / ( 2 ) ,  w e  d e f i n e  t h e  

c o r r e c t i o n s  

4 q ( w >  and T2 

and 

The o b j e c t  o f  t h i s  s e c t i o n  i s  to f i n d  approximate e x p r e s s i o n s  

f o r  these two c o r r e c t i o n s c  

We first r e c a l l 2  t h a t  t h e  transfer f u n c t i o n  H ( k , w )  used i n  
A* 

Eq,(2) is d e f i n e d  as the mul%fplc  Pouridlr  t r a n s f o r m  

of  t h e  r e sponse  h of the system t o  a u n i t  impulse a p p l i e d  a t  

- 6 -  



. 

p o i n t  rt and t i m e  t *  .The v e c t o r  s and the sca l a r  u r e p r e s e n t ,  

r e s p e c t i v e l y ,  the  d i f f e r e n c e s  s = r - rv and u = t - t v  , 
where r d e f i n e s  a r e f e r e n c e  p o i n t  fixed i n  t h e  s y s t e m  and t 

the time a t  which t h e  response is measured. It may be v e r i -  

f i e d  tha t  H ( k , w )  r e p r e s e n t s  the complex amplf tude o f  t h e  

response  of  t h e  s y s t e m  t o  t h e  l s ad fng  

8vw #wP 

fyvI 

Afw 

cor re spond ing  t o  a t r a i n  o f  normal p l ane  s i n u s o f d a l  waves 

of wave l e n g t h  2n/Ikl moving i n  the  d i r e c t f o n  - k / l k l  a t  

t h e  speed m/lki , 

d i n g  reduces  t o  t h e  coherent  s i n u s o i d a l  l o a d i n g  efot  . 
4w A A . . &  

When k i s  chosen e q u a l  t o  z e r o ,  t h i s  loa-  
/vG Ahr 

Thus 

where H ( w )  i s  the  conven t iona l  traqsfer f u n c t i o n  used i n  Eq,(l), 

S i m i l a r l y ,  t h e  power spec t r a l  d e n s i t y  Qp(kpW)  i s  d e f i n e d  
fL%- 

as t h e  m u l t i p l e  F o u r i e r  t r a n s f o r m  

o f  the c o r r e l a t i o n  f u n c t i o n  of the l o a d  f i e l d  i n  s p a c e  and 

i n  t ime, Taking the i n v e r s e  t r ans fo rm i n  k o f  bo th  members 

of  Eqo(9r and making p = 0 y i e l d s  t h e  r e l a t i o n  
,- 

4M 
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where O f ( w )  i s  the  convent iona l  power s p e c t r a l  d e n s i t y  used 

i n  Eq,(l), Since the  corre.!Latfon Funct ion  P f ( p 3 T )  i s  an 
nrr. 

even f u n c t i o n  o f  each o f  t h e  components ' o f  p p  i t s  t r ans fo rm 

Of(k,w) i s  s i m i l a r l y  an even f u n c t i o n  of each  o f  t h e  wave 

numbers k i  

& - 
We may thus  write t h e  f a l ldwing  r e l a t i o n s :  

We shal l  now expand the f u n c t i o n  IH(k w )  l 2  ,-' 
ser ies  i n  the  v a r i a b l e s  k i e  We write 

(11) 

i n  a Tay lo r  

S u b s t i t u t i n g  i n t o  Eq, ( 2 )  and t a k i n g  i n t o  account  t h e  r e l a t i o n s  

(111, we have 

+ 0 0 0  

- 8 -  
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R e c a l l i n g  Eqs,(8) and ( l o ) ,  we observe t h a t  t h e  f i r s t  term 

i n  t h e  r igh t -hand member o f  Eq,(13)  r e p r e s e n t s  t h e  power 

s p e c t r a l  d e n s i t y  O q O ( w )  ob ta ined  from Eq,  (1) 

and 

and n e g l e c t i n g  h igher -order  terms w e  may t h e r e f o r e  write t h e  

c o r r e c t i o n s  ( 4 )  and ( 5 )  i n  t h e  forms 

3 

The r e s u l t  o b t a i n e d  shows t ha t  the dynamic c h a r a c t e r i s t i c s  

of  t h e  s t r u c t u r e  and t h e  s t a t i s t i c a l  c h a r a c t e r i s t i c s  of t h e  

l o a d  f i e l d  may b e  handled s e p a r a t e l y  i n  t h e  computation of  

t he  c o r r e c t i o n  A a q ( w ) ;  the  former a f f e c t  only the  f u n c t i o n s  

F i (w)  and t h e  l a t t e r  t h e  f u n c t i o n s  G i ( o ) , ,  It may b e  f u r t h e r  

no ted  t h a t ,  i n  the case  of an i s o t r o p i c  l o a d  f i e l d ,  t h e  three 

f u n c t i o n s  G i ( w )  are equa l ,  Denoting t h e i r  common va lue  by 

G ( o )  we may wr i te  f o r  t h a t  ca se  

- 9 -  



Since  t h e  f u n c t i o n s  Gi( w )  are non-negative,  the c o r r e c t  i o n  

A T 2  w i l l  be n e g a t i v e  and t h e  approximation (1) c o n s e r v a t i v e  

i f  t he  f u n c t i o n s  Fi (w)  a r e  n e g a t i v e  f o r  a l l  va lues  of W ,  If 

t h e  f u n c t i o n s  Fi(w) are p o s i t i v e  f o r  a l l  va lues  of w ,  t he  

approximation (1) i s  c l e a r l y  non-conservat ive If the  

f u n c t i o n s  Fi(  w )  have p o s i t i v e  and n e g a t i v e  v a l u e s ,  t h e  i n t e -  

g r a t i o n  i n  (17)  m u s t  b e  carr ied o u t  t o  determine whether t h e  

approximation is  conse rva t ive  o r  no t  

Before w e  t u r n  o u r  a t t e n t i o n  t o  t he  computation of t h e  

f u n c t i o n s  Fi(w) w e  s h a l l  show t h a t  the  e x p r e s s i o n s  (16) and 

( 1 7 )  ob ta ined  f o r  the  c o r r e c t i o n s  we  of  t h e  o r d e r  of L- , 
where L i s  the  s c a l e  o f  the load  f i e l d  and tha t  the  terms 

n e g l e c t e d  i n  w r i t i n g  these e x p r e s s i o n s  are of the  o r d e r  of 

L- and h ighe r ,  In t roduc ing  t h e  dimensionless  wave numbers 

K i  = L k i  

f unc ti on 

2 

and the corresponding v e c t o r 5  w e  d e f i n e  the 

and r e f e r r i n g  t o  Eq,(lO), v e r i f y  that  the  i n t e g r a l  

i s  independent  of  t h e  scale Lo 

of  @I. i n  ( 1 5 ) ,  we wri te  

S u b s t i t u t i n g  f o r  Q f  i n  terms 

- 10 - 



which shows tha t  t h e  func t ions  G i ( w ) ,  arid t h u s  t h e  c o r r e c t i o n s  

A o q ( w )  and A F: are f o r  a g i v e n  s t r u c t u r e  of  the  o r d e r  

of Lw2, 

non-zero terms n e g l e c t e d  i n  (13) is '  o f  t h e  o r d e r  of Lo , 

A s imi la r  analysis would show t ha t  t h e  f i r s t  o f  t h e  
4 

3 0  Computation of  t h e  Funct ions Fi(w) 

The computat ion of the f u n c t i o n s  F i ( u )  from t h e  t r a n s f e r  

f u n c t i o n  H ( k , w )  i t s e l f  would be  q u i t e  cumbersome s i n c e  i t  

would i n v o l v e  the de te rmina t ion  o f  t h e  response  of t h e  system 

t o  t r a i n s  of s i n u s o i d a l  waves of a l l  p o s s i b l e  wave-lengths 

moving i n  a l l  d i r e c t i o n s  and a t  eve ry  p o s s i b l e  v e l o c i t y ,  We 

sha l l  show i n  t h i s  s e c t i o n  t ha t  they  may i n s t e a d  b e  computed 

from the response  of  t h e  sys tem t o  a few s imple  cohe ren t  

s i n u s o i d a l  l o a d i n g s  , 

m 

Noting first t h a t  

where H* deno tes  t h e  complex con juga te  of H ,  and s u b s t i t u t i n g  

i n  Eq,(14), w e  wr i te  

'w - 11 - 



But from Eqo(6) we have 

and 

Consider  now the two p a r t i c u l a r  d e t e r m i n i s t i c  s i n u s o i d a l  

l oad ings  

which, a t  any g iven  f s n t a n t  , are r e p r e s e n t e d  r e s p e c t i v e l y  

by a l i n e a r  and a p a r a b o l i c  d i s t r i b u t i o n  o f  loads  i n  the  

ri c o o r d i n a t e ,  

t o  a l o a d  f i e l d  

Reca l l i ng2  t h a t  t he  response  of the  s y s t e m  

f(&t)  i s  

and choosing t h e  r e f e r e n c e  p o i n t  a t  the  o r i g i n  of the s y s t e m  

of axes , C r = O ) ,  we express  t h e  responses  o f  t h e  sys t ,em t o  

t he  load ings  ( 2 2 )  r e s p e c t i v e l y  as 
w 

and 
- 12 - 



. 

where Hi and Hi2  represent complex ampl i tudes  ,, Comparing 

(20) and (21)  wi th  (23)  and (24)  r e s p e c t i v e l y ,  w e  easily 

v e r i f y  t h a t  

S u b s t i t u t i n g  from (253 i n t o  (191, w e  have 

I n t r o d u c i n g  t h e  phase ang les  e ( w )  and 0 i 2 ( w )  o f  t h e  complex 

ampl i tudes  H (  w )  and H P 2 ( 0 )  w e  may e x p r e s s  t h e  f u n c t i o n s  

F i ( d  i n  the a l t e r n a t e  form 

We n o t e  t h a t  H(w) is  o b t a i n e d  from the  response  of t h e  
i ut 

s y s t e m  t o  the  uniform coherent  s i n u s o i d a l  l o a d i n g  e and 

t h a t  i t s  d e t e r m i n a t i o n  is par t  o f  t h e  s i m p l i f i e d  a n a l y s i s  

based on Eq,(l), Thus, i n  the most g e n e r a l  c a s e ,  t h e  

computat ion of the f u n c t i o n s  Fi(w) and of t h e  c o r r e c t i o n  

A @,(w) depends on the  d e t e r m i n a t i o n  o f  t h e  response of  t h e  

- 13 - 



s y s t e m  t o  t h e  s i x  simple d e t e r m i n i s t i c  l oad ings  d e f i n e d  i n  

( 2 2 ) ,  Note t ha t  i n  many a p p l i c a t i o n s  one w i l l  be concerned 

w i t h  the spacewise v a r i a t i o n  of  t h e  l o a d  f i e l d  i n  one dimen- 

s i o n  only;  the  computation of t he  c o r r e c t i o n  A 9 q ( w )  will 

t h e n  r e q u i r e  t h e  de t e rmina t ion  of the response  o f  t h e  s y s t e m  

t o  only two loadfngs ,  

4 .  ExamDle 

As an example of a p p l i c a t i o n  6f t he  proposed method we 

s h a l l  c o n s i d e r  the r i g i d  beam of  l e n g t h  2b shown i n  Fig.1. 

The beam i s  s u b j e c t e d  t o  a random load ing  f ( x , t ) ,  of s c a l e  

L l a r g e  compared t o  b, and the response q ( t )  of i n t e r e s t  i s  t h e  

a c c e l e r a t i o n  of the r ight-hand t i p  o f  t he  beam (x=b):. The 

beam i s  suppor t ed  by two i d e n t i c a l  s p r i n g s  l o c a t e d  a t  d i s t a n c e  

- a from i ts  c e n t e r ,  and we assume f o r  s i m p l i c i t y  that the  

system is  undamped, This assumption p rec ludes  t he  determi- 

n a t i o n  of the mean square  of t h e  response ,  b u t  i t  f a c i l i t a t e s  

t h e  d i s c u s s i o n  of the c o r r e c t i o n  A cpq(w).  

We assume t h a t  the  s i m p l i f i e d  a n a l y s i s  based on E q . ( l ) ,  

i , e 9 0 n  the assumption of  a cohe ren t  l oad ing ,  random i n  time 

on ly ,  has been c a r r i e d  o u t  and t h a t  the  cor responding  
I 

approximate e x p r e s s i o n  9 ( w )  f o r  t h e  power s p e c t r a l  

d e n s i t y  has been obta ined ,  Th i s  computation r e q u i r e s  t h e  

de t e rmina t ion  o f  t h e  conven t iona l  t r a n s f e r  f u n c t i o n  H(  W) 

g 0  

- 14 - 



r e p r e s e n t i n g  the complex ampl i tude  o f  the response of the  

s y s t e m  t o  the  uniform s i n u s o f d a l  l o a d i n g  of F i g o 2 a o  

Denoting by M t h e  mass of t h e  beam, by wo i t s  n a t u r a l  fre- 

quency i n  t h e  t r a n s l a t i o n a l  mode, and by v i t s  c e n t r o i d a l  

r a d i u s  o f  g y r a t i o n ,  we have 

The computation of  the c o r r e c t i o n  A Q ~ ( u )  n e c e s s i t a t e d  

by the  spacewise v a r f a t i o n  of t h e  load  f i e l d  r e q u i r e s  t h e  

de t e rmina t ion  o f  the response of  t h e  system t o  the two 

a d d i t i o n a l  l o a d i n g s  shown i n  F i g s o 2 b  and 2c,  The c o r r e s -  

ponding complex ampl i tudes  are 

and 

S u b s t i t u t i n g  from E q s o ( 2 8 ) ,  (291, and (30) i n t o  Eq.(27) ,  

assuming tha t  t he  beam i s  a s l e n d e r  r o d  ( v 2  = b2 /3 )  , and 

obse rv ing  t h a t  f o r  a r i g i d  beam the responses  t o  t h e  load ings  

( a )  and ( c )  are i n  phase ( 0 2  = 0 1 ,  we have 

- 15 - 
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o r ,  s e t t i n g  = u and = v, 

- 4b2u2 1 F(w) = - 
M2 ( u - 3 ~ ) ~  3 ( ~ - 1 ) ~  

The r e g i o n s  o f  the  uv p lane  for which F(w) i s  p o s i t i v e  and 

those f o r  which i t  i s  n e g a t i v e  are shown i n  F i g o 3 .  

L e t  us f irst  c o n s i d e r  the  c a s e  where t h e  s p r i n g s  are 

attached a t  t h e  t i p s  of t h e  beam ( a  = b), which i s  repre- 

s e n t e d  i n  F i g ,  3 by t h e  h o r i z o n t a l  l i n e  v = 1, A t  low 

f r e q u e n c i e s ,  t h e  beam responds less r ead i ly  i n  r o t a t i o n  

t h a n  i n  t r a n s l a t i o n ;  we have F(w) < 0 and, from E q . ( 1 8 ) ,  

A 4,(@) < 0 ,  which i n d i c a t e s  t ha t  the  c o r r e c t  v a l u e  o f  

4 , : ~ )  is s n a l l e r  t h a n  t h e  approximate va lue  $ , o ( ~ )  o b t a i n e d  

from Eq ,  (11, T h i s  c o n d i t i o n  pers is ts  as w and u i n c r e a s e  

and as we pass through resonance  i n  t r a n s l a t i o n  (u = 1). 

However, f o r  h i g h e r  f r e q u e n c i e s  t h e  s i t u a t i o n  i s  r e v e r s e d ;  

the  beam responds  more r e a d i l y  i n  r o t a t i o n  and w e  have 

If w e  now choose a v a l u e  o f  a F(w) > 0 ,  

smaller t h a n  the  r a d i u s  o f  g y r a t i o n  b /dJ  o f  t h e  beam, cor- 

r e spond ing  t o  t h e  dashed h o r i z o n t a l  l i n e  i n  F ig ,3 ,  w e  f i n d  

- A 4 q ( ~ )  > 0. 

t ha t  a t  low f r e q u e n c i e s  F ( w )  and A 4  (w) are p o s i t i v e  and 

t h e  c o r r e c t  va lue  of 4 ( w )  i s  larger  t h a n  t h e  approximate 
9 

9 
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va lue  4 ( w )  o b t a i n e d  from E q . ( l ) o  The s i t u a t i o n  persists 

as w f n c r e a s e s  and as w e  pass through resonance  i n  r o t a t i o n  

( v  = u/3) ,  b u t  r e v e r s e s  i t s e l f  as w e  approach and pass 

through resonance i n  t r a n s l a t i o n  (u  = l l Q  For  h i g h e r  

f r e q u e n c i e s ,  t h e  beam responds aga in  more r e a d i l y  i n  r o t a -  

t i o n  and F(w) becomes p o s i t i v e ,  

90 

Conclusion 

It h a s  been shown t h a t  t h e  e f f e c t  o f  spacewise va- 

r i a t i o n s  i n  a random load  f i e l d  on t h e  response  of  a mul t i -  

d imens iona l  l i n e a r  system may be determined by computing 

t h e  response o f  the  system t o  a few s imple  d e t e r m i n i s t i c  

l oad ings ,  p rov ided  t h a t  t h e  s c a l e  o f  t h e  f i e l d  i s  large,, 

T h i s  approach makes i t  p o s s i b l e  t o  de te rmine  whether a 

simplifiec! a n a l y s i s  based on t h e  assumption of no space-  

wise v a r i a t i o n s  i n  the load  f i e l d  is c o n s e r v a t i v e  o r  n o t ,  

I t  a l s o  y i e l d s  t h e  c o r r e c t i o n  A $  which s h o u l d  be added t o  

t he  va lue  o f  the power s p e c t r a l  d e n s i t y  o b t a i n e d  from t h e  

s i m p l i f i e d  a n a l y s i s .  While t h e  e f f e c t  o f  t h i s  c o r r e c t i o n  

on the  va lue  o f  the mean squa re  of the  s y s t e m  response  

has been emphasized i n  o u r  p r e s e n t a t i o n ,  i t  s h o u l d  b e  no ted  

t h a t  t h e  c o r r e c t e d  value of  t h e  power s p e c t r a l  d e n s i t y  

O q ( w )  may b e  used t o  determine many o t h e r  s t a t i s t i c a l  

c h a r a c t e r i s t i c s  of  t h e  response  which depend d i r e c t l y  upon 

such as t h e  expec ted  number of c r o s s i n g s  o f  a g iven  

9 

% ' 
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l e v e l  p e r  u n i t  time, the  expec ted  number of  maxima 'or 

minima o f  the  response p e r  u n i t  time3, the p r o b a b i l i t y  of 

exceedance o f  a g iven  l e v e l  d u r i n g  a g iven  time i n t e r v a l ,  

e t c ,  I n  view o f  t h e  p r e s e n t  renewal  of i n t e r e s t  i n  l a r g e  

t r a n s p o r t  airplanes,  i t  is b e l i e v 3 d  t h a t  the approach 

p r e s e n t e d  here w i l l  f i n d  many useful a p p l i c a t i o n s  



Y 

FIG. 3 
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