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The s p i n - l a t t i c e  Hamiltonian f irst  proposed by Van Vleck t o  

e x p l a i n  e l e c t r o n i c  sp in- la  tt ice  r e l a x a t i o n  has been experimental ly  

determined f o r  C r  

obtained through measurements on the e f f e c t  of app l i ed  u n i a x i a l  

3+ ions i n  ruby s i n g l e  c r y s t a l s .  I ts  magnitude w 8 s  

stress on the ESR spectrum o f  the C r  3+ ions.  The s p i n - l a t t i c e  

Hamiltonian was found t o  be a quadra t ic  s p i n  opera tor ,  i n  agreement 

w i t h  Van V l e c k ' s  p red ic t ion ,  w i t h  no evidence f o r  any o t h e r  s p i n  

dependence. X t  was alss determined through these measurements that 

the C r 3 +  ions can be considered, for i n t e r a c t i o n s  w i t h  l a t t i c e  modes, 

t o  occupy two inequiva len t  types of s i t e  i n  the A 1  0 l a t t i c e .  
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I In t roduct ion  

The s p i n - l a t t i c e  i n t e r a c t i o n  f o r  an i n s u l a t i n g  paramagnetic 

c r y s t a l  was f i rs t  t r e a t e d  success fu l ly  by Van Vleckl) i n  terms of 

an  l n t e r a c t i o n  Hamiltonian derived from c r y s t a l - f i e l d  theory.  I n  

Van Vleck ' s  t reatment  the i n t e r a c t i o n  between the magnetic moment 

of an  ion and v i b r a t i o n s  of the c rys ta l  l a t t i c e  comes about i n -  

directly: the l a t t i c e  v ib ra t ions  modulate the crystal  f i e l d ,  

thereby per turb ing  the o r b i t a l  s ta te  of the ion;  sp in -o rb i t  coupling 

then t ransmi ts  t h i s  per turba t ion  of the o r b i t a l  e l e c t r o n i c  motien 

t o  the s p i n  of the ion .  Because t h i s  i n t e r a c t i o n  between the l a t t i c e  

v i b r a t i o n s  and the s p i n  of the ion  is a second-order process,  Van 

Vleck found f o r  the iron-group ions that he considered, which have 

s t r o n g l y  quenched o r b i t a l  angular  momentum, that the dominant part 

of the i n t e r a c t i o n  can be expressed a s  an ope ra to r  quadra t i c  i n  the  

e f f e c t i v e  s p i n  of the ion .  This s p i n  opera tor ,  the s p i n - l a t t i c e  

Hamiltonian, is a l s o ,  t o  first order ,  l i n e a r l y  dependent on the 

l a t t i c e  s t ra ' rn ,  and it  therefore  l eads  t o  the 

l a t t i c e  r e l a x a t i c n  which d m i n a t e s  r e l a x a t i o n  

tenrpera t u r e  . 

one-phonon s p i n -  

processes a t  low 

2 )  Using  microwave-ultrasonic techniques Shi ren  and Tucker 

v e r i f i e d  Van Vleck 's  p red ic t ion  of the quadra t i c  s p i n  dependence of 

the s p i n - l a t t i c e  Hamiltonian, and they  determined the magnitude of 

the i n t e r a c t i o n  f o r  s e v e r a l  iron-group ions 

Sb?iren5) and by Donoho6) that one-phonon r e l a x a t i o n  times predic ted  

from exper imenta l ly  measured values of Van Vleck 's  s p i n - l a t t i c e  

Hamiltonian a r e  i n  good agreement w i t h  observed r e l a x a t i o n  times 

e It was shown by 394) 
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An e x c e l l e n t  r ev iew of experimental and t h e o r e t i c a l  work on s p f n -  

l a t t i c e  i n t e r a c t i o n s  f o r  iron-group ions has r e c e n t l y  been p u b l i s h e d  

by Tucker 7 )  . 
T h i s  paper desc r ibes  a measurement of the s p i n - l a t t i c e  

Hamiltonian f o r  C r 3 +  ions in ruby. I n  t h i s  experiment u n i a x i a l  

s t r e s s  was app l i ed  t o  s ing le  c r y s t a l s  of ruby a long  var ious crys-  

ta lbographic  d i r e c t i o n s ,  and the r e s u l t i n g  changes i n  the ESR 

spec tmrn  were measured accu ra t e ly  a t  a frequency of approximately 

:0.8 GHz. These changes a r e  i n t e r p r e t e d  a s  being due t o  a sp5n-  

L a t t i c e  Hamiltonian quadra t i c  i n  s p i n  and l i n e a r  i n  the l a t t i c e  

s t r a i n  due t o  the app l i ed  stress. T h i s  s t ress- induced s p i n - l a t t i c e  

Hamiltonian i s  regarded as  a per turba t ion  added t o  the normal s p i n  

Hamiltonian of the C r 3 +  ion; t h i s  pe r tu rba t ion  causes a s h i f t  i n  

the energy l e v e l s  of the ion. From the measurements descr ibed here ,  

most of the q u a n t i t i e s  c,haracterizing the s p i n - l a t t i c e  Hamiltonian 

were determined t o  an  accuracy of s e v e r a l  p e r  cen t .  In  a d d i t i o n  i t  

was determined that na a d d i t i o n a l  terms i n  the s p i n - l a t t i c e  

Harnf%tenfan, such a s  terms l i n e a r  i n  the sp in ,  a r e  present  t o  any 

apprec iab le  e x t e n t .  It was f u r t h e r  determined t h a t  the C r 3 +  ions i n  

ruby occupy two inequiva len t  s i tes  w i t h  r e spec t  t o  t h e i r  i n t e r a c t i o n  

w i t h  l a t t i c e  s t r a i n ,  r e s u l t i n g  i n  d i f f e r e n t  values  for the sp in -  

l a t t i c e  Hamiltonian cons tan ts  f o r  the two s i tes .  T h i s  r e s u l t  is  

a i r n i l s r  t o  that obtained by Royce and Bloembergen8) i n  s tudying  t h e  

e f f e c t  of an  app l i ed  e l e c t r i c  f i e l d  on the ESR spectrum of ruby ,  

Measurements s i m i l a r  t o  those reported here have been c a r r i e d  Q U t  by 

Feher and idatkinsg) and by Feher  lo’ f o r  s e v e r a l  iron-group ions in  Migo, 
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The r e s u l t s  r e p o r t e d  here a r e  i n  good agreement w i t h  u l t r a s o n i c -  
paramagnetic-resonance measurements of Tucker4), and Dobrov 11 1 

11, Theory 

I n  order  t o  f a c i l i t a t e  understanding of the experimental  
, 

method used here and the  a n a l y s i s  of  the r e s u l t s ,  c e r t a i n  a spec t s  .- 
of the theory of s p i n - l a t t i c e  i n t e r a c t i o n s  and its a p p l i c a t i o n  to 

the experirrsentsl s i t u a t i o n  s tud ied  here must be considered,  Only a 

ra ther  phenmens.2ogical treatment is undertaken, however, s ince  a 

d e t a i l e d  d e r i m t i o n  of the s p i n - l a t t i c e  Hamiltonian has been given 
by Van Vleck 1) and, more recent ly ,  by Mattuck and Strandberg 12 ) 

The Cr3* ion i n  ruby is i n  a t r i g o n a l  environment which l e a d s  

t o  a n  a x i a l l y  symnetric spin Hamiltonian 

where the  g-tensor is  nea r ly  equal to that f o r  a free e l e c t r o n  be- 

caum of the s t r o n g  o r b i t a l  quenching. The e f f e c t  of a c r y s t a l -  

fie'd component of symmetry lower than t r i g o n a l  would be t o  introduce 

a d d i t i o n a l  quadra t ic  s p i n  terms, but  such a f i e l d  would have only  a 

very small e f f e c t  on the value o f  the g-tensor.  T h i s  f a c t  is  c l e a r l y  

e x k i b l t e d  i n  a comparison of the s p i n  Hamiltonian of the C r 3 +  ion i n  

mby w i t h  t h a t  i n  MgO. The large t r i g o n a l  f i e l d  in t roduces  a zero- 

f i e2d  s p l i t t i n g ,  2 0 ,  i n  the case of ruby, b u t  the g- tensors  i n  the 

twc cases a r e  only s l i g h t l y  d i f f e r e n t .  Consequently, when the 

L a t t i c e  is s t r a i n e d ,  r e s u l t i n g  in  the production of c r y s t a l - f i e l d  

components af lower symmetry than i n  the uns t r a ined  c r y s t a l ,  it can 
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reasonably be expected that the s t ra in- induced pe r tu rba t ion  t o  the 

s p i n  Hamiltonian would be predominantly quadra t i c  i n  the s p i n .  
, 

Although a term l i n e a r  i n  both s p i n  and magnet ic-f ie ld  s t r e n g t h  might 

a l s c  be present ,  it should be qu i t e  small  i n  i ts  e f f e c t  compared t o  

have, i n  f a c t ,  shown 12 1 
the quadra t i c  tern. Mattuck and Strandberg 

that the r a t i o  of the term l i n e a r  i n  s p i n  t o  the quadra t i c  term is I , 

a p p r o x i m t e l g  the r a t i o  of the Zeeman energy t o  the sp in -o rb i t  

energy, The Linear term In  t h i s  case should,  t he re fo re ,  be rou@-ly 

twa  c-derse of m g n i t u d e  smaller t h a n  the quadra t i c  term, and i t  is  

not  considered f u r t h e r  i n  t h i s  d i scuss ion ,  

I 

The most g e n e m l  quadrat ic ,  Hermitian s p i n  opera tor  which can 

be used f o r  the pe r tu rb ing  s p i n - l a t t i c e  Hamiltonian is 

H = 2 FiJ Si Sj 
SL 1’ j 

where F is  a second-rank, symmetric, t r a c e l e s s  t e n s o r  which depends 

cn tke l a t t i c e  s t r a i n .  

repreaented i n  the fol lowing way: 

hM 

For a l inear  s t r a i n  dependence, n-n F can be 

Zn the above express ion ,  e is the conventional s t r a i n  tensor ,  and 

6 is 8 fourth-rank t e n s o r  symmetric t o  the interchange of - i and d, 

cr - k and &, but  not  n e c e s s a r i l y  symmetric t o  the interchange of any  

o the r  p a i r s  sf i n d i c e s ,  Because of t h i s  symmetry i t  is  poss ib le  t o  

hM - 
use t b ~ 2  f a m i l i a r  six-dimensional Voigt  no ta t ion ,  i n  which the number 

c f  inZ.i,ces i s  cont rac ted  i n  a manner widely used i n  the s t u d y  of the 

e l a s t i c  p rope r t i e s  of s o l i d s ,  In  t h i s  no ta t ion ,  F becomes a six- * 
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6 .  

dimensional vec tor ,  and G becomes a second-rank six-dimensional 
o+.w 

t ensor .  It should be noted t h a t  the cont rac ted  form of G does not  

n e c e s s a r i l y  possess the symmetry of e l a s t i c - c o n s t a n t  t enso r s  which 
w 

3+ j i ’  
would r equ i r e  that G = G 

i j  
Since the symmetry a t  each C r  is C 2 ,  the number of inde- 

J 

pendent components of G is  reduced frm 36 t o  10, and 

be w r i t t e n  i n  the fol lowing way: 

G =  

12 
G 

-% +G 12 1 

G 
41 

52 
-G 

Although the 

G 
12 

G1l 

-G 
41 

G 
52 

G16 

-G33/2 

-G33/2 

G 
33 
0 

0 

0 

G1 4 

14 
-G 

0 

44 

45 

25 

G 

-G 

G 

-G 
25 

25 
G 

0 

G 
45 

44 

14 

G 

G 

the t ensor  can 

G 
16 

16 
-G 

0 

G 
52 

G 
41 

3+ point-group symmetry a t  the C r  s i t e  is  only C 
3 j  - 

the maximum point-group symmetry of the A 1  0 c r y s t a l  l a t t i c e  is  
2 3  . If the symmetry operat ions of D not  included i n  C a r e  

D3sl 3d 3 
app l i ed  t a  G 

except  for G G G and G which merely change s i g n  under 

any of the two-fold r o t a t i o n s  of D 

G for each  ion i n  the m n n e r  described above, but  w i l l  have no 

It i s  found that all components of (4) a r e  unchanged, 
m9 

25 ~2~ 16’ 4 5 O  
Such a r o t a t i o n  w i l l  change 

3d 

.- 



. .  
7. 

3+ 
e f f e c t  on the s p i n  Hamiltonian. Thus, the C r  ions  can be regarded 

a s  occupying two non-equivalent types of s i t e ,  each  of which l eads  

t o  the same s p i n  Hamiltonian, but t o  d i f f e r e n t  s p i n - l a t t i c e  

Mami%tonians. As a r e s u l t ,  al though a l l  ions exhibit  the same ESR 

s p e c t r a  i n  an  uns t ra ined  c r y s t a l ,  ions i n  the d i f f e r e n t  types of 

s i t e  w U . ~ ,  i n  general ,  e x h i b i t  d i f f e r e n t  s p e c t r a  i n  a s t r a i n e d  

crystal .  The ESR spectrum f o r  such a s t r a i n e d  c r y s t a l  can, there- 

fo re ,  be expected t o  cons i s t  of a number of s p l i t  l i n e s .  T h i s  s p l i t -  

t i n g  is observed experimental ly  i n  the work repor ted  here, and i t s  

presence %Ctu%lly  s i m p l i f i e s  the a n a l y s i s  of the d a t a ,  r a t h e r  than 

in t roducing  any  complication. 

Experimental ly  it is  desired t o  perform measurements which 

permit the deduction of the components of G. T h i s  can be accomplished 

by measuring the magnetic-field s h i f t s  of the observable ESR 
lvJv 

abso rp t ion  l i n e s  a s  func t ions  o f  app l i ed  u n i a x i a l  stress Ex t rac t ion  

of the values  of the components of G is, however, somewhat complicated * 
i n  t h i s  case by the  f a c t  t h a t  there  a r t  t e n  independent components of 

G f a r  C r  ions i n  ruby and by the f a c t  that the a p p l i c a t i o n  of 

u n i a x i a l  stress g e n e r a l l y  produces a n  e f f e c t  on the ESR spectrum 

dependent on s e v e r a l  of these components s imultaneously.  It is  

3+ 
M 

necessary,  t he re fo re ,  t o  p e r f o m  measurements on a number of d i f -  

f e r e n t  c r y s t a l s  stressed a l o n g  c a r e f u l l y  chosen d i r e c t i o n s  such that  

EI s u f f i c i e n t  number of  independent r e l a t i o n s  between the observed 

l i n e  sh i f t s  and s p l i t t i n g s  and the components of G can be obtained.  

It i s  nezessary,  t he re fo re ,  t o  consider  the choice of appropr i a t e  

crystaLlographlc  d i r e c t i o n s  f o r  the a p p l i c a t i o n  of u n i a x i a l  i n  order  

rw 
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t o  c l a r i f y  the experimental  technique and the a n a l y s i s  of the data  

t o  be descr ibed  i n  the following s e c t i o n s .  

I f  the t o t a l  s p i n  Hamiltonian, the sum of equat ions (1) and 

(2), is diagonal ized under the  assumption that the components of F 

are smll  compared t o  both the Zeeman efiergy and the ze ro - f i e ld  
MK 

s p l i t t i n g  energy, 2D, a l i n e a r  r e l a t i o n s h i p  between the s h i f t  o r  

s p l i t t i n g  of  any resonance l i n e  and the components of F can be 

der4ved. Colmbinaticrn of t h i s  r e l a t i o n s h i p  w i t h  equat ion ( 3 )  then 
n*N. 

g i v e s  the  dependence of the l i n e  s h i f t  o r  s p l i t t i n g  on the components 

ef G m d  on the s t r a i n  r e s u l t i n g  from the a p p l i e d  u n i a x i a l  stress. 

The d a g o n a l i z a t i o n  of the s p i n  Hamiltonian is first considered. 
* 

The s e c u l a r  equat ion  f o r  the eigenvalues  of the s p i n  Hamiltonian 

is a q u a r t i c  equat ion i n  the energy whose s o l u t i o n  provides f o u r  

. Because of the zero- f ie ld  s p l i t t i n g ,  
Ei 

allowed values  of the energy, 

a l l  s ix  of the poss ib le  t r a n s i t i o n s  between these l e v e l s  a r e  gene ra l ly  

allowed, r e s u l t i n g  In  six observable resonance l i n e s  . The t r a n s i t i o n  

between levels i and j w i l l  be designated the i j  t r a n s i t i o n ,  w i t h  

corresponding t r a n s i t i o n  frequency 2, = (E -E )/h. The value of the 

magnet ic-f ie ld  s t r e n g t h  a t  resorance w i l l  be designated H 

va2ue c+f the resomnce  f i e l d  for a p a r t i c u l a r  t r a n s i t i o n  is a 

- - -  

i s  i s  
The 

i j '  

func t fon  cf the angle  between the  f i e l d  and the c-axis of the c r y s t a l ,  

Experimentally,  the resonance l i n e s  a r e  observed a t  a f ixed  t r a n s i t i o n  

f r q u e n c y  by vary ing  the magnetic-field s t r e n g t h  thrcugh the res3- 

nanee v81tle, sa t h a t  the e f f e c t  c.f a p p l i e d  u n i a x l a l  stress, which 

v a r i e s  the energy leve ls ,  is most convenient ly  descr ibed i n  terms of 

the s h i f t  i n  the resonant  magnetic-field s t r e n g t h  when stress i s  
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a p p l i e d .  

t r a n s i t i o n ,  by b H , then the s h i f t  a t  cons tan t  t r a n s i t i o n  

frequency 3 

If the stress-dependent l i n e  s h i f t  is denoted, f o r  the -- i j  

i j  
can be expressed as 

i j  

where the p a r t i a l  d e r i v a t i v e s  of the resonance f i e l d ,  H , w i t h  

r e spec t  t o  the components of F a r e  eva lua ted  a t  constant  3 

f r c ~ l  t he  i n p 2 i c i t  s o l u t i o n  o f  the s e c u l a r  equat ion f o r  tke resonance 

i j  

i j  - 
f:e.”d. Zf the x - z  plane is chosen a s  the plane conta in ing  the  

c-axis of the c r y s t a l  and  the  m g n e t i c  f i e l d ,  then it  i s  found that 

33 / J F  is  z e r o  un le s s  k = 1, 2,  3, o r  5. These d e r i v a t i v e s  a r e  
i j  k 

func t ions  of the angle  between the c-axis and the magnetic f i e l d ,  

and a r e  p l o t t e d  i n  f i g u r e s  1 and 2 f o r  the more important t r a n s i t i o n s  

observed i n  t h i s  experiment.  I n  these f i g u r e s  and in  all subsequent 

d i scuss ion ,  the energy l e v e l s  a re  numbered from 1 t o  4 i n  o rder  

of decreas ing  energy. The d e r i v a t i v e  3 H  / 3 F  i s  not  p lo t t ed ,  i d  2 
s ince  i t  is j u s t  the negat ive of 3~ / 3 ~  

i j  1 
The dependence of A H  on the components of G can now be i j  c.c- 

calcu3ated i f  the  dependence of the  components of F cn the components 

of G and on the  s t r a i n  can be evaluated.  As explained i n  Sec t ion  

1x1, i t  was necessary  experimental ly  t o  measure the component of 

r )  

,..-v- 

the s t x i n  a long  the a x i s  of un iax ia l  stress r a t h e r  than t o  measure 

t h e  stress i t s e l f .  It is, therefore ,  most convenient t o  express  the 

dependence of‘ F on G i n  terms of t h i s  measured s t r a i n ,  I n  the 

d i agona l i za t ion  of the s p i n  Hamiltonian and the computation of the 
#+-+ u” 

d e r i v a t i v e s ,  AH / h F  i t  is most convenient t o  use the coordinate  
i j  k’ 
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system a l r e a d y  descr ibed,  i n  which the z-axis is  the c-axis of 

the c r y s t a l  and the rnagnetic,,lies i n  the x-z plane a t  an  angle  6 

t o  the z-axis .  Consequently, in equat ion  (5 )  the components of 

F a r e  a l s o  evaluated i n  t h i s  coordinate system. However, as  ex- 

plained i n  w h a t  follows, the  c r y s t a l  may be r o t a t e d  s o  that i t s  

a-ax is  l i es  a t  any angle t o  the x-z plane. It is  most u s e f u l  

f i e l d  

Ivr, 

t c  express the components of G i n  some coordinate  system fixed i n  

the c r y s t a l ,  p referab ly  the same coordinate  system normally used 
- 

for the eva lua t ion  of the e l a s t i c  cons tan ts .  I n  the following con- 

s i d e r s t i o n s ,  t he re fo re ,  both the e l a s t i c  compliance and G a r e  - 
evalua ted  In a coordinate  system whose x-axis is the c rys t a l log raph ic  

sa-axis and whose z-axis  is the c -ax i s .  With re ference  now t o  the 

o r i g i n a l  coordinate  system used i n  the d i agona l i za t ion  of the s p i n  

Hamiltonian, l e t  the c r y s t a l  be or i en ted  w i t h  its +a-axis a t  an  

angLe -6 t o  the  x-axis. Let the u n i a x i a l  stress be app l i ed  i n  the 

x-z plane a t  an  angle  0 t o  the z -ax i s .  Then, i f  the e l a s t i c  com- 

p l iance  is s, and *the component of the s t r a i n  a long  the stress a x i s  - 
i a  e9  the  components of F can be w r i t t e n  a s  follows: 

w 
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3r, the above express ions  the q u a n t i t y  s '  is the component of the 

e l a s t i c  compliance t e n s o r  i n  a coordinate  system whose x-axis i s  the 

stress ax is ,  The va lues  f o r  the components o f  the e l a s t i c  com- 

p l l ance  used in  the a n a l y s i s  of the data i n  t h i s  experiment were thoge 

obta ined  by Wachtmnn e t  a1 . 13 -- 
It can be seen  from express ions  (6)-(8) that i f  the stress i s  

a p p l i e d  i n  the m-c plane, 9 = go", there i s  no dependence of the 

components of F on those components of G which change s i g n  between 

the two nsn-equivalent s i tes  discussed previous ly ,  Consequently, 

f a r  stress a p p l i e d  i n  the m-c plane the s t ress-dependent  l i n e  s h i f t s  

- /v*L 

G G , and G and there 
119 G129 G33' 14 '  41 44 

w i l l  depend only  upon G 
. .  

w i l l  be no l i n e  s p l i t t i n g .  For stress a p p l i e d  i n  any  o t h e r  plane,  

however, there w i l l  occur bo th  l i n e  s h i f t s  and s p l i t t i n g s ,  bu t  the 

s p l i t t i n g s  w U l  depend on ly  upon G 

important  t o  observe, however, that the components of G which lead t o  

1.ine s p l i t t i n g  occur  i n  equat ions (6)-(8)  on ly  i n  the combinations 

, and G It is 
25' G52' G16 45 

P."- 

(G,5-O"Ip70 G )and(G +0.159 G . This f a c t  means, o f  course,  that 
16 52 4 

rneasurerrient of the l i n e  s p l i t t i n g s  can only  provide the va lues  of 

these two combinations of these f o u r  components o f &  and no t  a l l  

f o u r  i n d i v i d u a l  va lues  
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The combiMtion of equat ion ( 5 )  wi th  equat ions (6) - (8)  

provides the d e s i r e d  r e l a t i o n s h i p  between the l i n e  s h i f t s  and 

s p l i t t i n g s  and the components of G. Inspec t ion  of these equat ions 

shows that  a s u f f i c i e n t  number of  independent r e l a t i o n s  w i l l  be 

obtained f o r  the determinat ion of a l l  the components of G, w i t h  

the  except ion noted above, i f  the l i n e  s h i f t s  a r e  measured f o r  

t h ree  d i f f e r e n t  d i r e c t i o n s  of the app l i ed  stress i n  the m-c 

plane (Q = 90" )  and the l i n e  s p l i t t i n g s  a r e  measured for two d i f -  

f e x n t  d i r e c t i o n s  of stress i n  the a-c plane (Q = 0" >. 

rm 

c"rr 

111. Experimental  Procedure 

Experimental ly  i t  was necessary t o  a p p l y  s t r e s s  i n  the ho r i -  

z o n t a l  plane,  which was the plane conta in ing  the magnetic f i e l d ,  

i n  o rde r  t o  avoid complication of the a n a l y s i s  descr ibed i n  the 

preceding a e c t i s n ,  I n  such a s i t u a t i o n  i t  is  d i f f i c u l t  t o  measure 

stress d i r e c t l y ,  a s  would be poss ib l e  i f ,  f o r  example, the stress 

were app l i ed  in  the v e r t i c a l  d i r e c t i o n  s o  that known weights cog2.d 

be used t o  produce the  stress, It is poss ib le ,  however, to measure 

the stress i n d i r e c t l y  by measuring the component of s t r a i n  a long  

the stress d i r e c t i o n .  Actually,  because of the t reatment  of the 

s p i n - l a t t i c e  Hamiltonian i n  terms of the l a t t i c e  s t r a i n ,  i t  is  

necessary t o  obta in  the s t r a i n  components i n  any even t ,  The meaaure- 

ment 6f any one of these components, under the condi t ion  of u n i a x i a l  

stress, permits the computation of a l l  the o the r  canpones,ts, There- 

fo re ,  the measurement of s t ra in  is a c t u a l l y  a more d i r e c t  

measurement of the des i r ed  q u a n t i t y  than would be the measurement 
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of stress. Consequently, the s t r a i n  a long  the s t r e s s  ax is  was 

measured by means of s t r a i n  gages cemented t o  the ruby c r y s t a l ,  and 

the  stress could then be a p p l i e d  i n  the h o r i z o n t a l  plane by means 

of a sLmple screw mechanism. 

The experimental  arrangement f o r  the a p p l i c a t i o n  of u n l a x i a l  

stress is shown schemat ica l ly  in  Figure 3, where the coordinates  

def ined i n  the previous s e c t i o n  are  a l s o  shown, f o r  c l a r i t y .  The 

eysystt%l was i n  the form of a rec tangular  rod, of square c ross  

see t i , sn ,  It was s i t u a t e d  i n  the c e n t e r  of a TE201 r ec t angu la r  

cav i ty ,  whose dimensions were such tha t  approximately 2 0  per cent  of 

the rod was loca ted  in s ide  the cav i ty .  Attached t o  the c r y s t a l  but  

ou t s ide  the c a v i t y  were four  s t r a i n  gages, one on each s ide of the 

c r y s t a l  . These s t r a i n  gages were s imple  r e s i s t a n c e  gages (Baldwin- 

Lima-lIamilton Type S R - 4 )  and were a t t ached  t o  the  sample w i t h  

Eaatman 910 cement, A l l  f o u r  gages were taken from the same pro- 

duc t ion  1st and were stated by the manufacturer t o  have the same 

gage f a c t o r  w i t h i n  one per  cent.  S t r e s s  was a p p l i e d  by a screw 

mechanism not shown i n  Figure 3 i n  such a way that the stress axis 

eeuLc1. be ad jus t ed  s l i g h t l y ,  This  adjustment of the stress axis was 

found t o  be necessary i n  o rde r  t o  insure that  the stress be t r u l y  

un-xial  and uniform, w i t h  n0 shear  components e E a r l y  measurements 

on ruby14) were found t o  be nonreproducible t o  same e x t e n t  because 

sf nonuniformity of the s t r e s s  and because of some bending of the 

c r y s t a l .  It was found, f o r  emraple, t h a t  un less  the stress a x i s  

was very  c a r e f u l l y  ad jus t ed  the s t r a i n  measured on cine s i d e  of the 

rod could d i f f e r  g r e a t l y  frm tha t  measured on the  o t h e r  s ides ,  
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This  e f f e c t  was appa ren t ly  due t o  the f a c t  that the ends of the  

sample a g a i n s t  which the screw mechanism pressed could not be 

made e x a c t l y  parallel and f l a t .  It was necessary,  therefore ,  t o  

a d j u s t  the d i r e c t i o n  of the stress a x i s  u n t i l  a l l  fou r  gages ind i -  

ca ted  the same s t r a i n  wi th in  - 5 x loo6. 

accomplished, a number of measurements a t  s t r a i n s  a s  high a s  

+ Once t h i s  alignment was 

400 x lom6 could be made without r e q u i r i n g  f u r t h e r  realignment.  The 

r e p r d u c t b i l i t y  of the r e su l t s  and the good agreement w i t h  theory 

w E c h  is  discussed i n  the following s e c t i o n  ind ica ted  that  t h i s  

method of a l i g n i n g  the s t r e s s  axis was adequate.  

The ruby c r y s t a l s  used i n  t h i s  experiment were s t a t e d  by the 

manufacturer t o  be low-atrain l a s e r - q u a l i t y  c r y s t a l s  conta in ing  
3+ 0.05 pe r  cen t  C r  ions .  Since the concent ra t ion  of C r 3 +  ions 

was not  important f o r  t h i s  experiment, no a t tempt  was made t o  de- 

termine it more a c c u r a t e l y .  The samples were o r i en ted  by means of 

a Laue back-ref lec t ion  X-ray camera t o  a n  accuracy of a p p r o x i m t e l y  

0.5" and were cu t  w i t h  a prec is ion  saw i n t o  r ec t angu la r  roes  of 

l e n g t h  1.5 cm and O.3-cm square c ross  s e c t i o n ,  The o r i e n t a t i o n s  

f o r  the f i v e  samples used were the following: 

Sample No. 1: 

Sample N o ,  2: 

( 63 = 45", @ = go"). 

Sample  N o .  3: 

Sample No. 4: 

( @ =  45", Q = 0"). 

Sample No. 5: 

S t r e s s  a long  c -ax i s  ( 0 = 0 " ) .  

Stress in  m-c plane a t  45" t o  c-axis 

S t r e s s  a long  m-axis ( 0 = go", P, = 90" ). 

St re s s  i n  a-c plane a t  45" t o  c-axis 

S t r e s s  a long  a-ax is  ( 0 = 90" i = 0" ) .  
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The f i rs t  three  samples were used f o r  l ine-sh i f t  measurements, and 

the Last two were used f o r  l i n e - s p l i t t i n g  measurements 

The ESR measurements were made a t  room temperature w i t h  a 

conventional X-band spectrameter  ope ra t ing  a t  a frequency of 

a p p r a i r n a t e l y  10.1 GHz. The magnetic-field s t r e n g t h  a t  the c e n t e r  

of each bine was measured a s  a func t ion  of measured s t r a i n  us ing  

a n  NMR gaussxneter. Line s h i f t s  i n  the range 10 to 50 oe r s t eds  

wem -2bserved t y p i c a l l y ,  and i t  was es t imated  tht they could be 

m a s u r e d  t o  8n accuracy of approximately 0.25 oersted. The data 

were recorded i n  the form of l i n e  s h i f t  ( o r  s p l i t t i n g )  from the 

uns t r a ined  p o s i t i o n  versus  s t r a i n .  Measurements were mde f o r  each 

observable t r a n s i t i o n  a t  s eve ra l  values  of the angle  between the 

f i e l d  and the c-axis.  For each t r a n s i t i o n  and angle  the q u a n t i t y  

A H  /e was obtained. Through the use of equat ions (5)-(8) a 

s e t  of r e l a t i o n s  between t h i s  q u a n t i t y  and the components of'% 

was obtained.  The components of G could then be obtained by 8 

s t r a igh t fo rward  leas t - squares  a n a l y s i s  of the da t a .  

ij 

rwI 

IV. Resul t s  

The a n a l y s i s  of  the da ta  by leas t - squares  techniques y ie lded  

the fol lowing r e s u l t s :  

+ -1 G = 4.57 - 0.3 cm 
1 1  

+ 
G = 6.40 - 0.13 

+ 33 

44 G = 1-97 - 0.15 em-' 

+ -1 
G = -0-43 - 0.13 cm 

1 4  
4- G = -0.63 - 0030 em"' 41  

25 

52 45 

+ + -1 

G +0.159 G = -l,43 20.3 cm-' 

G -0.070 G16 = -1 3 0  -0.2 cm 
+ 
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Curves computed from these leas t - squares  va lues  of the components 

of G are compared i n  Figures  4-7 t o  the da ta .  T h e  extremely good 

f i t ,  w i t h  no sys temat ic  devia t ions  between the curves and the data  

p a i n t s ,  is very good evidence that the predic ted  form of the sp in-  

l a t t i c e  Hamiltonian, given i n  equat ion (2), is the c o r r e c t  form. 

If there were an  apprec iab le  term i n  the s p i n - l a t t i c e  Hamiltonian 

l l n e a r  i n  sp in ,  then the computed curves would show a systematic  

d e v i s t i s n  frcim the data points .  

- 

As observed previously,  it is impossible to obta in  the 

G and G u s ing  u n i a x i a l  s t r e s s  
25’ 52” ‘16’ 45 

i nd iv idua l  values  of G 
- - 

a l o n e ,  The a p p l i c a t i o n  of some o t h e r  type of stress would pe rhaps  

permit the determinat ion of these q u a n t i t i e s  separately, but  i t  

was f e l t  that the a p p l i c a t i o n  o f  any type of stress o t h e r  than the 

u n i a x i a l  stress employed here would be very d i f f i c u l t  and would not  

y i e l d  information of g r e a t  enough importance to warrant the e f f o r t ,  

Although there seems t o  be no t h e o r e t i c a l  basis f o r  assuming 

a s-yametry to G of the form G = G j i ,  such a symmetry is not  i n -  
i j  rrmr 

c o n s i s t e n t  w i t h  the experimental  r e s u l t s .  

analyzed w i t h  the requirement of t h i s  form of symmetx?Y, which r e -  

I n  f a c t ,  i f  the da ta  a r e  

q u i r e s  that G = G = 0 , G 1 4 = G  , G  = G  p, and G +G = G 3 3 / 2 ,  

then tke values  obtained by the leas t - squares  a n a l y s i s  a r e  changed 
16 45 4 1  25 aa 12 

only  s l i g h t l y ,  and the f i t  o f  the computed curves to the experimen- 

t a l  po in t s  is a lmss t  as good, 

not exh ib i t  t h i s  syMletry, but the degree of asymmetry is, perhaps 

a c c i d e n t a l l y ,  s l i g h t  e 

The results,  a s  presented here ,  ds 
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The value f o r  G,, reported here is  i n  agreement wi th  the value 
11 1 Ad 

obtained by Tucker4),  5.7 cm”, and that  obtained by Dobrov 
_I -I 

5.9 cm by the method of u l t r a s o n i c  magnetic resonance. Dobrov’s 

v a l u e  f o r  G 

value repor ted  here Although Tucker’s measurement of G was 

the f irst  measurement of the s p i n - l a t t i c e  Hamiltonian, the accuracy 

of u l t r a s o n i c  measurements should not ,  i n  genera l ,  be a s  good a s  

t h t  which can be obtained by the method of u n i a x i a l  stress, because 

the u l t r a s o n i c  measurement requires, among o t h e r  th ings ,  a n  accu ra t e  

knowledge of the resonance l i n e  shape and the ion ic  concent ra t ion ,  

1.55 cm‘l, is not ,  however, i n  agreement w i t h  the 14’ 
33 

Ult rasonic  measurements i n  a t r i g o n a l  c r y s t a l  such a s  ruby a r e  

p a r t i c u l a r l y  complicated by the l a r g e  number of cons tan ts  t o  be 

determined i n  the s p i n - l a t t i c e  Hamiltonian . 

V Discussion 

T h i s  experiment has demonstrated the v a l i d i t y  of Van V l e c k P s  

theory sf the s p i n - l a t t i c e  i n t e r a c t i o n ,  I n  p a r t i c u l a r ,  the quadra t i c  

dependence of the s p i n - l a t t i c e  Hamiltonian has been q u i t e  we l l  

demonstrated.  Although the data do not permi t  the determination of 

the m g n i t u d e  of any tern l i n e a r  i n  sp in ,  i t  i s  expected that rsuch 

a term should be about  100 times smaller than the quadra t i c  term, 

snd t h i s  magnitude i s  c e r t a i n l y  too  small t o  be d e t e c t e d  i n  t h i s  

experiment.  It should be pointed out that the presence of a term 

1 i n e s r  i n  s p i n  could best be de tec ted  by observing the e f f e c t  of 

s t r e s s  on the +1/2-, -1b t r a n s i t i o n ,  where the q u a d m t i c  term would 

have no e f f e c t ,  Since i t  i s  d i f f i c u l t  t o  ob ta in  a pure  +lp+ -1/2 
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t r a n s i t i o n  in  ruby, a n  a t t e m p t  was made t o  observe t h i s  e f f e c t  i n  

MgO. No l i n e  s h i f t  was observed, l ead ing  t o  the conclusion that the 

l i n e a r  term in  the s p i n - l a t t i c e  Hamiltonian f o r  C r 3 +  ions  is indeed 

n e g l i g i b l e .  A l i n e a r  term does appear  i n  the s p i n - l a t t i c e  

Hamiltonian f o r  ions w i t h  a n  i s o l a t e d  I m e r s - d o u b l e t  ground s ta te ,  

as  shown by the work of Black and Donoho15), so  that the ques t ion  

sf whether such a term appears here is  of some importance, 

Prel iminary values  of the components of the G-tensor not d i f -  

f e r i n g  apprec iab ly  from those repor ted  here have been used by 

Dcnoho6) t o  compute the low-temperature one-phonon r e l a x a t i o n  times 

f o r  the C r  ion i n  ruby. These c a l c u l a t i o n s  have been found by 3+ 

Standley  and Vaughn 16) t o  be in  good agreement w i t h  experimental  

values  f o r  the r e l a x a t i o n  times. 

We have made no a t t e m p t  to  compute the value of the G-tensor 

u s i n g  c r y s t a l - f i e l d  theory  because of the complexity of the problem. 

The c a i c u l a t i o n  G f  G i n  ruby should be c l o s e l y  r e l a t e d  t o  the 

prablem of c a l c u l a t i n g  the z e r o - f i e l d  s p l i t t i n g  2D, which a r i s e s  
hu 

f r o =  the t r i g o n a l  d i s t o r t i o n  of the f i e l d  from cubic symmetry and 

the sp in -o rb i t  coupl ing,  A c a l c u l a t i o n  of t h i s  s p l i t t i n g  was made by 

S u e n o  and Peter’’), who found i t  necessary t o  assume s u b s t a n t i a l  

conf igura t ion  mixing, covalency, and a n i s o t r o p i c  sp in -o rb i t  ccupl ing 

i n  order  t o  obta in  reasonable accuracy i n  t h e i r  value f o r  the zero- 

f i e l d  s p l i t t i n g .  More r ecen t  work by Macfarlane 18’19) has, however 

yiebded an  even b e t t e r  value f o r  2D without in t roducing  the complica- 

t i c n s  used by Sugano and Peter., I n  his work, Macfarlane d iagonal izes  

the c r y s t a l  f i e l d  a c c u r a t e l y  f o r  the e n t i r e  d3 conf igura t ion ,  and 



~~ 

.. 
= +  

19 0 

f i n d s  that the p r i n c i p a l  con t r ibu t ion  t o  2 D  comes from the o f f -  

d iagonal  elements of the matr ix ,  and n o t  from the diagonal  elenients 

a s  assumed by Sugano and P e t e r ,  

Macfarlane ? s  procedure i s  appropr i a t e  f o r  the computation of the 

G-tensor, and a c a l c u l a t i o n  based on t h i s  method should y i e l d  

reasonably  accu ra t e  r e s u l t s .  In f a c t ,  Sturge has shown that 

i n  a u n i a x i a l  stress experiment 

is e q u a l  w i th in  experimental  error t o  

change i n  off-diagonal  matrix element t o  the unperturbed value of 

the matrix element.  T h i s  r e s u l t  seems t o  i n d i c a t e  that G w i l l  

depend s t r o n g l y  also on the off-diagonal  components of the matrix 

of the pe r tu rb ing  f i e l d  due t o  a p p l i e d  stress. 

ou t  that Blume and Orbach 

o b t a i n i n g  the c o r r e c t  order of magnitude, bu t  the wrong s i g n  f o r  

the  components. 

It seems q u i t e  reasonable  that 

A D/D, which is equa l  t o  G e/D, 
33 

A V ~ / V ~ ~  the r a t i o  of the 

- 
It should be pointed 

21) ++ have computed G f o r  Mn ions i n  MgO, 
rcnrv 
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Figure Captions 

Figure 1, Rate of change of resonance f i e l d  w i t h  r e spec t  t o  

s p i n - l a t t i c e  i n t e r a c t i o n  parameters;  12 and 23 (h igh  

f i e l d )  t r a n s i t i o n s  a t  frequency 10.1 GHz . 
Figure 2 . Rate of change of resonance f i e l d  w i t h  r e spec t  t o  

s p i n - l a t t i c e  i n t e r a c t i o n  parameters;  23 (low f i e l d )  

and 34 t r a n s i t i o n s  a t  frequency 18.1 GHz.  

Figure 3 -  Experimental  arrangement showing o r i e n t a t i o n  of ruby 

Sample and stress a x i s  w i t h  r e spec t  t o  c rys t a l log raph ic  

axes .  

Figure 4 .  Experimental  data on l i n e  s h i f t s  f o r  Sample No. 1 

( 0 = 0" ) >  showing curves computed from leas t - squares  

a n a l y s i s  of d a t a .  

Figure 5. Experimental  data  on l i n e  s h i f t s  f o r  Sample N o .  2 

( 0 = 45" Q = 90" ) 9  showing curves computed from 

leas t - squares  a n a l y s i s  of data  e 

Figure 6. Experimental  data  on l i n e  s h i f t s  f o r  Sample No. 3 

( 0 = 90" 

l eas t - squares  a n a l y s i s  of data e 

Q! = 90" ), showing curves computed from 

Figure 7 ,, Experimental  da ta  on l i n e  s p l i t t i n g s  for Sample No. 4 

( @ = 45" 

l ea s t - squa res  a n a l y s i s  of da ta  . 
9 = 0" ), showing curves computed from 
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