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ABSTRACT 

4- 43- 65- 4 

The coupling between the inviscid and viscous flows i n  the hypersonic 

stagnation region i s  investigated a t  high f l i g h t  ve loc i t ies  where rad ia t ive  

energy t ransport  i s  s ign i f icant .  A simple ana ly t ic  solut ion f o r  the flow 

f i e l d  i s  found, i n  which the velocity f i e ld  i s  expressed i n  terms of the 

densi ty  and two posi t ion coordinates. 

obtained, including radiat ion transport  f o r  a gray gas, using the ana ly t ic  

flow f i e l d  solution. 

Solutions t o  the energy equation were 

The r e s u l t s  of the analysis  show that under some conditions, the reduc- 

t i o n  i n  the  convective heating due t o  rad ia t ion  cooling can be predicted by 

an inv isc id  flow analysis .  It 5 s  a lso  concluded that second-order boundary- 

layer  e f f e c t s  do not play an important r o l e  i n  rad ia t ive ly  coupled flow f i e l d s .  
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NOMENCLATURE 

Subscript S denotes conditions behind the shock on the l i n e  of symmetry. 

Numerical subscripts r e f e r  t o  the number of the term i n  the s e r i e s  expan- 

sion of the function. 

h 

K 

kR 
k 

E 

Pr 
R cl 

Re 

U 

V 

v 
m 

n 

1 4  
Ir aT1 

body radius of curvature 

rad ia t ion  volumetric absorption co-eff ic ient  

?RIP 
k/ks 

C p d K  

P,V/KIrs 

rad ia t ive  f l u x  

veloci ty  component p a r a l l e l  body 

veloci ty  component perpendicular body 

incident stream velocity 

exponent i n  E = h". = 2.1,  4.25 1' 

exponent i n  hl LY TY; = 513 
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X 

Y 

Z 

P 

r 

E 

e 

K 

distance along body 

distance perpendicular body 

Dorodnitzyn variable 

E Re Pr 

Radiation parameter 

p,’p, 

body angle 

heat conduction eo-efficient 

viscosi ty  co-eff ic ient  

density ahead of shock 

opt i ca 1 t h i  ckne s s 
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1. INTRODUCTION 

A t  high f l i g h t  ve loc i t ies  where rad ia t ive  energy t ransport  i s  s ign i f icant ,  

there  e x i s t s  a coupling between the viscous and inviscid flow regions i n  the 

shock layer .  This coupling i s  due t o  radiat ion cooling and the t r a n s f e r  of 

energy by emission and absorption. The purpose of the present invest igat ion 

i s  t o  examine t h i s  coupling i n  d e t a i l  t o  determine whether or not the convec- 

t i v e  heating can be predicted by separating the shock layer  flow f i e l d  i n t o  

an inviscid and viscous region. When the shock layer  gas i s  assumed t o  emit 

but not t o  absorb rad ian t  energy, the inviscid flow solution w i l l  y ie ld  a 

zero w a l l  temperature and thus does not provide a driving poten t ia l  f o r  the 

convective heating.' 

flow solut ion w i l l  y i e l d  a f i n i t e  wall temperature.* 

gation, inviscid and viscous solutions a r e  obtained i n  the region of the 

stagnation point of a blunt  body for  a gas t h a t  both emits and absorbs radia- 

t i v e  energy. The viscous solution yields  both the convective and rad ia t ive  

heating t o  a surface. The inviscid solution y ie lds  only the w a l l  enthalpy 

which, i n  conjunction with boundary layer  theory, can be used t o  predict  the 

convective heating. More precisely,  then, we would l i k e  t o  determine the  

conditions under which the  inviscid flow solution, for an emitt ing and absorb- 

ing gas, can be used with boundary layer  theory t o  predict  the convective 

heating. The complete viscous solution i s  used a s  a b a s i s  of comparison. A 

second objective of t h i s  In;-zstigation is t o  determine whether or not any 

discrepancies between the  convective heating, obtained by the inv isc id  flow 

plus  boundary layer  solutions,  and the convective heating predicted by the 

complete viscous solution, can be made up by second-order boundary-layer 

theory. 

When se l f  absorption i s  taken i n t o  account, the inviscid 

Iii the present invest i -  

A new hypersonic stagnation region flow f i e l d  i s  used t o  invest igate  the 
3 coupling between the inviscid and viscous flows. Goulard suggested a corres- 

pondence between the  radiat ing and non-radiating stagnation flow regimes, which 

enabled him t o  solve the energy equation, the only equation where rad ia t ive  

e f f e c t s  a r e  important. In  t h i s  analysis the hypersonic approximation of small 
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densi ty  r a t i o ,  E , across the shock i s  used. To the lowest order i n  E , the  

continuity and momentum equations are  found t o  have a simple ana ly t ic  solut ion 

i n  the stagnation region, i n  which the veloci ty  f i e l d  i s  expressed i n  terms 

of the density and two posi t ion co-ordinates, the one normal t o  the body being 

Dorodnitzyn. This solution i s  used i n  place of the correspondence between 

rad ia t ing  and non-radiating flows suggested by Goulard. 
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2 .  HYPERSONIC STAGNATION POINT FLOW 

Fig. 1 

I n  t h i s  sect ion a simple ana ly t ic  axi-symmetric hypersonic flow solut ion,  

va l id  i n  the stagnation region, i s  obtained. Boundary layer  eo-ordinates a r e  

used, a s  indicated i n  Fig.  (1). The veloci ty  component, u, p a r a l l e l  t o  the 

body surface,  y = 0, i s  an odd function of distance,  x, along the body sur- 

face and a l l  other  flow variables  a r e  even functions of x.  We therefore  make 

the following series expansioiis I 

where p, , 
i s  the  curvative of t he  axi-symmetric body a t  the  s tagnat ion point ,  the  su f f ix  

V, are the  density,  f l u i d  ve loc i ty  of t he  incident  stream, K 
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s denotes conditions immediately behind the  shock along the  l i n e  of symmetry, 

x = 0, and The flow variables have been non-dimensionalized with 

respect t o  t h e i r  values j u s t  behind the  shock on x = 0, see Eq. (3 ) .  Only 

the f i r s t  terms i n  these expansions a r e  considered i n  t h i s  report;  the authors 

intend t o  consider the second terms a t  a l a t e r  date.  

E = p,/ps. 

The conservation equations across the shock are;  

p,v COS e = -pv 

V s i n 8  = u 

P + p,v 2 2  COS e = P + pv 2 
00 

1 2  2 1 2  h,+ 2 V  COS 8 = h + - V  
2 

where h i s  the spec i f ic  enthalpy and 8 i s  the angle of inc l ina t ion  of the 

body normal t o  the ax is  of symmetry. For small 8, 0 may be taken a s  KX 

and Eqs.  (2)  give 

(3) 
2 u =Kxv , v = - E V  , P = p,v (1 - E )  

S S S 

neglecting P, i n  comparison w i t h  ps.  These a r e  the values used t o  non- 

dimensionalize (1). 

The continuity and x-momentum equation f o r  a t h i n  inv isc id  shock layer  
4 are (Hayes and Probstein , p. 388) 

i a  a 
x ax aY - - ( p w )  4- - (pV) 2KpV = 0 
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Subst i tut ing (1) i n t o  (4) and keeping only the lowest order i n  

give 
x, the  equations 

c d  ap u +--(p v )  + 2Ep v = 0 1 1  ~ d y  1 1  1 1  

2 E ( 1  - E)  + EUIV1 = 
K 1 dy p 1  

u ; + z v  - d'l (5 )  

p, dP1 
E )  dy 2 dvl - --(1- 

EV1dy - p1  

These equations must be solved subject t o  the boundary conditions 

P = - 1 ,  P = 1  (6) u = 1  , v = - 1 ,  p l = l  , 1 1 2 1 

a t  the  shock y = ys, and v = 0 a t  the  body y = 0. 1 

We now u t i l i z e  the hypersonic approximation of small E . We note f i r s t  
I d  of a l l  t h a t  since the shock stand off distance i s  of order E , t h a t  - - i s  

of order E-'. Having established t h e  order of magnitude of the - operator, 

we may now approximate Eqs. ( 5 )  for  small E . Terms neglected a re ,  a t  the 

shock, E times smaller than those retained,  

d dy 

dY 

(7) 

The t h i r d  Eq. of (5)  shows t h a t  p1 var ies  negligibly across the layer .  

Note t h a t  these eqiat ions may be wri t ten a s  d i f f e r e n t i a l  equations f o r  u, 
I 

, with no fur ther  dependence on the E d  and p v m d  the  operator - - 

densi ty  function pl. We therefore introduce the Dorodnitzyn independent 

var iable  

11  KP1 dY 

Y 
z = f J  P1 dY 

0 

and Eqs. (7) become 
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d 2u +-(p v )  = 0 1 dz 1 1  

(9) 

The appropriate boundary conditions a re  u = 1, plvl = -1 a t  the shock 1 
z = z and plvl = 0 a t  z = 0. The value of z has t o  be determined i n  

S S 
the  solution. 

The solut ion i s  u = z  1 

z = 1  
S 

This solut ion w i l l  be used i n  the next section. It i s  a t t r a c t i v e  both 

for i t s  s implici ty  and i t s  generali ty,  being va l id  for a l l  density d i s t r i b u -  

t i o n s  pl. 

The following l imitat ions must be noted. F i r s t l y ,  only the f irst  terms 

i n  an  expansion around the body are used. 

mined only t o  t h e i r  f irst  terms i n  an  E expansion. To t h i s  order of approxi- 

mation the shock has been found t o  be a t  

a constant density solution, Eq. (8) gives a stand-off distance 

agrees w i t h  the  f i rs t  term of the exact constant density solution for a sphere, 

due t o  L i g h t h i l l  , which gives a stand-off distance 

Secondly, these terms are deter- 

zs = 1. I n  the p a r t i c u l a r  case u f  

E / K .  T h i s  

5 

K (1 - E + 3 E  +. . ,  ) 
f o r  small E , (see Hayes and Probstein p.  159). 
extended by subs t i tu t ing  a ser ies  expansion i n  E for the  flow variables  i n t o  

(5)  , the  f i rs t  terms i n  the ser ies  being given by (10). The der ivat ion of the  

second term i s  not presented here, but it i s  encouraging t o  note t ha t ,  i n  the 

The solut ion (10) may be 
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constant density case, the stand-off distance i s  given - E (1 -E). 
Thirdly, and f i n a l l y ,  we re turn  t o  the approximations made t o  Eqs.  (5 )  f o r  

small E . The order of magnitudes of the terms were determined from the i r  

known values immediately behind the shock. 

be used only i n  a region i n  which the same orders of magnitude apply. 

the f i rs t  two terms i n  the second of Eqs. (5)  a r e  retained, and of these the 

second term tends t o  zero on the body as  v1 = 0 there ,  forcing both the 

re ta ined  terms t o  tend t o  zero a t  the body. 

l e c t e d  pressure gradient term w i l l  become larger than the retained terms, 

which behave quadrat ical ly  w i t h  z .  
re ta ined  terms i n  a sub-layer - c3/* thick.  A s  the  sub-layer occupies 

K 
only E 'I2 of the  shock layer ,  only small departures from (10) a r e  caused 

by neglecting the pressure term. 

K 

The solut ion (10) may therefore  

Only 

Hence, near the wall, the neg- 

The pressure term therefore  exceeds the 

i a  For the  viscous solution, a term 

r i g h t  hand side of the second of Eqs.  (4 ) .  
viscous term i s  proportional t o  d2U1 

val id .  dz2 

p~ (p $) 
and hence the solut ion (10) i s  s t i l l  

i s  included i n  the 
1 

pa! ; t h i s  We note tha t  i f  

9 
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3. RADIATION I N  THE STAGNATION REGION 

The work i n  t h i s  section i s  based upon t h a t  of Goulard3 and Thomas2. I n  

the stagnation region the k ine t ic  energy i s  neglected i n  comparison with the  

specif ic  enthalpy and viscous diss ipat ion i n  comparison with heat conduction. 

The temperature, T, and the enthalpy i n  the stagnation region w i l l  be even 

functions of x. The las t  of the shock Eqs .  (2) shows t h a t  hs = 1/2$, neg- 

l e c t i n g  hm and 1/2v . We therefore subs t i tu te  2 

i n  the energy equation and keep only the terms independent of x, giving 

where K i s  the co-eff ic ient  of thermal conduction and qR i s  the rad ia t ive  

flux. For the rad ia t ive  f lux,  a one-dimensional formulation i s  used along 
3 w i t h  the  gray gas approximation (see Goulard ), 

where % i s  the  rad ia t ion  volumetric absoi.ptlzln cz-ef f ic ien t ,  B i s  the  

Planck function 
V 

i s  o p t i c a l  length, r s  i t s  value a t  the shock and 

10 
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Define 

where 1/2 3 dhl = C d T  

t h a t  the v iscos i ty  var ies  inversely w i t h  density,  pp = psps and t h a t  Pr 
i s  constant. Subst i tut ion of p l V l  from (lo) and replacing y by z from 

(7) there  follows 

and p s  i s  the v iscos i ty  behind the shock. Assume 
P 1  

1 7 
S 

-- 1 d2hl - B(t)Ellt - T I  dt 
2 

0 

+ z  x -  
dz2 

where g(7) = B(T)/B(Ts)  and E = k/ks. We postulate  tha t  nondimensional 
enthalpy and temperature are  re la ted by an n t h  power l a w ,  hlaTy , giving 

B(T) = hl 4’n and (15) becomes 

T h i s  equation has t o  be solved i n  conjunction w i t h  the  def in i t ion  of 

K 

Y 
T = J %dy = 

0 0 or i n  d i f f e r e n t i a l  form 

m 
1’ 

Following Thomas we assume a power l a w  dependence of E on h k = h 
1’ 

Thomas ac tua l ly  assumes a power law var ia t ion  between 
equivalent as the pressure variation across the shock layer  i s  negl igible  t o  

the lowest order i n  E . 
% and T. This i s  

dhl dz 
~5 , i n  (16) as Rewriting - dT the  equations a r e  a p a i r  of ordi-  

dhl 

nary d i f f e r e n t i a l  equations for hl and 7 , 

11 
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-- 
dz dz2 

where 
P,ks c = -  

K 

The boundary conditions are  

h = 1 @ z = 1  1 

T = o  @ Z = o  - hl - hB9 

where h B  i s  the prescribed value of hl a t  the body. 

To ca lcu la te  the rad ia t ive  heat t r ans fe r ,  we have from (13) 

I q R = 27r[[ B(t)E2(T - t) dt - B(t)E2(t - T )  dt  
T 7 

S 

T 

The t o t a l  heat radiated f romthe  shock layer  i s  comprised of the  contr i -  a bution a t  the shock plus  the contr ibut ion a t  the body. It i s  given by: 

- -  I? I~sh!/n[E,(t)+ E 2 s  (7 - t ) ]  dt 
QR 2C I J  1 A 

l o  I 
Using the  de f in i t i ons  following (14) and Eq. (8) the convective heat 

t r a n s f e r  can be calculated 

(.$)y=o = 

as pp and Pr a r e  assumed t o  be constant. Hence, non-dimensionalising, 

12 
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4. METHOD OF SOLUTION 

The viscous equation c f .  (18) may be wr i t ten  a s  follows: 

d2h, dh, 

[ 4/n i o s  7 4/nE 
F2(z) = PI'hY hl - -1 hl ( t  - 71dt 

The formal solut ion of (22) i s  given by 
z r  Z 

hl = I 0 0  [J exp (-[Fldt)F2dt)dr + CIJ 0 exp (-[F1dr) dr + hg 

Picards '  method was used on (24). An i n i t i a l  guess f o r  the hl(z) p r o f i l e  

was t r i e d  w i t h  the  new p r o f i l e  f o r  t he  i t e r a t i o n  procedure being obtained from 

(24) .  After several  i t e r a t i o n s ,  convergence within 0.001 was a t ta ined .  

The numerical method used t o  perform the  indicated in tegra t ions  w a s  found 

t o  be inaccurate f o r  la rge  values of F1, where ,6 was >loo. The i n t e g r a l  

t h a t  was the source of tk inaccuracies was approximated by an asymptotic 

expre s s i  on. 

giving a form that e x p l i c i t l y  in tegra tes  t o  

13 
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One approximation made i n  obtaining (25) was t o  expand the  argument of the  

exponential about the  point  

(r - t ) .  The other  approximation resu l ted  from t h e  postulat ion t h a t  the  main 

contribution of t h e  integrand occurred a t  t = r. For t h i s  reason F 2 ( t )  was 

s e t  equal t o  F2( r ) .  

t = r and r e t a i n  only the  f i r s t  order term i n  

The asymptotic expression (26) w a s  found t o  give v i r t u a l l y  no e r r o r  i n  

the  in tegra t ion  f o r  p > 100. 
were performed using conventional numerical techniques. 

For values of p < 100 the  indicated in tegra t ions  

The inv isc id  equation i s  given by 
7 

(27) 

2 i . e .  equation (15) with the term (1/p) d hl/dz2 = 0 .  

The boundary condition hl = h a t  z = 0 i s  extraneous and i s  omitted. B 

To dea l  with Eq. (27),  g ( t )  was expanded about t he  point t = T with 

only the  f i r s t  two terms i n  the expansion being retained. 

i n t e g r a l s  occur i n  (27) 

The following 

7 
I 

E It - 71 dt = 2 - ( ~ ( 7 )  lS U 1 

a(7) = E  (7) + E (7 - 7) 2 2 s  
where 

p1(7) E T E  (7) - (7 - T)E (7 - 7) + E3(7) - E (7 - 7) 2 S 2 s  3 s  
where 

Using the  expansion f o r  B ( t ) ,  previously s t a t ed  expressions f o r  E ( T )  
and E, and Eq. (28),  Eq. (27 )  becomes 

dhl ~ - - -  
dz 2 [ z2 + $ p1(7)hi1+4'n] 

(29) 

14 
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Formal integrat ion gives 

1 r ra(~)h,m+4/n dz 

Picards '  method was used on ( 3 0 )  i n  t h e  same manner tha t  it w a s  used on (24) .  

I n  the o r i g i n a l  formulation of t h e  viscous equation, the handling of B ( t )  

w a s  done i n  the same manner as t h a t  done i n  the inviscid equation. However, 

the solutions for large values of /3 seemed inconsistent using t h i s  or ig ina l  

formulation. It was f e l t  t h a t  using the f u l l  expression for B ( t )  would 

remedy the inconsistencies and so it was introduced i n t o  the viscous equation. 

It w a s  ascertained la te r  t h a t ,  i n  f a c t ,  the  cause of the inconsistencies was 

the inaccurate answers tha t  the numerical method of in tegra t ion  provided f o r  

/3 > 100. B ( t )  was re ta ined  i n  the viscous 

equation. B ( t )  i n  the  inv isc id  equation 

introduces numerical d i f f i c u l t i e s  as the equation i s  i n  an indeterminate form 

a t  z = 0. For t m r e a s o n  the  approximate expression w a s  used i n  the inviscid 

e quat ion. 

However, the f u l l  expression f o r  

Use of the exact expression f o r  

A comparison i s  made between the solutions of the viscous equations w i t h  

and without the use of the complete expression for 
parison was made t o  deieilii i lne the  e f f e c t  of not using the f u l l  expression for 
B ( t )  i n  the inv isc id  equation. It can be seen that the  e f f e c t  on the viscous 

p r o f i l e  i s  small, never being over f ive  percent f o r  the example considered. 

I n  the r e s u l t s  section, t h i s  small e r r o r  i s  observed i n  the inv isc id  solution. 

B ( t )  i n  Fig.  2. T h i s  com- 

15  
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5. DISCUSSION OF mSLTLTS 

The solut ions t o  the inv isc id  and viscous equations were obtained first 

f o r  t y p i c a l  values of the rad ia t ion  cooling parameter, r , and the  Reynolds 

number parameter, /3 . The enthalpy p r o f i l e s  f o r  these solut ions a re  presented 

i n  Figs.  3 through 5. I n  Fig. 3 enthalpy p r o f i l e s  f o r  flows without r ad ia t ion  

loss a re  presented f o r  various values of P . It i s  seen t h a t ,  a s  increases ,  

the viscous region decreases and the enthalpy p r o f i l e  approaches the inv isc id  

enthalpy p ro f i l e .  The point  a t  which the viscous p r o f i l e s  depart from the  

inv isc id  p r o f i l e s  i s  a good indicat ion of the edge of t he  viscous region. 

The e f f e c t  of increasing the rad ia t ion  loss parameter f o r  f ixed  values 

of the Reynolds number parameter, p , i s  shown i n  Figs.  4 and 5. 
show the  existence of subs t an t i a l  gradients  i n  the inv isc id  f l o w  f o r  la rge  

values of r . Note, however, t he  pronounced increase i n  the enthalpy gradients  

i n  the  viscous layer .  The edge of t h e  viscous layer  can be e a s i l y  iden t i f i ed  

f o r  the zero rad ia t ion  l o s s  p ro f i l e s  ( r = 0 ) .  

These r e s u l t s  

In  order t o  determine t h e  conditions under which the  reduction of the con- 

vective heat t r a n s f e r  by radiat ion cooling can be predicted by considering only 

the  reduction i n  the dr iving enthalpy, inv isc id  and viscous solut ions were 

obtained f o r  f ixed f l i g h t  ve loc i t ies  and a number of f r ee  stream a l t i t u d e s .  

The Fer t inent  parameters were evaluated f o r  each case and numerical so lu t ions  

t o  the  appropriate equations were obtained. Viscous solut ions w i t h  iic radiz- 

t i o n  loss were a l so  obtained t o  provide a b a s i s  of comparison. 

p r o f i l e s  f o r  these cases a re  presented i n  Figs.  6 through 9. 
crepancy between the inv isc id  and viscous p r o f i l e s  i n  the  inv isc id  region of 

the shock layer  i s  a t t r i b u t e d  t o  t h e  d i f f e ren t  manner employed i n  evaluat ing 

B ( t )  i n  the t w o  solut ions.  

Typical enthalpy 

The s l i g h t  dis-  

I n  Fig. 10 r a t i o s  of the convective heating with rad ia t ion  loss t o  the  con- 

vect ive heating without radiat ion loss ,  

of f l i g h t  a l t i t u d e .  This r a t i o  of the  convective heating was obtained from the  

qc/(qc)o, a r e  presented a s  a function 
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viscous solut ion.  Also shown i n  Fig. 10 a r e  the values of the wal l  enthalpy 

a s  obtained from the inv isc id  solution f o r  the  i d e n t i c a l  conditions. Since 

the  convective heat t r ans fe r  can be expressed as 

aT 
= h(H - H  ) = K -  

qc e W ay 
where He 

the  wall, Hw i s  the  wall  enthalpy, and h i s  the heat t r ans fe r  coef f ic ien t ,  

the  reduction i n  the convective heating by rad ia t ion  cooling can be accounted 

f o r  by the  reduction i n  the driving enthalpy, i f  the heat t r a n s f e r  coef f ic ien t  

i s  unaffected by rad ia t ion  cooling. Here we a r e  assuming that i n  t h i s  coupled 

problem the  inv isc id  flow can be separated from the viscous flow. A t  high 

a l t i t u d e s  the  shock l aye r  w i l l  become op t i ca l ly  t h i n  and the  rad ia t ion  l o s s  

w i l l  be small so t h a t  t he  r a t i o  qc/(qc)o 
c id  wall  enthalpy, 

the  inv isc id  wal l  enthalpy w i l l  increase since the op t i ca l  depth and absorption 

of radiant  energy increases.  On the other  hand, decreasing the f l i g h t  a l t i t u d e  

w i l l  a l so  increase the rad ia t ion  loss thereby causing a decrease i n  the r a t i o  

qc/(qc)o.  A t  some point  where the Reynolds number i s  su f f i c i en t ly  high the two 

curves should meet a s  they appear t o  do i n  Fig. 10. For la rge  Reynolds numbers 

the flow i n  the shock l aye r  will be pr imari ly  inv isc id  and the rad ia t ion  cool- 

ing  processes w i l l  be i d e n t i c a l  i n  both the viscous and inv isc id  solut ions.  

Therefore, we would expect t ha t  a t  su f f i c i en t ly  high Reynolds numbers the  reduc- 

t i o n  i n  -i i iZ comect.ive heating can be accounted f o r  by the reduction i n  the  wal l  

enthalpy from the inv isc id  solution. The present r e s u l t s  seem t o  bear t h i s  out ;  

however, we were not ab le  t o  obtain solut ions a t  very low a l t i t u d e s  due t o  num- 

e r i c a l  d i f f i c u l t i e s  and the  question remains a s  t o  what i s  the cor rec t  l imi t ing  

value for t he  reduction i n  the  convective heating by rad ia t ion  cooling. 

i s  the  enthalpy obtained from the inv isc id  solut ion evaluated a t  

w i l l  approach umity and the invis-  

He, w i l l  approach zero. A s  the f l i g h t  a l t i t u d e  i s  decreased 

A second object ive of th i s  study was t o  invest igate  the  p o s s i b i l i t y  t h a t  

any discrepancy between the reduction i n  the  convective heat ing as predicted by 

t h e  viscous ana lys i s  and the reduction i n  the  wall  enthalpy a s  obtained from 

t h e  inv i sc id  so lu t ion  could be made up by second-order boundary-layer e f f ec t s .  

I n  Appendix A a discussion of second-order boundary-layer theory f o r  the  case 
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where both ve loc i ty  and enthalpy gradients e x i s t  i n  the  ex terna l  flow i s  pre- 

sented. The conclusion reached from a reexamination of the r e s u l t s  of 

Van Dyke i s  that f o r  the case where the  enthalpy va r i e s  from one streamline 

t o  another but  i s  assumed constant along each streamline, the  e f f e c t  of 

ex terna l  enthalpy gradients  i s  not a second-order bu t  a third-order  e f f ec t .  

In  the  ac tua l  case, however, the t o t a l  enthalpy va r i e s  along streamlines du2 

t o  rad ia t ion  cooling. However, f o r  the  cases considered here where the 

difference between the reduction i n  the convective heating, qC/(qc), and the 

inv isc id  wal l  enthalpy, 

i n  the  inv isc id  f l o w  are  qui te  small and the enthalpy along streamlines var ies  

qu i te  slowly. We therefore  conclude that second-order boundary-layer e f f e c t s  

cannot make up t h e  difference between the  reduction i n  convective heating, as 

predicted by a f u l l  viscous layer  analysis ,  and the reduction in t.he dr iving 

enthalpy, a s  predicted by an inv isc id  shock layer  solut ion.  

He, a r e  of the  order of 0.1, the  enthalpy gradients 

For near ly  op t i ca l ly  t h i n  flows a rad ia t ion  cooled layer  w i l l  e x i s t  i n  

the inv isc id  flow i n  which the  enthalpy w i l l  vary very rap id ly  along the stream- 

l i n e s .  For these s i tua t ions  a second-order boundary-layer theory does not 

e x i s t .  However, the difference between qc/(qc)o and He i s  so large t h a t  

the e f f e c t s  are  not second-order bu t  f i r s t -o rde r .  

I n  Fig.  11 and 12 the  opt ica l  depths a t  the shock wave f o r  the  f l i g h t  con- 

d i t i o n s  considered i n  Flg.1G ATe presented. We note i n  passing t h a t  the 

conditions a t  which the r a t i o  of t he  convective heating qc/(qc)o 

t h e  inv isc id  wal l  enthalpy He 

1.0. 

approaches 

i s  where the  o p t i c a l  depth i s  between 0 . 1  and 

The per t inent  parameters for the conditions considered i n  Fig.  11 are  

tabula ted  i n  Tables 1 and 2.  
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6. CONCLUSION 

Stagnation point flow with radiat ion was analyzed w i t h  the aim being t o  

pred ic t  the  reduction i n  the convective heating i n  a simpler way than using 

a f u l l  viscous analysis .  There was discovered a range of veloci ty-al t i tude 

conditions where the reduction i n  the wall  enthalpy, as obtained from the  

inv isc id  solution, approximates the reduction i n  convective heating t o  the 

surface.  This occurred when the opt ica l  depth of the shock layer  was between 

0 .1  and 1.0. The conclusion was also reached t h a t  ex i s t ing  second-order 

boundary-layer e f f e c t s  cannot make up the difference between the reduction 

i n  convective heating, a s  predicted by a f u l l  viscous l aye r  analysis,  and the  

reduction i n  the  dr iv ing  enthalpy, a s  predicted by an inv isc id  shock layer  

solut ion.  
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APPENDIX A 

THE EFFECT OF ADIABATIC EXTERNAL FLOW GRADIENTS 

ON HEAT TRANSFER AT AN AXISYMMETRIC STAGNATION POINT 

by M. Van Dyke 

I n  classicalboundary-layer  theory the  boundary layer  i s  regarded a s  

vanishingly th in ,  so t h a t  f i n i t e  gradients i n  the ex terna l  i nv i sc id  flow are  

a l toge ther  negl igible .  The e f f e c t  of such gradients appears i n  second-order 

boundary-layer theory, together w i t h  the e f f e c t s  of surface curvature, s l i p  

and temperature junp, and boundary-layer displacement. A l l  these second- 

order e f f e c t s  were analyzed f o r  an axisymmetric stagnation point  i n  reference 

6. However, the numerical calculat ions were l imited t o  an isoenerget ic  

ex te rna l  flow -- one i n  which the stagnation enthalpy has the same value on 

every streamline outside the boundary layer .  The same i s  t r u e  of the  addi- 

t i o n a l  computations given i n  references 7 and 8 f o r  other  v i scos i ty  laws and 

surface temperatures. 

Fortunately,  these r e s u l t s  can be re in te rpre ted  t o  apply t o  the  more 

general  s i t u a t i o n  i n  which the  ex terna l  flow i s  adiabat ic  bu t  not necessar i ly  

isoenerget ic  -- t h a t  is ,  the stagnation enthalpy, l i k e  the  entropy, i s  con- 

s t a n t  along any one streamiiiie, ?xt may vary from one streamline t o  another. 

The r e s u l t s  a r e  pa r t i cu la r ly  simple when expressed i n  terms of the extercd 
v o r t i c i t y .  We give here the spec i f ic  r e s u l t  f o r  a thermally and ca lo r i ca l ly  

per fec t  gas with Prandt l  number 0.7 and v iscos i ty  proportional t o  temperature, 

a t  t he  stagnation point  of an axisymmetric body that i s  cooled t o  l / 5  of the 

s tagnat ion temperatwe. The heat t r a n s f e r  i s  increased from i t s  c l a s s i c a l  

value due t o  the  e f f e c t s  of ex terna l  gradients by the f a c t o r  
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Here v i s  the  kinematic viscosi ty ,  w the  vo r t i c i ty ,  u the ve loc i ty  

the radius from the a x i s  (or  distance along the 

denotes the  l i m i t  a s  the stagnation point  i s  
The ex terna l  v o r t i c i t y  i s  normally 

p a r a l l e l  t o  the body, and r 
surface) ;  and the  subscript  ST 
approached i n  the  ex terna l  inv isc id  flow. 

negative, and i s  conveniently found from 

Here y i s  the  distance normal to  the surface of the body, and K i s  

the curvature (counted pos i t ive  f o r  a convex body). 

e f f e c t s  of curvature a r e  of ten negligible compared w i t h  those of ex te rna l  

gradients,  and then it i s  consis tent  t o  neglect the second term i n  equation 

(2-A) compared w i t h  the f i r s t .  

However, the  second-order 

I n  general, the  second-order correction t o  heat t r ans fe r  would a l s o  con- 

t a i n  a term proportional t o  the gradient of stagnation enthalpy across  stream- 

l i n e s .  

disappears a t  a stagnation point; the reason being t h a t  the normal t o  the  

surface cu ts  no streamlines. A s  we move back on the body, t he  normal begins 

t o  cut streamlines; and the e f f e c t  i s  found t o  grow l i k e  the square of the 

dis tance from the  stagnation point.  It would therefore  appear i n  t h e  second 

tern of a Blasius series i n  which equation (1-A) i s  the first term. 

However, t h i s  term i s  absent from equation (1-A) because the  e f f e c t  a 
* 

The form of equation (1-A) holds, w i t h  a somewhat d i f f e ren t  numerical 

coef f ic ien t ,  f o r  other  v i scos i ty  laws, values of Prandt l  number, and surface 

temperatures. For Prandtl  number s t i l l  0.7, bu t  v i scos i ty  proportional t o  

the  square root  of temperature, the values f o r  a wide range of surface t e m -  

perature  can be extracted from references 7 and 8. 
the  coef f ic ien t  i n  equation (1-A) was found i n  reference 9 t o  be 0.5751 f o r  a 

Prandt l  number of 0.7 and 0.5520 f o r  a Prandt l  number of unity.  

For incompressible flow, 

*In incompressible flow, f o r  example, it was found i n  reference 9 that the 
second-order heat t r a n s f e r  depends on the inv isc id  surface gradient of stagna- 
t i o n  enthalpy a t  a cusped plane leading edge (e.g., a f l a t  p l a t e )  but  not a t  e a b lun t  one. 
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The r e s u l t  i s  accurate when the second-order correct ion represented by 

The r e s u l t  the  second term i n  equation (1-A) i s  small compared with unity.  

w i l l  be only qua l i t a t ive ly  correct  when both terms are  of the  same order,  and 

worthless when the  second term i s  large.  

For studying flows w i t h  thermal radiat ion,  it would be desirable  t o  

r e l ax  the condition t h a t  the ex terna l  flow i s  adiabat ic .  I n  pa r t i cu la r ,  one 

would admit a normal gradient of stagnation enthalpy -- and hence of tempera- 

t u re  -- a t  the  stagnation point.  However, t h i s  cannot be done using the 

equations of reference 6, because i n  the outer  f r inges  of t he  boundary layer  

they describe adiabat ic  motion, and therefore possess no solut ions that w i l l  

match an ex terna l  temperature gradient near the  stagnation point .  Radiative 

t r a n s f e r  would have t o  be included i n  the energy equation for the  boundary 

l aye r  i n  order t o  ca lcu la te  t h i s  addi t ional  correct ion t o  the  above r e s u l t .  

Although t h i s  would seem t o  be a valuable extension of the theory, it would 

require  considerable analysis .  a 
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