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. On The Eiggavalues of a Singular
Nonself-Adjomt leferentlal Operator
- of Second Order
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; e The nonself-adjoint operator Ly = y'+q(x)y, where = 2

q(X) = ql(X)+iq2(X), ql(x) a_nd qz(x) are real valued, .t”r.dHOAALI'IIQ"

Py iy

limit qy(x) = 8 , 1limit g,(x) = v , was considered over S |

an interval (a,b) in [1]. From £ a nonself-adjoint - - -
operator L was defined in /La(a,b). The speétrum and

adjoint of L were found, ;nd,a "spectral resolution"

was derived.

If r 1is an arbitrary point in (a,b), it was shown |
that when A = u+iv, v £y, 4y = Ay has a solution | |
¥(x;7) in L2(r,b) , and when v # 8 , 2%y = Ay has a
solution n(x,A) in L?(a,r). A ié an eigenva}ge’of L
if and only if the Wronskian of ¥(x,A) and h(x,7) is
zero. Theypyoulem Fhis paper wishes to CoMSIeTrEEr®o I

characterize these eigenvalues, the zeros of W[y,n].

* McAlllstér Building, The Pennsylvania State University,
University Park, Pennsylvania. - .
This work was. supported 1n part by NASA Grant No f'/G':a-:»C]—:)T)? -04;

v


https://core.ac.uk/display/85252901?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

In what follows evefy7expreSsion is a functidn of the
complex variable A. 1In the interest of notational clarity,

it has been suppressed. |
Let 6(x) ~and $(x) be the solutions of Ly = Ay
satisfying be(r) =1, 9'(r)'= 0, o¢(r)=0, ¢'(r) = ;1_
We choose 8 in [r,b) such that [gy(x)-v[<|v-v]/2 for all
'x in [s,b] when vy is finite,or such that [g,(x)-v| > € forall
x in [s,b] for some € >0 when ¥y is infinite. '
_We then define ylb(x) =
0" (8)0(x) - 4/ (s)8(x) and yp, =
0(s)0(x) - ¢(s)e(x).

In [s,b) a sequence of nested circles C(B) is found all
containing a limit circle or limit point given by ~

+
M = 1limit - Y1 (P)2p * Vap (B)
o iy (B)e, + iz 8’

where 2y is any real number. ¥(x) is then given by

1) = 0(x) (4" () + Mp(=)] + 00" () + Mo (s)1.
(See [1] ‘and [2].)

Similarly we choose t in (a,r) such that
lay(x)-8] < |v-8|/2 for all x in (a,t] when' & is
finite jor such that !qa(X)QVI > € for all” x in (a,t]
for some € > CJ.When 6 1is infinite. |

We define yla(x) =
6/ (t)(x) - 9'(t)6(x) and yp,(x) =
-8 (t)0(x) + d(t)8(x). |

In (a,t] a sequence of nested circles C(a) is found,




e
-

all confaining‘a limit circle or 1limit point givén' by

V. (a)z -+ v, ' (a)
-m = limit - la’ & 1a’ )
o-a yEa(u)za + Yoo (a)

where z_  is ahy real number. W(x) is then given by
n(x) = -9(x)[1>,’(t) + mp(t)] + ¢(x)[6’(t) + mo(t)].
(Again see flj'_and ”{2}.)‘ '

D (a) = ¥y, (a)z, + yéa'(a}. Then W[y¥,h] =

a—a

limit f[¢(ﬁ)zb + ¢f(6)][e(a)za.+ 6'(a)]
B~b -

- [6(B)z, + 07 (B)110(a)z, + b’ (a)11/D, (a)Dy (B).

Proof. We observe that Wl¥,n] 4is independent of x. o

Computing W[f,n] at' x';‘r we see -
Wiv,n] = [9(s) + Md(s)I6’(t) + mo(t)] -
- [67°(s) + M9(35][®’(t) + mp(t)].

Inserting the expressions for m and M and taking limits

completes the proof.

Theorem 1. .Ef D,(a) and D (B) approach finite limits as

¢*a and B~b, then W[y,D] = 0 Aif and only if

Limit  ([§(B)z, + ' (8)1[6(a)z, + 0’ (a)]
a—a
o L

- 16(p)z, + 67 (8))1B(a)z, + ¢’ ()1} = O.
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Note that this last equation in nb wayAdepends upon the
points x =8 or s = t.

In the limit point cases the value of M (or m) 1is
independent of the choice of z, (or z ). Only in the limit

circle cases does M (or m) vary with the choice of 2z,

(or z,).

Theorem 2. If the limit point case holds at ‘a and b,

W[y,n] = 0 if and only if

1imit [¢(B)9(a) - 9(B)d(a)] = O,
a—a :

B-~b «
limit [¢(B)6"(a) - 6(R)9"(2)]
a~a

B-b

]
(@
-

1imit [§'(B)O(a) - 9'(B)¢(a5] = 0,
a~a :
B~b ‘

Limit [¢'(B)O"(2) - 8°(B)D ()] = O,
B-b

Proof. Multiply the expression in theorem one out and
collect the coefficients of' Z,2Zys Zg and Zy together.
Since z, and zb' are arbitrary the result follows.

Theorem 3. If the 1limit point case holds” at  b,and the limit
. 7

circle case holds at Aa; “then under the conditions of

theorem 1, W[y,h] = 0 if and only if




e

a~a
b

a—a
p~b
A similar statement is valid if the limit circle case

holds at b) and the limit point cast holds at a.

These results are valid only in nonself-adjoint problems.

They are not applicable in the self-adjoint case,since)in
that instance,all eigenvalues lie on the real axis,¥here the

existence of ¥ and h . cannot be established in general.

. lamit {2 [0(8)6(a) - 8(B)9(a)] + [§(B)0’ (a) - 6(B)P’(a)]) =0,

Linit (,[0()8(a) - 8" (B)A(a)] + [4'(B)e’ (@) - 0’ ()’ ()1 = O.
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