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ABSTRACT

A complete desc;iption of the analysis technique first proposed by
Gabriel Kron is provided. This description describes the underlying
theory’of thé analysis and the solution of the governing equations as
programed on the digital computer. In addition, the mathematical model
of the Saturn SA-D1 is discussed. Tﬁevsubsequent computer runs involving
this mathematical model are used to establish seven predominant frequencies
and five of these are compared to.the results of a test program conduqted

. on this vehicle.
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OBJECT

The object of this analysis is to determine the response characteristics, )

frequency, and mode “shape of the Saturn SA-D1 vehicle with particular emphasis

on the booster section. ‘ ' -

CONCLﬁSIONS

1. The analysis results compare favorably with the five similar frequencies
obtained in the test results of Reference 5.

2. The largest source of error occurring in the comparisons could be atﬁri—
buted to the damping and sloéhing fluid masé effects on the test program
results. .

3. Due to the lack of damping or dissipationAterms in the analysis, the

- resonant points were of very narrow band width and required -small
frequency intervals for identification. |

4. The frequencies appear to occur in pairs throughout the frequency range
investigated. |

5. The outer tank motions are such that the analyst can ofteﬁ envision indi-
vidual torsion modes on the separate tanks. To ascertain such effects
the various angular motions would require plotting which ié far‘beyond
the scope of the present anéLysis.

6. The anélysis provided explicit identification of seven'freéuencies and

mode ‘shapes.

RECOMMENDATIONS
The recommendations in this report are entirely concerned with future

developments of Kron's analysis technique. Although the present program

e T




is capable of determining the response characteristics of highly redundant

three dimensional structures, the analysié- technique is far from being

exploited to its full potential in its present role. Several modifications

€=

and extensions to the existing program would greatly increase its scope. of

usefulness. These extensions may be broken ‘down i_mio modifications of the

present program which are within present capabilities and extensions requir- G
ing long range research to ascertain their feésibility and Incorporation.

The extensions needed on the present program are:

1. Addition of a provision to obtain stresses and strains directly. ‘

|
¥2. Addition of a provision for transmitting a load from one point to B
-another without deflections. .

*#3, Addition of a provision for the use of pin joints in the analysis.
- 4. Addition of a provision alloving shear panels to be analyzed. B '

The extensions requiring additional research to ascertain their feasibility

-t

. The inclusion of damping or dissipation terms.

- i 0
i

2. The extension of the analysis to allow the use of transient foreing

functions. D
3. The extension of the program to allow large problems to be subdivided

into small problems, solutions arrived at, and the sub-solutions - ' g

interconnected to obtain the solution of the original problem. This
*  These properties may be artificially induced in the present program _

by proper specification of the beam properties.. | \
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is'very advantageous from an efficiency and accuracy standpoini.

.A complete description of this extension is provided in Reference 9.
The goals deécribed above would be most efficiently approached if they were
the primary objective of the investigation. That is, the exténsions should -
bé approached with tﬁe sole intent of obtaining the deéired extension_ré£her

than stipulating that a specific piece of hardware be analyze

desired extension.

INTRCDUCTION
The analysis of a highly redundant three-dimensional structure, such as
the Saturn SA-D1 vehicle, poses a formidable problem for which a solution

may be attempted by only a limited number of analysis techniques. The

‘analysis technique utilized by'Chzysler Missile Division is based on the

method first proposed by Gabriel Kron. While the primary objective of this
gnalysis is to‘predict the natural frequencies and mode shapes of the SA-D1.
vehicle, this report will also fulfill the twofold purpese of: (1) providing

a _complete detailed description of Kron's analysis technique, and (2) estab-

-lishing the merit of the analysis technique through correlation with the

‘results of the test program:

The analysis was condﬁcted‘only for the 1lift~off or fully fueled condi-
tion with a suspension system having a lateral spring rate of 626 #/in. and
a vertical spring.rate of 625,500 #/in. The outer tank identification
system and excitation load were consistent with the test program to aid in

comparing results.
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Mathematical Analysis

Introduction_

The'engineering literature is overabundantly supplied with models that
replace spec;al types of élastic end dynamic structures b& a petwork of mass.
points end simple springs. In that type of topological representation the ulti-
mate building blocks, namely the masses and sfrings, éach have only one degree
of freedom. The emphasis in this method of analysis is on building blocks with
more than one degree of freedom. )

The method of anelysis which was used in this report is an applicaticn
of G. Kron's treatise called "Diakoptics." From his voluminous works (Reference
1) the necessary princiéles for solving network type problems were extracted,
modified and applied to tbe solﬁtion of redundant -type elastic structures. Thei
resultant ﬁethod which has been developed is capable of solving the eigenvalue
problems - associateé with ﬁechaniéal vibration agfwell as the defléctions prob;
lem of redundant structures gnder static loading cdﬁditiogs.

In the most general sense, this treatise i; an attempt to combine the
resourses of point set topology with those of cdmbinatorial topology intd one
engineering tool for the analysis'gnd solupion of complex systems having a large
number of varisbles. This ;s accomﬁlished by utilizing the disciplines of ten-
sor.and matrix gnalysis, ahd the concepts.of tearing and interéonnecting topo-
logical models. The latter has the sdvantage of subdividing the processes of
both analysis and solutian into ms=nageable small pieces. |

The use qf combinatorial topology in the solution of network problems
such as elastic-structures is also characterized by the important fact that in

the interconnection of the ultimate building blocks, i.e., beams and masses, the

various energy principles and complimentary energy principles of the theory of

2 O3 £ o
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_elasticity are not réqpired. These functions are taken over by the law of trans-
formation of tensofs derived from the geometry or topology of the structure.
Obviously, in the derivation of the stiffness matrices of the ultimate building
blocks themselves, the energy principles reappear since the role of topology is
agéin taken over by physics. Thus it esppears that topology and physics ére inter-
changeable concepts in the study‘of interconnection.

Although the tensor concept is the underlying idea behind this treatise,
it would be presumptuous to try and explain both teﬁsor analysis and its applica-
tion in this limited space. The interested reader without a background‘in tensor
analysis is éeferred to the first féw chaptérs of Reference 3 or to any—of‘the
many textbooks available_on‘tensor enalysis. It‘is suggested that the casual
reader replace the word tensor by-fhe word matrix and £hink of the symbols as
matrices instead of tensors.

rdne of the mostriﬁportant pioperties of tensor equations is thét they
are invariant under a coordinate transformation.‘ If a tensor equation is valid
in one cocrdinate system, it is velid in every coordinate system of<thé same
type. This property permits one to derive the equations of state of ultimate
building blocks in one coordinate system, then the laws of tensor transformgtions
will eutomatically take care of all the details if it is desired to apply the
equations in a different céordinate system. This is precisely the application
wiicn is utilized in this me;hod of analyzing redundané structures.

The procedure for obtaining & solution will consist of two phases;

‘pamely, the "Analysis" and the "Solution." In the analysis, the complex struc-

'kure'is first torn into its two types of building blocks which are simple beams

and concentrated masses. Then, the equations of ‘state are formulated only once

for each building btlock in the simplest coordinate system. For example, cartesian

-

coordinates would be used for straight beams whereas cylindrical coordinates would




be used for curved beams. These equations of state are the relationships befween
force énd displacement. The equations of state for phe entire interconnected
structure in. & new coordinate system then follow in a routine manner from the
l;ws of tensor transformation and from connection tensors which are derived from
the tdpplogical model. - : ;

- Once the equations of state are obtained for the entire interconnected
ﬁodel, it is then nécessa?y to perfofm a—solution. Conveﬁtional means of finding
a solution, that is by either matrix iteration or matrix inversion, are not prac-
tical for systems which are as larée as implied in this report. A method of
finding the solution which is utilized in this method of analysis is called
"Factorizing the Inverse.” -

The remainder of this discussion will be consisted of two parts: , the
analysis and the solution. In Part One, the equations of state which describe
the system are'devéloped. The solution of these equations is explained in Part

Two.

Part One - Analysis

Primitive Elements:

The primitive elements or building blocks which are considered
in this analysis consist of an elastic beam whose masses and mass moments of
inertia are concentrated at the two end points of the generalized spring. In
other words, a beam consists of £wo rigid bodies whose centers-of grévity gre
connected by an elastic spring of length .l:.. The ultimafe beam therefore is
a generelized straight beam having six degiees of freedom at each end, plus two
rigid bodies - one comnnected to each of its end points. Since a rigid body hes
six degrees of f;eedom (three rotations and three translstions) an ultimate

beam has twelve degrees of freedom. The simplest coordinate system which can be
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used for deriving the equations of state for these primitive elements is s
right-handed orthogonal cartesian coordinate system which is illustrated in

Figure 1.

g R

N

Coorainate System

Figure 1

In a system such as this each end of the beam will be acted upon by three forces
and three moments. Corresponding to these forces and moments there will be

three lirear and three angular displacements. These will be denoted as follows:

)
e
i

Force in x direction
¥ = Force irn y direction
f% = Force ir 2z direction

f® = Momert arout x direction

)
=Y
bt

Mcement atout y direction : : 1)
£¥ = Moment ‘about 2z direction |

- Dy = Linear deflection due to fX

Dy = Linear deflection due:to £y

D, = Lirear deflection due to f2




Dp = Angular deflectlon due to fP
Dg = Angular deflection due to f¢ : (1)cont'd.
Dy = Anguler deflection due to ¥

v It is an’accepted convention in tensor calculus to use subscripts

. .
IS -

e&d superscrlpts to denote covarlant and contravarlant tensers, respectlvely.
I

-

- The reason for- EBIS 1s that in generalized coordinates the law of transformation

+

for covariant tensors is not the same as bhe law of transformatlon for contravarr-

ant tensors. However, for cartesian coordinates and cartesian tensors there is

no difference between covariant end contravarience and all the suffixes can legi-

i-

timately be written as subscripts. We shall use both subscripts and superscrlpts
to be consistent with Reference 3.

In~F1gure 2, consider a simple beam cantilevered st the origin and
oriented so that its elastic axis lies along the x axie and that the principal
axes of 1ts Cross sectlon lie along the y and 2z axis of'the'feference axes. =

1et the free end of this beam be acted upon by the forces and moments as glven

by Equation (1).

Cantilever Beam - Forces Acting at End 1

" Figure 2
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Southwell, in Reference 2, has shawn that the total strain-énérgy stored in this
beam can be expressed. as:
L .
{ x)2 ¢ 2
Ef EI/' TEZ7: 43
o 2 ' 9-‘7-
where '

~ U = total strain energy

td
"

meo's Modulus

f'e)!
A aaay LIS A e L

GJ = torsional rigidity

g
]

cross sectional area
"L = length of béam
Iy = area moment.of inertia aboﬁt y eaxis
I, = ares moment of inertia about z axis
€ - vq;iable of intggrafion
and the fi's , i = X, y; z, O, ¢;‘#' are défined by (1). The deflection of
the free end of the beam due f; these forces can be determined by utilizing
Castigliano's Second Theorem; namely, the deflection of a beam at a point of
load application'and in the direction of this load caﬁ be obtained by differen-
tiating the expreésion for the fotal strain energy with respect to the applied
load. |
}U = D
EEL B
Applying Equation (3) to Equation (2) for i =1x, y, z, 6, ¢,‘P » and then per-

forming the integration, we have;

Doz ()F

D= (r ) 7- (e )£
Dras (‘L:l/)p%* (“1/)7"14’
Dias (&7)#"°

Dig= <’hy\§ti+ (s_try)';hp
Pres (RN $7w (&
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These equaticns can be written in matrix form as follows:

-~ -~ A — P~ p Y- 4
D g 7 © o o . ¥
L - L '
Duy e 3T SB o ch 2[7* + y
—— O id
D _ o © 3eIy c 2Ty o f '
D = f) © o ..L'— ) o f’a N
e 2 7 é
L L )
Dip © © 2z, © Fz, © ¥
R S
D L2 .= ¢
- “{’_ LO .2——&% ° o < : EI%_! }

or more briefly, .
o]= 210 | (5)
where fDl] and [flilare column matrices and [le] is a square matrix of flexi-

Pility influence coefficients. Its inverse is & stiffness matrix and it will

1= (2] o e

te denoted by
Pre-multiplying both sides of Equation {5) by [Yl%] and using Equation {6); we

3 OO ) .3 £33 223

have:. '
i 1} ' P
s [y 1y 7 B
where
o - B
. Ef-q o o o G o '
12€Iz GEI; ;
° Tt L. O Sa & N
. 12ET &
0] = o o 0w © @ o
' : o o o | © o 8
- GEIy 41
o o = O -—L—’ o
o <L o o o 4 ]
Lz : ) L J B
L ,

&3

At this point it is necessary to explicitly define what has been done and moxre

important, to esteblish what is yet to be done. Equation (7) is the relationship
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~ between the forces at point l_éue to a,déflection of point 1 for a beam which is.

‘ constrained at point 2 as shoﬁn in figure 2. The ultimate goal df this analysis
is to obtain =a relatiopship or equations of sfate for this beam such that this
team 1s not constrained or equivalently, not orientated. The object is to alloﬁ
btoth ends of the beam to deflect such that its stored strain energy is only a

furction of the relative deflections of its ends. A non-isolated beam such as

(B
ot
Yodo
n
I
(e ]
0
]
n
n
14
’..l
D
[»]
13
[=3
Q
ot
g
(1}
3
2
7]

this has the importaent pronnrty that i
it can be connected to other similar beams at both ends io form the entire com-
plex structure. |

To obtain the equations of state for a beam which is not orientated;
it will now be neceséary to solve for the constraint forces at point 2 in terms
of the applied forces at point 1. Next, the free and constrained ends will be-
revgrse&iana the'relationship between forces and deflections at éoint E‘aﬁd simi-
lﬁflyg thewéonstfﬁint forces at point 1 will be determined. These reiationships
will then be éombined to obtain the correspondence betwéen all of the' forces and

deflections of this gereralized spring.

The constraint forces (see Figure 3) at point 2 can be establisfed’

from the conditions of equilibrium. Solving the equilibrium conditions we have
Y

J(Z'E

Cantilever Beam - Restraint Forces at End 2

Figure 3




£ = | plx

P

22 o _ plz

o (9)
29 -f1¢;th : :

2¢

P19 _ L

or in matrix form,

EaE [lzll[f'J o A (10)

where 221 is the matrix of coeffieients in Equation (9)

—

f—1 S O
o

0 00

—

(11)

|
c 000

00 -
[
0 00C00O

o
o
?

c — O

(o)
(@]
PHE -
| | >
Q

r
0o -
|

[Rgl] may be cqnsidered a force transfer tensor whicﬁ transf;rs the forces frc;m
point ozne to point two.

The above procedure is now repeaﬁed for the congiitions that point
one is constrained and point two is free and acted upon by the. fo_I&ces and moments.
The only change tha.t is requ'ired is that the dummy variable of integration in
Egquation (2) is changed from L to - & . This results in the following flexi-

bility influence coefficients [Z22] for end 2.-

e 3
e (] o o o Q
L2 : (g
© 36m: @ 2 ° g4
. ’ i L3 o L2
{Zzz—l = © © 3Er, Z€1, ©
. L (12)
o © O g3 o ©
Lz L
o -£- L
. Z&Ty o Ej'ﬂ o
L2 oo L
o — . —
- 2EXz o o © E'I%-‘
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By inverting Equation (12) the following equation ,relating the forces and deflec-

tions at end 2 in terms of a stiffness matrix,can be written as

L£2]= [Y“‘J [o.]
REE ‘Y 2-?,7,]-?‘

EAR -

-_L. o o o o (e
o I2EI; o o o —&EI;
L> . “
o o 28 o ¢EL, 4
YTU- = : L3 L

o o o & o o
.. L
o o = o 4 .

: [ . -

U T - ol

The force transfer texnsor can be derived as before. It is:

f A I
-1 o (@] o o o
o =] o 1 (=} o
(X]" o Q —1 1= S o
24 = .
o o o -1 © o
O © - o -l o
'« o o o —|
e . >

| [#7= DLIGY

1=

(13

)

{15)

(16

(17)

(17a)
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It is now necessary to combine the above results to establish the
equations of state for non-orientated beam; that is, for a beam which is not
constx;ained. The resultant fdrce at end one is the sum of the ‘forces acting at
e.d ozne and the tra.nsfer forces at end one due to the forces at end two. _In .

matrix form this is expressed as: , |
[Fls [#2+ DRILFA] | (18)
Similarly, for end two; _
[F1 (57 w000 5
vrere [¥1] and [F?] are colum matrices. | |

Applying Equations (7) and (13) to Equations (18) and {19) we

have:

[F1= D" 1D + [N 0Y2)0D.)
Y_FZJ = [‘(’zz]{ Dz] +' [)’;'l(Tu‘x[DJ

Tetting

(N10rE) - Ty |
[R1Lvm= [v*] | Y

ant Icr- convenience, dropping the bracket notation to denote matrices, we have:

Fl="X"D, +%'"Dz

5 (21}
F2:2 XD +N*Dy
F=YD » | 2la)
where
Y \rﬂ \(”-
- LG Goe

=3
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Etiuations (21) ere the final equations of state for an unconstrained
generalized_' spi',ing that is orientated in its own "primitive" _coorc‘iinaté system as
illustrated in Figure 2, where Y1 and Y22 are defined by Equations (8) and

(15) respectively; and where
o | EYﬂ: [Y:z]_r | - _ (22)

that-is 2l s equal to the transpcse of yl2 . and where:

[-EA o o o o o
v
o "RER 4 o o -
L3 L
- 12 -
2 { 2 & o __J o GEIj
Y% W, Y% = L = © ) {23)
o o o 9 o o
CET, =
o ekly 2ET
- cer, - ° =
o =2 Z€dy
= © © O G

A few comments about the system of Equations (21) is in order.
Each of the Y matrices are non~singular six x six matrices whereas the system

matrix,
Y: \(”7 \{17.
Yz N

which is a twelve x twelve matrix, is singular. This can be shown as follows:
Consider the matrix Y . Multiply the second row of matrices by - _7\'.2 and

add it to the first. This is a valid matrix operation which does not alter the

original matrix. We have

¥ (¥'= 2 ¥z (yroneyar) |

- - \f‘z‘ YZ"- -
tut  W,F%= F' by (17)

by (20a) and (17a)
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Since Y21 and Y22 are non-singular it can be concluded that, in the gereral

therefore, .

case, Equations {21) have a degereracy of six. A discrete solution exists if
six cénstraints or boundary conditions are applied at one end oi"if several
~bc>undza.ry condi‘éions are applieé. at each such thé.t their sum is at 1eé.st,six.
Having established the equations of state for the beam, it is ncw
necessary to determine the equations of state for a concentrated mass. A concen-
trated mass will be considered as having no linear dimensions and alléwed to have
six degrees of freedom; nemely, three lineér displacements and three angular dis-
placements. Associated with these dispiacements‘ will be three forces and three
ﬁomeﬁts, respective]:y. The coordinate system which will be used is illustrated

in Figure 1. The deflections of the mass will be denoted as followss

Dy = linear deflection due to FX acting on the mass
Dy = lirear deflection due to F¥ acting on the mass
DZ = linear deflection due to FZ acting on the mass

De 2 angular deflection due to Fe acting on the mass

angular deflection due to F¢ acting on the mass

)
=N
o

angular deflection due to Y acting on the mass
Assuming simple harmoric motion, then the irnstartazeous displace-

mert cf the mass in axy of the six directions can be expressed as

lwe ‘ '
D= DoL | (2l

where Dgyy Is the maximum deflec‘tion of the mass and Q)= frequercy of osciliatior.

Differentiating Equation (24) twice with respect to time we bhave

BLD" . WZFDDL ch-u-e _ uoz'b:_

—
—— % -

ez T | _ . (25)

#
g

£
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For dynamic eqpilibrium, the:fbrces acting on the“body in each dirgction.must

equal the product of the mass times the linear accéibration, and the moment about

e

each axis must equal the mass moment of inertia times the angular'hcceleration

about their respective axes. Thus, there are six eéuations of dynamic equilibrium

for each concentrated mass which are,

FX = —MZMW‘D;‘
o= - szYY Dy
Fz = - W1 M??'Dz
' (26)
FO = — w0t M‘D-De
= — WM D

FP=  — w* M"H’ﬁb{t
where |
M = MY = MZZ = concentrated mass
M®® = mass monment ofvihertia abou£.£ﬁé‘ b 4 éxiév

1P

MPY= mass monent of inertia about the 2z axis

mass moment of inertia about the y axis

Referring to the definition of the primitive element, we see that
the continuous mass properties of an actual beam are simulated in the primitive
element by two concentrated masses, one at each end of the generalized spring.
The concentrated masses are defined as equal and are computed on the basis of the
mass properties about the center of grévity of & uniform beam of length 1. Thus
associated with each primitive element there are twelve additional mass equations

of state, six at each end of the generalized spring, which can be written as

Flr M\I'D‘ . v .’
F2= M*2 D, {(27)




where
[~ oM™ o o Lo, O 7
o WMWY o o o o
o S - 1"122. P> o O
v 2 o 3o
= o o L) —J’.‘f o o (28)
o o o o -Juto
o o o o © _‘:}M‘N’ ]
« g - h -
where;
A= mass density
A = cross sectional area of beam
L = length of beam
(= frequency of oscillation
M= MYy = M22 2 kAL | (29)
T 2 . |

Mea: M (rmn-*IM:n\‘T"g
Méd = M"’(—f—zzst TuwtRY
Mmy¥d _ M?-E(Tl_-i?'_} Totax + /‘:))

. Eafore continuing, let us briefly summarize our results up to this

stage and then postulate the succeeding stages of the aralysis. We now have avail-

able the fundamental equations of sitate for an isolated priﬁitive element which
consists of two-concentrated masses connected by a generalized spring. These -
equations were devgloped for a beam orientated in the primitive coordipate system
as shown in Fi,éure 2 and are given by eq_ua‘bions (21) and (27).

Having summarized the analysis to this point, let us consider a

complex, three dimensional, redundant structure which is composed of simple uriform

teams which are connected to one another to form a structural network. It is

3 £ 3O D .
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obvious that relative to. some partichlér coordinate system for the entire structure
the individual beams will have different orientations. Conceivably, no two beams
necessarily must have the same orientation. In addition, the equations of state
which have been developed for the primitive beams are tensor equations or, equiva-
leﬁtly, vectors. Based on the above discussion it can be readily postulated that
before the primitive beams can be connected one to another to form the final |
structure, the equatioﬁs of state for each of the primitive elements must be trans-
formed such that they are applicable to a common coordinate system. The procedure
which is utilized in obtaining the equations of state for the entire structure
consists of (1) "tearing™ this structure into its smallest basic building blocks
vhich are the primitive elements, (2) establishing the equations of state for the
primitive elements only once, w@ich is in the primitive coordinste system, (3)
transform tﬁese equations of state such that all of the primitive elements are . .
orientated properly withbreépect to each ofhef, and finally (h) fuse all of these
elements together Ey a connection tensor, or, equivalently, by a transformation.

| Having set the stage, we will embark first on developing the
tensor transformation lews which are épplicable to this analysis end finally, two
transformation tensors; one which will orientate the primitive elements and the
second which will satisfy the equilibrium and continuity conditiéns at each point

where beams are joined.

Teﬂsor.Transformation Lawss:

Consider the following tensor equation:

F= Y%f D

(30)
ané assume the following coordinate transformations:
D= g Dy ~ | (39
F % ,gzszrac

(32)
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" where AE; maps thé range ‘of Dy 1into the domain D}S » &and simila.;rly Ay maps
the range of F® into the domain F®. Substituting Equation {31) into (30) we
nave X_ xp b : | |
F'=Y Jaﬁ'g-bb ' , (33)
Multiplying both sides of Equation (33) byi Aﬁ( we have
F AL Fe= A:Yf"e/‘?;',bb o BECTS
‘Since ﬁe postulate that Equation (30) is & tensor equation, then Equation (34)

can be written as

a ab
=Y D
) ° - (35)

since tensor equations have the property that they are invariant under a coordi-
nate transformation. Comparing Equations (34%) and (35) we can conclude that the
transformation law for Y80 g as Afo;l_ows _ |
Y4 AT YPAG A )

where Ai. and A%» are defined by Equations (31) and (32). The tensor transfor-
mation laws under a change of cocrdinates can be derived in another marner which
may appeal to ones physical senses. Consider an elastic structure which is acfed
upon by & force system which will be expressed as the column matrix F® and the
corresponding system of deflections Dg of the §tructure. Dg is also a columm
matrix. We postulate that the work done on the structure is independent of the
reference frame or coordinate system which describes the system. Assume é change

of coordinate systems that can be expressed by the following relation:

‘Das AD, | (37)

where Dy deflections under the original coordinate system

= deflections under the new coordinate system.
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The above postulate can be expressed in eqnatidn fofm as,

F)XDa= (FH+D, | N )
Substituting Equation (37) into (38), we'ﬁave

ED-4D, = (F): D, o - (39)

Comparing both sides of Equation (39), we can conclude that
a _ L
(FYc A = Feyr (50
And, finally, taking the transpose of both sides of Equation (40) we have

[<FQ)TA]T AT[(F)T]-‘- A+F ff(Fh)T]T Fb

therefore,
°= ArF® | ' (51)
Rewriting Equation (21a)
- FYs yeeD.
end substituting Equation (37) into (21a) we obtain
Fe%= Yy**4D,
and multiplying both sides by Ap , we obtain
' /4‘?' F4 = A‘r\(q'q"A Dy
where Ap F® = F® by Equation (b1).
Finally, —
Fo= yebp,
where | : ’ :
Ybb-‘- A?YMH » | (42)
Equations (37), (41) and (42) ere the tensor transformation laws

which are necessary in the following analysis.

Orientation of Primitive Beams:
The equations of state for each of the primitive beams are derived

in terms of their own coordinate axes; namely, along the principal axes of each
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primitive element. Since each primitive element is orientated differently in
space, so also are their coordinate systems. In order to analyze the system of

primitive elements as one interconnected structure, it is necessary to establish

&

a direction cosine matrix whereby each primitive coordinate system is referenced

to one coordinate system which is chosen as a basis for the interconnected struc-
ture. If a pr‘mltive beam denoted by its end indices (i, j) lies along an arbi-
trary’dlrection relative to the basic coordinate system as shown in Figure L, the
positions of its three principal asxes are defined in terms of nine directional

cosines for a straight beam.
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Figure 4 - Definition of Directional Cosines

They express at either end of the beam the six linear and angular displacements
D along the principal axes (primitive axes) in terms of the six displacements
D' along the basic cocrdinate system. The equations relating these two sets of

axis at one end of the beam by the direction cosines can be written as
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Y= Lox' + ’hiz,fﬁg 22’

z = /€3X"+ l’)ng“Y/—;- n32-'
. (43)
8= Uy +mv + 9, 2!
B = Lox'+ mar's ny@ R ST
Y= L3x'+ wmayis e |

where )61 is the cosine of the angle between X and X' ; my, the cosine of
the angle between X and Y' ; n,, the cosine of the angle between X and Z°,
etc. These quantities are derived in Appendix A. Rewriting these equations in

matrix form for end i we have

D= AD: - - )

where
v~ {Ai o
A o A
and
A . r,Ql m, n, ’ .
23 h"l3 g

For a generalized spring which has twelve degrees of freedom, six at each end,

this transformation matrix has the form,

t
—D(. - ,4‘_' e ’Dc‘.A
‘

Dil o 4;5]lDs

where Dy = deflection matrix at end 1 1in the primitive coordinate system
Dj = deflection matrix at end J in the primitive'coordinate system
D'i'= deflection matrix at end 1 in the basic coordinate system

D'. = deflection matrix atend J in the basic coordinate system

For a straight beam

Ai :Aj




fher;fore_ .

Dl VAr ol |De «

D; o Al LD; | - (46)
The tensor transformation matri% which. orientates the masses for the intercomnected
structure is given by Equation (45) whereas the orientation of the generalized
straight spring is accomplished by Equation (46).

Cénsider a primitive'beam which is defined by its end points (i, j).

The equations of state for the generalized spring are expressed as:

X N VTR T

= . ., (l
F; v YTy 'Dj- (&7)

where Fi‘;>D§; are the forces and deflections respectively on jth end, and
similarly,’Fg', D; are the forces and deflections at the jth end, and the index

* ‘ . . )
s denptes association with the generalized spring. Utilizing the transformation
laws ‘which were derived previously, the equations of state for this generalized
spring in the basic coordinate system are

'.-~ ' .. (." 03'

B TR ] [@yr o\ Ty w474 S\ [P2

g1 31 JE ad ] ‘s
Fs \(AL')TFS o (UNLT Y o AJIDF
and after performing the ebove indicated matrix multiplications we have

Rl Ty a; 4‘74')TYL",0¢' DY

- , .. {48)
! - 1 . . W ‘s, A
BY | LAY B (A YA 1LY
Simila{}y, the equations of state for the mass elements aré transforred to
0': S . t
F-w?’" (AL'\T M“/4L o .ng N
] {49)
v A i |
Fe O (#137/7 AL I%'M

where the index m denotes association with the masses. The same directional

cosine matrices are used to transform both the generalized spring and masses since
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it has been postulated that the principal axes of the mass element lie along the

. principal axes of the generalized spring.

Interconnection:

The equations of state for the complete primitive element con-:
sisting of a generalized spring with two concentrated masses, ope at each end,
will now be formed by the usé of a connection temsor. This tensor is established
by epplying the principle of continuity at the junction po;'m’(".s of the masses and
generalized spring.

Consider the system shown in Figure 5 whose equations of state a.re_

governed by Equations (48) and (49)

T T 1LY
il T

Figure 5 - Beam - Mass System

Combining these equations in matrix form we have:

(FC] [eoryea @ voac ° o 7[oF
Foo _ (A-YCA: (A YSip¢ o o oS (50)
G e o MUl o ([ |
bF'lw“_‘ | © o o @HM; D‘Ifﬁ
or o |
LFEm)= UYen] (D5 ) (50e)



with each mass,

ions can be
established . ‘ )
ey
DI = D=,
. ,
—Df?:'):i”’ —‘b:.
The above identies canvbehwf§tten in matrix form as
’-‘S‘;ss r| o b‘é
Tol B P D]
LYl RN RS
> Lo

Or more briefly,

(] = (] ﬁ‘]

(51)
where .C = I ©
| ' o i
I o {51a)
o i ‘ »
Equation (51&) is the.connection tensor w

hich interconnectg the two
end masses to the genera

lized spring.

Applying thig connection tensor to Equation

\

we obtain the following equations:

_, ' F§£4-E;; ' o ) ’

GrYsymd = [l o | o:] AR GV RPN ;o

(&)
Q1 o | (AC\T YJ‘:AL’ (!dc‘)TijA" O" ) O
o o @c'\r""“/‘;' o
K] () .o @c'BTM"‘AJ
- (A‘:TYL'%£'~ /dLITM":‘%L' ) "74¢"7'Y"‘/;4‘_' {5081
/‘{4'7‘ ‘7"’5/4‘ (444'7 Y‘/J,l4" — Ay MJQL') _



Combining and factorizing terms, the equations of state for the complete primitive

element becomes
F','.' . A"-,-(Y“aM“')A" 2 ,U".,.Y‘-’A“ b'(:
=% ol v S eyl | I | (53)
! Air Y Ao | Air (rs i) A 1D,

[t "~ [prf ] )
where |. ; and 3 are defined by Equations (52) and (51), respec-
F' D‘ ! N .

'tiveiy.' Equation (53) is now twelve scalar equations representing the twelve

degrees of freedom of a complete primitive element. These equations of state (53)
are developed'for each primitive element of the "torn" system and with the use ofa
connection tensor which ié developed using identically the same procedure as devel-
oped for connecting the masses té the ends Ef the generalized spring, they are
Jjoined to form the equations of state for the "untorn" or interconnected systems.
N | To conclude the discussion oflthe primitive elements, it is inter-
esting to note tﬁat Equation (52) satisfies the force equilibrium condition at the
intersectiqn of the masses and spriAg. Consider the. forces defined by the left
side of Equation (50) as internal beam forces or .stresses and similarly, consider
+he forces defined by the left side of Equation (52) as externally applied loads
to tpe,beam. It can be seen from the free body diagrams of Figure 6a that if no
exte#nal forces act at a joint,‘then [fi] s - {fz] where ff] denotes a genéral
force system copsiétihg Qf:three forces and three moments, whereas for the condi-

tion shown in Figure 6b, the equilibrium conditions yield
: tF@ﬂ':l'*' [§) +[f1=0

fherefore

{f:;xﬁl-; “‘}§|+‘§z:111



(a) R " Free-Body Diagrams o (v)
Figure 6

n defining the basic building blocks, it could have been assumed
that the primitive element was-only composed of a generalized spring. In this
case,vthé equations of state are developed as before, with the exception that the
mésses are not considered. Then, in the process of:interconnecting these primitive
elermerts; one must consider the inertis forces as externally applied 1§ads'and
include them in the left side of, say, Eqﬁatibn (52). 1t then follows, once har-
monic motion is assumed, that thé equations can be fearranged to produce
identically the relationship which is shown in Equation (53). This is just

nother peint of view of the same problem.

Interconnection of “Torn" System:

It is difficult to dispuss the concept pf interconnecting from a
theoretical point of vie& since many of the.engineering concepts which'appeal to
common sense and/or intuition become obscure. Therefore, the intercorrection of
primitive elements is best illustrated by an example problem.

Consider a structure as shown in Figure 7a which is; from the
topological point of view, a network of beams. This network is composed of inter-

connected branches or, in the terminology of this report, an interconnection of
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primitive elements. Assign to each branch end point of this network an index
number as shown in the same figure, Next, "tear" this network into its primitive
elements and assign an index number to each end of every branch of this torn sys-

tem. This is illustrated in Figure Tb.

”~

5 o | L _
- . ' - V 5
, + 4
' <+ : ///2/ 4
A \ / » 3
\ 2 3 : { 2 =z .

Interconnected Networkl . "Torn Network

C (a) | ‘ (®)
Figgre 1 .

A specific indexing system is used for the torn model. That is, there exists a
correspondence between the branch point index numbers of the interéonnécted ﬁet-
work and of the branch points of the torn network. In the generel case, this
correspondence is nol necessary. A somewhat random numbering scheme can be
used for th; torn network but it would have the disadvantage of losing.the
physical iden?ity of each primitive element relative to the interconnected~
system. |

For each primitive element shown in Figure Tb, there exists equa-
tions of state of the form which is given by Equation (53). As stated previousliy,
the equations of stﬁte for each bean is actualiy twelve scelar equations which
represent its twelve degrees of freedom. Since each element is uniquely defined

by the numbers assigned to its end points, a very convenient coding scheme can be



adapted for defining the ma_trix elements in the equations of state. Iet éach

matrices as shown in Equation (53). Using the identification numbers assigned

to the end points, say“(i, J)s we identify each six by six matrix with two sub-

scripts and two

The superscripts indicate which beam element the matrix came from and the sub-

scripts identify

rimitive element twelve by twelve matrix be rartitioned into four six by six E

! In addition; lei the forces be defined as follows: -

superscripts as follows:

4 ¥
S yg

—— = — - (s [
N } <J 7
TJ‘I ' Y;"

I .

influence coefficient matriz r=lgtive i~ the team.

™

PRy

!i - i ! = 1J
F Fij P Di Di » etc. where )
3 - R o
F{j = force acting at end i of the (i, j) primitive element
. | ‘ | : (55)
DiJ = deflection of end i of the (i, j) primitive element 3
A comparison of Equation (53) with (54) yields the following identities: D
<3 ) ce .
Yeo = Al (Y M) 4 ‘
L'J‘ ‘e .
Y(-_- = ,4(.,. (Y‘J )A‘- ' . L
{4 ' . : {56)
YJI: - /4¢'T (YJ‘)AI. - : B
L'J - .t P . .
YJJ' - /41."7‘(\("'/7‘ M‘N)A¢ ,
| i
‘ Rewriting Equation (53) in this new notation, we have -
| : 3
= < (J i , D
r" J’ Y" . YC'JJ -D" .
B T i {57)
Fl » .. ¢ "J‘ )
¢J \Cl. \f,/./ bj ‘

This is the form which will be used in writing the equations of state for this

'example problemn,

expressed as:

e

For the torn system, given in Figure Tb, these equations are

e oo
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These equations are now combined to form one system matrix composed of discon-

nected primitive elements. This yields:.

(58)
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a4

5 N S S S S,

Re | | Lo 'E37FZ? B3

Fas [ | | s 'y
"] L ¢ | 1 | {Tsa ngs: s

This system matrix in an abreviated form is:

P : _ :
F'= Y""De ' : ' (60)

where FP = forces in the primitive system
Dp 2 deflections in the primitive system.
1t is rov rnecczsery to derive the connection temsor to obtain the equations of

state ior the interconnécted system. Using the continuity principle we can say
that the deflections of the elements at each joint in the interconnected system
must negessaiily be equal. Thus the followirg continuity relaticnships can be
formulated: |

'r-D‘lz ‘=-D|‘

Dz = 'D"7_3=_'D§$= "ng = D>

73i3-= 'I)%f = Ds

DF = Y = 'D‘;S = Da.

(61)

a3 2 & &3
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In matrix- form, Equations (61) become

™ ” ] - . o - - .
'F | @ o o o} |D, )
D? ol o oo D,
) Dy o .0 © o |
3 -
D ) 1 o o] |,
4 ' o
z o\ o o o] Dd (61a)
DY c.o o t o] v -
Déy O I o ©o
ord 1o oo © |
ng oo | oo
D3t
G oo o Vo
-D‘O‘S
a O 0o o | o
s »
s O o0 o & 1

or more briefly

B 9] -

where po} is & coiumﬁ metrix defined by Equation (61)

KDI] is.é COlumn matrix defihed as the deflections in the interconnected
syetem and,

&C], is the connection tersor which relates the primitive beam deflec-
tions with the junction point deflections of the intercoﬁnccted
system. This céﬁnection tensor is defined by Equation (61a).

It is this derived comnection tensor that will transform the eqpatlons of states

(59) of the torn or disconnected prlmitlve system to the equations of state for

the interconnected system. This transformation is performed using the tensor

transformation laws which were derived previously.




Let _ '
Fl = yIT p, (63)

rs
be the equations of state for the interconnected system.

Then,

7l
yII

Cp FP

| | Cp YPP ¢
and Dy is defined by Equation (61).

Performing these transformations we haves

e -
F2 F2+ Fa+ Fio+ Fes i
PRl = Fh+ FS o (6h)
Ul e+ ms+ B | -
_Fi RS+ s )
end ‘ | |
(v Y& o e e
Yn;. Cr Y?PC. = Yot (Yee Yoo+ YS’*Yf) ngs Yzz: Y:é |
° Y (3 Y& o0 | e
° Y& ) YiE
Lo Y% o o YL (YEYGS)

Rewriting Equetion (63) in expanded form, we have

' FE ] - 12 Yxiz 5 o o N :D.‘—

JER | e (e B e v A Yie D2
F2l: Y3 (Y@23) 3¢ o Da
Fel | LS CZ A 0y DI el D &
Fel L v o E () [oe
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This equation (66) is the equation of. state for the simple example
problem which was.considered to 111ustrate the concept of 1nterconnecting a torn
primitive system. A number of general comments about this system of equations is
now in order.' Equation (66) ;epresents thirty scalaer equations. Tﬁgrefore, the
order of the influence coefficient matrix YII is equal ﬁo thirty. The rank of
this matrix is less than thirty am therefore it is also singular. To obtain &
solution, adeqguate boundary conditions cr, egui ivalently, constraint must be speci-
fied. This condition requires that in the general case at leaét six deflections
be given as known and that for a deflection analysis the order of the Y11 matrix
rédué?d. An alternate procedure is to ponsider that the constraint forces cor-
responding to the given boundary conditions are unknown, and after transposing
these forces to the fight side of say Equation (63) solve for the unknown deflec-
tions apd constraint forces.

Another commcntishould be mede with regards to the identification
scheme which was selected fof the submatrices and to the indexing scheme of the
primitive or torn system. Observing Equations (58) and (66), it can be concluded
that under this proposed system, the equations of state for the interconnected
system can be forﬁcd directly by summing all of the submatrices of the discon-
nected system which have identical subscripts, say (i j), and assigning this sum
to the i j _location of the interconnected matrix. This indexing scheme auto-

"

matically "satisfies" the continuity relationships 6r, equivalently, intercon-
nects the primitive elements.
Now that we have complcted the anaelysis, i.e., established the

equations of state, we are ready to start the second part or solution. It should

- be pointed out that Equatioh (65) represents only an example and a rather simple

one at that. An actual structure or missile requires a much larger number of
elements and points for an adequate representation. Consequently, the order of

the stiffness matrix representing the system can become extremely large.
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Paft Tﬁo ;”Solution

Specifi¢glly, the solution required is to find the deflectiops, D, fof
a given set of external forces, F, and a given freqnency,(k) Since the complete
jnversion of the stiffness matrix YII by conventional methods . is prohiblted by
the order of magnitude of the rank of_{YII which is implied in this report, we
use a method which (in Reference'l) is called "Factorizing the Inverse.” This
method results in what is called the "pactorizing Inverse Table" and, as the name
implies, it is a table of métrices which contains all of the factors necessary to
compute the required deflections in easy stages. The foundaetion behind this table
is presented in Reference 4. Among its various titles, it has been called the
"craut's Elimination process." It can be looked upon &8s follows: Consider the
equations of state for an interconnected sysfem as given by Equation (63) end

furtner, for the purposes of operation or man*pulation,.cbnsider the quantities

Fi‘s and Di g which are six by one column matrices and Yij s which are six

by six matrices, as scalers. Therefore, for the purposes of operation Equation

(63) may be considered as n scalar cquatiéns where n equals the number of
JJnCVLon points and where F and Dy end Y represent n x 1 column matrices
and an n x n square ratrix, respectively. Once haVing established this con-
cept of n 1linear equations and n unknowns, the process of eliminating the

unknowns end finding the solution in an orderly manner can be presented.

Tet the equations of state for thevinterconneéted system be exprcssed as

4D, + QpDa+ oo o+ Gmba = F
Gz, D, +22:Dz+ ! + AgaDn = Ft , )
: T | (67)
Db, +_Q4';-_Dz+ - A QinDn F":
‘ ’ ' - n
G Dy + GngDat - - - = +RnnDn = F

£



where the sbove developed concept is utilized. Any other set of n egquations

has the same solution. Since only the coefficients aij and those of the quan-

I which are linear combinations of these equation (called an ,e’quivalent set) clearly
a tities Fl,. . . + . . 5 FO are significant in the formation of such linear

combinations, it is expedient to cerry out the contemplated manipulations upon

the matrix

-~

r

. 0 1 ‘ ' : .
a_" a/z ala « b &2 009 s Q:ﬂ Fl
' 4 ']

Q.z, Qar, Azz * *+ =+ ¢ ¢ ¢ qu F"
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q i
{ 1

(68)
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which is the matrix of coefficients from equation (67) with the quantities

F1 e v + « .+ « F' added as an additional column and the superscript added to

the coefficients to keep an account of the manipulations. This resultant matrix

involving n rows and n + 1 columns is referfed to as the augmented matrix
corresponding to Equation (67). The series of manipulatiéns which are described
presently, have for their objective the derivation of an equivaleut set of equa-
tions having an augmented matrix in which all of the elements of the prinéipal

diagonal are unity and all those below this diagonal are zero. A word of

caution must be injected at this time. Although the identity of the matrices has

been lost in the representation of the elements in Equation (67), it must be kept -

in mind that they are, in reality, matrices; thus the laws of matrix multiplica-

tion must be adhered to and it must be recognized that the commutative law is not
valid. The first step is to pre-multiply the first row in matrix (68) by the

inverse of the leading coefficient so to obtailn,
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| (@Y R @Yas - - s @Y (@)F
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a’lt a—:_?t. Q’zs L I ] . FO an F2 - )
o \ ! (69)
[ 1. \ . )
- '. - ! -
1 : .
@ he - - -ap, P -

The inverse of this alweys exists since it was established in Part One that it is
a non-singular matrix. The a'gl pre-multiplied elements of the first row are

now subtracted from the corresponding elements of the second row giving,

~ -1 - - i g
' (a"ll\ Ry, (41513 Qz - (le\ IQ/r) (Ql“ F
2 Z 2 -2 -/
o Q2z  QA%y + - - Qzn Fe alzy(al) F!
Ay A3z d33 oL .ay, F3 (70)
.I ' ] a Fh
Ln) Qn: Qns + 0 1 &an 3
in which
- { /- -1 _/
Lpp= Qzp = Qu (drlu\ Q2
2 : - /
QA23: ayps - Az (@Y as
' 1 1 1
‘ ' t D (71)

’ 2 _ 7-: RPN
Rzn = Qzpy~ @y lan) QAin

Next, the 3'31 pre-multiplied elements of the first row are subtracted from the

corresponding elements of the third row. This leaves the augmented matrix in the

form

s R v I e R o

a3 3

3
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; Qa, afm - . . %, FZ b (@IN'F (72)
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: § |
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Qi Un2 Q,:3 . . a"'\h ,—_—ﬂ |
-
where 2 ' E ) ' ‘
= [l 1 . -t 3
E Q3z = Qzz =~ Qa (Q‘u\ d.'tz |
- a3, = q'l ( =t |
] 33 - aunla'a |
G ' - ! ‘ [} ' B ' (73) ‘
\ y ! |
% " Z ] | \- [] |
‘ Qzp = a-‘Sh - a3 (@) ‘a-ln_ |
: |
3 | i
This procedure is continued until the matrix aésumes the form i
| - | | | ~
‘ r e Rl ! -1 PR 7 ’ !
{ (G.n\ iz (a-u\ [~ ¥ SN (a-ll) Qin (Qu\ F ’ |
- -t ot
R o a% 0?753 Cae o aka F2 ay, (alY F '
: , 2 S )
, o Gz e o I F2 dy, (aiN'F (74)
O 1 + ) ! ,‘ V .
' t T | :
0] cz : . | cz h ‘. .
. LO a_nz Q§3 PR . ot o0 Qq‘p‘ F - a-h] (all\ F -
] A single formula for the coefficients b;. is recognized to be
i
s @l al, @Y el TR (75)
LJ - 5'./ _— ¢ / (Clu ‘ O—IJ »/4: 2,3, «+ ot V) {
|
: 1
In eddition, let 7
: { -1 1
g ¥ (a-n\ A2 = CIZ..
| (' 'as = Cis
b
i




and in genersal,

. ( 1 \—-l i, _ C " .
) Ay = Gy J:=2,3, .- n (76)
Fucrther, let . ;
F= f - -
and : (77)
-l / t \=1,1 . . :
(G.'“) F'= (GL“) J‘ z c/, -
Substituting Equations (76) and (77) into Equations (74) we have
rl Ci= Cu-s boee e Cin di i
z
o Q. a%n . . . - - -« a%, F2 a.d,
N .
o 232 @%s v «v - Q% F2a%d. .
o ‘ ‘ ‘ v (78)
. N L { . |
Q § [} ! t i
) t i ] i} X ]
: . , . A
o - a-nzq Cbz’; Ce c a;,,z,, FL ani d,
Now the elements of the second row are pre-multiplied by 8o . One. then has
\ Gz Ci : N ' di
) L2 e
Io) { (Q}z ! a-%b N (a;f.) Q;,, (Q?z\ 'F
2z
0 Q;z a‘g; SRR Qah F2 Q'suzl- o
| C (r9)
o
1 ' t
v ¢ ¢
ir & pA '\" {
(o] Qn2 Qnazy nn F’- a—nténd
where the tollowing substitution was made:
¥4 1
F= Fi Azd, - _ (80)

The portion of this matrix exclusive of the first row and column is how deal_t with

in a manner which is identical with‘that just described for the transformation of

3
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"
the matrix (69) into (78). 1In the first step the a§2 pre-mltipued _elements

of the second row are subtracted from the corresponding ones of the third row. .

'\NExt, the afg pre-multiplied elements of the second row are subtracted from

. the co:reépopding elements of the fourth row, and so on. This set of bperations

finally yields the matrix in the form

r,‘. C]a (;3. ;- ' : . '7'.'1 ollc/q" dl._ )
2 \-1 < L=t 2
o ". (@22Y Azz - - - -- (af’, szn (QE:)I ‘
. 13 a3 ! -1, 2
o S Qzz - - .. 3, Fi Gz dy - 4322 (a-?z\ 5
. o ] : -
. ' 3 2 sz (61)
DA a_i‘,g Y - F- ac'ldl‘ a;z(auB‘F‘
N . - Lo P . . ~3 . . - 2
_O . O a_3r,3 . ., . * ey aﬂn F’\- Q’n'dl" a%;(a%?\ 4 J
in which the elements agj are given by the formula
32 . ‘Sz,4 .
= 2, 2 2\ 2 C= 2t
a(,‘/ s Qa ¢ ’_ 4‘,2 (sz) aZJ. . J': 3,¢’ AN (62)

The following substitutions which are similar to Equations (76) and (77) are made

into Equation (&1).

Iet ' . -2, .,
Cef= (a%) az; . V=34 .. ... n
: L (83)
A RN
and dz= (a-zz)
- Then, Equation (81) takes the form
I G2 Ca ' Cin d :
o | C2a v Can de
: 3 3 ! L2
o @ a?z az, F= a3 d,- Qi d (84)
‘ . :3 “ . V 3' ‘. ; . 7,
i ' als e Q'Ln F“ - Q4rd,— a}z J?_
; 3 o ‘3o, :
b() . Qo a’ﬁ3 RN A an r _a-t‘”JJ”Q/‘)LzJZ




The portion of this matrix involving the coefficients ag 3 is now treated as
described for the original matrix- (68) and as repeated in the manipulation of that

portion of the matrix (78) involving the elements a% - The resulting matrix

then assumes the form

I Gz Gz o v oo Ga d, -
_l Cz3 LR N L Caﬂ d2 ‘
o o | Czs - G ds
‘ ' . a a ‘- % 3
. ) Lga - Qg, FA‘ Qqid- azsz' Qas ds _ (85)
' . \ ' ' o 4.‘ (L‘- ’ ’ R 21 3:
' a.a Ain Ft- aoydi- Qizdz'aéscls
‘ . ‘ - ' ; .
a ... a '
_O O o) Qe CL,,,, Fn~ a_l“.AQ" C&«Zdz‘aé\Sdi

where the substitutions

. -l 3 . :
CJ (a3=) X3 J= 4.5 . ... p
(32 27 t
J - Fo- aqd,- aszc\z
c[ (a3,)' £ 3 (86)
"l “ < >
Q R S A R (= 9.5, n
< (3 (a:) QsJ S 45 -

have been made. The continuation of this process is obvious. For the case where
s operations have been performed, where s < n, we have the following form of

the augmented matrix:

.{ qz C‘3 . Cld“ - C'I\ al
(? { Czs e e . C‘:.J ---- CZs\ clz
o o V' Ga.o.. Ca ...--0y, d3
o Py o ' Cys.. C‘?j shes vt Q,'\ ad (87)
o © .o © © oLl '
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and after n operations we have

| Cre

o f

o O
ford [
N -
o o

The solution to the

easily found. They

and in general

D= di- f Cej By <=3, -

Consider the last column in the.augmented matrices (68), (74), (81), (&5),

(67), =nd (88).

The computationaliprocedure has the following order:

Iet £' T F' where
tasxn, d

Gz Cavooii Cun o dy ]
c23 Cz4 R Jz

I Caxqg v C3pn ds
o -1 - Cqn Jé
v
1
- ) <> [« BN “J." “7\:'\ p",V\ d"\-’
oo > [ | C‘i,l't-J

equivalent equations héving this augmented matrix (88) are

are given by

dpn

=dp-1 - Cpy s 0 Dp’

= dn-2 - cn-2 " n—l Dn‘l - nf? I n - Dn

J}c+l

F' dis given
1N e
= (a) o

- t
2: F.:" aol‘.:f‘,‘{'.

25 (ai) FE

(88)

(89)




end in general, =1
. . s
.7[‘: F©- Z (s )st
| | (90)
] . ’
and CIL = (Fl?c‘ )-IJ("'
therefore, to oi)tain a solution, the little f's and little d's are computed, in
turn, with the appropriéte coefficients and then, after setting little . d, equal
to D;,, the rémaining unknowns are obtaine;i by Equation (89). The com;'uta-f;ion
of the . little” d's and little f's 1is éalled the‘forward s§lution ana the com->
putation of the Di's , i =n-1, n-2, - , -, -1 is called the backwards
soiution. ’
: Associat;ed with the forward éolution are tﬁo arrays of coefficients

which correspond to the calculation of the little f's and little d’'s . These

are,

r—o ) (@) (o] B - . - . o—i
a, o © o
@y @32 © - o 4
. . K ] . . . -\A
L_QL. Cciz ads - Cf:\,‘m-n =3
and
(@Yo - - . ]
(@) @222\-‘ S R =)
. - a3y o .
‘ A "‘ . - . . ’ (92)
Lo~ o © (anY)

e DI e D oie- |
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where (91) are the coefficients that are used in computing the little f's and

are defined by

and (92) are the coefficients used in determining the little d's as defined

] J=1
V l - S' s —! S'
a«;j = a,_'J' - 2 A/s (QSS\ asJ
S=1 ) :

(93)

by Equation (90). Similarly, associated with the backward solution there is an

array of coefficients given by

o

O

where

Cin C‘s ‘e
] & T
) o C’:-\ -~
' o - R
¢ - .
\ -
,, .p ;
! Ll
¢ r
& 8 o

e CoN=1 ¢
C‘J = (at) Qi‘J'

-
: Cln
Cza,

C%-\

and the Dj's are computed using Equafion (89).

. In order to systemetize the computational procedure it is expedient to

form the following "auxiliary matrix."

>
:

-
(ad\ Ctz. Cis
- ] -~
Az, _(0;'23 ' Czz
\ : o -
Qs a5 (a3
2 .
Age a%s
(An Gl a3

Q

'CBn
’ C4*\

C(n'-n. n

(ner) A
h,(n-h (ahﬂ\‘-‘

(94)

(99

(96)
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It can readily be segﬁ by inspection that (96) is formed by merging the coeffi-
cients of (91), (92) and (S4). This is not a matrix. It is only three arrays
of coefficients which have been merged.into one table to systematize yhe com-
putational procedure and it is called the "Factorized Inverse Table."

- The édvantages to this method pf finding the solution are numerous
and the mostfimbortant ones are listed below:

1. At most, the largest matrix that must be inverted is a six by six.

2. Given a full n x n metrix YII, that is, a matrix whose elements

are a2ll non-zero, it requires n3 arithmetic operations to obtain its

2

inversé; whereas, the 'factorized inverse" process requires only n
arithmetic operations.
3. The structural stiffness matrix YII, in general, tends ‘to be strongly
5 .

1

reduces the number of arithmetic operations and, as a consegquence, it

diagonal, therefore many of the aQ. matrices are empty. This furiher

also reduces computer rounding errors. Further, the true inverse of
suqh a structural stiffness mafrix is neearly full,'whereas, the fac-
torized inverse table is again strongly diagonal.
L, Physical meaning is assbciatéd'with the little d;s andAliftle f's.
| These are the internal streins and internal forces, respectively.
Therefore; in addition to a deflecﬁion analysis, this method of solu-
tion‘éan‘be used for a stress analysis for both, static and dynamic
>loading éonditions.
To further descrite this method of solution, the factorized inverse
table fbr the example problem given in Figure 7 will be obtained.
Consider the stiffness matrix given by (66) and which is reproduced
below where, for convenience, the superscripts have been dropped and the indi-

cated matrix additions performed.

-'*PM& - sing: ﬁ ;: ﬂ -gyan. o -

o 00 CO 2230 23 3 a3

3 3O
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Moy Yzz YZ_'.B Yaa  zs
o Taz Y33 %4 > (97)
: o Yer Ya3 Gau s '-
o Ys 2 o Ysa YES‘_ ~

The factorized inverse table is formed by first inverting the Yli element,
multiplying the first row by this inverse and then subtracting the Y; , i = 2, 3,
4, 5 pre-multiplied first row from the second row. The result of these operations

is:

(2, Ciz o o o |
Y21 (Y2z-Ya1G2)  Yzz Yes  Yes _ .
Y32 Y33 . Yaa © (98)
o Yaz Yaz Yaa Yag
o Ysz . o Xs4 Ys{

where - Cyo = Z33 Y3o
The inverse Zop = @22 - Yo 012] -1 is formed and the procedure is repeated

until finally, the complete factorized inverse table is forred.

where

(2, ¢z o o o 7
Yoi 222 (23 Cza  las
o Ysz Zz3z C24 Cas
o Yz Fa3 244 Cas
Tsz - \2!’53, %5-4 Z2sc
g =
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233 [ -¥32 Cps5 )
[Yus - Yhe. 023]
(-ts2 c23]
2 5 -1
[Yuu - Y42 Cpy = Y4 C3b,] |
Z1. | s - Yuz Cas - Y3 O30

[Y51+ - Ysg Cop - Y253 C3l+j

2 3 -1
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The expressions for the general element in the factorized inverse table are given

by the following recursiqn formulae:

. Jle .
Aé\jz YLJ - Z o‘df.'lc /4,:‘/' LI>J' _
) k=1 ..

n =1 - : B
Pucs (Y- ZAwh]” =j | (100)

V 4 ~ "L..' — | ‘
A= Al Y - KZ:AL‘KAKJ‘J «<J

The continuation of the computation procedure is as previously stated in Equations

. - . ¥
(90) and (89) where Equations (90) are called the forward solution and Egquations
(89) the backward solution. Rewriting these equations in the notation of the

example problem, we'have, for the forward solutions,
F=F! |
/ ; Az
CJd= Buf

, o
jl; FL__ Z \l/‘:/, JJ, .

J=

and in general

(]
‘- . 4
CJ(" E&L J‘
and, finally, the backwards solution
Dp = d,
and in general
N
' d':c'-“

This rethod of analysis adap%sritéelf very strongly to computer tech-
niques. The present program proceeds to calculate the elements of the factorized
inverse table eliminating one row and correspording célumn at a time. A gerneral
description of the program is included in Appendix B. In addition, the above

discussed example problem has been analyzed by this program and the complete
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definition of the problem including a complete print-out of the results is

included in Appendix C.

hema ical Model _

To perfo%m an analysis of a complicated hiéhly redundant structure, such as
the Saturn SA-D1, the analyst must establish a mathematical model which will
accurately represent the actual structure. The mathemﬁtical model utilized in
Kron's analysis is composed of elements which have constant mass and section
properties and whose aeflections may be described by elementary beam theory.

The varieble properties of a typical structure are approximated in the mathe-
maticel model by linking several beams of constant property. This providgs a .
step funption approximation which can be made as accurately as desired by |
increasing the number of beams. The properties of the beams are input into the
program in the following parameters: Young's Modulus (E); the shear modulus (G),
the density (/4(), the cross-sectional area (A), the torsional rigidity (X), and
the meximum and minimum momepts of inertia. The location of the end points of
the beams ere input as x, y aend 2z coordinetes. A swmmary of 'the input for
the mathematical model of the Saturn SA-D1 is given in the Appendix B. .

Since the objective of this analysis is to determine the natural vibration
frequencies and mode shapes of the Saturn SA-D1, the mathematical model w1ll not
attempt to provide elaborate detail in areas which w1ll not contribute to the-
overall response of the vehicle. That is, areas which do not have a large nmass
and are relatively unimportant -in response characteristics will be described by
g minimum of beams, while areas which pley a predominant role in the response.
will contain a large number of beams. The reduction of the total number of

beams used in the snalysis is desirable because the computation time in the digi-

tal computer will be reduced and roundoff error minimized. Howevér, the reduction

bd E“”%m~_4<
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of beams may be done only after a careful enalysis of the structure involved
ahd is often accomplished by using an equivalent beam in the model. This tech-
nique is used in preparing the methematical model of the Saturn SA-D1 and is -
diécuésed in detail belbw.-

The Sat;rn gA-D1 is divided into the upper stages consisting of the pay-
load, Qummy S-V and dummy S5-IV, and the booster or S-I stage as shown in Figure
8. The upper stages are singlé tank structures ofbsemimoncéoque construction,
while the S-I stage consistsof nine tanks of semimonocogque construction coupléd
together’by a system of beams at the top and bottom. The interconnection of
the S-I stage snd the u;per stages is accomplished by a system of beams identi-
fied as the transition section. The mathematical model of the upper stages and
tank structures of the lower stages are represented by simple beams. The com-
puted proPérties and mathematical model of these sections are shbwn in Figures
9, lb,.ll, 12, and 13. The use of a simple £eam to represent a‘tank structure
is consistent with most available analysis techniques and provides good overall
response characterlstlcs for largﬁ length to diameter tank ratios such as exist._
on the Saturn. The remainder of the Saturn SA-D1 is constructed primarily of
beeams and therefore may be represented in a straightforward manner.

The transition section of fhe Saturn consists of eight outer tension and

compression members which connect the S5-IV tase to the S5-I spider and sixteen

irner. merbers which transfer the load from “ - ~-IV to the S5-I through an inter-
:-+~= ghell. In order to accurately re: ~.lsz section, ean analysis wes
cci 223 which determined the design conce:: :nd established an equivalent team

structure. The actual structure and mathematical model are shown in Figure 1k.

. The design concept of the transition section is to carry the bulk of the bending

loads (about two-thirds) through the eight outer tension compression members,

while the shear loads are transferred to the center shell by the sixteen inner
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tension compression members as a torsion load. The pqints qf attachment of the
outer beams and the shell are so designed that the 105" diaméter center tank
receives about 70% of the load and the remainder is transferred to the four
outer 70" diameter ILOX tanks. The 70" diameter fuel tanks have a slip joint at
the upper attachment point to the spider to allow for contraction of the IOX
tanks and will not take an axial load from the upper stages. The maxﬁemétical )
model was prepared in suchva manner thet the design concept was preserved
although a fewer number of beams were used. This was accomplished by fixing the
beams so they could take a bending loéd as well as a tension compression loading.
The trensition from a‘single beam representation to a multiple beam representa-
tion at the S-IV base was accomplished by the use of stiff beams from the center
to the eight cuter points, point 13 to 14 through 21, to provide the illusion of
depth in the y - z plene, i.e;, a disk about point 13.

The multiplé beam structure or spider which links the eight outer 70" diam-
eter t#nks is repreéented in the model by 32 beams as shown in Figure 15. The
10X tanks are attached to tﬁe spider by means of ball joints, while the fuel
tenks are attached by slip joints as shown in Figure 16a. Since the tanks are -
attached at two points the LOX tank will have a large bending stiffness along
one axis and very little along an axis perpendicular to this. This is accounted
for in the mathematical model by orienting the maximum and minimum momentvof
inertia axes of the.beam in such a manner that the prope:ties of the attaéhment
are dﬁplicated. The slip joints of the fuel tank are represented as beams
having a very smail cross-sectional area thus beihg incapablé of transferring an

axial load. The attachment points at the lower ends of the tanks consist of

‘ball joints (see Figure 16b) for both type tanks and these are represented in the

mathematical model in a menner similar to the upper LOX tank attachment.

o 1S
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The outriggers serve to link the eight outer tanks to the center tank, pro-

vide support for the outer tenks, ard to support the entire vehicle prior to

launch. The outriggers are divided irto two categories, the support outrigger

arnd the thrust outrigger. The four thrustvoutrigggrs provide the added duty of
supporting the four outer rocket engires ard transferrirng the rockets thrust to
the vehicle. If the outriggers were represented by a beam structufe as it is
ectuelly constructed, a large number of beams would be required. Since this
area will not contribute much to the overall dyzamic resporse of the vehicle

due to its iow mass it is desirable to utilize a simplified repreéenxation in
the mathematicael model. This was accomplished by conducting a deflection analy-
sis of the outriggersrand replacing them by an eguivalent cantilever beam. - The
deflection gnalysis vas conducted using Kron's method. The model of the outrig-
gers used is shown in Figure 17 along with a table of the physical properties.
loads were applied in the six degrees of freedom at the attachment points of the
tanks. A summary of the deflections obtained is showrn i§ Tables I and II.

During the test program, the Saturn SA-D1 was suspernded in launch position

by eight cebles. Reference 5 provides the vertical ard horizontal spring con-

stants of this suspension system. The mathematical mcdel of the Saturn SA-D1
used four beams of suitable cross-sectiondl areas and inertias to duplica@g the
spring constants of the cable suspension system. These were attached at the

support outriggers at one end and fixed in space at the other erd. The direction

of the exciting force used during the test was used in the excitatior cof the math-~

ematical model.

The densitﬁ of the beams were prepared from Eeferences €, 7, and 8. The
total weight of the mathematical model was within % of the total vehicle ﬁeight
as provided in Reference 5 and within .15% of the weight given in Reference T,

which was used in the preparation of the model.




RESULTS

The discussion of thé results of this anaiysis will be all inclusive, that
is, a brief discussion of the problems encountered during the analysis will be
included alohg with a sumhary of the final results and‘a comparison with the
SA-D1 test results. Although the discussion of the problems encountered does
not aid in the evaluation of the accuracy of Kron's Methoa, it will contribute
to the overall purpose of this analysis by providing an insight into the prob-
lems that may occur and the techniques used to eliminate these probleﬁs.

The first_computer run conducted on any large complex problem is the
>static caée. This is a special case ( O freqpency) of the dynamic response
and through proper specification of the boundary conditions, it may be easily
checked by the use of a éesk calculator. This enables the analyst to determine
if: (1) the mathematicai model of the problem has been correctly input torthe
computer, and (2) if the'mathematical model is a reasonable facsimile of the
actual structure. The importahce‘of this procedure cannot be over emphasized
since the program is such that the computer opéraﬁions are identical far the
static and dyrnamic case and,ff the static case provides correct results, cor-
rect dynamic results will follow.

The preliminary computer runs on the mathematical model of the Saturn
SA—Df included the static loading cése and the results couid.not be correlated
with a hand computation; The error.was characterized by a buildup.in the mag-
nitude of the "x" deflections fro¥>the tip to the base until they were of the
same order of magnitude as the "y" and "z" deflectiohs. This is not possible
for the points lying along the "x" axis since the load is applied in a "y-z"
plane. The appearance is similar to that of round-off error, but this was

known to be impossible since test problems of<as many as 220 points have been
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successfully run with four digit accuracy. In order to determine the source
of the error in a systematic manner, the mathématical model was divided at

tﬁe Fpider and two models formed. Computer runs of models were then conducted
for>cantilevered boundary conditions; The results were ﬁhen compared to their
respective hand computations to i;olate the error. The error was located in
the upper stage model, where tﬁe errér was traced to several beams emanating
radially from a single point at the junction of the S-IV stage and the S5-I
transition section (point 13). A cfitical look at fhe input data in this

area revealed that the beams (13 to 14-21) were several orders of magnitude

stiffer than the beams to which they were connected. The philosophy behind

the use of such stiff members was to provide the illusion of a common point,

i.e.; an "infinitely™

iff disc, which would transfer the loading of the
upper stages to the outer members by rotation and translation of the center

point with'no relative deflection between the center point and the eight

. outer points. Since it was previously thought'that an "infinitely" stiff

beam could be utilized in Kron's Method, a test problem was formﬁlated and a
complete printout obtained. The error was located in the factorized inverse
portion of.the program, where the accuracy was iost in the subtraction of very
large terms. Corrections were made in the pfogram by reducing the stiffness

to a reasonable level although a large stiffnecs rztio to the connecting mem-

bers was maintained. The above approach =77 " thes desired goal, but is
considered only as a quick fix and provis “zr from one point to
another without deflection must be made. . runs were correct and

the corrected model was used in the final ana.rzi:z.
The computer program for Kron's Method contains a very elaborate system
of checks to detect errors if they should occur and will immediately dump the

problem if a check is not completed properly. This system of checks, combined



with the requirgmen{s of léﬁé time durations and a large number of computer-v
operations, sometimes.tfiggers a computer malfunction. This occurrééJon £hé~
SA-D1 problem and caused approximately a two week delay during the analysis.
The malfunction that occurred was thg dropping of a ﬁbit" in the ninth chain,
which was diagaosed as a machine error, i.e., electrical circuit error. These

problems were corrected by using new:system tapes on Kron's program and cor-

Since the purpose‘of this anélygis is to duplicate the results of the

. SA-D1 test program,all of the test conditions which could influence the
re;bonse-were duplicated. For instance, the external excitation force was
applied in the same manner, directed radially inward through the location of

¥-3, in order to more closely duplicate the test results. Theoretically, the

exciting force location would not be important on a:symmetrical vehicle such

as the SA-D1 at a fesonant condition; but~the comparison of results between
the two analyses woulé-become more d;fﬁicul£. The particular choice of force
direction in the test program reqpire? the external force to be input in two
compenents along the "y" and "z" axé;,_since the coordinate system éid‘not
coigcide with fhe force. This geﬁdg £6 complicate the results of the analy-
- tical study since two responses, "y" and "z", will be of the same order,of
magnitude and must be shﬁwn in the final plots. Had this analyst been more
farsiéhted the axes could have been rotated to coincide with theiexternal
force and simplified the resﬁlﬁs.

| Contractual obligations call for the iderntification of sii frequencies
and their mode shapes and this report will follow théée.guidelines. That is,
although additional frequencies are recognized to exist, only the required six
frequencfes will be sought since the underlying purpose of this investigation

will have been fulfilled. To add completeness to this discussion a few of

& Ca
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‘the more obvious comparisons between the test results and analysis resu1t§g

will be made. To aid in this comparison the identificationrsystem for the
outer tanks was made identical to that used in the test program.
The frequency range investigated was 1.9 cps to 8.0 cps as suggested by

Reference 5. The runs conducted in this area established seven sigﬁificant

~ frequencies of which five can be compared to the test results. The seven

significant frequencies are identified as follows:

(1) Fuel Tank No. 1 Mode - 1.936 cps
(2) First Cluster Mode . - 2.325 cps
4(3) First Bending Mode - 2.512 cps
(4) Fuel Tanks No. 2 and 4 Mode - 3,285 cps
(5) Second Cluster Mode - 4.40 cps

(6) Lox Tank Mode - 4.60 cps

(7) Second Bending Mode ' - 6.711 cps

The terminology used in identifying the various modes will be based on both
the relative maénitude of the‘response and fhe phase relationships. The
modes are defined as follows: (1) the first and second bending modes will
identify the frequency where the main tank and outer tanks are in phase,
(2) the cluster modes will describe the frequency where the main tank and
outer tanks are out of phase, (3) fuel or lox tank mode will déscribe the
motion of a particularly active tank or tanks. The above definiticns - -
considered 11 Inclusive, but a detailed description és well as f:

provide fcr.e;:h mnode. The analysis results are presented in diz,

versus lengﬁh plots shown in Figures 19 through 207, and frequency »=:z-
curves are shown in Figures 208 through 217. The displacement versus length
results are summarized inATablexIII and qualitative vector plots of several

modes are provided (Figures 218-220) to aid in evaluating the results.
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The criteria used for determining a resonance condition is the 180 degree

phase shift of the response curve. This is merely an exteht%on'of the phenemena

occurring in simple systems which may be found in any elementary vibration
textbook. The existence of this phase shift is very evidepf in the results
summarized in Table III and will be pointed out in the discussion of each

frequency. )

-

The‘first frequency identified is the F-1 (Fuel Tank Number 1) bending -
mode at 1.936 cps. The existence of this mode is clearly shown in Figure
210 and is also indicated by the phase shift in Table III. The response of
the vehicle at this frequency is completely dominated by the response of the
F—T‘ténk. The remaining outer tanks show an increase in response at this
ut do not participate in the resonance condition. This particu-

lar frequency was not indicated in the test results but may have been con-

 sidered unimportant due to the magnitude of the response on the overall

vehicle.
. The second frequency identified is designated as a clusfer-mode in

keeping with the above definition. This mode is characterized by a large

"response of the outer tanks, which causes the phase shift in the main tank

between 2.30 cps and 2.34 cps as indicated in Table III. This conclusion is

‘evident since the main tank mode shape returns to its previous form after the

outer tank rescnance point is passed. The motion of the outer‘@gnks F-2 and -

F-4 is tangential and in pnase with the main tank, while the remaining outer
tanks have a radial motion out of phase with the main tank;.'%he motion is
best described in the gquelitative vector plot of Figure 21$a.' The nodal
points of the main tank occur at 670 inches and 1445 inches from the tip.
The motion of the outer tanks at ﬁhis frequency concur with those indicated

in the test results for the first bending mode at 2.20 cps (Figure 16 of
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Reference 55. A comparison of these results will show the analysis frequency
high by 5.69 percent and the nodal points having a maximum deviation of 8.93
percent.
The third frequency identified ig_the vehicle first bending mode at
2.512 cps. This mode again shows the 180 degree phase-shift of the main
ténk, bﬁt subsequent runs show that the mode shape der not return_té its -

original shape as before. Fuel tanks F-2 and F-4 have a tangential motion

_opposing the main tank motion while the remaining tanks have a radial motion

in phasé with the main tank as shown in Figure 218b. The outer tank indi-
vidgal response is much less than the main tank‘response substantiating the
identification of this mode as the first bending mode. The tank motiohs
concur wiﬂh those indi;éted'hy the test results of Fuel Tank No._1 Mode at
2.31 cps (Figure 17 of Reference 5), although the phase relationships differ.

In comparing these frequencies the analysis frequency is high by 8.71 percent,

while the nodal points of 670 inches and 1450 inches from the tip differ by a

maximum of 8.21 percent.
The fourth frequency identified is the Fuel Tanks No. 2 and 4 Mode. This
nomenclature does not completely describe the mode, but serves to indicate that

the ré;ponse of the F-2 and F-4 tanks is greater than the other tanks. Table

—

III shows that there are actually two resonant points in this area, one
occurring between 3.25 cps and 3.35 cps~and the -other teitween 3.35 cps =ro

3.40 ¢rs. Only the first one is positively identified ¢ ~ .2 Ireguenc’

- curves and is the only one discussed here. A gualitatl-: “:dication oI

tank responses is shown in Figure 219a. The motion of =211 of the outer tanks
is tangential with the tanks opposing each other in such a manner that the over-

all vehicle response is not large. In referring to Figure 219a this out of

phase force component is seen to be provided primarily by fuel tanks F-2 and



F—A; It appears reasonable to compare this mode to the test results of Fuel
Tank No. 4 mode at 2.915 cps (Figure 18 of Reference 5). If this is done the
an~lysis frequency is high by 12.7 percent and the maximm nodal point devia-
tion is 9.28 percent.\ In passing it may bg noted, particularly in Figire 104,
that the main tank response iﬁplies the existence of an outer tank reésonance at
thisifrequency. That is, for the unrestrained case the summation of forces and
momenté in the referenced coordinate system must equate to zero and to reach
this condition the outer tanks must be out of phase with the main tank.
The‘fifth-mode identified is the Second Cluster Mode at 4.40 cps. The

motion of the outer tanks is approximately along the line of the forcing func-

 tion and 180 degrees out of phase with the main tank. This is shown qualita-

tively in the vector response plot of Figure 219b. This mode nay Be compared
favorably with the first cluster mode of the test results at 4.02 cps (Figure

19 of Reference 5). The correlation of the single nodal point location on the

_main tank is quite close, with both results indicating the nodal point loca-

tion at about 425 inches from the tip. The frequency of the analysis result
is high by 9.52 percent. -

The sixth frequency identified is at 4.60 cps.4 The eXistencé of this
mode is indicated by comparing the mein tank mode shape for freqﬁencies 4.60
and 4.70 (see Table IIT). The main tank returned to its previous shaﬁe after
the tank resonance at A.Ad cps and again indicated the charécteristic phase
shift between 4.60 cps and 4.70 cps. This is very similar to the first
cluster mode and first bending mode discussed previously. It is also noted
that the resonant points appear to occur in pairs as shown in the frequency
response curves, Figures 208 through 217. A quaiitative vector plot of the
vehicle'response is shown in Figure 220a. The response iS'Predominately in

line with the forcing function which gives 1-2, I-4, F-2 and F-4 a tangential

v I
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motion and F-1, F-3, L-1 and I-3 a radial motion. The outer tanks are out of
phase with the main tank.

The last frequency identified in this analysis is the second bending mode.

The ouﬁer tanks are in phase with the main tank and their mode shape is seen

to be greatly influenced by the main tank mode shape. The main tank mode
shape has nodal points at 420, 1200, and 1725 inches_from the tip. ‘This mode
compares very favorably with thé second bending mode of the test results
(Figure 21 of Reference 5). The mode shape of the main tank is very similar
with both results exhibiting the unusual flattening of the response of the
S-IV section. The nodal points show a maximum deviatioﬁ of 8 pércent while
the frequenéy is low by only 0.43 percent.

Since-the above discussion hzs drawn some comparisons betwéen.the analy-
tical results and the test results of the SA-D1 vibration study, a brief dis-
cussion of the various sources of inaccuracies is felt to be in order. The
sources of inaccuracieé may be divided into two categories: (1) restrictions
of the analytical technique, and (2) deviations of the mathematical model
from the actual vehicle.

The primary restriction in the analytical technique that would affect
the accuracy is the lack of damping. This causes the freQﬁencies to be very
narrow in band width and would tend tq predict a higher frequency than the
test progfam, Damping would also have a significant effect on the mode shéaroes
at resonance. ‘

The deviations of %he na;he:etical model from the actual vehicle may.be
caused by inherent inaccuracies 'z to beam representation and discrepancies
in the representation of the structural properties. One major contribution

to this area is the sloshing mass of the fluids. This represents a considerable
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amount of weight and was not considered in this analysis. This could be con-

sidered if the sloshing mass and frequency of each tank were known, by adding

a simple spring mass system at the proper point in each tank.
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APPENDIX A

Directional Cosine Matrix

Consider & straight primitive beam element which is défined'by its_end points

(i, j) and which has a general orientation in a basic coordinate system as shown

in Figure A-1. The basic coordinate system which is associated with the intercon-

nected structure. is a right-handed cartesian coordinate system whose axes are

, ) : vy |
denoted by the primed quantities (x', y'y 2'). The coordinate system associated 4

with the primitive element is also a right-handed cartesian coordinate system
whose exes, denoted by the unprimed quantities (x, y, z’),. are orientated relative
to the béam element as follows: The origin is at end Jj.. The x-axis lies along

the elastic axis of the beam and it is positive when directed towards end i. The

F-aXis lies along the principasl axis ol ithe beam where the area moment of inertia

is a minimum and the z-axis lies along the principal axis where the area moment of

inertia is a maximum.

£ ;3

Figure A-l. _ Coordinate System

e
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A study of Figure A-l-‘. ¥ields three anglés vwhich define the orientation of the
primitive beam element relative to the basic coordinate system. These are angles
<, ¥, ﬁ s the rotation of the X-axis from the x' eaxis measured in the
x'-z' plane, the angular displacement of the x-axis above the x'-z'-plane which
is measured from the projection of the x-axis on tl;e x'-z' plane and the ro_tation
of the beam about the x-axis s :éspectively. “Angle /d is measured from the inter-
section of planes y-z and x‘-z' an&»the z-axis of the beam. The positive
direction ofA these angular deflections is specified in the figure.

In establishing the direction cosine matrix for each primitive elemeint, the
computer first calculates angles &( and ¥ using the ,jt;nc‘cion coordinates of ends
i(x'y, ¥v'y, 2'y)and J (x5, ¥y ‘z"‘j) which are part of the input. These

angles are defined by the following relationships:

) , .
-1 o 2
dJ,'L': Tan _2_%__2‘_1) . , (a-1)
x‘, -— xJa . .
o ' |
-1 Y, - Y.
Y= 89 = (a-2)
e [ g -y3 (i-¢-2j\’3 ‘

Tor the case where the x-exis lies along the y' axis, o 3,1 becomes indeterminate. .
To calculate the direction cosines for this case, angle /5 is specified as zero

and angle oC is given as input into the program. Having computed these angles,

Jsi
the directional cosine is then formed using the following equations:

£

m = sin¥

]

cosK cosy

n) = sin o(’>cosb"
Ly

mp = cos/ cos ¥

n

-cos « cos B sin¥ - sin® sing

np = -sino cos 4 sin f + cosk sin &
’23
m3
n3

cos & sin &sin | - sin &« cos &
'-sinf?cos'b’
sin o sin 4 sin-¥ + cos K cos,ﬁ
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APPENDIX B - INPUT PREPARATION AND COMPUTER PROGRAM

Input Preparation

A primary objective in esteblishing the computer program for this method of

_analysis was to minimize the amount of work that an engineer or analyst must per-

 form in preparing the required input date and to simplify data preparation to an

extent that an enginéer aide with minimum supervision of-an engineer could-com-

petently prepare the input. To arrive at these goals, it was decided that the

computation of input data be limited to finding cross section areas, eqpivalent

densities and torsional rigidities, and principal moments of inertia of the beam

elements.

The following is an outline of the procédure which is used in date preparation:

l!

Given a structure to e analyzed, select a basic coordinate system which
for this prcocgram is a right-handed cartesian coordinate system. The
choice of this éoordinate is arbitrary but it is recommended that it be
orientated along a plane of symmetry of the structure if sugh é plane
exists. .

From the actual structure, determine the following properties:

a) E Young's Modulus (#/in®)
b) G Shear Modulus (#/inZ)
c) I ay Veximum Area Moment of Inertia (in“)

a) I,;, Minimum Area loment of Inertia (inh)
e) A Cross sectional area (ine)

£) W  Weight distribution (#/in’)

The above information must be determined for every element in the system.

‘At this stage it is necessary to establish the junction or control

points. This is accomplished by studying the entire structure and the

o TR o B v |
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beam properties which were determired under {2) above.i ipnction,points
are first assigned to each point where two or more beams of different
orientation are intercomnected to each cther. Next, the beam proper-
ties are studied to determine discontinuities of stiffness and mess
characteristics. At these‘points of discontipuities additional junc-
tion pdiﬁts are assigned. Further, for a sttucturél dynemics study,

it mey be required to assign additional jurction points on a uniform
beam to betier approximate i@s mass distribution.

The only limitation to the numbe? of jurnction points is computer-
capacity ahd round-off error. To this date, successful computer runs
have been made on three dimensional structures having 150 junction
pcints. The results ﬁereAaccurate to three significant figures. ASuc-
cessful runs of planes and grid type problems-yielded five significant
figure accuracy when 225 junction points were used.

Irdex numbers must be assigned to the Jjunction points. The order in

which thesé nﬁmbers are assigred follows certain rules that are the

result~6f the programming technique. These are:

a) Point 1 cannot have all six boundary conditions specified (canti-
levered case). -

b) For a system with n Jjunction points, point n gggz.have at
least one pertinént boundeary conditioz;

c) Given a junction point, say J, it.must be conmected through a

beam to some junction point i, where i < j.

To minimize computer round-off error, it is desirable to mirimize

the "bandwidth" of the factorized irverse table. This is accomplished

as follows: Given a beam element which is described by its erd point
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indices, say (i, j), then number the system such that the quantity
(3 - 1) is a minimum. -
Once the indexed junction points are established, it is necessary to

- determine their (x', y°', z') coordinates relative to the basic coordi-
nate system. These dimensions cen be computéd from the assembly and
detail drawings of ‘Ehe stfucturg. In addition, the ,5 @gles mst be
found, where /f?is the angle that the Tex ©r 2z eaxis of the primi-
tive beam elements makes with the intersection of the y-z and x'-z'
planes. (See Appendix A) In most cases, it will be given on the
drawings. For the more general orientations of the primitive beams,
itrcan be computed from information given by the drawings;‘
The dats ¢0mpiled in 1 through 5 defines the mathematicael model of the

actual structure., It is summarized on data cards for the computer as

gr

follows:

Junction Coordinates:

( J X-Coordinate Y-Coordinate 7-Coordinate
i
1
n
Beem Properties:
( i J 1 E G wr A
i] 7. 2 A K Tax Iin

onan: O voire: SN o R -woves SN s NN s

o 3 .
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There are two cards of beam'properties for each primitive beam. The
first two entries of-each card identify the beam elemenf,réay (i, 3).
Thevthird entry identifies the card as being the first or the second

of the beam property cards. On card oné, the following information is
given in the folloﬁing sequence: E, Young's modul&s;-G, shear modulus;
W, weight density; and A, cross section ares. On card two,;we have,
in seguence, /5, z-axis orientation anglie; K = Ky j, torsional rigidity,
where Kl is the shape factor; Imax’ maximum area moment of inertis;
and I i, the minimum areé moment of inertia,

Boundary Conditions:

( Junction Pt.- x y | oz e g 1 V¥

Restrictions associated with the boundary conditions are, boundary
conditions éannot be specified at more than 100 junction points, and
only zero deflection can be specified. This limitation is due to-the
programming techniQue.- |

Externally Applied Forces:

/ » A : :
| Junction Pt. FX 14 F% F° - §® F?
1 ,

A restriction which is imposed on the exterrally applied forces is

that a force cannot be specified at a boundary corndition. That is, if



The program is divided into ten segments called "chains.'
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a boundary condition sa&y, D;, is specified at junction point j, then.

F% cannot be specified at that same juhction point.
Excitation Frequency:

W, Wpy .+ o .+ e wy (cps)

One or more excitation frequencies can be specified for each computer

run. The program takes these in sequence and computes the response of

the structure. If a static deflection study is being performed then -w

is set equal to zero.

Description of Program

tion of emch chain follows:

Chain I:

Chain I first reads in all of the junction coordinates, (xj, yi,-zi),

and then, one at a time, it reads in the given beam properties for each

primitive element (i, j) and computes the following:

1. Stiffness Coefficients

EA, 12EIz, 12Ty, KigJg, b E Iy, 4 E Iz
L 13 13 L L L

2ely,28lz ,G6E Iz ,GE Iy
L - L 12 12

The sbove computed quentities are the elements of the stiffness
matrices.

2. Mass Coefficients

M** = MY 7= M= w AL

o
M®°= -;g?(]ﬂqnxﬁzrrﬁp>) ‘
b (L Do)
M¥b s ME(E ¢ %.i".)

A brief descrip-

Ca = .-

OO DM oCDOC3CdoCa Em ER
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3. The direction cosine matrix, A; , is formed

- where (,2 1

Azlz

The above computed

stiffness and mass

i = yii
Yii iT

ij _ ij
AREN
ij o ji
T AiTY'J
Ciioo . Ldd
Jd iT

ij . ii
M Ajp M
Sy . .3
M;j Ai_TMJ

The results of the
are computed.
Chain II:

This chain reads in the

~and leaves them in the core.

Ly

mi j11_'!_

ms  np (see Appendix A)
my n3 | |

quantities are now used .to form the transformed
matrices as follows:

Ay

above operations are stored on tape 10 as they

.

given external forces ard boundary conditions

Chain III: (Elimination of Deflections)

This chain reviews the given boundary conditions and proceeds to elimi-

nate the row and column of every stiffness and mass matrix corresponding to

toundary conditions which have been specified.

Chain IV: (Sort Variable Iength Stiffness Matrices)

This chain examines the

subscripts of all the stiffress matrices and

then sums the metrices of like indices and writes them on tépe 11 in an

increasing order of indices.
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Chain V: (Sort Variable length Mass Matrices)

In this chain mass matrices are sorted exactly like Chain IV, and are

written on tape k.

Chain VI: (Merge Stiffness and Mass Matrices) -

This chain forms the interconnected structure. At this point of the

- program, we have formed the interconnected stiffness matrix and intercon-

nected mass matrix. In equation form, we have assexﬁfles:
A YA and ApMA, |
which sre the interconnected stiffness and mass matrices, respectively.
Chain VII: |
The complete equations of state are formed in this chain. The éxcita-
tion fregquency is read in and it multiplies each of the mass natrix coeffi-
cients. Finally, the mass é.nd stiffness matrices are merged to form .
(ApYA-wiapua)
Chain VII: (Factorized Inverse Table)
 The factorized ::[nverse table is coinputed in this chain. A detailed
description of the operations which ere used in fo_rming this table is g‘iven
in part two of the matheﬁatical analysis.
Chain IX: (Forward Solution)
The forward solution computes little f's and little d's. This is
perform'ed' according to the following formulas: ‘

f‘ :Fl

o)
1

l - Z]_l f'

dp Zo2 f2

el
and in general, 3‘ 4'= /:l-:__ é-_ Y‘J c] J'
. J=1

E
[
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Chain X: (Backward Solution)
The backward solution computes the final absolute deflections accordirg

to the following process:

Dy =dp

Dn"'l = d-n_l - C(n-l) s D Dn

Dh.2 = dp2 = C(n-2) » (n-1) 'D(n-l) = Ca-2) 2 (n) On
and in general -
h .

De-de - E Cey Dy

NERZY, .
At the conclusion of solving for the absolute deflections, a check is made
. _ . |

to determine if another frequency is specified. If there is, then the pro-

gram proceeds to Chain VII and repeats the>succeeding computations.
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APPENDIX B - SUMMARY OF INPUT DATA

s

Junction Point Coordinates

X

0
158.0
232.00
275.0
363.5
452.0
496.0
619.0
656.0
760.5
865.0
918.0
978.7
978.7
978.7
978.7
978.7
978.7
978.7
978.7
978.7

1041.2

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

1078.7

L

[eoleoRoNoNejoRolooRoNoNo e

110.0
77.7
0
-77.7
-110.0
=77.7
0
77.7
0
o
52.6
37.2
0 -
-37.2
-52065
-37.2
0
37.2

101.2

86.385
66.114
35.782

i 0
-35.782
-66.114
-86.385

-101.2
-86.385
—66.114
-35.782

0

35.782

I

oNoNoNoNoRoNoNoNoRoReoloNoNe

77.7
110.0
7.7

=77.7
-110.0
=77.7

[oNe N

37.2
52.65
37.2

-37.2
-52.65
-37.2

35.782
66.114
86.385
101.2
86.385
66.114
35.782

- =35.782

-66.114

-86.385
-101.2

-86.385

£33 Co o o

L
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APPENDIX B -~ SUMMARY OF INPUT DATA

Junction Point Coordinates {Cont)

X

1078.7
1078.7
1095.1
1091.4
1095.1
1091.4
1095.1
1097.4
1095.1
1091.5
1168.802
1168.214
1158.9
1168.214
1158.9
1168.214
1158.9
1168.214
1158.9
1223.502
1335.9
1219.9
1335.9
1219.9
1335.9

©1219.9

1335.9
1219.9
1362.402
1458.2
1448.9
1458.2
1448.9
1458.2
1448.9
1458.2
1448.9
1501.302
1574.2
1564.9
1574.2
1564.9
1574.2
1564.9

Y

66.114
86.385
0
86.385
86.385
35.782
-35.782
-86.385
-86.385
-35.782
35.782
0
86.385

e ¥4
ou.385

35.782
-35.782
-86.385
-86.385
-35.782

35.782

0]

86.385

86.385

35.782
-35.782
-86.385
-86.385
-35.782

35.782

0
8¢.385

86.385

35.782
-35.782
-86.385
-86.385
-35.782

35.782

0

86.385

86.385

35.782
-35.782
-86.385
-86.385

e

-66.114
-35.782

-35.782
35.782
86.385
86.385
35.782

-35.782

-86.385

-86.385

-35.782
35.782
86.385
86.385
35.782

-35.782

-86.385

-86.385

-35.782
35.782
86.385
86.385
35.782

-35.782

-86.385

-86.385

-35.782
35.782
86.385
86.385
35.782

-35.782

-86.385

-86.385

-35.782
35.782
86.385
86.385
35.782

-35.782
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APPENDIX B - SUMMARY OF INPUT DATA

Ccordinates (Cont)

X

1574.2
1564.9
1607.907
1705.8
1704.8
1705.8
1704.8
1705.8
1704.9
1705.8
1704.9
1714,.512
1769.0

ALa N
LR RN R V)

1769.0

1769.0

1769.0

1769.0

1769.0

1769.0

1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1773.452
1793.452
1813.452
1833.452
1855.702
1773.452
1773.452
1773.452
1773.452

p

-35.782
35.782
Y
86.385
186.385
35.782
~35,782
-86.385
-86.385
-35.782
35.782
0

86.385
24 285

[@LOF PR

35.782
-35.782
-86.385
-86.385
-35.782

35.782

0

71.562

86.385
101.204

86.385

71.562

35.782

0
-35.782
-71.562
-86.385

-101.204
-86.385
=71.562
-35.782

0

35.782

ol oNoNe

142.273

142.273
~142.273
-142.273

I

-86.385
-86.385

-35.782
35.782
86.385
86.385
35.782

~35.782

-86.385

-86.385

-35.782
35.782
86.385
86.385
35.782

-35.782

-86.385

-86.385

-71.562
-35.782

35.782
71.562
86.385
101,204
86.385
71.562
35.782

-35.782
=71.562
-86.385
-101.204
-86.385

OO OO0

-142.273
142.273
142.273

~-142.273




YR

i

Beam |

2-3
3-4
45
56
6-7
7-8
8-9
9-10
10-11
11-12
12-13
13-14
13-15
13-16
13-17
13-18
13-19
13-20
13-21
13-22
14-22
14-24
15-22
15-25

Element

x

7

* APPENDIX B - SUMMARY OF INPUT DATA

I

9.75
19.5
22.6
22.6
22.6

104.5
139.5
171
362.5
362.5
362.5
362.5
10 x 107
10 x 107
10 x 10

10 x 10

10 x 107

10 x 102
10 x 109

10 x 107

2.02
8.8

2.02

8.8

Beam Element Section Properties

K
13.34 x 10°
56.6 x 10°
81.6 x 103
81.6 x 103
81.6 x 103
812.0 x 103
1870 x 10°
2642 x 107
2852 x 10>

2852 x 103-
1 2852 x 103

2852 x 103
1 x 10<0

1x 1020
1020
1 x 100
1020
1020

1020

1 x 1020
130.9
2.34
130.9
2.34
130.9

I(max)

6.67 x 103.

28.3 x 105
40.8 x 105
40.8 x 109

4L0.8 x 103

406 x 103
935 x 10°
1321 x 103

1426 x 10

1426 x_?O3

1426 x 100
1426 x 103

1 x 1020

1 x 10°0
1620
1 5 1020
1020

1 x 10.20

65.46
1.17

65.46
1.17

65.46.

I(min
6.67 x 10°
28.3 x 10°
40.8 x 10°
40.8 x 10°
40.8 x 10°
406 x 103
935 x 10°
1321 x 10°
1426 x 10°
1426 x 10°
1426 x 103
1426 x 10°

1 x 1020

1 % 1020
1020
1020
1020

1 x 1020
1020

1 x 1020
65.46
1,17
65.46
1.17

65-46



78-

APPENDIX B - SUMMARY OF INPUT DATA

Beam Flement Section Properties (Cont)

Beam > . .
_ Element A K - . I(max I{min ‘
16-22 ©2.02 2.34 1.7 1.17
T 16-26 g.8 130.9  65.46 65.46
17-22 2.02 2.34 R N R
T o 2.8 130.9 - 65.46 65.46 {]
18-22 2.02 2.34 1.17 1.17
18-28 a8 130.9 65.46 65.46
19-22 2.02 2.34 1.17 1.17.
19-29 8.8 130.9 | 65.46 65.46 0
20-22 2.02 2.34 1.17 1.17
20-30 8.8 130.9 65.46 65.46 B
21-22 2.0 2.34 1.17 1.7 3
21-31 8.8 130.9 65.46 | 65.46
22-23 102.2 436 x 107 218 x 102 218 x 103 B
23-24 13.928 1.545 939 | 42.7
23-25 13.928 1,545 939 42.7 B
23-26 13.928 _ 1.545 " 939 - 42.7 :
23-27 13.928 1.545 939 42.7 G
23-28 13.928 1.545 939 42.7
23-29 13.928 C1.545 939" - 42.7 B
23-30 13.928 ERT 939 42.7 |
23-31 13.928 1.545 939 42.7 .l
24-32 13.928 1545 939 ' 42.7 .
25-34 13.928 1.545 939 42.7 B
. 26-36 13.928 1.545 939 42.7

27-38 13.928 ‘ T1.545 939 42.7



Beam

T 28-40
29-42
30-44
: 31-46
4 32-33
32-47
33-34
33-50

34-35
@ 35-36

35-51

37-38
3752
38-39
39-40
39-53
LO-41
41-42
41-54
42-43
4344
43-55
4455

£

45-46

g

Elemenf :

36-37

79

 APPENDIX B - SUMMARY OF INPUT DATA

Beam Element Section Properties (Cont)

A
13.928
13.928
13.928
13.928

13.928

13.928
13.928
18.78
13.928
13.928

1 x 1074
13.928
13.928
18.78

13.928

13.928
1 x 1074
13928
13.928
18.78
| 13.928
13.928
1x 104
13.928
13.928

X

C1.545

1.545

, 1.545
1.545
1.545
1.545
1.545
2.1963 x
1.545
1.545
1.0193 x

1.545

- 1.545
2.1963 x

1.545

1.545
1.0193 x
1.545
1.545
2.1963.x
1.545
1.545

1.0193 x

1.545
1.545

103

103

103

103

10

103

" 939

939

939

939
939
939
939
2.149 x 103
939
939

1,014 x 103

939
939

2.149 x 103
939

939

1,014 x 103
939

939

2.149 x 10
99
1939

1.014 x 103
939

939

42.7
42.7
42.7
42.7
42.7
42.7
42.7
47.3
42.7
42.7
5.30
o
42.7
47.3

C42.7

42.7
5.30

42.7

42.7

473

42.7
42.7
5.30
42.7
42.7




Beam
" Element

4556 *
L6-4T
L7-49 *
48-57
49-58
50-59
51-60
52-61
53-62
5463
55-64,
56-65
57-66
58-67
59-68
60-69
61-70
62-71
S 63-72
64173
6574
66-75
67-76
68-77
69-78

804

APPENDIX B - SUMMARY OF INPUT DATA

Beam Element Section Properties {(Cont)

A
18.78
113,928
1 x 1074

100.9
19.807
41.903
19.807
41.903
19.807
41,903
19.807
41.903
68.09
13.2
22,682
13.20
22,682
13.2
22,682
13.20
22,682
67.42
14.02
22.682

14‘02

X

2.1963 x 103

1.545

24.336 x 103
5.1592 x 104
24,.336 x 10°
5.1592 x 10%
1.545
16.32
2.798-x 164
16.32 x 10°
27.98 x 103
16.32 x 10°
27.98
16.32
27.98 x 10°
1.545
17.316 x 103
27.98 x 10°

17.316 x 103

I(max)

2.149 x 103

939

1,014 x 103

139.864 x 10°
12.168 x 103

25.796 x 10°
1.2168 x 104
2.5796 x 104
12.168 x 10°
2.5796 x 10%
12.168 x 163
2.5796 x 104
94.19 x 103

8.16 x 103
1.399 x 104

8.16 x 10°
13.99 x 103
8.16 x 103

13.99 x 103

8.16 x 103

13.99 x 10°

93.279 x 103
8.658 x 103
13.99 x 103

- 8.658 x 103

I({min
47.3 -
12.7
5.30
139.864 x 103
12.168 x 103

25.796 x 103

1.2168 x 104
2.5796 x 104
12.168 x 103
2.5796 x 104
12.168 x 103
2.5796 x 104
94.19 x 103
8.16 x 103
1.399 x 104
8.16 x 10°
13.99 x 103
8.16 x 103
13.99 x 10°

.8.16 x 102

13.99. x 10°
93,279 x 10°
8.658 x 10>
13.99 x 107

8.658 x 10°




ime I

2 @ Dl

-

Beam
Element

70-79
“71-80
72-81
73-82

74-83

75-84

76-85
77;86
78-87
79-88

80-89

81-90
82-91
83-92
84-93
. 85-94
86-95
- 87-96
88-97

 89-98

90-99
91-100
92-101
93-102
94-103

'81‘75

"APPENDIX B — SUMMARY OF INPUT DATA

Beam Element Section Properties (Cont)

A

22.682

22,682

14.02

- 22.682

67.42
14.80
26.49
14.80
26.49
14.8
26.49
14.80
26.49

82.66

16.78
30.9
16.78
26.49
16.78
30.9
16.78
30.9
94.0
25.7,,

K
27.98 x 103
17.316 x 103
2.798 x 104

17.216 x 103
i {e 0O A U

2.798 x 104
1,545
18,172 x 107
3.2612 x 104
18.172 x 103
3.2612 x 104
18.172 x 10°
3.2612 x 104
18.162 x 103
3.2612 x 104
1.545
21.26 x 10°
3.864 x 10%
2.126 x 104
3.2612 x 10%
2.126 x 10%
3.864 x 104
2.126 x 10*
3.864 x 104
1.545
1.545

T {max

13.99 x 103
8.658 x 10°

13.99 x 103
g8.658 x 107 -

(o4

13.99 x 103

93.279 x. 10°

9.086 x 10°

1.6306 x 104
9.086 x 103
1.6306 x 104

- 9,086 x 103

1.6306 x 104
9.086 x 103
1.6306 x 104
114.263 x 102
10.63 x 103
1.932 x 104
1.063 x 104
1.932 x 104
1.063 x 104
1,932 x 104
1.063 x 104
1.932 x 104
136 x 103
1.6613

I{min
13.99 x 103
8.658 x 107
13.99 x 103

8,658 x 103

- 13.99 x 10°

93.279 x 103
9.086 x 10°
1.6306 x 10%

19.086x 103

1.6306 x 104
9.086 x 10°
1.6306 x 104
9.086 x 10°
1.6306 x 104
114.263 x 103
10.63 x 103
1.932 x 104

1,063 x 104

1.932 x 104
1.063‘x 104_
1.932 x 104
1.063 x 104 _
1.932 x 104
136 x 10°
1.6613



Beam
Element

95-104

' 96-105
97-106

© 98-107

99-108
100-109
101-110
102-111

103-113

.......

1WW4—-115
105-117
106-119
107-121
108-123
109-125
110-127
111-112
11114
111-116
111-118
111-120

111-122

111-124
111-126
111-128

APPENDIX B - SUMMARY OF INPUT DATA -

A
23.408
5.7
23.408
25.74

123,408
25.74
23.408
4474

7.92
7.92
7.92
7.92
7.92
7.92
7.92
7.92
7.552
7.269
7.552
"7.269
- 7.552
7.269
7.552
7.269
108.49

P

K

6.0912 x 104
1.0
1.0
1.0
1.0
1.0
1.0
1.0
2.102 x 103
5.176 x 103
2.102'x 103
5.176 x 10°
2.102 x 103
5.176 x 10°
2.102 x 103
5.176 x 103
7.38 x 10%

1.181 x 103 .

7.38 x 102

1.181 x 10°

7.38 x 10°
1.181 x 103
7.38 x 102
1.181 x 103

260.034 x 103

Beam Flement Section Properties (Cont) -

I (max)
3.0456 x 104
16.613 x 103
30.456 x 103
16.613 x 103
30.456 x 10°
16.613 x 103
30.456 x 103
61.696 x 103
1.051 x 103
2.538 x 107
1.051 x 103
2.538 x 10°
1.051 x 103

2.538 x 103

1.051 x 103
2.538 x 103
380.67 x 103
34.41 x 103
380.67 x 10°
34.41 x 10°

380.67 x 103

34.41 x 103

380.67 x 103

34.41 x 103
130.017

I(min)
3.0456 x 104
16.613 x 103

30.456 x 105~

16.613 x 103
30.456 x 103

16.613 x 103

30.456 x 103
61.696 x 103

. 1.051 x 103

2.538 x 103
1.051 x 103
2.538 x 107
1.051 x 103
2.538 x 103
1.051 x 103
2.538 x 103
7.05 x 10°
7 x 10°
7.05 x 102
7 x 102
7.05 x 10°
7 x 102
7.05 x 10°
7 x 10°
130.017

i

L T

ot

3

Eed

N 3 3



APPENDIX B - SUMMARY OF iNPUT DATA

Beam Element Section Properties (Cont)

Beam . ' o
. Element A R K o I(mex) Iimin
' 2113 .5t T o "7 95,150 x 103 1 6.048
12127~ .5 1.0 95.150 x 10 6.048
I 112-132 - 3.0x 1072 1.0 13.041 x 103 1.08
: 13114 .5 1.0 86 x 10 6.0
: 114-115 .5 10 8.6 x ’103 ‘ 6.048
_ 115-116 .5 1.0 95.15 x 10> 6.048
- 116-117 .5 1.0 95.15 x 10° | 6.048
116-133 3 x 1072 1.0 13.041 x 103 1.08
| 117-118 .5 1.0 8.6 x 10° 6.048
g1 .5 1.0 . B.6x10° 6.048
| 119-120 .5 10 1 95.15x 103 6.048
120-121 .5 1.0 - 95.15 x 103 6.‘048'_
] 120134 3 x 1072 1.0 13.041 x 10° 1.08
121-122 .5 ' 1.0 8.6 x 103 6.048
122-123 .5 1.0 8.6 x 103 6.048
B_ 123-124 .5 1.0 | 95.15 x 103 6.048
124-125 .5 1.0 95.15 x 103  6.048
124-135 3.0x 1002 - 1.0 ©13.041 x 103 - 1.08
125-126 .5 1.0 8.6 x 10° 6.048
126-127 5 1.0 8.6x10% 6.048
128-129 108.49 . 260.03 x 100 130.017 x 10> 130.017 x 10°
129-130 108.49  260.034 x 10° 130.017 x 10° 130.017 x 103
a 130-131 ©108.49 260.034 x 103 130.c17 x 10°  130.017 x 103
x_E=30x 10  All Others - E = 10.3 x 10°
| ¢ =11.5x 10° G=3.9x 100




i

TABIE I

SUMMARY OF SUPPORT OUTRIGGER DEFLECTION ANALYSIS

Fy=1000#
Point 1

2

3
Fy =10007#

Point 1
2
3

F, =10004

Point 1

3

Fg=1000"/#
Point 1

2

'3

%¢=1000"/#

Point 1.
2

3

Fyp=1000"/#

Point 1
2

3

.

¢

_AX AY Az ® b
. 1178710 0 .11816x10-3 0 .68642x1070 0
.66637x107* 0 .37301x10% o |-.13632x10% 0
.13010x1072 0 .38047x107% o -.39679x10~* 0
0 .73471x10-2 0 .4hh56x303 0 .7&834x10'h
0 .15450x1071 | ¢ .57058x10~3 0 .34548x10-3
0 47143x1071 0 .91698x10~3 0 .14933%1072
.79260x10-% s .596&7x*?°4 0 -.25h52x10‘5 0
.52950x107% 0 .62160x10~% 0 -.41932x1072 0
.380k7x10~4 0 .87309x10~% 0 .23923x1077 0
0  |-.22300x10"3 0 .23299x10™7 0 1-.48593x10-5
0 .12426x107 0 ,11826x10+. 0 -.46357x1070
0 .91698x1073 0 .35154x10"% 0 .29014x10~%
.21021;10'5_ 0 | .13668x107 0 -.30664x10-6 0
.12636x102 0 .25094x20"3 0 -.56506x106 o
-.39679x10 % - o .23923x1075 o | .5876kx1075 0
0 .23530x1073 0 .1koglx107% 0 .24201x10™2
0 .49073x103 0 .18059x10-% 0 .11020x10~%
0 .14933x10-2 0 .2901kx10-% 0 .92912x10~%

Note: See Figure 5 for numbering and loading scheme. Points 5 and 6 are fixed.

T3 M

i3 My oy




3

i ik gt

H':35 'T

TABIE 1II

SUMMARY OF THRUST OUTRIGGER DEFLECTION ANALYSIS

Yote: See Figure 5 for numbering and loading scheme. FPoints 5 and 6 are

. - AX AY ‘ AZ © ) 5()
[F 5 =1L000# _ : -
Point 1 | .79612x1077 0 = . .7327hxl07 o .|-.30727x107 0
2 |-.68108x107 0 -.29691x1074 0 -.63785x10°0 0
3 | .10948x10-3 0 - 36307x10‘l‘ 0 1-.99801x10-5 0
b | .13517x1072 0 .34516x10~% 0 -4 1485x107 0
F,,=1000f | . ‘ |
Point 1 0 .13918x10°1 0 .62820x1073 0 .20538x10°3
| 2 0 L7724x1072 0 .32435x1073 0 .19757x10"3
3 0 .18732x107% o .54662x10-3 0 .68524x10"3
" 0 LThs58x1071 0 .71251x1073 0 .15050x102
F. =1000# ) |
Point 1 }-.72083x107* 0 .41166x10-3 0 .10458x107* 0
2 |.36h95x107% 0 .55762x10°3 0 -.34839x10 0
3 }.34035x1073 0 .69218x1073 0 .33073x1072 0
» | .3us516x10°% 0 .96551x103 0 -.16692x107% 0
Fe;iggg {# 0 _.57697x107% 0 .79049x107? 0 -.19856x10"7
2 0 | .69154x10-% 0 .33404x1072 0 -.19604x10"
3 0 .98359x107* 0 .84771x1072 0 .54502x1072
b 0 7125121073 | 0 .21964x107* 0 .19576x107*
F4=1000"/# | - , .
Point 1 |.55980x1077 0 .16979x;0'h 0 -.10174x107? 0
2 |.91915x10-6 0 -.984TTx10™2 0 -.31356x10-6 0
3 |.32318%107% 0 -.11871x10~% 0 -.12978x1072 0
b }.41485x107% 0 -.16692x10-% 0 .10579x10~% 0
- [py=1000"/# 3 | N | .
Point 1 0 .h320x10 0 .19942x10 0 .65485x1077 .
2 o .15203x10-3 0 .10278x107% 0 .62972x10-5
3 0 .5945kx10-3 0 .17328x10% 0 .21822x1074
b 0 .15050x10~2 0 .19976x107% 0 .93336x1074
fixed.
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