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J o i n t  maximum l i k e l i h o o d   e s t i m a t o r s  are p r e s e n t e d   f o r   t h e  
s i g n a l   a m p l i t u d e   a n d   n o i s e   p o w e r   d e n s i t y   i n  a cohe ren t  PCM 

channe l   w i th   wh i t e  Gaussian no i se   and  a c o r r e l a t i o n   r e c e i v e r ,  
The estimates are based  upon t h e   c o r r e l a t i o n   c o e f f i c i e n t   o u t p u t s  
of t h e   r e c e i v e r ,  From t h e s e  estimators, an estimator f o r   t h e  
q u a n t i t y  

( r e c e i v e d   s i g n a l   e n e r g y )  / b i t  9 

(noise   power)  / ( u n i t   b a n d w i d t h )  

upon  which  the error p r o b a b i l i t i e s   d e p e n d ,  i s  de r ived ,  This 
estimator is shown t o  b e   u s e f u l  as: 

a )  A p o i n t   e s t i m a t o r  f o r  t h e   s i g n a l - t o - n o i s e   r a t i o   f o r   t h e  
h i g h e r   v a l u e s  of t h i s  r a t i o  ( abou t  4 d b ,   o r   g r e a t e r )  , 

b )  An e a s i l y   c a l c u l a t e d  s t a t i s t i c  upon  which t o  base d a t a  - "" 

accep tance  - or r e j e c t i o n  c r i t e r i a ,  The a c c e p t a n c e   o r  
r e j e c t i o n   l e v e l s  are o b t a i n e d  by t h e  u s e  of   coqf idence  
i n t e r v a l   c u r v e s   i n   c o n j u n c t i o n   w i t h  word e r r o r   p r o b a b i l i t y  
d a t a ,  
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I I n t r o d u c t i o n  

The advantages   o f   phase-coherent  PCM (and ,  as a s p e c i a l  case, 
PFM) communica t ions   have   been   w ide ly   r ecogn ized ( lS2   r3 s4 )and  
u t i l i z e d   i n   t h e   r e c o v e r y   o f   i n f o r m a t i o n   f r o m   s c i e n t i f i c  sa te l l i t es ,  
The   op t imum  (Bayes)   rece iver   for   such  a channe l  is one  which 
c o m p u t e s   t h e   c o n d i t i o n a l   p r o b a b i l i t y   f o r   e a c h   o f   t h e   p o s s i b l e   c o d e  
w o r d s ,   g i v e n   t h e   r e c e i v e d   ( n o i s y )   d a t a   w o r d .   I f   t h e   t r a n s m i s s i o n  
o f   each  of t h e   p o s s i b l e   c o d e   w o r d s  i s  a - p r i o r i   e q u a l l y   l i k e l y ,  
t h e n   m a x i m i z i n g   t h e   c o n d i t i o n a l   p r o b a b i l i t y  i s  e q u i v a l e n t   t o  
m a x i m i z i n g   t h e   l i k e l i h o o d   f u n c t i o n ,  If t h e   r e c e i v e d   w o r d s  (i.e., 
t h e   s i g n a l   p a r t s   o f   t h e   r e c e i v e d   w a v e f o r m s )  are a l l  o f   e q u a l  
e n e r g y ,   t h e   l i k e l i h o o d   f u n c t i o n  i s  maximized by choos ing  the 
word  which y i e l d s   t h e   l a r g e s t   c o r r e l a t i o n   c o e f f i c i e n t  when c o r r e -  
l a t e d   w i t h   t h e   r e c e i v e d   " d a t a "   w o r d .  ( 5 , s )  

A matter o f   f u n d a m e n t a l   i m p o r t a n c e ,   p a r t i c u l a r l y   i n   t h e  
r e c e p t i o n  of s c i e n t i f i c   i n f o r m a t i o n   f r o m  sa te l l i t es ,  i s  t h e  
r e l i a b i l i t y   o f   t h e   i n f o r m a t i o n   o b t a i n e d .   P r e s u m a b l y  i t  is b e t t e r  
i n  some i n s t a n c e s   t o   d i s c a r d   d a t a   r a t h e r   t h a n   t o   u s e   d a t a   f o r  
w h i c h   t h e   p r o b a b i l i t y   o f   e r r o r  i s  l a r g e .   F o r  a cohe ren t  PCM 
c h a n n e l   w i t h   c o r r e l a t i o n   r e c e p t i o n ,   t h e   e r r o r   p r o b a b i l i t i e s   d e p e n d  
upon a s i n g l e   p a r a m e t e r ,  (1,2) 

f "  A S T  
N o  

where. 

T = t i m e  p e r  b i t  

S = r e c e i v e d   s i g n a l   p o w e r  

(1) 

ST = r e c e i v e d   s i g n a l   e n e r g y   p e r   b i t  

No = no i se   power   pe r   un i t   bandwid th .  

1 



I 

S i n c e ,   i n   p r a c t i c e ,  it i s  n o t   r e a s o n a b l e   t o   a s s u m e   t h a t   e i t h e r  
t h e   s i g n a l   a m p l i t u d e   o r  the n o i s e   p o w e r   d e n s i t y  w i l l  be known, 
t h e   q u e s t i o n  arises: Given   the   observed   da ta ,   what  i s  t h e   b e s t  
t h a t   o n e  can d o   t o w a r d   e s t i m a t i n g   t h e s e   p a r a m e t e r s ,  or, i n  
p a r t i c u l a r ,   t h e   s i n g l e   q u a n t i t y  2 ? S i n c e   t h e   e r r o r   p r o b a b i l i t y  
depends  upon t h i s   p a r a m e t e r ,  a s e q u e n t i a l l y   u p d a t e d  estimate of  
f ( i f  t h e  estimate i s  a "good"  one) w i l l  p r o v i d e  t h e  best 

i n f o r m a t i o n  upon which a d e c i s i o n   t o   u s e   o r  r e j ec t  the  d a t a   c a n  
be based ,  

I n   t h e   f o l l o w i n g   d i s c u s s i o n ,   t h e   r e c e i v e d  data word w i l l  
be   denoted  by 

where /%/ j ( t )  r e p r e s e n t s   t h e  j ' t h ,  word  waveform,  normalized 
so t h a t  

where 

Tw = time dura t ion   of   word  A 

= T X ( b i t s  p e r   w o r d ) ,  

A i s  an  unknown a m p l i t u d e   f a c t o r ,   a n d   n ( t  1 w i l l  be assumed white 
G a u s s i a n   n o i s e   o f  unknown power   dens i tyo  The c o r r e l a t i o n   r e c e i v e r  
g e n e r a t e s  a set of  numbers 

2 



We also  d e f i n e :  

N 2 number of words i n   t h e  code se t  

= number of c o r r e l a t i o n  f i l t e r s  f o r  an 
or thogonal   code  , 

= log,' (number of b i t s ) ,  

M = number of r ece ived   da t a   words  up t o  t h e  
time at  w h i c h   t h e  estimate i s  t o   b e  madeo 
( I t  s h o u l d   b e   n o t e d   t h a t   t h e  s ta t i s t ics  
i n   t h e   f o l l o w i n g   d i s c u s s i o n  w i l l  b e   cons ide red  
s t a t i o n a r y  - t h i s  may impose   an   add i t iona l  l i m i -  
t a t i o n  on M i n   p r a c t i c e , )  

A 

The p o s s i b i l i t y   e x i s t s   o f   b a s i n g   t h e  estimates e i t h e r  on 
y ( t >   o r   t h e  s e t  of numbers #I - i , e , ,  e i t h e r  on t h e   e n t i r e   r e c e i v e d  
waveform o r  o n   t h e   o u t p u t   c o e f f i c i e n t s   o f   t h e   c o r r e l a t i n g  f i l ters,  
T h e s e   a l t e r n a t i v e s  w i l l  now be compared,, 

I1 Es t ima t ion   o f  A and N, Based UDon v ( t )  

It w i l l  now b e   a s s u m e d   t h a t   y ( t )  = A ,@.(t) + n ( t >  h a s  
3 

been   obse rved   fo r  M rece ived   words ,  The unknowns are j , A ,  and 
No, and it i s  assumed t h a t  t h e   n o i s e  i s  l i m i t e d   t o   b a n d w i d t h  
B a t  t h e   r e c e i v e r  ( 2 B  i f  t h e  n e g a t i v e   f r e q u e n c i e s  are i n c l u d e d )  
Each y ( t >  can t h e n   b e   r e p r e s e n t e d   ( w i t h   t h e   u s u a l   l i m i t a t i o n s )  by 
2BTw samples ,   and  each  sample  has  a v a r i a n c e  & = 2BNo0 I t  w i l l  
b e   a s s u m e d   t h a t   n o   a - p r i o r i   i n f o r m a t i o n  i s  a v a i l a b l e   c o n c e r n i n g  
t h e   t h r e e  unknowns,  which w i l l  t h e r e f o r e   b e   t r e a t e d  as pa rame te r s  
and  the  method of maximum l ike l ihood  employed ,  ( 7 )  The l i k e l i h o o d  
f u n c t i o n  f o r  t h e  M o b s e r v a t i o n s  i s :  

3 
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where  yK - A pjK = n )  , the K v t h o   s a m p l e   o f   n ( t ) .   S i n c e ,   f r o m  
the   s ampl ing   t heo rem,  

J 
0 

o r  

where 

S i n c e ,  a f t e r  t h e  data h a s   b e e n   r e c e i v e d ,  E is a c o n s t a n t ,  it is  
c l ea r  t h a t   r e g a r d l e s s   o f  t h e  v a l u e s   o f  A and No, Log L ( a n d  there- 
f o r e  L) w i l l  be   maximized   by   choos ing   the   va lues  j which  correspond 
t o  t h e  maximum 4 Os, This  i s  o f   c o u r s e  t h e  p r i n c i p l e   o f  t h e  

c o r r e l a t i o n   d e t e c t o r  - however i t  i s  i n t e r e s t i n g   t o   n o t e  t h a t  i f  
one i s  a t t e m p t i n g   t o   j o i n t l y  estimate not  only  which  waveform was 
t r a n s m i t t e d   b u t   a l s o   t h e   s i g n a l   a m p l i t u d e   a n d   n o i s e   p o w e r   d e n s i t y ,  
i t  i s  n o t   n e c e s s a r y   t o   u s e  some d i f f e r e n t   t e c h n i q u e   t o   c h o o s e  t h e  

s i g n a l  waveform  than  would be u s e d  i f  t h i s  a l o n e  were r e q u i r e d ,  
S i n c e   o u r   d i s t r i b u t i o n  i s  .of t h e   f o r m   a d m i t t i n g   s u f f i c i e n t  
s t a t i s t i c s ,  ( 7 )  Log L w i l l  have a s i n g l e   u n i q u e  maximum depending 
on A and No, which may be  f o u n d   b y   d i f f e r e n t i a t i o n ,   S e t t i n g   t h e  

Y 

4 



d e r i v a t i v e s  with r e s p e c t  t o  A and No e q u a l  t o  z e r o   y i e l d s   t h e  
estimates 

K=l 

I11 E s t i m a t i o n  of A and & Based Upon $i "- 
Since   forming  E i m p l i e s   i n s t r u m e n t a t i o n   n o t   n o r m a l l y  

i n c o r p o r a t e d   i n  t h e  c o r r e l a t i o n  de tec tor ,  w e  w i l l  c o n s i d e r  now 
e s t i m a t i n g  A and No from t h e  o u t p u t s  $$i of the  c o r r e l a t i n g  
f i l t e r s ,  M of these o u t p u t s  w i l l  c o n s i s t  of s i g n a l   l e v e l  A p l u s  
n o i s e   ( a n d  w i l l  be denoted  by 4 j) while t h e  remainder  ($be) 
w i l l  c o n s i s t   o f   n o i s e   a l o n e ,  For  o r t h o g o n a l  codes t h e  n o i s e  
o u t p u t s  w i l l  be independent  ( f o r  "whi t e "   no i se ) ,   and  of mean 
z e r o  and v a r i a n c e  No/Two The l i k e l i h o o d   f u n c t i o n  f o r  these o u t p u t s  
i s  t h u s  

Y 



and 

( i  now indexes  a l l  of t h e  f i l t e r  o u t p u t s , )  

A g a i n ,   d i f f e r e n t i a t i n g   w i t h   r e s p e c t  t o  A and No y i e l d s   t h e  
estimates: 

where,  as before,  t h e  #IK r e p r e s e n t   t h e  maximum c o r r e l a t o r  
ou tpu t s   (one  f o r  each observed  data  word) 

6 



I t  i s  i n t e r e s t i n g   t o   n o t e  t h e  correspondence  between these 
estimates a n d   t h o s e   o f   e q u a t i o n s  1 0  and 11, The d i f f e r e n c e  i s  
t ha t  i n   d e r i v i n g   t h e  estimates t h e  s i g n a l s  were r e p r e s e n t e d   i n  
t w o   d i f f e r e n t   o r t h o g o n a l   s i g n a l   s p a c e s ,  If t h e   d i m e n s i o n a l i t y  of 
these two  spaces  is  t h e  same - i o e o ,  i f  N = 2BTw, t h e n  w e  would 
e x p e c t   o u r  estimates t o   b e   i d e n t i c a l ,   I n  t h i s  case, s i n c e   y ( t )  
i s  c o m p l e t e l y   c h a r a c t e r i z e d  by the  # i components, 

J 
0 

A 
and No f rom  equa t ion  (11) becomes: 

c 

w h i c h   c o r r e s p o n d s   t o   e q u a t i o n  (15) 

As an  example  of t h i s  e q u i v a l e n c e ,   c o n s i d e r  a PFM channe l  
wi th  N poss ib l e   o r thogona l   words  , The minimum f r e q u e n c y   d i f f e r e n c e  
( f o r  o r t h o g o n a l i t y )   b e t w e e n   a j a c e n t   f r e q u e n c i e s  i s  1 / 2 T w  C , P , S , ,  ( 2 )  

r e q u i r i n g   t h e r e f o r e  a bandwid th   o f   app rox ima te ly  Bmino - N/2Tw, o r  N 

7 



N -  2Bmin. Tw. Hence i f  t h e  n o i s e  i s  p r e - f i l t e r e d   s u c h  t h a t  the r3 

r e s u l t a n t   b a n d w i d t h  i s  j u s t   s u f f i c i e n t  t o  p a s s   t h e   s i g n a l s ,  t h e  

$)i c o e f f i c i e n t s   i n   t h i s  case c o n t a i n  a l l  of t h e   i n f o r m a t i o n  
p e r t i n e n t  t o  e s t i m a t i n g  A and No t h a t  was c o n t a i n e d   i n  t h e  e n t i r e  
con t inuous  ( f i l t e r e d )  y (  t )  , Fur the rmore ,   s ince  A and No are 
s u f f i c i e n t  s t a t i s t i c s ,  none of t h i s   i n f o r m a t i o n  i s  l o s t  i n  
forming t h e  estimates from t h e  #io 

Maximum l i k e l i h o o d  estimates, i f  t h e y  are s u f f i c i e n t ,  
g u a r a n t e e   t h e   p r o p e r t y   o f  minimum v a r i a n c e ,   b u t  are n o t  
n e c e s s a r i l y   u n b i a s s e d ,  A ( e q ,  14) i s  unbiassed, b u t  No ( e q ,  15) 
h a s  t h e  expec ted   va lue  

I I 

Hence t h e  minimum v a r i a n c e   u n b i a s s e d   e s t i m a t o r  for No i s  g i v e n  by 

S ince  t h e  e r r o r   p r o b a b i l i t y   d e p e n d s   o n l y  on f , where 

8 



a n d   s i n c e  A and No are j o i n t l y  optimum i n   t h e   s e n s e   p r e v i o u s l y  
d i s c u s s e d ,  are e a s y   t o   c a l c u l a t e ,   a n d  are h u e r i s t i c a l l y  " n a t u r a l "  
estimators f o r  t h e   r e s p e c t i v e   p a r a m e t e r s ,  it is n a t u r a l  t o  
i n v e s t i g a t e  

i z  
J 

as a n   e s t i m a t o r  

7-A2 - 
NO 

This  was done  experimental ly   on a 
3 

h i g h   s p e e d   d i g i t a l   c o m p u t e r ,   a n d  r e s u l t s  are p r e s e n t e d   i n  the 

form of c o n f i d e n c e   i n t e r v a l   c u r v e s ,  

A 

I V  C o n f i d e n c e   I n t e r v a l s  f o r  .$ 
" 

The pr imary object  i n   a t t e m p t i n g   t o  estimate 5 i s  t o  
p r e s e n t   i n f o r m a t i o n   a b o u t   t h e   v a l i d i t y   o f   t h e   d a t a   o b t a i n e d ,   T h i s  
may be  done  by t h e   u s e  of conf idence   curves   such  as t h o s e   p r e s e n t e d  
(by  way of e x a m p l e )   i n   t h i s   s e c t i o n ,  

F igu res  1-3  show 0,90 fac tor  c o n f i d e n c e   i n t e r v a l   c u r v e s   f o r  a 
1 6  f i l t e r  ( 4  b i t )   s y s t e m ,   f o r  1 d a t a  word  observed, 4 da ta   words  
observed,   and 1 6  da t a   words   obse rved   r e spec t ive ly  (M = 1 , 4 , 1 6 1 0  

If a h o r i z o n t a l   l i n e  i s  drawn a t  t h e   v a l u e  of t h e   o r d i n a t e   g i v e n  
by t h e  estimate ( 5 I p  t h e   p o r t i o n  of t h a t   l i n e   l y i n g   b e t w e e n   t h e  
t w o  c o n f i d e n c e   c u r v e s   d e f i n e s   a n   i n t e r v a l   w h i c h  w i l l  c o n t a i n ,  
w i t h   p r o b a b i l i t y  0 . 9 0 ,  the  t r u e   v a l u e   o f  3 (8) Also, t h e   t r u e  
v a l u e  w i l l  l i e ,  w i t h   p r o b a b i l i t y  0095, t o  t h e  l e f t  of t h e   p o i n t  
of i n t e r s e c t i o n   w i t h   t h e   r i g h t - m o s t   c o n f i d e n c e   c u r v e ,   a n d   w i t h  
p r o b a b i l i t y  0.95 t o  t h e   r i g h t  of t h e  left-most conf idence   cu rveo  
The cu rves  f o r  a 100 f i l t e r  ( 6 , 6 5   b i t )   s y s t e m  are shown i n   F i g u r e  
4 ( f o r  1 observed   da ta   word)  

A 



Curves  such as t h e s e  may b e   u s e d   i n   t h e   f o l l o w i n g  way, i n  
c o n   j u n c t i o n   w i t h   a l r e a d y   p u b l i s h e d   e r r o r - p r o b a b i l i t y   c u r v e s  
( F i g u r e  5 i s  r ep roduced ,   w i th   consen t  of t h e   a u t h o r s ,  from 
Reference 3 , )  Suppose t h a t   t h e   f o u r   b i t   s y s t e m  i s  b e i n g   u s e d ,  
a n d   t h a t   t h e   n o i s e  i s  s u f f i c i e n t l y   s t a t i o n a r y   t h a t  i t  can   be  
assumed t o  b e   s t a t i o n a r y   o v e r   i n t e r v a l s   o f   f o u r   w o r d - t r a n s m i s s i o n  
times. We would  then make u s e   o f   t h e   c u r v e s   o f   F i g u r e  2 ( u s i n g  
f o u r  word  groups t o  form o u r  estimates) If o u r  estimate t u r n e d  
o u t   t o   b e  0 db, or less ,  w e  know from t h e   c u r v e s   t h a t   w i t h  
p r o b a b i l i t y  0 , 9 5  t h e   t r u e   s i g n a l - t o - n o i s e  r a t i o  i s  less t h a n  1 db, 
G o i n g   t h e n   t o   t h e   e r r o r - p r o b a b i l i t y   c u r v e  ( n = 4 b i t s ) ,  w e  know 
t h a t   w i t h   p r o b a b i l i t y  0 , 9 5  o u r  error  f requency  w i l l  b e   g r e a t e r  
t h a n   o n e   i n   t e n ,  We m i g h t   d e s i r e ,  f o r  example,  t o   b a s e   o u r  
" r e j e c t i o n "   l e v e l   o n   t h i s   e r r o r   p r o b a b i l i t y ,  as i n d i c a t e d  on t h e  
c u r v e s o  If on t h e   o t h e r   h a n d ,   o u r  estimate was 6 0 7  db, or g r e a t e r ,  
w e  know f r o m   t h e   c u r v e s   t h a t   w i t h   p r o b a b i l i t y   0 , 9 5   t h e   t r u e  3 
w i l l  be greater t h a n  4 d b , ,   c o r r e s p o n d i n g   t o   a n   e r r o r   f r e q u e n c y  
of l e s s  than   one   i n   one -hundred ,   P l ac ing ,   fo r   example ,   ou r  
" v a l i d   d a t a "   l e v e l  a t  t h i s   v a l u e ,  w e  h a v e   t h e n  a c r i t e r i o n   f o r  
l a b e l i n g   t h e   d a t a  as v a l i d ,   q u e s t i o n a b l e ,  or t o  b e   r e j e c t e d ,  
d e p e n d i n g   o n   t h e   v a l u e   o b t a i n e d   f o r   ( T h e s e   l e v e l s   o f  
c o u r s e  are p u r e l y   a r b i t r a r y ,   a n d  are i n d i c a t e d  on the   cu rves   s imp ly  
as a n   i l l u s t r a t i o n   o f  how t h e y   c a n  be used,) 

$ , as a p o i n t   e s t i m a t o r  f o r  3 i s  o n l y   g o o d   f o r   h i g h e r  
s i g n a l - t o - n o i s e  ra t ios ,  as can   be   seen   f rom  the   conf idence   curveso  
For 3 >/ 4 db,   approximately , 3 i s  for p r a c t i c a l   p u r p o s e s  
u n b i a s s e d   a n d   c o n s i s t e n t ,   w h i l e   f o r   t h e   l o w e r   s i g n a l - t o - n o i s e  
r a t i o s  4 i s  b a d l y   b i a s s e d ,   t h i s   b i a s   i n  fact  c a u s i n g   t h e  
unfavorable   "bend" i n   t h e   c o n f i d e n c e   i n t e r v a l   c u r v e s ,   H o w e v e r ,  
t h e  f ac t  t h a t   t h e   e s t i m a t o r  i s  poor  as a p o i n t   e s t i m a t o r  for low 
v a l u e s  of 3 d o e s   n o t   i n t e r f e r e   w i t h   t h e   u s e  of t h e  confidence 
curves  t o  e s t a b l i s h  a " r e j e c t i o n "   t h r e s h o l d  as was done i n   t h e  
p reced ing   pa rag raph ,  
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V Conclusions 

The  optimum " d e t e c t o r "   f o r  a PCM channe l   w i th   wh i t e   Gauss i an  
n o i s e   a n d   e q u a l   a - p r i o r i   s i g n a l   p r o b a b i l i t i e s  i s  a c o r r e l a t i o n  
d e t e c t o r ,  If i t  is d e s i r e d   n o t   o n l y   t o   c h o o s e   t h e  most p robab le  
s i g n a l ,   b u t  a l so  t o  c a l c u l a t e   t h e   m o s t   p r o b a b l e   v a l u e s   f o r   s i g n a l  
ampl i tude   and   no i se   power   dens i ty ,   t h i s   can   be   done   w i th   no  
a d d i t i o n a l   i n s t r u m e n t a t i o n  ( i f  t h e  estimates are based  upon 
t h e   o u t p u t s  o f  t h e   c o r r e l a t o r s l   a n d   w i t h   n o   m o d i f i c a t i o n   o f  
t h e   c o r r e l a t i o n   d e t e c t i o n   s c h e m e  i t s e l f  , These estimates, which 
are minimum va r i ance   ( and   can   be  made u n b i a s s e d ) ,  are h u e r i s t i c a l l y  
"na tura l"   ones   and  a re  e a s y   t o  ca lcu la te ,  They may be  used t o  
form a n   e s t i m a t o r  j for t h e   s i g n a l - t o - n o i s e   r a t i o  8 

a l t h o u g h   t h i s  estimator w i l l  no   l onge r   be  optimum i n  a minimum 
va r i ance   unb ia s sed   s ense .   In  fac t ,  f o r  s i g n a l - t o - n o i s e   r a t i o s  

J+ 4 db., 4 i s  e s s e n t i a l l y   u n b i a s s e d   a n d   p r o b a b l y   v e r y  
close t o  opt imum,   whi le   for   lower   va lues  of t h e  b i a s   r e n d e r s  
$ a v e r y   p o o r   p o i n t   e s t i m a t o r   f o r  2 . 

The u l t i m a t e  aim i n   a t t e m p t i n g   t o  estimate t h e   s i g n a l - t o -  
n o i s e   r a t i o  i s  t o   e s t a b l i s h   a c c e p t a n c e  or r e j e c t i o n  c r i t e r i a  f o r  
t h e   r e c e i v e d   d a t a ,   T h i s   c a n   b e   d o n e   t h r o u g h  the  use  of conf idence  
i n t e r v a l   c u r v e s   b a s e d  on 3 i n   c o n j u n c t i o n   w i t h   a l r e a d y  
p u b l i s h e d  error p r o b a b i l i t y   c u r v e s o  The v a l i d i t y   o f   u s i n g  3 f o r  
t h i s   p u r p o s e  i s  n o t   a f f e c t e d  by the   poor   pe r fo rmance   o f  f as 

a p o i n t   e s t i m a t o r  a t  t h e  low s i g n a l - t o - n o i s e   l e v e l s ,  Thus for 
t h i s   p u r p o s e  3 i s  a good  choice of a s t a t i s t i c ,  as i t  i s  
e a s y  t o  c a l c u l a t e   a n d   h a s  a c l e a r  p h y s i c a l   i n t e r p r e t a t i o n ,  

A 
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