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ABSTRACT Q po S (

This report describes the development of experimental facilities
for the measurement of thrust and torque of model propellers operating
in the static thrust condition. Techniques for flow visualization
upstream and downstream of the plane of rotation of the propeller are
described. A theoretical method for calculation of the inflow velocity
field and propeller wake contraction is summarized. A computer program

for numerical calculations following this theory is described.
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INTRODUCTION

The work reported inﬂthis document has been accomplished under
NASA Grant NsG 669. The Grant support started July 1, 1964, and was to
continue for approximately one year. A request for a two month extension
in time with no additional expense to the government was approved and
resulted in a revised completion date for the grant of August 31, 1965.

The problem to be studied with the aid of funds provided by the
NASA Research Grant is that of improving the performance estimation of
propellers operating in the heavily loaded static thrust condition.

The design of aircraft propellers by analytical methods which use the
classical propeller theory ascribed to Goldstein has not been comp-
letely successful, particularly when performance optimization for the
static thrust condition is attempted. The origin of the deficien-
cies in the analytical method is not apparent and consequently has
caused considerable concern in the present development of propeller
driven V/STOL Aircraft. 1In reality, propeller designers do not know
whether the discrepancy between calculated and actual performance is
to be attributed to propeller performance alone or to the effects of
the vehicle to which the propeller is mounted. It is probable that
both the propeller and the installation effects are responsible but
the contribution of each to the overall performance can not be accu-
rately estimated at this time.

In order to assess the Goldstein Theory as it applies to propellers
operating in the static thrust condition, it was considered necessary
to inaugurate an experimental investigation to evaluate the per-
formance of propellers alone and then to attempt correlation of

analytically developed performance data with the experimentally gene-
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rated data. It is also considered necessary to acquire a more complete
understanding of the actual airflow phenomena in the vicinity of the
propeller in order that the basic assumptions involved in the existing
analytical methods can De assessed. Critical evaluation of the several
propeller performance analytical methods indicates that a better know-
ledge of the radial loading distribution as well as the inflow of air
into the propeller is required. Consequently it appears necessary
that the experimental apparatus permit measurement of the air-flow at
the propeller plane of rotation and perhaps the actual measurement of
the radial load distribution on the blade itself. It is felt that if
the flow patterns in the real fluid are understood more completely, the
development of an analytical method will be much more easily attained.
The ultimate aim of the research supported by the NASA Grant is the
development of an analytical method which will yield performance esti-
mates that more nearly compare to the actual performance observed.

Although the original proposal required a critical evaluation of
gsome of the Wright Field Whirl Test data, planning conferences subse-
quent to receipt of the Grant resulted in changing and realigning the
objectives of the project. 1t was felt at that time that little value
would accrue from a reevaluation of Wright Field Test Data and that
since an improved static thrust estimation procedure was needed, work
should commence at once in this direction.

The revised program called for the construction of a propeller
static thrust dynamometer which would be adequate for conducting pro-
peller performance experiments as well as the airflow studies mentioned
in the preceding paragraph. In addition to the static thrust dynamo-

meter, a program of study and development of analytical methods useful
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in the prediction of propeller performance was to be carried out.
STATIC THRUST DYNAMOMETER
A propeller static thrust dynamometer designed to minimize wake
nas véeinn consirucied in a large airplane hangar
at the Texas AS&M Research Annex. The size and configuration of the
dynamometer was determined after careful consideration of the following
desirable features:
1. Test propellers must be isolated to the greatest degree
possible.
2. The dynamometer must be capable of operating model pro-
pellers large enough to permit evaluation of Reynolds
Number effects;
3. The facility should be installed inside a building to
évoid the vagaries of the weather.
With these factors in mind a configuration was conceived wherein the
propeller is mounted so that it rotates in a horizontal plane with the
line of thrust acting vertically upward. The propeller is rotated by
a vertical shaft which turns inside a 7.5 inch diameter tubular steel
housing. The housing has four slanted legs welded to its lower end
which are bolted to specially constructed reinforced concrete piers
eleven feet deep in the earth. The propeller plane of rotation is
20 feet above the floor of the hangar and 10 feet below the roof joists.
The curved hangar roof provides about 15 feet of additional overhead
space that contains the roof supporting trusses. The nearest walls are
in excess of 40 feet from the propeller. While the desirable condition
of testing in an infinitely large air space has not been totally realized,

it is believed the installation approximates this condition within




practical limits.

Preliminary calculations indicated that approximately 400 horse-
power would be required to operate 5-foot diameter, 4-way, high activity
factor propellers at tip speeds of 900 feet per second. 1In additiomn
to providing these values of power and speed, the power source must be
easily controllable through a wide speed range. In the interest of
economy, internal combustion engines were chosen for the power source
instead of an electric motor drive. Two 275-HP Chris Craft V-8 Marine
engines are installed to drive the vertical shaft through a differential
gear box. Couplings are installed at each engine output shaft to allow
for installation misalignment and vibration isolation. An overrunning
clutch is mounted between the differential gear box output shaft and
the main drive shaft to provide protection for the propeller balance
in the event of mechanical failure in either of the power trains or the
gear box. A splined axial-slip coupling is provided between the upper
end of the main drive shaft and NASA provided propeller shaft to
allow for thermal expansion and contraction of the shafts. A NASA
strain gaged propeller balance is mounted upstream of the thrust bearing
and a propeller hub adapter shaft and propeller are then mounted
directly to the balance. The electric signals from the balance are
routed through a slip ring assembly and thence through conduit to amp-
lifiers and the read-out gages. A 60-tooth steel gear is mounted on
the propeller shaft between the balance and the thrust bearing to pro-
vide impulses through a magnetic pickup to an electronic tachometer.

A small control house was built to house the power controls and the
data acquisition equipment. The house has a large safety glass window

through which the operator and an observer can view the propeller
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dynamometer. Flexible electrical cables between the test rig and the
control house are 40 feet long and allow movement of the control house
within that radius to any desirable position for best observance of the
propeller.

The acquisition of data is accomplished manually in that gages
and meters are read by an observer and the values written down on
suitable forms. There is however, a capability of automated data
acquisition with the addition of a considerable amount of auxilliary
equipment. Essentially there are two sets of gages on the control
console panel. Each set contains a tachometer, a thrust meter, and
a torque meter. The operator's thrust and torque meter are calibrated
to read percent of allowable thrust and torque while the observer's
meters are calibrated to read pounds of thrust and inch-pounds of
torque. Both of the tachometers read the propeller rpm. At the outset
it was considered that panel meters should be adequate for the acqui-
sition of the data from the test rig but after the dynamometer was
operational and some experience had been gained with the generation
of performance data it became apparent that the fluctuations of readings
did not permit great enough accuracy in the determination of thrust
and torque. Consequently, a digital voltmeter was procured for the
purpose of reading the millivolt signals from the strain gage balances
for both thrust and torque. In some cases where the thrust or torque
is extermely low it is advantageous to condition the output of the
strain gage bridge by putting it through a DC amplifier then reading
the amplified output with the digital voltmeter. With this system
small changes in thrust and torque are readily observed. Operational

experience has indicated that fine accuracy is very difficult to




achieve when operating at low power coefficients. Apparently the
accumulation of gear train and coupling backlash together with the normal
torque impulses of the engines contribute to unsteady torque at the
propeller. As Cp reaches .025 to .03 the torque indications smooth per-
ceptably and then become quite stable from Cp=.07 on to the maximum for
the test. At Cp=.07 and above, the smoothness and repeatability of both
the thrust and torque measuring channels is quite good and appears to be
repeatable within 2% for repetitive tests.

The slipring assembly originally used for transmission of the
propeller balance strain gage signals caused considerable trouble in the
initial stages of operation. Brush wear seemed excessive and because of
inadequate air blast scavenging, the displaced brush particles were depos-
ited around the inner walls of the brush holding assembly. These deposits
provided variable resistance circuits between adjacent brushes and resulted
in large fluctuations and zero shifts in the strain gage bridge out put
circuits. Cleaning of the slipring assembly was required after about
5 hours of operation and because of the necessity to recalibrate the data
acquisition system after each disassembly the down-time was at least three
days.

A slipring assembly having adequate cooling and scavenging provisions
was installed during the month of July 1965 and has operated satisfactorily
and without attention since that time. Some zero-shift between the
beginning and end of each test run continues to be manifested, especially
during the first 10-15 minutes of operation while the slipring assembly
is cold. It has been observed that if the dynamoneter is run for 20 or
30 minutes prior to taking any data, the zero-shift is reduced to

insignificant values. With careful calibration and aqdjustment of the
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bridge power supplies, it appears possible to generate data which is repeat-
able within 2% of the measured performance of the propeller for Cp greater
than .025.

A typical performance test for 5 foot diameter propellers requires
the determination of thrust and torque for a range of rotational speeds
from an arbitrary low value of 1500 RPM to the maximum allowable for
the propeller being tested in approximately 200 RPM increments. The
blade is set at a predetermined blade angle for each test rum, the usual
practice is to vary the blade angle at the reference station from zero to
25 degrees in 2.5 deggee increments. Various performance parameters are
calculated on the University's 7094 computer from the basic values of
thrust, torque and rotational speed for each condition and blade angle
tested.

Typical performance charts developed from reduced data are presented
in another section of this report. Two basic propellers are represented;
Propeller A was designed and manufactured several years ago for use
with a tilt-wing VTOL model tested in the Langley 30 ft.-by 60 ft-low
speed wind tunnel. Propeller B is a model of a propeller currently in
use on a tilt-wing VTOL aircraft. (See Figures 1 and 2 ). Figures 3,
4, and 5 present the performance of these two propellers from experi-
mental data provided by the Texas A&M University static thrust dynamometer.
The data points shown in Figures 3,4 and 5 are taken from basic plots of
Ct vs Vt, Cp vs Vt and FM vs Vt for each blade angle tested. The plotted
points on the basic plots are connected by point-to-point fairing and
the values for the composite plots are then read off and plotted for
the desired tip speed.

In order to provide visual evaluation of the airflow surrounding the

propeller, a smoke generator with appropriate nozzles has been
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developed. In addition to the smoke generator, a slavestrobe unit was
purchased which permits a gas discharge flashtube to be synchronized
at any desired propeller speed. The usual flow visualization technique
required the light to flash once per revolution of the propeller.

With the smoke generator discharging a filament of smoke at a prescribed
point while being illuminated by the flashes of the slavestrobe, an
observer is abie to get an idea of the relative airflow velocity:at
various points as well as the direction of airflow through ‘the propeller.
In addition to visual observation of the airflow phenomenon, photographs
with 3,000 ASA Polaroid f£film have beem made. These photographs show

the general inflow pattern of air into the propeller as well as the
'vortex system that is formed in the wake of the propeller. The helical
path of the airflow in the propeller slip stream also is observable thus
the introduction of smoke at various points around the rotating propeller
has provided a three-dimensional evaluation of the flow phenomenon
associated with the propeller operating in the highly loaded static
thrust condition. The flow visualization technique by use of smoke
filaments will also be useful in determining desirable locations for
various airflow velocity and direction measuring equipment to be used
during the second year of this project. The strobe light photographic
technique is patterned after a similar one observed in operation at
Canadair LID. Montreal, Canada.

Figures 6, ‘7, 8 and 9 contain photographs of some of the flow
visualization ekperiments made during the development of the smoke
filament visualization technique. Of major interest is the magnitude
of radial inflow upstream of the propeller and the tip vortex system
that is usually seen at approximately .85 R.

All of the work performed during this first year of operation has

been essentially of a developmental nature wherein two different
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propeller designs having two, three and four blades were extensively
tested to determine the reliability and repeatability of the dynamometer.
All of the smoke pictures taken to date have been for the purpose of
developing the flow visualization technique with very little emphasis
being placed upon the use of the data in the analytical effort. Work
is currently in progress to further refine the flow visualization
technique in an attempt to obtain information which will be useful
in the evaluation of the analytical methods under consideration.

THEORY

For many years the theory developed by Goldstein 1) has provided
a reliable means of calculating propeller performance. Modified by
experience factors and empirical corrections, this theory has been
used intensively in the design of propellers, largely for climb and
cruise conditions of operations. Attempts to optimize propeller designs
for static thrust operation have indicated discrepancies between
theoretical performance and actual performance achieved when the
Goldstein theory is applied. This research is directed toward investi-
gating these discrepancies and attempting to develop improved methods
of calculating propeller performance for the static thrust condition.

Some of the possible discrepancies between the mathematical model

postulated in the Goldstein theory and the physical flow situation are
apparent.

1. Some of the power put into the propeller is lost in generating
the trailing vortex field of the propeller wake. The theory
assumes, following Betz (2), that the load distribution on the
propeller blade is such as to minimize this power loss for a

given thrust. In the heavily loaded static thrust condition

Superscript numbers refer to references listed.
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there is no assurance that such an optimum load distribution
is achieved.

2. As stated by Goldstein, the theory is valid only for small
values of the ratio of the displacement velocity of the
assumed helical vortex sheet to the velocity of advance of the
propeller. Since this ratio becomes infinite in the static
thrust condition it sppears to be overly optimistic to expect
the theory to hold with good accuracy in this situation.

3. The assumption of the propeller wake being in the form of helical
vortex sheets of uniform pitch will be violated in the region
immediately downstream of the propeller. In this region, herein
called the near wake, the flow is accelerating in the axial
direction and hence, the pitch is increasing. The near wake
will be dominant in determining the inflow velocity field
associated with the trailing vorticity. In addition, the
instability of the vortex sheet and the tendency to roll up
into discrete vortices will affect the inflow.

If the inflow field can be determined accurately it should be possible
to calculate the overall performance of a propeller using two-dimensional
airfoil data and a conventional strip-analysis method. The interdependence
of the blade load distribution, the trailing vortex field and the inflow
velocity field poses a difficult problem that may not be amenable to a
direct analytic solution. However, numerical solutions may be devised
which with presently available high speed computers will provide useful
methods of design optimization. With this in mind, the literature in this
field has been surveyed. Publications not referred to explicitly in the

list of references are listed in the bibliography appended to this report.
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Two methods of calculating the inflow velocity fields have been
selected for use in this investigation. They are the method of Iwasaki (3)
which is an extension of methods presented by Kucheman (&) and the method

6D
of wur~

: Both methods involve an initial knowledge of the blade lvading

and so lend themselves to iterative procedures. In the experimental

part of this program, inflow velocity fields will be measured for comparison

with those obtained from theory. The calculations by the method of

Iwasaki have not been carried out but are planned for a later stage of

this program. A procedure for calculations following the theory of Wu

has been programmed and is presently in use. This will be discussed below.
In the approach used by Wu the propeller is regarded as an actuator

disk, normal to a uniform, steady flow of an incompressible, inviscid

fluid. Referred to a cylindrical coordinate system (r,8, Z ) with the 2

axis coincident with the axis of rotation, positive direction downstream,

the fluid velocity components are (u,v,w,) respectively in the radial,

tangential and axial directions. Since the flow is steady and axisymmetric

a stream functionV can be expressed as a function of r and z from which

twe of the fluid velocity components u and w can be determined as

u=-75F w= +57 - 3

The tangential velocity component v, must be specified separately.
Considerations of conservation of angular momentum of the fluid show that
the product vr must be a function of ¥ in the slipstream and zero
elsewhere.

Writing the equations of motion of the fluid in terms of the stream

function results in

vT £(¥) in the slipstream

0 elsewhere (2)
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1K+ 2L = (ar —v) Y )

(4]

wueLe §L L5 Llie constant angular veloci

This constitutes a set of non-linear, partial differential equations
for ¥ and v. Two difficulties arise in obtaining solutions to these
equations; namely, the nonlinearity apparent in the terms of the right-
hand side of (3) and the fact that the slipstream region is not known.

These equations can be written in dimemsionless form normalizing on
the radius R as the unit of length and the remote uniform velocity, W.
Utilizing differential operators that apply in a linear fashion and a
perturbation stream function, ¥ , it is possible to express the stream
function ¥ , in a non-linear, integral equation with the domain of
integration not defined.

Since the domain of integration is determinable from the stream
function a method of successive approximations is suggested. The problem
of existence and uniqueness of solutions so obtained is mentioned by Wu
but not treated by him. In addition, in the numerical calculation proce-
dures some problems of numeric instabilities and lack of convergence in
the iterative procedures have appeared.

Only the relations pertinent to the calculation procedure will be
presented here. For the complete development the reader is referred to
Wu's report. |

The approach used in this study is to retain the equdtions developed
in dimensionless form, normalizing on W, the remote velocity. Attempts
will be made to extrapolate to the static thrust condition of W=0.

This is done to facilitate the numerical calculation procedure which
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involves an initial assumption of a stream function corresponding to the
free stream flow undisturbed by the actuator disk. For the static thrust
condition this would reduce to the trivial case of W = 0 at all points or

V¥ = constant, which will not provide the required starting point for
the calculation, If it becomes necessary to use equations normalized on
some other velocity such as tip speed, RfL , modifications may be made
to the calculation procedures.

CALCULATION PROCEDURE

A program for calculation of the inflow velocity field following the
method of Wu has been written in the Fortran IV language utilizing the
double precision feature of this language. The calculations are carried
out on the IBM 7094 located at the Data Processing Center of Texas A&M
University. The assistance of J. C. Forehand and J. Vallhonrat of the
Data Processing Center staff is gratefully acknowledged.

To provide flexibility and facilitate changes in the program that
may be necessary, the program is written in modular form. A flow chart
of the main program, identifying the major subroutines, is shown in
Figure 10. The numbers shown adjacent to the subroutipg:titlgs are
the equation numbers as given in Wu's report. These same equation
numbers are used in the discussion that follows. The equations are
summarized in Appendix I.

LOGIC OF THE MAIN PROGRAM

A parameter card is read with the number of stations on the blade,
the maximum tangential component of the fluid velocity, advance ratio,
and the number of iterations required.

The initial estimates of VY, (r) are computed as indicated by

equation (20). At this point the a_ are computed by equation (32) from

n




14
the r, v and Y, (r). Then the b, are calculated from equation (35b)
as they are only dependent on advance ratio and the aj.

Now the first correction to W (r) is made by calculating ¥ (r)
as per equation (37) which depends on the b, and r‘'s exciusively.

As the process is in a developmental stage it is convenient to
print out all the intermediate values, therefore the a_, bn and ¥ (r)
are printed at this point. These steps described above are the initia-
lizing steps for the iterative process that follows.

The axial component of the fluid velocity, w, is computed from
equation (38) then the radial component, u, is calculated for the tip
of the blade only by equation (39).

The asymptotic dimensions A and B} are given by equations (42)
which are only dependent on the b,.

At this point the first iteration is finished and quantities such
as y, p and ¥ are computed from equations (44), (49) and (50)
in preparation for the second iteration. The results from the first
iteration are now printed.

The calculation of the c, by equation (46) corresponds to the
calculation of the an. The c, depend on the W (r), the r's and v .
The k, are calculated by equation (51b), which correspond to the b,
of our initialiéationu The o, are given by equation (5lc).

Next compute ¥ (r), the correction to ¥ (r), as per equation
(54a), and replace the old b, with the newly computed k, and iterate
again starting with the computation of the axial fluid velocity component
(w) from equation (38).

The iterative process is halted when the number of iterations

requested is achieved instead of being based on some convergence
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criteria. This was done mainly to permit an evaluation of the convergence
characteristics.

At this point a new parameter card is read and the entire process
started again.

The main program contains the entire logic of how to go about the
solution of the problem with a series of subroutines performing the
calculations described in the paper by Wu. Most of the subroutines are
perfectly well described by the corresponding formulas, others will need
some extra explanation.

The subroutine AGEN for equation (32) computes the a by matrix
inversion in place using Gaussian elimination. If the number of statioms
on the blade is large and the stations equally spaced on the blade, the
coefficients of a, will cover a large range of values and therefore, due
to the limited precision allowable on the computer, the matrix of
coefficients will be singular. In order to have more stations on the
blade and avoid singularity of the coefficient matrix it is necessary
to concentrate the stations towards the tip of the blade.

The subroutine UGEN for equation (39) at the present time evaluates
the integral by successive summation of rectangles and by using a table
of complete elliptic integrals built into the program.

The subroutine PSIGN2 for equation (54a) is the most complex one
in the entire system. The evaluation of i; (r) according to equation
(52) is straight-forward. To calculate the correction terms one first
calls subrouting LEGNDP which evaluates integrals of the form‘j]zk)dx
by Gaussian quadrature using the zeros and Christoffel numbersdof the
Legendre polynomials orthogonal over the range -1 to +1. The subroutine

LEGNDP needs a function subprogram H2INT to evaluate f(x) which in the
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case of the first correction term is
£1x)= He (o) dp, ﬂ%{-";{-"’-“l dt
But H2INT has to evaluate the above integral. It will evaluate H, (fp) as
per equation (54b) and LAGRDP which evaluates integrals of the form
J/};(x) dx by Gaussian quadrature using the zeros, and non-weighted
an:'weighted Christoffel numbers of the Laguerre polynomials orthogonal

over the range zero to infinity. The subroutine LAGRDP needs in turn a

function subprogram (BESI) to evaluate g (x) which in this case is

s(x) = ,J.(rf} !J|‘g'”

t +w

Now two Bessel functions of the first kind and first order have to
be evaluated so subroutine BESSEL is called. This subroutine computes
values of the Bessel functions of the first and second kinds, Jp (%)
and Y, (x), and of the modified Bessel functions of the first and
second kinds, I, (x) and K, (x) of integral orders n for any value of
the argument x. Power series expansions are used for x € n + 6 and
asymptotic expansions for x > n + 6.

This process has to be repeated for both the second and third
correction terms also. In the first attempt to evaluate equation (54a),
only jﬁ (r) was evaluated as the author indicates that the contribution
of the correction terms is rather small compared to i% (r). When the
correction terms were added to the procesé the overall running time
increased by a factor of approximately forty.

An upper limit of ten iterations has been used in the calculation
procedure in its present stage of development. As mentioned earlier,

this approach provides an opportunity to examine the convergence

characteristics of the method. Wu states that the second iteration
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provides results that are in general sufficiently accurate. At present
we cannot agree with this. We find an instability developing in the
third iteration that casts doubt on the accuracy of the second iteration.
Changes in the iteration procedure are presently being made to eiiminaie
this numeric instability.

CONCLUSIONS

A static-thrust dynamometer has been constructed and calibrated
which ylelds performance data on model propellers with good repeata-
bility. Model blades providing single parameter variation of blade
plan-form and twist distribution have been designed. Data from these
tests should provide some insight into the effects of these physical
parameters on overall static thrust performance.

Flow visualization techniques have been developed that will provide
additional information as to the inflow velocity field and the near wake
of highly loaded propellers.

A computer program providing a means of calculating the inflow
velocity field at the plane of the propeller and the wake contraction
has been developed. This program will provide data for comparison
with another theoretical program to be developed and with experimental

data to be generated later.
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Figure 6. Flow visualization photograph of the tip vortex.
The probe is positioned 6 inches outboard and 6 inches down-
stream of the propeller blade tip.

Figure 7. A tip vortex photograph with the probe positioned
6 inches outboard of the propeller tip. Note the smoke sheet

with a discontinuity apparently caused by the trailing vortex
sheet of the preceding blade.
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Figure 8. Tne multi-filament rake is positioned 12 inches
upstream of the propeller with the nozzle at the left placed
6 inches outboard of the propeller rotational axis.

Figure 9. A photograph of tne inflow showing the strong radially
inward flow approximately 24 inches outboard of the tip.
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APPENDIX 1

Equations Used in Numerical Calculations
(The equation numbers are those of Reference 5)
(20) ¥(r,2)=Yol)+ ¥(rz), Wolr)=%r®
(32) rvin0H=3 ay(r¥2)", Osrsi

(35b) b, = 2’"§ MOnGr-mer, =N+ I, 2N- |

mn-+

n+,]forrsl

(37) W,(r,O)=r’n2=:| Bn[

|
(38) w,(r,O)-‘- —;— e (\I,°+ 4’|)z=o

-I+2 (I=r®™)forrs< |
2N-I bn \
39) u(1,00== "3 3 [ [K(p)~ E(p)] p™~"dp
(42) AZ=1+ 2l b
2 o)
- A2 2 - B "
B2 = A2— B, .En ﬁ[l - ]

(44) 5% = y,(1,0)

N: N
@6) Y c, " (r,0)= ¥ a,(r¥2)"

n=| n=}
(49) hi(2)=B, +(I—-B)e™, pu=Iy1/(1-B), for z20.
(50) ¥*(r,2) = § (r,0)[2- €™ ], %=Ixl/%(},0), for 220
(51b) k,= 2" %’ MCrCn-met » N= N+ 1, 2N~ |

m=n-N,+|

(51c) op= -2%, E‘ MCmCn-m+i N= Ny + 1, 2N,—I

m=n=N,+!|
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(52) ¥, (r,0)=r* zr{'[a'm rTﬂ][::. 6n 5 %m]

nzi m=|
2n+m)
SN B —t
- 2 XL J@gm mFDn+m)— for r < B

(549 4,(r,0) = ¥,(r) = [ Hylp)d [l et 4

t+

""‘fH( Vd f J(ri)J(pf) [p-B']V"'df

=B,
J|(rt)d (Pf) p— B. ('*Vl)/ﬂl
ZfH(P)d[ el he) dt

(54b) H,(r)= 2' kot 2" + 2H,(r)
n=

2Ni—-1 2N-1
Hin="3 3 o]

—1|r
n'Zl m= m‘H]




