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A solution for  the laminar  boundary l aye r  on a cone 

with uniform m a s s  t ransfer  is obtained. The velocity field 

is found for  e i ther  suction o r  injection but the related solu- 

tion for  the energy field is subject to an  energy balance a t  

the exposed sur face  and is therefore  valid only for  injection. 

This l a t t e r  solution is equally applicable to cer ta in  species  

fields a s  well. 

sented previously for  the two-dimensional c a s e  pe rmi t  a com-  

par ison of the effect  of injection on boundary l aye r s  over  two- 

dimensional and conical surfaces .  

The present  r e su l t s  along with those p r e -  

I. INTRODUCTION 

In a previous paper '  the p re sen t  author and K. Chen provide 

an  analysis  of the laminar  compress ib le  boundary layer  with uniform injection 

on a two-dimensional sur face .  

suction as well but the related solutions for  the energy and species  conserva-  

tion, s ince they satisfied energy and mass balance conditions a t  the exposed 

su r face ,  apply only to the c a s e  of injection. This is perhaps the m o r e  in t e r -  

esting c a s e  f rom a n  applied point of view. It is pointed out t he re  that a s i m -  

ilar, indeed formally identical ,  solution can  be c a r r i e d  out for  the flow on a 

cone with uniform injection, i .  e .  , ( P V ) ~  = constant.  I t  is the purpose of this 

The velocity field i s  applicable to uniform 

'P. A. Libby and K. Chen, Phys .  Fluids 8, 568 (1965). - 
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note to present  the numerical  resu l t s  of this companion study; t he re  appear  

to be no previous analyses of this case .  

succinctly by re fer r ing  to the previous paper  and by pointing out the differ-  

The presentation can  be made r a the r  

* 
L ences in the two analyses .  

11. THE VELOCITY FIELD 

F o r  a cone the cylindrical  radius  r = x s in  8, = ax where 

i s  the half-angle of the cone and x is the coordinate along the sur face  of the 

cone. 

layer  var iables  s ,  n but for  the present  c a s e  

8, 

The solutions a r e  again found in t e r m s  of the t ransformed boundary 

2 3  X 

s = pePeue J r2 dx = oepeue a (x / 3 )  . 
0 

The solution for  the velocity field is again c a r r i e d  out in t e r m s  of the mod- 

ified s t r e a m  function F(s ,v)  defined by Eq. (4) of the previous paper ,  sub- 

jec t  to the s a m e  initial condition, to the s a m e  condition a t  r) + 00, and to the 

s a m e  no-slip condition a t  the surface r )  = U. However, the fifia? Soundary 

condition a t  r )  = 0 

€or 

12zds in t h e  c a s e  of the cone to 

i s  now al tered;  for  the c a s e  of uniform mass t ransfer ,  i. e . ,  

( P V ) ~  = constant,  the equation relating the v-velocity component to F(s ,v)  

compared  to F(s, 0) a s ' I 2  for  the two-dimensional c a s e .  As in the previous 

ana lys i s ,  i t  is convenient to introduce a new nondimensional, independent v a r -  

iable,  which is denoted he re  by a separa te  symbol x so a s  to distinguish i t  

f r o m  the previous,  independent var iable ,  ~ ( s ) ;  l e t  

116 x = c  7 s  

2The notation of the previous 
only new quantit ies a r e ,  therefore ,  

( 3 )  

paper  is ca r r i ed  over  without change; 
defined h e r  e. 
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where >i > 0 for  suction and x < 0 for  injection and where the { ] factor  

i s  defined by the right-hand side of Eq. ( 2 ) .  Note that i f  the m a s s  t r ans fe r  

r a t e  (pv),/oeue is specified, i f  the proper t ies  of the external  s t r e a m  in 

t e r m s  of D e,  pe, u 

of 01 is known, then x = x(x)  s o  that the solutions in t e r m s  of x can be 

direct ly  re la ted to the station along the cone defined by x. 

a r e  known, and if the geometry of the cone in t e r m s  e 

Now consider  F to be a function of x and 7. The final equa- 

tion and conditions a r e  then 

subject to the conditions 

FO(10) = x - 
The skin-friction coefficient, a quantity of applied in te res t ,  is now re lated 

to F and to x by the equation 

A s  in  the previous analysis the solution to Eq. (4) is found in 

the f o r m  

n= 1 

Substitution of Eq. (6) into Eq. (4) l eads  as previously to an  a r r a y  of equa- 

tions of the f o r m  

N"' t F N" - (n!3) Fb NL + [ l  t (n /3) ]  FE Nn = 0, n = 1 n O n  
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which i s  subject to the conditions 

" ( 0 )  = N k ( m )  = 0 n 

N n ( 0 )  = 1, n = 1 

= O ,  n 2 2 .  

The right-hand s ides ,  i .  e . ,  the R ( l ) ,  fo r  n 2 2 depend on the previous 

functions in the a r r a y .  
n 

The f i r s t  five functions N (n) have been found numerical ly .  

The c ruc ia l  values for  generating these functions in detail  a r e  Ni (0) ;  a c -  

cordingly, these have been l is ted in  Table I. 

f i les"  a r e  usually of mos t  graphic in t e re s t  s o  these have been given in 

Fig.  1. Also of i n t e re s t  is the variation of (F  ) with x; this is shown 

in F ig .  2 fo r  four and five t e r m s  in  the s e r i e s .  

the value of x < 0 for  which (F  ) = 0 ,  i. e . ,  the "blow-off" value,  a l -  

though of conceptual and perhaps of applied in te res t ,  cannot be determined 

by the present  ana lys i s .  

n 

In addition the "velocity p ro -  

nrl w 
As in  the previous c a s e  

rlrl w 

This completes consideration of the velocity field. 

Table 1. Initial values of N (n) functions. n 

n N " ( 0 )  n 

1 0. 9039 

2 0.  2.504 

3 -0 .  1068 

4 0. 04038 

5 -0 .  07963 

111. THE ENERGY FIELD 

Under the s a m e  assumptions relative to t ranspor t  p roper t ies  

of the gas  used in  the previous paper ,  the equation of energy conservation 
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in t e r m s  of the rat io  of stagnation enthalpies 

7 i s  
g h s / h  s ,  e and of x and 

A s  previously i t  will be a s sumed  that only the c a s e  of injection 

(x < 0)  is of i n t e re s t  and that the convective heat t r ans fe r  f rom the gas to 

the exposed sur face  is absorbed by the coolant in passing f rom the coolant 

chamber  where its enthalpy ratio i s  g 
enthalpy rat io  i s  g = gw0(), to be determined.  On physical grounds i t  is 

anticipated that g (0)  = 1 so that the init ial  and boundary conditions a r e  

to the exposed sur face  where i t s  
C 

W 

W 

The boundary condition a t  q = 0 r ep resen t s  the heat  balance condition for  

the present  c a s e  of a cone. I t  is  perhaps worth noting that i f  in addition to 

the convective heat load there  exists a uniform additional thermal  load, e .  g .  , 
due to radiation, then this heat balance condition s t i l l  prevai ls  but with a r e -  

.a-4-:--.3 which accounts f o r  this added load. gC uc. * A A L L U  

The solution of Eq. (8)  subject  to the conditions of Eqs .  (9 )  is 

found in  the f o r m  

where  the G (q) functions a r e  given by an  a r r a y  of ordinary differential  n 
equations 

G" t FOG; - (n /3 )  FbGn = 0 ,  n = 1 n 

and a r e  subject to the conditions 
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. . .  

n 2 2  

= ( 4 / 3 ) ,  n = l  . 
Again the R f )  functions a r e  known functions of the previous Nn and Gn 

functions . 
The f i r s t  five Gn solutions have been obtained numerical ly;  

for  their  reproduction by s t ra ightforward numerical  integration the values 

of Gn(0) and Gh(0) a r e  l i s ted  in  Table 11. F o r  graphic displace the d i s -  

tr ibutions of G ( v )  a r e  shown in Fig.  3 while the distribution of wall enthalpy 

in the f o r m  (1 - g w ) ( l  - gC)- '  a s  given by four and five t e r m s  in the s e r i e s  

is shown in F ig .  4. 

n 

Table 11. Initial values of Gn(7)) functions. 

n 

1 1.333 -2 .465  

- .  2 ?.87 - i .  645 3 
& 

3 2 .  193 -0.2046 

4 0.2728 -0. 1205 

5 0. 1607 -0.  1214 

IV. CONCLUDING REMARKS 

In conclusion perhaps seve ra l  r e m a r k s  will be pertinent.  As 
i n  the previous paper  the concentration field, in  t e r m s  of species  mass f r a c -  

t ions in c a s e s  with no gas-phase reaction and of e lement  m a s s  f ract ions in 

c a s e s  with such reaction, is given by the solution for  the energy field pro-  

vided, as is physically reasonable,  a m a s s  balance a t  the exposed sur face  

is imposed. 
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I . .  

? 

. 
It i s  perhaps of in te res t  in applications to compare  ~ ( s )  and 

~ ( s ) ;  for this purpose consider a wedge and a cone under flow conditions so  

that p ,  pe, ue a r e  the s a m e  in  the t\vo c a s e s  and le t  ( D V ) \ ~ / D ~ U ~  be corn- 

mon. 

a t  the s a m e  station x, i t  can be shown that 

Then a t  equal distances f rom the leading edge and f rom the apex, i .  e . ,  

where s and s z  a r e  the valucs of s for  the wedge and cone, respect ively.  

In addition, the total m a s s  added through the porous sur face  f rom the apex 

of the cone to the generic station x per  unit length of pe r ime te r  a t  x i s  

one-half that added f rom the leading edge of the cone over  the s a m e  x-wise 

length p e r  unit length paral le l  to the leading edge. 

pared ,  respectively,  with F i g s .  5 and 9 of the previous paper  in t e r m s  of 

these  considerations of the wedge and cone, i t  is found that the skin-friction 

on the cone is a l te red  l e s s  by m a s s  t r ans fe r  and the w a l l  enthalpy on the 

cone with injection is higher than on the wedge. 

1 

If Figs .  2 and 4 a r e  com-  
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L i s t  of F i g u r e s  

1. T h e  func t ion  N' (v) 
2.  

3 .  T h e  funct ion G (7) 

4. 

n 

T h e  ef fec t  of mass  t r a n s f e r  on  the  s k i n - f r i c t i o n  p a r a m e t e r  

n 

The  v a r i a t i o n  of wa l l  en tha lpy  wi th  the i n j e c t i o n  p a r a m e t e r  

- 8 -  



. I .  

4 

3 

2 

I 
I 



. .  . 

2 

I .5 

I 

0.5 

-1.0 -0,5 0 
X 

0.5 I .o I .5 



rl 
4 

3 

2 

I 

-3 -2 -I 0 I 2 



I 

0.8 

n.3 
V . L  

/ 

I I 

t 

0 0. I 0.2 0.3 
- x  

0.4 0.5 0.6 


