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. . . 
ABSTRACT 

The concepts  of frequency response and power spectrum, 

so well-known i n  t h e  a i r c r a f t  i ndus t ry ,  are extended t o  the 

problem of ob ta in ing  the s t a t i s t i c s  of the  rigid-body bend- 

i n g  moment response o f  a t y p i c a l  veh ic l e  as i t  rises through 

the  atmosphere. The mean and s tandard d e v i a t i o n  of the re- 

sponse a t  the  " c r i t i c a l "  a l t i t u d e  are obtained u t i l i z i n g  

wind s t a t i c t i c s  c o l l e c t e d  at Cape Kennedy, F lo r ida .  Essen- 

t i a l l y  the method is  based upon t h e  computation of the  re- 

sponse of t he  v e h i c l e  t o  s i n u s o i d a l  wind p r o f i l e s  of va r ious  

wave-numbers and upon the genera l ized  power spectrum of 

the  wind v e l o c i t y ,  Under t h e  assumption that  the response 

i s  Gaussian, extreme-value Bending moment loads  are esti-  

mated which would be useful for pre l imina ry  des ign  purposes ,  
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SYMBOLS 

hn(zt,z) impulse response func t ion  

Hn(z;k) frequency responae func t ion  

k wave-number 

q n w  bending-moment at s t a t i o n  n 

Qn(z;k) complex response func t ion  of  v e h i c l e  t o  
s i n u s o i d a l  i npu t  e ikz 

response of the veh ic l e  t o  a cos ine  wind-velocity 
p r o f i l e  

response of the veh ic l e  t o  a s i n e  wind-velocity 
p r o f i l e  

fz;k) n 
Qcoa 

Q:in(z;k) 

u(  2) wind-veloctty 

U ( k )  Four i e r  t ransform of u(z) 

6 Dirac  delta f'unction 

P c o r r e l a t i o n  coe f f i c i e n t  

U s tandard  d e v i a t i o n  

response covariance func t ion  

wind-velocity covariance f u n c t i o n  

wind-velocity generalized power s p e c t r a l  d e n s i t y  
func t i on 

e 99 

(euu 

cp uu 

< >  expected va lue  of 

C I  m a t r t x  

c IT t r anspose  of matr ix  
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4 . 
I e INTRODUCTION 

To i n s u r e  a f e a s i b l e  design for the  p r imary  s t r u c t u r e  

of  an  aerospace v e h i c l e ,  an engineer  must have a v a i l a b l e  

a n a l y t i c a l  methods for e s t i m a t i n g  beforehand the loads that  

mag be induced i n  t he  veh ic l e  d u r i n g  f l ight .  

p a r t i c u l a r  concern here w i l l  be the  bending moment loads  

induced I n  t h e  v e h i c l e  as It rises through Its environment 

of random wind d i s tu rbances  , 

'Ihe loads  of 

Usually i n  o rde r  t o  ob ta in  a pre l iminary  estimate, a 

d i g i t a l  computer is programmed t o  s imula t e  the  f l i g h t  of 

the  veh ic l e  as it "fl ies" through a wind p r o f i l e  o r  a series 

of p r o f i l e s .  

s y n t h e t i c ,  t h a t  is, t h e y  may be based on observed extreme 

wind condi t ions  without  a c t u a l l y  r e p r e s e n t i n g  any of the 

observed It should be noted t h a t  the l a t t e r  approach 

i s  the s u b j e c t  of cons iderable  controversy because of the 

d i f f i c u l t y  of s e l e c t i n g  or d e r i v i n g  a " c r i t i c a l "  p r o f i l e ,  

I n  o rde r  t o  o b t a i n  more detailed load s t a t i s t i c s ,  a method 
4 c a l l e d  the  " s t a t i s t i c a l  load survey" is  then  employed . 

E s s e n t i a l l y ,  a large number of r e p r e s e n t a t i v e  wind p r o f i l e s  

are assembled and, for each of  these, t h e  corresponding 

The p r o f i l e s  uaed may be real' or t h e y  may be 

response of the v e h i c l e  is  computed. 

are then  estimated from an a n a l y s i s  of t h e  r e s u l t i n g  re- 

Response s t a t i s t i c s  

sponse r e c o r d s ,  
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e- . 
While t h i s  method i s  s t r a igh t fo rward ,  i t  i s  r e l a t i v e l y  

expensive as it requfres considerable  t i m e  t o  c a r r y  out 

enough computer c a l c u l a t i o n s  t o  aceumulate a s u f f i c i e n t  

" s t a t i s t i c a l  sample" Also, nothing may be i n f e r r e d  about 

loads  which were not  achieved, 

au tho r s  Ind ica t ed  t h i s  shortcoming and proposed a method 

which makes a more e f f e c t i v e  u s e  of the  restllts of a "statis- 

t i c a l  load survey" m 

t h i s  method makes it poss ib l e  t o  ob ta in  t h e  s t a t i s t i c s  of 

loads t h a t  were never achieved i n  the sample. Also, methods 

were proposed b y  which t h e  use of a s t a t i s t i c a l  load survey 

may be avoided a l t o g e t h e r ,  Under the  assumption that  the  

v e h i c l e  c o n s t i t u t e s  a l i n e a r  s y s t e m ,  i t  was shown how the 

response s t a t i s t i c s  of the  vehic le  may be obtained from 

the  wind f i e l d  s t a t i s t i c s  and t h e  equat ions  d e s c r i b i n g  the  

v e h i c l e .  Various methods were proposed, u t i l i z i n g  the 

concepts of impulse response func t ions ,  s y s t e m  a d j o i n t  

func t ions ,  and frequency response func t ions  t o  desc r ibe  

the  sys tem,  while covariance func t ions  and gene ra l i zed  

power s p e c t r a l  d e n s i t y  func t ions  were used t o  d e s c r i b e  

the wind f i e l d ,  

I n  a previous paper5, the 

I f  c e r t a i n  requirements  are s a t i s f i e d ,  

The purpose of t h i s  paper i s  t o  apply  one of the 

suggested methods t o  a t y p i c a l  launch veh ic l e .  The method 

t o  be presented u t i l i z e s  frequency concepts ,  that  i s ,  i t  

c h a r a c t e r i s e s  t h e  v e h i c l e  by  means of frequency response 

func t ions  and t h e  random input  f i e l d  by means of power 
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e . 
spectra, 

(nonuniform space-wise) f i e l d ,  a gene ra l i zed  power s p e c t r a l  

d e n s i t y  f u n c t i o n  must b e  used, 

of  the equa t ions  de f in ing  the  s y s t e m  are space-dependent, 

a space-dependent frequency response func t ion  i s  r equ i r ed  

Since the  wind-velocity f t e l d  i s  a nons ta t iona ry  

Also, s i n c e  the c o e f f i c i e n t s  

Power s p e c t r a l  techniques have been appl ied q u i t e  

s u c c e s s f u l l y  t o  t h e  problem of determining t h e  dynamic re- 

sponse of a i rc raf t  t o  atmospheric tu rbulence  f o r  a pe r iod  

of over  t e n  years, 

tu rbu lence  is  a random process ,  as an  a l t e r n a t i v e  t o  t h e  

d i sc re t e -gus t  approach and i s  used a t  p re sen t  i n  conjunct ion  

wi th  d i sc re t e -gus t  ana lys i s .  

main assets  offered  b y  the  power spectral approach are as 

fol lows : 

It evolved q u i t e  n a t u r a l l y ,  s i n c e  

To quote  Reference 6,  "the 

1, It al lows f o r  a more r e a l i s t i c  r e p r e s e n t a t i o n  of 

the  continuous n a t u r e  of  atmospheric turbulence  

2 It al lows a i r p l a n e  conf igu ra t ions  and response 

c h a r a c t e r i s t i c s  t o  b e  taken i n t o  account i n  a r a t i o n a l  

manner 

3 *  It al lows more r a t i o n a l  cons ide ra t ion  of design 

and ope ra t iona l  v a r i a t i o n s  such as conf igu ra t ion  changes, 

miss ion  changes , and a i rp l ane  degrees of freedom". 
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It is f e l t  t h a t  perhaps some of' t h e  above-mentioned assets 

may be  equa l ly  v a l i d  when the s y s t e m  under cons ide ra t ion  

i s  a launch v e h i c l e  , Discrete-wind p r o f i l e  methods 

already are be ing  used i n  indus t ry ,  

measurement beccxne more refined, a l lowing wind shear and 

atmospheric tu rbulence  t o  be considered j o i n t l y ,  so should 

the techniques used t o  e s t ima te  t h e  response of t he  veh ic l e .  

As methods of wind 

As an i l l u s t r a t i v e  example, the mean and var iance  of  

t h e  rigid-body bending moment are computed a t  f i v e  l o c a t i o n s  

on a t y p i c a l  launch v e h i c l e ,  as the v e h i c l e  passes through 

the  c r i t i c a l  a l t i t u d e  o f  36,000 feet .  This a l t i t u d e  

corresponds t o  t he  pofn t  of maximum dynamic p res su re  and it 

i s  a l s o  the a l t i t u d e  a t  which the v e h i c l e  recovers  from 

t h e  large wind shear r e v e r s a l  which c h a r a c t e r i z e s  the wind 

p r o f i l e  i n  t h e  a r e a  of Cape Kennedy where the wind data 

was c o l l e c t e d ,  It i s  thus  t h e  a l t i t u d e  a t  which the v e h i c l e  

response may be expected t o  be maximum. 

cons t ra ined  t o  the  p i t c h  plane and the  a n a l y s i s  uses  only 

the dominant (East-West) component of t he  wind f i e l d .  It 

should be noted t ha t  t he  assumptions made rega rd ing  the 

launch v e h i c l e  are c o n s i s t e n t  w i t h  t h e  methods of a n a l y s i s  

used t o d a y ,  The omission of the e l a s t i c  modes may be 

j u s t i f i e d  b y  the  predominance of the r i g i d  body modes i n  

t h e  s t r u c t u r a l  l oad  response o f  large and r e l a t i v e l y  s t i f f  

v e h i c l e s  t o  wind d is turbances .  

The motion i s  



I . 
Under the  assumption t h a t  the wind v e l o c i t y  is Gaussian, 

extreme-value des ign  loads  a r e  computed, It i s  f e l t  t h a t  

the  r e s u l t s  obtained should be u s e f u l  f o r  pre l iminary  des ign .  

2,  ANALYSIS 

L e t  $(z) r e p r e s e n t  t h e  bending moment induced i n  t h e  launch 

veh ic l e  a t  s t a t i o n  n,  loca ted  a long  the  a x i s  of t h e  veh ic l e ,  

when the veh ic l e  i s  a t  height  z (Figure 11, Since the sys tem 

is assumed t o  be l i n e a r ,  q n ( z )  i s  def ined  as t h e  s o l u t i o n  of  

the fo l lowing  l i n e a r  d i f f e r e n t i a l  equat ion:  

where L r e p r e s e n t s  a l i n e a r  d i f f e r e n t i a l  ope ra to r  wi th  z- 

dependent c o e f f i c i e n t s  and u(z) r e p r e s e n t s  the wind-velocity 

p r o f i l e .  It i s  well-known i n  t h e  theory  of l i n e a r  sys t ems  

tha t  t h e  s o l u t i o n  of Eq,  (1) may be expressed as a con- 

vo lu t ion :  

2 

q n ( z )  = h n ( z v , z )  u ( z * )  dz '  (2) 

of t h e  win& p r o f i l e  and o f  t he  func t ion  h n ( z t , z )  which 

r e p r e s e n t s  the s o l u t i o n  of: 

The func t ion  tS(z -z ' )  i s  the Dirac de l ta  func t ion  and repre- 

s e n t s  a u n i t  wind impulse at he igh t  z', The corresponding 
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response h ( z ' z )  w i l l  be r e f e r r e d  t o  as t he  impulse response 

func t ion  of t he  v e h i c l e .  

The mean value of the  response of t h e  v e h i c l e  a t  he igh t  

z I s  obtained b y  averaging both members of Eq,  (2) over the 

ensemble of  flights considered. 

Note t ha t  t he  mean response < q n ( z ) >  may be computed as 

t h e  response of t h e  v e h i c l e  t o  the  mean wind v e l o c i t y  

< u ( z ) > ,  

The Covariance func t ion  of t h e  response,  de f ined  as 

(5) 

is obtained by s u b t r a c t i n g  Eq. ( 4 )  from Eq,  (21, member b y  

member, and s u b s t i t u t i n g  the  r e s u l t  i n t o  Eq.  (5) 

where puu I s  the covariance f u n c t i o n  of the  wind-velocity 

f i e l d ,  The va r i ance  of the response a t  he ight  z would be 

obtained by s e t t i n g  z ~ = z ~ = z  i n  E q ,  (610 Thus, E q s ,  ( 4 )  

and (6) r e p r e s e n t  the s o l u t i o n  of" the problem and t h i s  i s  

- 10 - 



.I 

7 e s s e n t i a l l y  t h e  method used by B i e b e r  . However, as 

suggested i n  our  previous paper5, t he  use  of frequency re- 

sponse func t ions ,  i n s t ead  of impulse response func t ions  , 
may r e s u l t  i n  a r educ t ion  of t h e  r equ i r ed  computations, 

t h u s  sav ing  va luable  computer t i m e .  Also ,  it may h e l p  t o  

v i s u a l i z e  t h e  sys t em better s ince  it i s  f e l t  that  frequency 

concepts  are more familiar t o  people involved w i t h  aero- 

space systems. Thus, w e  presented an  a l t e r n a t i v e  method 

tha t  i s  based upon the computation of  t h e  response of the 

v e h i c l e  t o  s i n u s o i d a l  wind p r o f i l e s  of var ious  wave-numbers 

k. S e t t i n g  

i n  Eq, (11, the fo l lowing  set of  d i f f e r e n t i a l  equat ions  

i s  obtained 

which d e f i n e  the  desired responses ,  Denoting the  s o l u t i o n s  

of E q ,  ( 8 )  by Qn(z;k), t h e  frequency response func t ion  

H"(z;k) i s  def ined  by the  r e l a t i o n  

(9) ikz Qn(c;k) = Hn(z;k) e 

Note tha t ,  con t r a ry  t o  t h e  case of a s y s t e m  cha rac t e r i zed  

by  a d i f f e r e n t i a l  ope ra to r  wi th  cons tan t  c o e f f i c i e n t s ,  t h e  

frequency response f u n c t i o n  o f  t h e  v e h i c l e  depends upon 

t h e  he igh t  2. 

- 11 - 



, 

S u b s t i t u t i n g  for u ( z )  from Eq. (7) i n t o  Eq. (21, t he  

fo l lowing  r e l a t i o n  between t h e  func t ion  Qn(z;k)  and the 

impulse response func t ion  i s  obtained 

2 

h"(z* ,z )  e i k z '  d z l  I, (10 )  

and, by d i v i d i n g  both members of Eq. ( 1 0 )  by eikz, the  

corresponding r e l a t i o n  between the  frequency response func- 

t i o n  and the impulse response func t ion  is  obtained 

which i s  the  u s u a l  d e f i n i t i o n  of a frequency response 

f u n c t i o n  . 
r e w r i t t e n  as 

Note that  Q" is  a complex func t ion  and may be 

n n Q"(z;k) = Qco,(z;k) + I Qsin(z;k) 

where, u s ing  Eq.  ( l o ) ,  

2 

Q" (z ;k)  - 1, h ( z ' , z )  cos  kz'dz'  c o a  

and Q:in r e p r e s e n t  t h e  response of t he  The func t ions  Qcos 

v e h i c l e  a t  s t a t i o n  n t o  a cos ine  and a s i n e  wind-velocity 

p r s f i l e ,  respectively. 

n 
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To express  t h e  mean response of the  v e h i c l e  i n  terms 

of the func t ion  Qn(z;k) ,  w e  first take the  Four i e r  t ransform 

of t he  mean wind v e l o c i t y  

Noting Eq. (101, we o b t a i n  t h e  express ion  

f o r  t h e  mean response of t h e  v e h i c l e ,  

U(z)=o  f o r  Z<O It IS poss ib l e  t o  s i m p l i f y  Eq, ( 1 6 )  with 

t h e  r e s u l t  t h a t  (see Appendix A )  

However, s i n c e  

where R e  denotes  t h e  real  p a r t  of t h e  func t ion .  

I n  order  t o  use  frequency concepts t o  ob ta in  the 

va r i ance  of the  response,  we replace the  wind-velocity 

covariance func t ion  b y  i t s  general ized power s p e c t r a l  

d e n s i t y  func t ion ,  T h i s  is defined as t h e  double Four i e r  

t ransform of euu: 



and the inve r se  r e l a t i o n  is 

S u b s t i t u t i n g  f o r  puu from Eq, (18b) i n t o  E a .  (61, w e  ob ta in ,  

a f t e r  us ing  Eq, (lo), t he  fol lowing express ion  f o r  the 

response  covar iance  func t ion  

where Qn* is the  conjugate  func t ion  of Qn. Thus the  var iance  

of  the bending moment at s t a t i o n  n as a func t ion  of he igh t  

i s  given by 

However, by us ing  an argument similar t o  tha t  presented  

i n  Appendix A f o r  a Four i e r  t r ans fo rm i n  one v a r i a b l e ,  when 

u(z)=O, zc0, Eq. (18b) may be s i m p l i f i e d  wi th  the r e s u l t  



where R e  denotes  t h e  real  p a r t  of t h e  func t ion .  I n  ma t r ix  

no ta t ion ,  E q s .  (17) and (22 )  become 

< q n ( z ) >  = ( 2 A k / n )  [an 3 [ R e  PIT COB 

and 

Eqs, (17)  and (22 )  o r ,  a l t e r n a t i v e l y ,  Eqs. (23)  and ( 2 4 )  

provide t h e  s o l u t i o n  o f  t h e  bending moment response problem. 

3. VEHICLE RESPONSE F U N C T I O N S  

As i nd ica t ed  by E q s .  (17) and (221 ,  it i s  necessary  

t o  compute t h e  func t ions  atoa and Qsin,  n i .e. ,  t he  response 

o f  t h e  veh ic l e  t o  cos ine  and s i n e  wind-velocity p r o f i l e s .  

This was accomplished b y  u t i l i z i n g  an  e x i s t i n g  high-speed 

computer program (Langley Program P6382) and the computer 

f a c i l i t i e s  (IBM 7094 computer) a t  Langley Research Center ,  

V i rg in i a .  A detailed d e s c r i p t i o n  of the t y p i c a l  launch 

veh ic l e  considered,  equat ions o f  motion, and computer 
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program i s  given i n  Reference 1. However t h i s  program 

takes i n t o  account s t r u c t u r a l  f l e x i b i l i t y  and p r o p e l l a n t  

s l o s h ,  These were neglected and only t h e  rigid-body 

degrees of freedom were r e t a i n e d .  A d i s c u s s i o n  and 

summary of these equat ions  a r e  given i n  Appendix B, 

should be noted tha t  the equat ions of motion are nonl inear  

and have v a r i a b l e  c o e f f i c i e n t s .  However, owing t o  the  

l i n e a r i z e d  c o n t r o l  s y s t e m  and the small motions Involved, 

t h e  bending moment response is  e s s e n t i a l l y  l i n e a r .  To  

v e r i f y  t h i s  a l i n e a r i t y  check was performed. 

It 

The wind v e l o c i t y  is assumed t o  have the  form 

2nK k = -  
s i n  kz 

cos kz L 
u(z) = 

where L is set e q u a l  t o  t h e  t e rmina l  a l t i t u d e ,  t h a t  i s ,  

L = ~ O , O O O  fee t .  

express ions  w i l l  b e  

Thus t h e  response of the  sys t em t o  t h e  above 

Note t ha t  these are func t ions  of' z f o r  f i x e d  k.  Since t h e  

v a r i a b l e  of i n t e g r a t i o n  i n  E q s .  (17)  and (22)  i s  k ,  i t  

i s  necessary t o  compute a number of func t ions  Qn f o r  var ious  
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va lues  of k and cross-p lo t  t he  r e s u l t s .  Figures  2a and 2b 

show t y p i c a l  bending moment responses  qn(z)  f o r  a f ixed  

va lue  of k. 

y i e l d i n g  a func t ion  of k f o r  f i x e d  z .  

was accomplished by means of' a second-order i n t e r p o l a t i o n  

r o u t i n e .  

F igure  3 shows the  r e s u l t  of t h e  c ross -p lo t  

The i n t e r p o l a t i o n  

40 VEHICLE PARAMETERS 

Data f o r  a zero-wind v e r t i c a l  a scen t  are presented i n  

F igure  4; t ime-h i s to r i e s  for the dynamic p res su re  and Mach 

number are shown i n  part ( a )  As shown i n  part (b) of 

Figure 4 t h e  v e h i c l e  was f lown t o  a t e rmina l  a l t i t u d e  of 

60,000 feet which is  w e l l  beyond t h e  maxinarm dynamic p res su re  

condi t ion .  A l l  data i s  based on a v e r t i c a l  f l i g h t - a t t i t u d e  

program (Figure  4c) , A normal aerodynamic l i f t  d i s t r i b u t i o n  

was assumed i n  t h e  form shown i n  F igure  5. A t  launch t h e  

v e h i c l e  has a t h r u s t  t o  w e i g h t  r a t i o  o f  1.25. 

5 ,  LINEARITY CHECK 

By d e f i n i t i o n  t h e  system is  

n a t i o n s  of u1 and u2, t h e  input  I 

l i n e a r  i f ,  for a l l  combi- 

1+u1 produces the a t p u t  

q l + q 2 .  Consequently, t h e  missile s y s t e m  was sub jec t ed  t o  

i n p u t s  of the form u=C s i n  kz where the  cons t an t  was given 

va r ious  d i f f e r e n t  values .  For i npu t s  of t h i s  form, t h e  

bending moment response was found t o  be e s s e n t i a l l y  l i n e a r  



throughout the r eg ion  of i n t e r e s t  (Table 1 gives  the  r e s u l t s  

for s t a t i o n  2 where the maximum loads  occurred) .  

60 INPUT DATA 

The mean and covariance func t ton  used f o r  t h i s  sample 

computation were obtained From Reference 8 for P a t r i c k  

AFB/Cape Kennedy, F lo r ida ,  This r e p o r t  provides  t abu la t ed  

data on t h e  arithmetic means, s tandard  dev ia t ions ,  and 

c o r r e l a t i o n s  of the  mer id iona l  (North-South) and zonal  

(East-West) components o f  t h e  wfnd a t  i n t e r v a l s  of  one 

k i lometer  f o r  s i x  geographic l o c a t i o n s ,  The s t a t i s t i c a l  data 

Is computed from observat ions obtained over  a per iod  o f  

seven years (1951-1957). For t h i s  c a l c u l a t i o n  t h e  annual  

s t a t i s t i c s  of t he  East-West component are used. These are 

given i n  Table 2 and T a b l e  3 0  Table 2 shows t h e  average 

and s tandard  dev ia t fon  o f  t h e  E-W winds. Table 3 shows 

t h e  c o r r e l a t i o n  c o e f f i c i e n t s  of  t h e  E-W winds. The covariance 

func t ion  is  computed by us ing  t h e  r e l a t i o n  

where p,, i s  the c o r r e l a t i o n  c o e f f i c i e n t  and u, i s  the 

s t anda rd  d e v i a t i o n  of t h e  f i e l d  u. However, as ind ica t ed  

by Eqs . ( l ? ) ,  (22), ( 1 4 x  and (18a ) ,  what i s  r equ i r ed  i s  t h e  

Four i e r  t ransforms of these func t ions  Since the a v a i l a b l e  

da ta  i s  not  cont inuous,  an  approximate n i i m e ~ i c a l  procedure 
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i s  used (Appendix C ) ,  I t  should be noted t h a t  methods f o r  

ob ta in ing  continuous wfnd p r o f i l e s  are under c u r r e n t  fnves- 

t i g a t i o n  and should soon be a v a i l a b l e ,  

7, RESULTS 

The r e s u l t s  of the previous a n a l y s i s  are presented i n  

F igure  8,  The mean and standard d e v i a t i o n  of t he  s t r u c t u r a l  

bending moment are given f o r  the  5 s t a t i o n s  when t h e  v e h i c l e  

i s  a t  t h e  h e i g h t  of  36,000 fee t ,  

Assuming t h a t  t h e  response i s  normally d i s t r i b u t e d ,  

extreme va lue  loads  are computed by  n o t i n g  tha t  the v a r i a b l e  

i s  normally d i s t r i b u t e d  w i t h  mean 0 and va r i ance  1. Thus the 

requfred  s t a t i s t i c s  may be found i n  any set of mathematical  

tables,  These r e s u l t s  a r e  shown I n  Figure 9. 
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APPENDTX A 

SIMPLIFICATION FOR COMPUTING FOURIER TRANSFORMS 

I n  o rde r  t o  ob ta in  the  r e s u l t s  i nd ica t ed  i n  E q s ,  (17)  

and ( 2 2 )  w e  sha l l  f trst  cons ider  the computation of  the  

Four i e r  t ransform of a func t ion  u( z )  where 

The Four i e r  t ransform p a i r  is given by 

I -ikz dz U(k) = Ji u ( z )  e 

and 

ikz dk 1 -  u ( k )  = I-,,, U(k)  e 

(A-2 

(A-3) 

However, i n  view of Eq. ( A - 1 )  it may be v e r i f i e d  t h a t  

Eq ,  (A-3) reduces  t o  9 

u ( z >  = $ J: R e  U(k)  cos kz dk ( A - 4 )  

where R e  denotes  t h e  r e a l  p a r t  of t h e  func t ion ,  

S u b s t i t u t i n g  now f o r  U ( Z ) )  from ( A - 4 )  i n t o  Eq. ( 4 ) ,  

and comparing E q s ,  ( 1 4 )  and (A-21, we ob ta in  

z 
h n ( z * , z )  < u ( z ' ) >  dz '  ( A-5 
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(A-7  2 - - f Ji [I: hn(z',z]I cos kz'dz']  R e  U(k) dk 

which becomes, i n  view of Eq. (13a), 

cqn(z )>  = ( 2 / n )  Q:os (z ;k)  R e  U(k) dk 

which is  the  d e s i r e d  r e s u l t .  

( A - 8 )  

A similar a n a l y s i s  may b e  carr ied  out for a double 

Fourier transform of @z1 , z p )  where 
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APPENDIX B 

EQUATIONS FOR TYPICAL VEHICLE 

This s e c t i o n  provide8 a brief d i s c u s s i o n  of  the equa t ions  

r e q u i r e d  for the  s o l u t i o n  of the  sample problem. It should 

be noted that  the  t y p i c a l  launch v e h i c l e  considered,  

equat ions  of motlona, and computer program used f o r  the  

c a l c u l a t i o n s  are s i m i l a r  t o  t hose  descr ibed  i n  Reference 1 

with the except ion  t h a t  only t h e  rigid-body degrees of free- 

dom were r e t a i n e d  c s t r u c t u r a l  f l e x i b i l i t y  and p r o p e l l a n t  

slosh were neg lec t ed )  and the a u t o p i l o t  and gimbaled eng ine  

equat ions  were appropriately simplified 

Mathematigal Model 

The coord ina te  sys t ems  t o  be used are i l l u s t r a t e d  i n  

F igure  6. Both body-fixed and i n e r t i a l  (space-f ixed)  axes 

are used. I n  genera l ,  motion is referenced  t o  a C a r t e s i a n  

coord ina te  frame f i x e d  I n  t h e  r i g i d  body and o r i e n t e d  w i t h  

r e s p e c t  t o  the l o c a l  h o r i z o n t a l  by t he  a t t i t u d e  angle  6.  

The v e l o c i t y  vec to r  of the c e n t e r  o f  g r a v i t y  i s  o r i e n t e d  t o  

the l o c a l  h o r i z o n t a l  by y ,  the flight-path angle ,  and the 

rigid-body motion is cha rac t e r i zed  by t r a n s l a t o r y  motion 

a long  the r e s p e c t i v e  body axes and a r o t a t i o n  about the 

center of g rav i ty .  The veh ic l e  i s  assumed t o  be a u t s p i i o t  

.. 
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c o n t r o l l e d  and subjec ted  t o  the dza turb ing  in f luence  of 

the  atmospheric winds ( i n  t h i a  case, coaine and s i n e  wind 

p r o f i l e s ) .  

t h r u s t  chambers of the rocket  engines  an angle  6 i n  

response t o  commands provtded by t h e  a u t o p i l o t .  

Cont ro l  f o r c e s  are produced by gimbaling t h e  

Equations of Motion 

The equat ions  of  motion are der ived  u s i n g  a v a r i a t i o n a l  

p r t n c i p l e  that  i s  developed !"ram momentum cons ide ra t ions  10. 

the  equat ions  are 

where L i s  the  Lagrangian and B i  is  any genera l ized  coor- 

d t n a t e ,  

fo rces  n o t  de r ivab le  from a p o t e n t i a l  and i n t e r n a l  fo rces  

due t o  mass flow within the sys t em,  r e spec t ive ly .  

be noted that  while Eqs. (B-1) have the same form as 

Lagrange's equat ions ,  t hey  are der ived  from a v a r i a t i o n a l  

p r i n c i p l e  which does n o t  r e q u i r e  the  assumption o f  cons tan t  

mass , whereas the c l a s s i c a l  d e r i v a t i o n  of Lagrange's equa- 

t i o n s  does. 

The genera l ized  forces  QBi and ;&ei resuM from e x t e r n a l  

It should 

The gene ra l  form of the Lagrangian ope ra to r  i n  Eqs. 

( E l )  i s  referred t o  the space-fixed frame. Since the 
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motion of t h e  v e h i c l e  i s  r e f e r r e d  t o  the body-fixed frame, 

i t  is necessary t o  transform Eqs. (B-1) t o  a form that is  

v a l i d  i n  the r o t a t i n g  system, Details of t h i s  t r a n s f o r -  

mation t o  "quasi-coordinates" may be found i n  Reference 11. 

When transformed,"Lagrange's" equa t ions  assume t h e  fo l lowing  

f oms : 

where T and U r e p r e s e n t  t h e  k i n e t i c  and p o t e n t i a l  e n e r g i e s ,  

r e s p e c t i v e l y ,  of t he  launch v e h i c l e  , The genera l ized  f o r c e s  

account f o r  a l l  e x t e r n a l  forces  and moments n o t  inc luded  i n  

t h e  p o t e n t i a l  func t ion  U. 

The details  of forming the  k i n e t i c  and p o t e n t i a l  

ene rg ie s  may be found i n  Reference 1. The equa t ions  which 

r e s u l t  from these opera t ions  are summarized a t  the end of 

t h i s  s e c t i o n .  
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A e  rodynaml c C ons ideratl  ons 

Aerodynamic f o r c e s  are found by us ing  the quasi-  

s t eady  method d iscussed  i n  Reference 12. This method makes 

use o f  steady-state l i f t  d i s t r i b u t i o n s  determined exper i -  

mental ly .  Hence, quasi-steady aerodynamic fo rces  are Mach 

number dependent bu t  only approximate the unsteady e f f e c t s .  

Since t h e  aerodynamic data a v a i l a b l e  f o r  the sample v e h i c l e  

cons i s t ed  of the t o t a l  normal-force and p i t c h i n g  moment 

c o e f f i c i e n t  C N a ( M )  and Cmc,(M) as presented  i n  Figure 7 ,  

an assumed normal aerodynamic l i f t  d i s t r i b u t i o n  w a s  r equ i r ed .  

T h i s  i s  i l l u s t r a t e d  i n  Figure 5b, The cons tan t s  C 1  and C2 

w e r e  determined so that t h e  assumed d i s t r i b u t i o n  produces 

and C ,  . The a f t e r b o d y  l i f t  was approximated by an 
CL a 

exponen t i a l  v a r i a t i o n ;  the forebody l i f t  was assumed l i n e a r ,  

Bending Moments 

The bending moment a c t i n g  at  any p o i n t  a long the  s t r u c -  

t u r e  of t h e  v e h i c l e  was determined by t h e  loads summation 

method as d iscussed  i n  Reference 1 3 .  Appl ica t ion  of t h e  

method r e q u i r e s  f i n d i n g  the  l a te ra l  load per u n i t  l eng th  and 

I n t e g r a t i n g  t o  f i n d  the r e s u l t a n t  bending moment. 

- 25 - 



Symbols and Equations 

(As presented  i n  Langley Working Paper-98 by H O C o  Lester, 

"A D i g i t a l  Program f o r  Computing Rigfd-Body Launch Vehicle 

Wind Loads, Langley Program P6382") 

C (M) 
*a 

c o n t r o l  system ga in  

l a te ra l  a c c e l e r a t i o n  sensed by  an acce lerometer  

l oca t ed  at coordinate  xa, f t / s e c 2  

bending moment a t  coord ina te  xn,  f t - l b  

ax i a l - f o r  ce c oe f f 1 c le n t  

s lope  o f  normal-force c o e f f i c i e n t  , 
10" C n a ( X , M ) d X ,  radian'' 

s l o p e  of pitching-moment c o e f f i c i e n t  , 
L I, (X-Xcg) C n a ( X , M ) d X ,  f t / r a d i a n  

s l o p e  of t h e  l o c a l  normal-force c o e f f i c i e n t  , 
l / f t - r a d i a n  

force i n  x and y d i r e c t i o n ,  r e s p e c t i v e l y ,  l b  

g r a v i t a t i o n a l  a c c e l e r a t i o n  cons t an t  , f t / s e c 2  

a l t i t u t e  and range, it 

mass moment of i n e r t f a  of launch v e h i c l e  about 

c e n t e r  of g rav i ty ,  lb-sec2-f t  

Length of launch veh ic l e ,  f t  

p i t c h i n g  moment about c e n t e r  o f  g r a v i t y ,  f t - l b  

Mach number, equal  t o  V,,/V, 

t o t a l  mass of launch v e h i c l e ,  l b - sec2 / f t  
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t 

d i s t r i b u t e d  mass of  launch veh ic l e  , lb -sec2/ f t  

atmospheric pressure a t  a l t i t u d e  h ,  l b / f t 2  

dynamic pressure, l b / f t 2  

aerodynamic r e i e rence  area, f t 2  

t o t a l  t h r u a t  of all englnes  and gimbaled englnes ,  

r e s p e c t i v e l y ,  l b  

rated vacuum t h r u s t  of a l l  engines  and gimbaled 

engines ,  r e s p e c t i v e l y ,  it 

f l i g h t  t i m e ,  sec 

V p  

VIIV(t 1 

center-of-gravity v e l o c i t y  of launch veh ic l e  , f t / s e c  

v e l o c i t y  o f  launch v e h i c l e  r e l a t i v e  t o  wind 

(defined a t  cen te r  of g r a v i t y ) ,  ft/sec 

Vy(h)  wind v e l o c i t y ,  f t / a e c  

D Y  coord ina tes  along XI and Y-body axes,  P t  

coord ina te  l o c a t i n g  accelerometer ,  f t  ' 

coord ina te  l o c a t i n g  c e n t e r  of g r a v i t y ,  f t  

x8 

(t) =cogo 

coord ina te  loca t ing  p a r t i c u l a r  bending-moment 

s t a t i o n ,  it 
xll 

xa coord ina te  l o c a t i n g  angle-of-attack s e n s o r , f t  

g o ( t )  ,y,,(t) components of center-of-gravi ty  v e l o c i t y  vec tor  

a long X and Y axes,  r e s p e c t i v e l y ,  f t / s e c  

rigid-body angle of a t t a c k ,  a = 8 - y ,  radians 

angle  of  a t t ack  measured by angle-of-attack 

sensor ,  rad ians  

a c t )  

as (t) 
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wind induced angle of a t t a c k ,  r ad ians  

f l igh t -pa th  angle, r ad ians  

t h r u s t  v e c t o r  (gimbal) angle ,  r ad ians  

t h r u s t  v e c t o r  command angle ,  r ad ians  

c o n t r o l  system gain r a t i o s  

a t t i t u d e  and a t t i t u d e  command angle ,  

r e s p e c t i v e l y  , r ad ians  

feedback angle r a d i a n s  

c o n t r o l  sys t em ga in  r a t i o s  

atmospheric dens i ty  a t  a l t i t u d e  h , l b - s e c 2 / f t 4  

engine parameter, s e c  

v a r i a b l e  i n d i c a t e s  a d i f f e r e n t i a t i o n  wi th  

respect t o  t i m e  t .  

A prime over a v a r i a b l e  i n d i c a t e s  a d i f f e r e n t i a t i o n  w i t h  

r e s p e c t  t o  x. 

Axial  equat ion:  .. .e e o  Tt q s o  xo - x c o g o  + ey, - g s i n  8 + - - - c,(M) 
Mt Mt 

Lateral equat ion:  
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Pitch equation: 

Glmbaled engined equation: 

Control system equations : 

Bending-mment equations : 

)'e + g COS 8J + [Bz+B;Ji* .e. (BM), B1[Yo t (t - 2 i c  
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M I S  ce llaneous equations : 

7 Vw sin Y 

mw V aw - sin01 C 

t r( t )  = lo Vm cos y d t  

0 

Mt = Mo + M t t  
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Equations of motion Coefficients: 

N e  = 0 a 

N*; = 0 

Bend In g-mom- n t  c oe i f  i c ien t a  : 

(a) Mass 

B1 - -1 L (x-xn) m(x,t) dx 

B* - 4 L (x-x,!(x-x,.g*) m(x , t )  dx 

X n  

xn 
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APPENDIX C 

NUMERICAL FOURIER TRANSFORMS 

As i n d i c a t e d  i n  the previous a n a l y s i s ,  it is necessary 

t o  compute Four i e r  t ransforms of t h e  given data. This could 

w e l l  be a formidable t a a k  i f  t he  data were given .in a 

d i s c r e t e  form [u(z ,>,  l=l, o o o , n ]  and i f  w e  had t o  cons ider  

va lues  of the  t ransform v a r i a b l e  s u f f i c i e n t l y  large t o  cause 

the  In tegrand  t o  o s c i l l a t e  r ap id ly .  However, t h e  f irst  d i f -  

f i c u l t y  may be avoided through the use of smoke-trai l  methods 

of wind-velocity measurement and, as far  as the  second is  

concerned, t he  largest va lue  of  the wave number k considered 

i n  the  p r e s e n t  example did not cause any s e r i o u s  o s c i l l a t i o n  

of  the in tegrand .  True, t h e  s i z e  of k was l imited by t h e  

type of wind data a v a i l a b l e .  However, when continuous wind- 

v e l o c i t y  r ead ings  became a v a i l a b l e ,  involv ing  a more r e f i n e d  

r e p r e s e n t a t i o n  of  the wind p r o f i l e  and, t h u s ,  larger values  

of k, the response p r o p e r t i e s  of t h e  v e h i c l e  w i l l  most l i k e l y  

place an upper l i m i t  on the va lues  of  k which need be 

considered.  Thus, It w i l l  s t i l l  be p o s s i b l e  t o  use a 

r e l a t i v e l y  s imple  program for the  computation of the  neces- 

s a r y  Four i e r  transfoms. 

S i n g l e  Four i e r  Tranaf o m  

By d e f i n i t i o n  

- 33 - 



s i n c e  i t  is assumed t h a t  

u ( z )  = 0 f o r  z<o 

or z .D 

However, n o t i n g  that u (z )  i a  def ined  only a t  the  e q u i d i s t a n t  

p o i n t s  zn, n=l,. . . ,  N where 

z = ( n - l ) A z  

zB = D 
n 

Eq. (C-1) i s  r e w r i t t e n  as 

and u(z)  i s  a s a w e d  t o  be l i n e a r  between the p o i n t s  zn and 

z n + l ,  L e .  

u(z)  - an zn + bn 

where 

(c-5) 

For computation purposes E q ,  (C-4) is r e w r i t t e n  i n  terms 

of real  and imaginary expressfons . 
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where 

[Zn+l  
' Zn 

u ( z )  cos (kz) dz  R"(k) = 

and 

In(k) = u(z) s i n  (kz) dz  
"n 

The express ion  (C-5) is  then s u b s t i t u t e d  f o r  u ( z )  i n t o  

Eq (C-8) and, a f te r  s i m p l i f i c a t i o n ,  t he  fo l lowing  r e s u l t s  

are obtained: 

t + U ( Z , + ~ )  s i n  (2n - l ) a I  (C-10  ) 

where a = kA 2/2. 
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Thus Eqa. ( C - 9 )  and (C-lo), along with Eq. (COT), 

constitute the solution of the problem. 

Double Fourier Tran8fonn 

The double Fourier tranaform is computed by using the 

previous results twfce. Uaing Eqs .  (la a) and (C-2) 

(C-11) 

or ,  rewriting in terms of aums 

(C-12) 

Noting Eqs. (C-4) and ( C O T ) ,  Eq. (C-12) is rewritten as 

where 
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Thus Eqs. ( C - 9 )  and (C-10) may be  used t o  compute the above 

expres s ions  w i t h  U(Z,+~) and u(z,) be ing  rep laced  by 

(4uu(zr ,zs+l)  and ~ u u ( ~ r , ~ S ) a  r e spec t ive ly .  F i n a l l y ,  it 

i s  noted t h a t  Eq, (C-13) i s  a s i n g l e  Four i e r  t ransform i n  

21 and the  previous r e s u l t s  a r e  aga in  appl ied.  

I n  o rde r  t o  check t h e  accuracy of the  previous a n a l y s i s ,  

t h e  above expres s ions  were used t o  compute the inve r se  

t ransforms a l s o .  The r e s u l t s  were i n  good agreement. T h i s  

a n a l y s i s  was used t o  determine t h e  Ak i n t e r v a l  r equ i r ed  i n  

the  numerical  i n t e g r a t i o n s  . 
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