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ABSTRACT 

The s t a b i l i t y  and v i b r a t i o n  response of a s p h e r i c a l  squeeze-film hybrid bear ing 

w e r e  analyzed t h e o r e t i c a l l y .  Since t h e  squeeze frequency i s  t y p i c a l l y  much 

h igher  than t h e  v i b r a t i o n  frequency, t h e  asymptotic a n a l y s i s  f o r  l a r g e  squeeze 

number can be  appl ied  here .  Per turba t ion  s o l u t i o n s  about t h e  r a d i a l l y  concen- 

t r i c  p o s i t i o n  w e r e  obtained f o r  small  v i b r a t i o n  amplitudes and s m a l l  r a d i a l  

displacement.  There is  no l i m i t a t i o n ,  however, i n  t h e  values  of v i b r a t i o n  

number,(so long as it  is s m a l l  i n  comparison wi th  t h e  squeeze number), compressi- 

b i l i t y  number, a x i a l  displacement r a t i o  and excursion r a t i o .  Dynamic bear ing 

r e a c t i o n s  w e r e  computed based on t h e  pe r tu rba t ion  s o l u t i o n s .  Resul ts  i n d i c a t e  

t h a t  a s p h e r i c a l  squeeze-film bearing is always s t a b l e  i n  t h e  axial  d i r e c t i o n .  

I n  t h e  r a d i a l  d i r e c t i o n ,  however, i n s t a b i l i t y  about t h e  r a d i a l l y  concent r ic  

p o s i t i o n  is  poss ib l e  when the re  i s  j o u r n a l  r o t a t i o n ;  t h e  frequency of i n s t a b i l i t y  

i s  exac t ly  one ha l f  t h e  r o t a t i o n a l  frequency; t h e  system wouid be stable if the 

m a s s  is  kept below t h e  cr i t ical  value.  

The a n a l y s i s  can be  r e a d i l y  extended t o  compute t h e  response t o  v ib ra to ry  

e x c i t a t i o n  i n  e i t h e r  t h e  a x i a l  o r  t h e  r a d i a l  d i r e c t i o n .  
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INTRODUCTION 

A s  i n  a l l  o t h e r  suspension systems, t h e  dynamic c h a r a c t e r i s t i c s  of a squeeze- 

f i l m  bea r ing  must be  considered i n  order  t o  determine i t s  response t o  dynamic 

e x c i t a t i o n s  such as shock load ,  random e x c i t a t i o n ,  and s t a b i l i t y .  In squeeze- 

f i l m  bearings t h e  problem is  p e c u l i a r  because t h e  squeeze motion provides  a 

b u i l t - i n  time-dependence i n  s p i t e  of any a d d i t i o n a l  t i m e  dependence r e l a t e d  

t o  t h e  dynamic e x c i t a t i o n s .  Fortunately,  under t y p i c a l  circumstances of  interest ,  

t h e  du ra t ion  of squeeze motion is at  least one o rde r  of magnitude smaller than 

t h e  t i m e  scale of t h e  dynamic e x c i t a t i o n .  For example,the squeeze motion may 

be  a t  25 MIz where as t h e  du ra t ion  of a shock load may be about 0.001 sec. 

The s i t u a t i o n  is  similar t o  a frequency modulated s i g n a l  w i t h  t h e  squeeze motion 

being analogous t o  t h e  high frequency carrier. Elrod pos tu l a t ed  t h a t  t h e  two 

t i m e  scales are separable . (His  d e r i v a t i o n  is given i n  Appendix B.) Thus t h e  

motion due t o  dynamic e x c i t a t i o n  can b e  t r e a t e d  as q u a s i - s t a t i c  during each 

cyc le  of squeeze motion. Averaging over  a cyc le  of squeeze-motion, he  der ived 

t h e  governing equat ion and e s t a b l i s h e d  t h e  appropr i a t e  boundary cond i t ions  for 
- t h e  i'slow t i m e  dependent problem" assuming t h a t  t h e  frequency of squeeze-motion 

is i n f i n i t e l y  high. This equation places no r e s t r i c t i o n  on e i t h e r  t h e  amplitudes 

o r  t h e  type of t i m e  dependence. However, a l a r g e  class of dynamic problems of 

p r a c t i c a l  i n t e r e s t  is r e l a t e d  t o  simple, harmonic motions of s m a l l  amplitudes;  

f o r  i n s t a n c e ,  one is  gene ra l ly  i n t e r e s t e d  i n  t h e  frequency response f o r  t h e  

range 20 Hz - 2 MIz, from which responses t o  random and impulse e x c i t a t i o n s  can 

be  constructed wi th  t h e  a i d  of Fourier  t ransformations,  and t h e  onse t  of s e l f -  

e x c i t e d  i n s t a b i l i t y  can a l s o  be determined. For t h i s  reason, w e  g ive  p a r t i c u l a r  

a t t e n t i o n  t o  t h e  g o l u t i o n  of Elrod 's  equat ion f o r  s m a l l  amplitude harmonic 

mot ions .  

The s p h e r i c a l  squeeze-film bea r ing  has  become a leading candidate  f o r  t h e  sus- 

pension of the output  of a p rec i s ion  gyroscope. Its advantages inc lude  re la t ive 

ease i n  manufacturing, freedom from need f o r  c r i t i c a l  alignment,  and i t s  

a d a p t a b i l i t y  t o  an e f f e c t i v e  t ransducer  design. O f  p a r t i c u l a r  i n t e r e s t  is 
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a p a i r  of s p h e r i c a l  bear ings having t h e i r  squeeze motion provided by an 

axial t ransducer .  As a f i r s t  approximation, t h e  squeeze motion of t h e  bear ing 

can b e  regarded t o  be uniform and purely axial. El rod ' s  equat ion w i l l  be solved 

f o r  such a bear ing under t h e  condi t ion t h a t  a "low frequency" harmonic motion 

of s m a l l  amplitude corresponding t o  a dynamic response of t h e  f l o a t  i s  super- 

imposed on t h e  "high frequency" squeeze motion. 
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2. ANALYSIS 

I n  analyzing t h e  s t a b i l i t y  and v i b r a t i o n  response of a squeeze-film bearing,  

i t  is e s s e n t i a l  t o  have information about t h e  dynamic bea r ing  r e a c t i o n s  from 

gas f i l m  p res su re  f o r c e s  due t o  perturbed p e r i o d i c  motion of t h e  jou rna l .  

2.1. Basic Equations 

L e t  us consider  t h e  isothermal  Reynolds' Equation of a s p h e r i c a l  squeeze-film 

bea r ing  w i t h  meridian j o u r n a l  angular speed w and squeeze frequency R (Ref. 1) 
r 

Y . .  . . . . . . . . . .  (2.1) 1 % a  
= (3' sin29 P a  a t  

where Y E PH . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (2.2) 

W e  have used t h e  s p h e r i c a l  coordinates  with 8 and 9 t h e  meridianal  and azimu- 

t h a l  ang le s  r e spec t ive ly .  The bearing extends i n  t h e  #-direct ion from I$ t o  1 
( s e e  Fig. 1). 

Aside from t h e  squeeze frequency 5 2 ,  t h e  bear ing may have a r a d i a l  v i b r a t i o n  

frequency ( o r  w h i r l  speed) u and an axial  v i b r a t i o n  frequency u . Both t h e  

squeeze motion and v i b r a t i o n s  con t r ibu te  t o  t h e  t i m e  dependence of t h e  

problem. Hence, w e  can w r i t e  formally:  

r Z 

y = y ( @ , ~ , T , T )  . . . . . . . . . . . . . . . . . . . . . . .  (2.3.) 

where 

T = v t  

T = R t  

v = v i b r a t i o n  frequency 

(axial o r  r a d i a l )  

. . . . . . . . . . . . . . . . . . .  (2 .4 . )  

Thus 

(2.5) a Y  dT a Y  dT + -  - 
S u b s t i t u t i n g  (2.5) i n t o  Equation (2.1) w e  obtain:  

a\y 

a t  aT d t  a T  d t  
- = - -  . . . . . . . . . . . . . . . . . . . .  
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~- 

a e  

a T  = sin2 4 . . . . . . . . . . . . .  

a [ s i n  4 H3P ”; + s i n  (b - 3 4  J 
.. 

a (2.6) A % +  5 ~ +  a u -  1 ’ 4 ’  a 

I 
I -  where 

A = compress ib i l i t y  number = - 

. . . . . . . . . . . . .  (2.7) 5 = v i b r a t i o n  number = - 
u = squeeze number = - 

~ 

I n  t h i s  m a n n e r ,  w e  have introduced s e p a r a t e  t i m e  scales f o r  j o u r n a l  v i b r a t i o n  

(as a r i g i d  body) and bea r ing  squeeze motion. 

W e  s h a l l  f u r t h e r  assume t h a t  t h e  squeeze motion i s  e n t i r e l y  i n  t h e  a x i a l  

d i r e c t i o n ,  although t h e  gene ra l  approach is  equa l ly  a p p l i c a b l e  t o  any o t h e r  

squeeze motion. We s h a l l  normalize a l l  displacements w i th  r e spec t  t o  t h e  nominal 

bea r ing  c l ea rance ,  C. S e t t i n g  E = excursion r a t i o ,  

displacement r a t i o  r e s p e c t i v e l y ,  62 = axial v i b r a t i o n  amplitude r a t i o ,  

rqmponents of r a d i a l  v i b r a t i o n  amplitude r a t i o ,  where x denotes the ciirection 

of rlr and y ,  perpendicular  t o  i t  (see Fig. 2 ) ;  t h e  normalized f i l m  gap can 

b e  expressed as ( R e f s .  1 and 4 )  

= axial  and r a d i a l  
“ z y  “r 

= 
&X’ 6y 

. . . . . . . . . . . . . . . . . .  H = H, + E cos 4 cos T (2.8) 
where 

H = 1 + nz cos 4 + rlr s i n  4 cos 8 

+ 6 
m 

cos 4 cos vz (t - t z )  + (6x cos 8 + 6 s i n  0 )  s i n  4 cos v (t-t )(2.9)  
Z Y r r 

t 

The boundary condi t ions of  Eq. (2.1) are 

d t 
z r are re fe rence  t i m e s  f o r  t h e  two r e s p e c t i v e  motions. 

. . . . . . . . . . . . . . . . . . . . . .  P ( @ l , e ,  T ,T)  = 1 (2.10) 

P (4  > e ,  T,T)  = 1 . . . . . . . . . . . . . . . . . . . . . .  (2.11) 

P ( @ , e J  TJ) = P (4 ,  e + 2 ~ ,  T , T )  (2.12) 
2 . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . .  (2.13) ap (+3 e ,  T,T) = ap ( $ y  e+2n, T,T) 
a e  ae 

where T is e i t h e r  v (t-t,) o r  v ( t- tr>,  s i n c e  t h e  problems of t h e  r e s p e c t i v e  motions 

are s e p a r a b l e  as w i l l  be  shown later.  Since t h e  squeeze frequency i s  t y p i c a l l y  much 

h i g h e r  than bo th  t h e  v i b r a t i o n  frequency and t h e  j o u r n a l  r o t a t i n g  speed, i t  

is  of i n t e r e s t  t o  s tudy t h e  asymptotic behavior of t h e  s o l u t i o n  as U - M ~  with A 

and 5 h e l d  f ixed .  We a l s o  have the  r e l a t i o n s h i p  between t h e  two t i m e  scales, 

z r 



' < < 1  (2.14) T 
T n 
- = -  . . . . . . . . . . . . . . . . . . . . . . . .  

From Equation (2.14) i t  is obvious t h a t  when t h e  squeeze motion completes a 

cyc le  ( T  = T + 2n) ,  t h e  v i b r a t i o n  t i m e  T changes only by an amount of 

2n -which approaches zero as n -+ 03. Therefore,  with r e spec t  t o  t h e  h igh  fre-  

quency squeeze motion, a l l  v ib ra t ions  are quasi-s ta t ionary.  A gene ra l  t reatment  

of this  t o p i c  is given i n  Appendix B. Applying t h e  r e s u l t s  of Appendix B t o  

s p h e r i c a l  squeeze-film bearings w e  have 

-+ T 
0 0 

V 
n 

as (5 -+ 03, Y = Y, (4 ,  8,  T) . . . . . . . . . . . . . . . .  (2.15) 

where Y, is t h e  asymptotic s o l u t i o n  of Y f o r  l a r g e  o i n  t h e  i n t e r i o r  of t h e  

bea r ing  f i l m ,  

edges ( 4  = 

t h e  e x t e n t  of 
41 

a 
3 4  

s i n $  - 
r 

i.e. t h e  whole bear ing f i l m  excluding t h e  narrow regions n e a r  t h e  

and 4 = 4 ). These narrow regions are c a l l e d  t h e  boundary l a y e r s ,  

which is of t h e  o rde r  of  1/6. 
2 

w i t h  boundary condi t ions 

Note t h a t  w e  have used t h e  i d e n t i t y  

H3PdP 7 1 d (HY2) - 7 3 Y 2 d H  . . . . . . . . . . . . . . . . . .  (2.18) 

2.2. P e r t u r b a t i o n  So lu t ions  - s m a l l  r l_ ,  6 _ ,  6%- and 6.. 

The asymptotic s o l u t i o n  Yw governed by Eq. (2.16) and s u b j e c t  t o  boundary 

c o n d i t i o n s  (2.17) p l u s  the p e r i o d i c i t y  condi t ions i n  8 ,  w i l l  be  solved i n  t h i s  

section. For s m a l l  q r ,  dZ, 6x and 6 t h e  problem may be solved by p e r t u r b a t i o n  

method. 
Y 

i -5- 



Following t h e  i d e a s  of  Reference 5, we use  t h e  i d e n t i t i e s  

cos  8 cos T 

s i n  8 cos T = [sin (8-Tr) + s i n  (B+T,) 

= 3 [,,s (8-Tr) + cos (B+Tr)] r 

r 1, 
Then Equation (2.9) becomes 

H,,, = 1 + n, cos 4 + nr s i n  Cp cos e 

. . . . . . . . .  

+ s i n  Cp [t 6x cos (8-T,) + 2 1 vx cos ("I-Tr) 

1 + -  6 s i n  (8-Tr) + - 1 6 s i n  (e+Tr) 
2 Y  2 Y  

+ 6z cos Cp cos TZ . . . . . . . . . . . . . . . . . . .  
where Tr = v r (t-t,) 1 

. . . . . . . . . . . . . . . . . . .  

For s m a l l  pe r tu rba t ions  i t  is convenient t o  expand 

H w m  Y2 = go + or R e  (eie gl} 

i ( 8-Tr) i (8+T,) I 
g2 + e 

3,? 

i (8-Tr) i ( 8 - q )  \ 
- i e  s i  

=4 51 

( X 
6 

+ 7 R e  e 

6 

+ b Z  R e  {e i T, gzl. . . . . . . . . . . . . . . . .  

R e w r i t e  Eq. (2.20) i n  t h e  form 

i T  ' .  + g Z  R e  {cos @ e 2 1 . . . . . . . . . . . . . . . .  

(2.19) 

(2.20) 

(2.20a) 

(2.21) 

(2.22) 



where 

h = 1 + n, cos4 

h = s i n 4  

0 

1 

S u b s t i t u t i n g  (2.21) i n t o  

- v a  - = -- i a  
w a T  w a t  

w e  o b t a i n  

. . . . . . . . . . . . . . . . . . . . . .  

Equation (2.16) and no t ing  t h a t  

. . . . . . . . . . . . . . . . . . . . . .  

s i n 4  [ s i n $  (2 - 3 -- = 0 . . . . . . . . . . . .  d4 

(2.23) 

(2.24) 

(2.25) 

\ 

(j. = 1,2,3,4,5)  (2.26) - i A  s i n 2 $ E  (: -5 hl J \ = 0 . . . . . . .  j 

where 

A - A  

A = A = A ( 1 - 2 r )  

A = A = A ( l + 2 - - 1 1 )  
3 5 w 

1 

(2.28) 

V 

4 w 

. . . . . . . . .  
2 

V 

1 2 u v ~  R 2 
5 -  (T) = axial v i b r a t i o n  number 

pa % 
The boundary cond i t ions  are,  from Equation (2.171, 

-7- 
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u + i v  

u + i v  

- - 
1 1 - - gl  

g2 2 2 

Thus, i t  is  seen  t h a t  t h e  l i n e a r i z e d  pe r tu rba t ion  s o l u t i o n s  are no t  coupled 

and t h e  method of supe rpos i t i on  can be app l i ed .  Any s m a l l  v i b r a t i o n s  i n  a d i r e c t i o n  

perpendicular  t o  t h e  z-axis, f o r  i n s t ance ,  t h e  6 -term i n  Eq. (2.22) , may b e  

considered as t h e  combination of t h e  "forward" and "backward" wh i r l s .  The corre- 

sponding s o l u t i o n s  are obviously g and g (see Eq.(2.21)). 

- X 

2 3 

. . . . . . . . . . . . . . . . . . . . . .  (2.33) 

The s o l u t i o n  g s a t i s f y i n g  Equations (2.25) and (2.29) has been obtained i n  Ref. 4. 

This r ep resen t s  t h e  s o l u t i o n  of an a x i a l l y  d i sp l aced ,  bu t  r a d i a l l y  concen t r i c  

s p h e r i c a l  squeeze-film bearing. The s o l u t i o n  g 

Thefisct ion g (j = 2,3,4,5) ,  ( s a t i s f y i n g  Eqs. (2.26) and (2.3011, d i f f e r  from 

g only i n  t h e  numerical  value f o r  A Therefore,  knowing g w e  can o b t a i n  g 

( j  = 2,3,4,5) immediately using t h e  proper numerical  value f o r  A 

0 

w a s  a l s o  obtained i n  Reference 4. 
1 

j 

j 1 j '  1 
Since 

j' 
A = A and A = A , w e  have 
2 4 3 5 

. . . . . . . . . . . . . . . . . . . . . .  (2.32) 

51 
and g 3  = 

Separa t ing  t h e  real and imaginary p a r t s ,  

The u ' s  and v's 

wi th  proper  values  of A ' s .  

may be  regarded as known func t ions  using t h e  s o l u t i o n s  of Ref. 4 

Note t h a t  A .  may t a k e  on negat ive values f o r  any v 

Eq. (2 .26)together  with boundary condi t ions (2.30) suggests  t h a t  

g r e a t e r  than ~ / 2 .  Then 
J r 

. . . . . . . . . . . . . . . . . . .  (2.34) 
u j (-Aj)  = u j  ( A j )  

v (-Aj) = - v  ( A  1 
j j j  

The above r e l a t i o n s h i p s  w i l l  b e  used later. 

gZ 

S ince  g may b e  complex, w e  s epa ra t e  i t s  real and imaginary p a r t s ,  
Z 

- - . . . . . . . . . . . . . . . . . . .  (2.35) u + vz 
Z 



- Then Equations (2.27) and (2.31) y i e l d  

1 

0 
dh - 

d' 

- 

d f ($1 
= 3 * + 3 ( c o t  $1 f (4 )  . 

3 

d2vz 
-7 + f ($1 

0 go d' 1 

. . . . . . . . . .  

wi th  boundary condi t ions ,  

where dh 3 
h d$ 

0 + cot Q fl (0) = - - - 
0 

1 dh 
f (0) = - 3z 

0 0 2 

cos (I dh 0 - g0 
d' 0 

hL s i n  + - g0 f (4)  = - - 
0 

3 h 

. . . . . . . . . . .  

U z 

. . . . . . . . . . .  

( i  = 1 ,2 )  . . . . .  
( i  = 1,2)  . . . . .  
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(2 369) 

(2.368) 

(2.37) 

(2.38) 

. . . . .  (2.39) 

Equations (2.36a) and (2.36b) w i t h  boundary condi t ions  (2.37) and (2.38) are t o  

b e  so lved  numerical ly  using t h e  matrix m u l t i p l i c a t i o n  method descr ibed  i n  

Appendix A. 



3. DYNAMIC BEARING REACTIONS 

Using t h e  r e s u l t s  of t h e  asymptotic a n a l y s i s  and t h e  p e r t u r b a t i o n  s o l u t i o n s  

of t h e  previous s e c t i o n ,  w e  can c a l c u l a t e  t h e  dynamic bea r ing  r eac t ions .  

The p res su re  d i s t r i b u t i o n  of large u is  r e l a t e d  t o  t h e  asymptotic s o l u t i o n  

ym by - 

. . . . . . . . . . (3.1) 1 - - 
Hoo+EcosB COST 

p 
H 

which may be r e a d i l y  expanded i n t o  

1 h h 
1 - 1  
2ho h + €COS$ COST 

l P =  h + €cos$ 
0 

0 0 

'v \ i(8-Tr) Tg2 hl  hl 1 
J 2h h -+ €cos$ COST in e 12go--- 0 0 

+(+  

Equation (3.2) con ta ins ,  f i r s t  of a l l ,  t h e  zeroth-order s o l u t i o n  which r ep resen t s  

t h e  a x i a l l y  d i sp l aced  b u t  r a d i a l l y  concentr ic  problem p lus  t h e  con t r ibu t ions  from 

a l l  t h e  pe r tu rba t ions .  Among the- pe r tu rba t ion  terms, t h e  rlr-term rep resen t s  per- 

t u r b a t i o n  due t o  a s t eady- s t a t e  r a d i a l  displacement;  t h e  sX and 6 

s e n t  p e r t u r b a t i o n  due t o  r a d i a l  v i b r a t i o n s ;  and, f i n a l l y ,  t h e  6 terms rep resen t  

p e r t u r b a t i o n  due t o  an axial v ib ra t ion .  A l l  p e r t u r b a t i o n s  are about t h e  r a d i a l l y  

c o n c e n t r i c  pos i t i on .  It is  t o  be  noted t h a t  f o r  s m a l l  pe r tu rba t ions  t h e  axial 

and r a d i a l  v i b r a t i o n s  are not  coupled, i . e .  one is not  a f f e c t e d  by t h e  o the r .  

terms repre- 
Y 

z 



. 
3 .1 .  Axial Dynamic Reactions 

Denoting t h e  6 z  terms of (3 .2)  by P6z w e  can compute t h e  a x i a l  dynamic bea r ing  

f o r c e  2a 

FZ = pa P6 cos+ (2aR s i n $ )  R d +  . . . . . . . . . . . .  (3 .3 )  1 E r 2  Z 
$1 0 

o r  

= Pb 2 s i n +  cos@ d@ ( 3 . 4 )  FZ . . . . . . . . . . . .  a RZ 
Z 

$1 0 
Pa 

c r 
where 

' 6  - - h + €cos+ 1 COST 4; Re :ez eiTZ [% - 
Z 0 

-11- 

1: (3.5) 
cos 0 

ho + ECOS+ COST]  I - 

Now w e  i n t e g r a t e  ( 3 . 4 )  wi th  r e spec t  t o  T ,  holding T 
we have used t h e  cond i t ion  t h a t  t h e  axial v i b r a t i o n  i s q u a s i - s t a t i o n a r y  i n  

comparison t o  t h e  high frequency squeeze motion. This p o i n t  has been e l abora t ed  

i n  App. B and w a s  also riexltioned i n  Sec t ion  2 .  'ihe r e s u l t  of t h e  T-integrat ion is: 

= constant .  In so doing, 
Z 

u + i v a  
cos $ FZ 2 e i T ,  [ z - 

go 2h0 
7TR Z Pa 

. d$. . . .  ( 3 . 6 )  I h cos$ 
0 

0 

- 
h '-E'CO.S~$ 

Equations ( 3 0 9 )  and (317) of Referecen 6 were used above; they are r" d? - - 2a . . . . . . . . . . . . . . . . . .  (3.7) a + b COST d m  
0 

and 

2aa . . . . . . . . . . . . . . .  (3 .8 )  - . -  dT 

(a + b (a2-b2) 3'2 
0 
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R e w r i t e  Eq. (3.6) i n  t h e  form 

T~ (uZ + i v2) . . . . . . . . . . . (3.9) 
FZ * = (--6=) Re 

where - 

Note t h a t  i n  Eq. (3.9) w e  have fac tored  out  ( -62) .  This is because 6 2  is p o s i t i v e  

i n  t h e  d i r e c t i o n  of increas ing  gap whereas t h e  bear ing s t i f f n e s s  i s  def ined 

as “ t h e  increment of bear ing f o r c e  p e r  u n i t  decrement of t h e  gap”. Clear ly ,  

t h e  in-phase component, is t h e  e f f e c t i v e  dynamic s t i f f n e s s ;  and V 2 ,  t h e  out-of- 

phase component, is  t h e  e f f e c t i v e  dynamic damping. From the r i s r l c a l  s c l u t i c n s  

of u2 and v 

are p l o t t e d  a g a i n s t  5 

t o  42 = 68O. This geometry is chosen because i t s  s t eady- s t a t e  r e s u l t s  were 

uZ 

o f t h e  Appendix,U2 and V can be i n t e g r a t e d  numerically.  The r e s u l t s  
2 Z 

i n  Figure 3 and 4 f o r  bear ing extending from $ = 41.5O 
z 1 

a l ready  given i n  Ref. 4 .  

3.2. Radial  Dynamic Reactions 

The dynamic bear ing  fo rces  i n  a plane perpendicular  t o  t h e  z-axis can b e  decom- 

posed i n t o  x and y components denoted by F and F ( s e e  Fig.  2 ) .  Note t h a t  

F E - FR and F E FT. L e t  
X Y 

X Y 
I 

1 The dynamic bear ing  f o r c e s  a r e  obtained by f i r s t  averaging over a squeeze cyc le  

and then  i n t e g r a t i n g  throughout the bear ing f i lm ,  
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l -  
I -  

2n 
Fx = 17 E 1 cos 8 d8 s i n 2 $  d$ (3.12) . . . . . . . . p a n R Z n  0 

271 2n 
s i n  8 d8 s i n 2 $  d$ 9 - e(3.13) 

0 

Carrying out  t h e  i n t e g r a t i o n s  and not ing  t h a t  t h e  results are q u i t e  analogous 

t o  t h e  r a d i a l  and t a n g e n t i a l  s t i f f n e s s  of Reference 4 ,  w e  o b t a i n  

and 

where 

d$ ( i=2,3)  (3.16) 1 %(j) = - 1)2 s in2 4 1 

4 h L - ~ L ~ ~ ~ L  $ 2go 2ho h2 - E ~ C O S ~  $ 
0 0 $1 

. 1  

Note that 7") and KT (j) are i d e n t i c a l  t o  those  of Eqs. (4.17) and (4.18) 

of Reference 4 upon r ep lac ing  u by u 

of Reference 4 for t h e  p a r t i c u l a r  geometry of $ 

reproduced h e r e  i n  F igures  5 and 6. The curves f o r  vz = 0 and -0.4 are r e p l o t t e d  

i n  Figures  7 and 8. The d a t a  f o r  nega t ive  va lues  of A 

obta ined  wi th  t h e  a i d  of Eq. (2.34). It is  seen  from Equations (2.34), (3.16) 

and (3.17) t h a t  5") i s  an even func t ion  of A .  whereas 5 ' ' )  is  an  odd f u n c t i o n  

of A 

Equat ions (3.14) and (3.15) can b e  w r i t t e n  i n  mat r ix  n o t a t i o n  

and v by v ( i . e .  A by A . ) .  The r e s u l t s  
j j J 

= 41.5' and $ = 68' are 
1 2 

i n  Figs. 7 and 8 can be 
j 

J 

j' 
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i T r  e . . . . . . . . . (3.18) 

tak ing ,  of course,  only the  real p a r t .  Note t h a t  6x and 6 do not  have t o  be both  
real. Y 

Here w e  have denoted 

Note t h a t  Zxx = Z 

according t o  t h e  d e f i n i t i o n  of Ref. 3. This r e s u l t  should have been obvious s i n c e  

t h e  bear ing  geometry possesses  r o t a t i o n a l  symmetry and t h a t  a - c o n c e n t r i c  equi l ibr ium 

p o s i t i o n  w a s  used i n  t h e  dynamic pe r tu rba t ion  ana lys i s .  

and Z = -Z * which i n d i c a t e  t h a t  t he  bear ing is i s o t r o p i c  
YY X y  YX ’ 
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4. STABILITY OF AXIAL VIBRATIONS 

I n  t h e  previous s e c t i o n s  we-have shown t h a t  f o r  s m a l l  pe r tu rba t ions  t h e  a x i a l  

v i b r a t i o n  and r a d i a l  v ib ra t ion<  a r e  not coupled. Therefore ,  w e  can d e a l  wi th  

t h e  axial and r a d i a l  s t a b i l i t y  problems sepa ra t e ly .  The axial  s t a b i l i t y  is 

thus reduced t o  a s i n g l e  degree-of-freedom problem. 

The results of S t a b i l i t y  a n a l y s i s  of  Reference 3 f o r  a s i n g l e  degree-of-freedom 

system may be s t a t e d  as fol lows:  

L e t  vzo  be  t h e  frequency of axial v i b r a t i o n  a t  which 

vZ 

This  i s  

MO 

= o  . . . . . . . . . . . . . . . . . . . . . . . . . .  (4.1) 
V 

ZO 

t h e  s ta te  of n e u t r a l  s t a b i l i t y .  Then, t h e  c r i t i c a l  mass is  given by 

p 'IT R:' 
(4.2) 

a . . . . . . . . . . . . . . . . . . .  
V 

uz 
- - 

20 
v;o 

A s l i g h t  v a r i a t i o n  from t h e  state of n e u t r a l  s t a b i l i t y  would cause t h e  system 

t o  be  uns t ab le  i f  and only i f  

where 6M i s  a s m a l l  mass increment above Mo. 

Using t h e  above results of Reference 3,  and from Figure 4 ,  i t  i s  seen  t h a t  Vz 
is  ze ro  only when 5, = 0 o r  v = 0. Hence w e  have 

z 

V = o  . . . . . . . . . . . . . . . . . . . . . . . . .  ( 4 . 4 )  
20 

Since  U does no t  vanish a t  vzo, Eq. (4 .2)  y i e l d s  z 
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  (4.5) - 

Mo - 

Therefore ,  any a c t u a l  m a s s  would be  less than t h e  c r i t i c a l  m a s s  and 

6M < 0 . . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 4 . 6 )  
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avz 

avz 
- 

Also, w e  have 

( 4 . 8 )  ay < o . . . . . . . . . . . . . . . . . . . . . .  
ZO 

v 

Combination of (4.6) and (4.7) r e s u l t s  i n  

Thus, w e  conclude t h a t  a s p h e r i c a l  squeeze-film bearing is  always s t a b l e  i n  t h e  

axial d i r e c t i o n .  The same conclusion can b e  s a i d  of t h e  f l a t  squeeze-film t h r u s t  

bear ing,  s i n c e  i t  may be considered t o  be t h e  s p e c i a l  case of a s p h e r i c a l  bea r ing  

wi th  s m a l l  subtended ang le s  ( #  and 4 ). 
1 2 

I -  

, -  
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5. RADIAL STABILITY AND VIBRATION RESPONSE 

The r a d i a l  dynamic bear ing f o r c e s  were obtained i n  Sec t ion  3.2. using p e r t u r b a t i o n  

s o l u t i o n s  about t h e  r a d i a l l y  concentr ic  p o s i t i o n .  The r e s u l t s ,  t h e r e f o r e ,  repre- 

s e n t  dynamic r e a c t i o n s  of a n  unloaded ( r a d i a l l y )  s p h e r i c a l  squeeze-film bearing.  

5.1. Radial  S t a b i l i t y  

The s t a b i l i t y  of an i s o t r o p i c  bearing of two degrees of freedom w a s  analyzed i n  

Reference 3.  Since t h e  a x i a l  v i b r a t i o n  and r a d i a l  v i b r a t i o n  of a s p h e r i c a l  squeeze- 

f i l m  bearing are decoupled f o r  small p e r t u r b a t i o n s ,  t h e  r a d i a l  s t a b i l i t y  of a 

r a d i a l l y  unloaded s p h e r i c a l  squeeze-film bearing may b e  s t u d i e d  using t h e  i so -  

t r o p i c  bear ing r e s u l t s  of Reference 3 which are summarized as follows: 

L e t  vro be  t h e  frequency a t  which 

KT(’) ( A j ) /  = o  . . . . . . . . . . . . . . . . . . . . . .  (5.1) 
r o  

Then, w i t h  t h e  dimensionless m a s s  defined as 

(5.2) - M C w 2  
TI RL m =  . . . . . . . . . . . . . . . . . . . . . . . . . .  

P a  

t h e  c r i t i ca l  m a s s  i s  given by 

m =  . . . . . . . . . . . . . . . . .  
0 ( Vro/W) 2 

. . .  (5.3) 

A s l i g h t  v a r i a t i o n  dm from m 

i f  

would cause t h e  system t o  be  uns t ab le  i f  and only 
0 

Example: Unloaded ( r a d i a l l y )  s p h e r i c a l  squeeze-film hybrid bea r ing  

= 41.5’ $2 = 68’ 
$1 

Given : 

E = 0.4 
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* 

From Fig. 6 ,  KT(j) = 0 ,  when A = 0 

Then Eq. (2.28) shows t h a t  
3 

V 

A 3 = 1 + 2 - =  w 0 

and the  only p o s s i b i l i t y  is 

Thus, 

V .  = - w . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (5.5) 1 
r o  2 

This  i n d i c a t e s  t h a t  t h e  only p o s s i b i l i t y  of i n s t a b i l i t y  of t h e  system i s  i n  t h e  

form of a half-frequency wh i r l .  From Equation (5.3) and Figure 5, t h e  c r i t i c a l  

mass is 

m =  0-036  = 0.164 f o r  n, = 0.2 1 
I (1/2) 

0 

f o r  n, = 0 . . . . . . . . . . . .  (5.6) 

Note t h a t  i n  Eq. (5.3), because A 

t h e  s t a t i c  r a d i a l  s t i f f n e s s  of a non-rotat ing jou rna l .  It is seen t h a t  t h e  c r i t i c a l  

m a s s  i nc reases  wi th  inc reas ing  axial load  (decreasing n,). 

= A 2  = 0 ,  ( A j ) l  i s  e s s e n t i a l l y  
ro  j 

Now, 

a V  
r 

aA2 

. . . . . . . .  (5.7) 

> o  
V ro  
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and 

- - - -  < o  h2 

dv r w 
V r o  

Combining ( 5 . 4 )  and (5.7) i t  is  seen t h a t  t h e  system i s  uns tab le  i f  and only 

i f  6m > 0. Conversely, i n  o rde r  f o r  t he  system t o  be s t a b l e ,  t h e  m a s s  m u s t  be  

kept  below t h e  c r i t i c a l  m a s s .  Equation (5.6) then i n d i c a t e s  t h a t  t h e  a x i a l  

loading of a r a d i a l l y  unloaded sphe r i ca l  squeeze-film hybrid bear ing he lps  

t o  s t a b i l i z e  t h e  system. 

5.2.  Vibrat ion Response 

The v i b r a t i o n  response of a sphe r i ca l  squeeze-film hybrid bear ing i n  a plane 

perpendicular  t o  t h e  z-axis may b e  obtained by using the  dynamic bear ing 

r e a c t i o n s  of Sec t ion  3. L e t  us rewrite Eq. (3.18) 

X 
6 

z z  6 : Yx zxyl YY I Y - 

i T r  e . . . . . . . . . . . . . ( 5 . 8 )  

both real, s i n c e  t h e  x- and y-vibrat ions Reca l l  t h a t  d X  and 6 
Y 

do not  have t o  be 

may b e  out-of-phase. Now w e  may i n t e r p r e t  F 

f o r c e  exer ted  on t h e  jou rna l ,  and write 

and F as t h e  components of a given 
X Y 

where f x  and f 

F 

are u n i t  complex force  amplitude. Then, corresponding t o  F 
Y X 

and 

t h e  complex amplitude of t h e  journa l  motion may be  found from 
Y '  

X 
6 

6- 
Y 



I -  

The i n v e r s e  of t h e  Z - m a t r i x  can b e  e a s i l y  computed w i t h  Z Z Z and Z 

given by (3.19). Knowing 6x and 6 

from Re(6  eiTr) and R e  (6  eiTr) . 
xx’ xy’ yx w 

t h e  motion of t h e  j o u r n a l  i s  r e a d i l y  obtained 
Y’ 

X Y 



6 .  CONCLUSIONS 

~ 
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On t h e  b a s i s  of t h e  analyses  i n  t h e  previous sec t - Jns ,  w e  conclude t h e  following: 

a. When a slowly t i m e  dependent motion is  superimposed on a high frequency 

squeeze motion, t h e  f l u i d  f i l m  p r e s s u r e  can be  found by an asymptotic 

ana lys i s .  I n  t h e  asymptotic a n a l y s i s  t h e  product of p re s su re  and f i l m  

th i ckness  is only slowly t i m e  dependent. 

b. Dynamic bea r ing  r eac t ions  are obtained based on p e r t u r b a t i o n  s o l u t i o n s  

due t o  s m a l l  p e r i o d i c  motions of t h e  j o u r n a l  about t h e  r a d i a l l y  con- 

c e n t r i c  p o s i t i o n .  

c. Sphe r i ca l  squeeze-film bearings are always s t a b l e  i n  t h e  a x i a l  d i r e c t i o n .  

The same conclusions can b e  s a i d  of t h e  f l a t  squeeze-film t h r u s t  bear ing,  

s i n c e  i t  may be  considered t o  b e  t h e  s p e c i a l  case of a s p h e r i c a l  bea r ing  

with s m a l l  subtended ang le s  (+ and 4 ). 
1 2 

d. Radial  i n s t a b i l i t y  of a r a d i a l l y  unloaded bear ing occurs only i n  t h e  

form of  half-frequency w h i r l  of a r o t a t i n g  j o u r n a l .  The system would 

be  s t a b l e  i f  t h e  mass is  kept below t h e  cr i t ical  value. Axial loading 

of a r a d i a l l y  unloaded, s p h e r i c a l ,  squeeze-film hybrid bear ing he lps  

t o  s t a b i l i z e  t h e  system. Conversely, t h e  non-rotating j o u r n a l  cannot 

experience i n s t a b i l i t y  according t o  t h e  p re sen t  a n a l y s i s .  

e. The p resen t  a n a l y s i s  can be r e a d i l y  extended t o  compute t h e  response t o  

v i b r a t o r y  e x c i t a t i o n  i n  e i t h e r  t h e  r a d i a l  o r  t h e  a x i a l  d i r e c t i o n .  



ACKNOWLEDGEMENT 

The authors wish to thank Dr. V. 
matrix-multiplication method for 

for carrying out the programming 

-22- 

Castelli for bringing to their attention the 

solving differential equations, and Mr. J. Michaud 
and numerical computation. 



-23- 

APPENDIX A-THE MATRIX _MULTIPLICATION METHOD I N  SOLVING ORDINARY DIFFERERENTIAL 
EQUATIONS W I T H  "TWO-POINT" BOUNDARY CONDITIONS* 

Equations (2.36a) and (2.36b) together  wi th  t h e i r  boundary condi t ions (2.37) and 

(2.38) may b e  w r i t t e n  i n  t h e  following genera l  form: 

u ' ; + f  u ' + f  u + f  V 1 I + f  v ' + f  v = f  . . . . . .  (A-1) 
2 3 4 5 6 

D.E. 
\ Lv'l + g1 v '  + g2 v + g3 U'I + g4 u + g5 u = g6  . . . . . .  (A-2) 

u = F, V C G  . . . . . . . . . . . . . .  (A-3) - 
u = F, v = E  . . . . . . . . . . . . . .  (A-4) 

B.C. kt 
a t x = x ,  

2 

Here w e  denote t h e  independent va r i ab le  by x. The primes irepresent de r iva t ions  

with r e spec t  t o  x. The symbols f . f . . .  e t c .  are known func t ions  of x. 
1 2  

I n  c e n t r a l  d i f f e rence  form w e  can w r i t e  
Y 

k+l - A 2Fk + uk-li U U"(Xk) = 

W e  have assumed t h a t  t h e r e  are N d iv i s ions  between x and x , so t h a t  
x - x  1 2 

k = 0 ,  1, 2 ,  . . .  N ,  and A= . N 
Now, Eq. (A-1) take  t h e  form 

U 

k 
k k 

A s i m i l a r  equat ion may be obtained from Eq. (A-2), which toge ther  wi th  (A-6) 

can b e  w r i t t e n  i n  t h e  fol lowing matrix form, 

. . . . . . . . . . . . . . . . (  A-7) k k k k-1 k Akyk+ '+B y + C  y = d  

.................................................................................. 
* 
The method of computation described i n  t h i s  Appendix is due t o  Castell i  and 

P i r v i c s  (Ref. 7 ) .  



. 
where 

Ak 

Bk 

~- 
I 
I -  

Ck 

L 

I- 

Assume that the 

k 

k $ +  g2 

f k  f k  
4 $- 2A 

. . . . . . . . (A-8) 

y-vector at station "k + 1" can be expressed by 
. . . . . . . . . . . . . . . . . . (A-9) k k  k = M y + m  k+l 

Y 

where M is an unknown matrix and m, an 

write formally 

unknown vector. From (A-9) we can 



- .  
a 

. 

N-2 MN-2 N-2 ] -' [dN-2 - AN-2 ,N-2 ] 
m N-3 = [A + B  
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.(A-18) . . . . . . . .  

c 
I 

and I 
k-1 - Mk-2 yk-2 + ,k-2 1 

Y -  

. . . . . . . . . . . . . . . . . .  (A-10) 

S u b s t i t u t e  (A-9) and (A-10) i n t o  (A-7), 

(A k k  M + Bk) yk + Ck yk-' = dk - A k k  m 

Thus 9 

(A-11) yk = [A k M k + B k - 1  ] [-Ck yk-l + (dk . A k k  m ) ]  . . . . . . . . .  
Comparing (A-11) wi th  t h e  f i r s t  equation of (A-lo), w e  f i n d  

k k k - 1  
Mk-' = [A M + B ] [-Ck 1 . . . . . . . . . . . . . . .  (A-12) 

(A-13) m k- 1 = [ A  M + B ]  k - l ( d k - A  k k  m )  . . . . . . . . . . . . . . .  
Using (A-4) 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  (A-14) yN = 

and from t h e  f i r s t  equat ion of (A-10) w e  ob ta in  

MN-l = o  . . . . . . . . . . . . . . . . . . . . . . . . . . .  (A-15) 

m . . . . . . . . . . . . . . . . . . . . . . . . . . .  (A-16) 

Now w e  can use (A-12) and (A-13) as recurrance formulas t o  obta in  

and so on. 

Having computed t h e  M ' s  and m ' s ,  w e  can c a l c u l a t e  t h e  s o l u t i o n  by marching from 

X = x Using boundary condi t ion  (A-31, 
1 



F 

G 
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. . . . . . . . . . . . . . . . . . . . . . . . .  (A-19) 

the solution is 

. . . . . . . . . . . . . . . . . . . . . . . .  (A-20) 
y1 

y2 = M y + m  

= Mo yo + mo 
1 1  1 

and so on. 

. 
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1 

I -  

APPENDIX B - DIFFERENTIAL EQUATIOiiS FOR TIME-DEPENDEKT SQUEEZE, FILMS 

I f ,  i n  a gas bear ing,  one of t h e  bearing s u r f a c e s  i s  forced t o  v i b r a t e  normal 

t o  i t se l f ,  t h e  r e s u l t i n g  o s c i l l a t o r y  "squeeze-film" a c t i o n  can support  a t i m e -  

average load. This phenomenon is  now w e l l  known, and a number of analyses  

have been published f o r  va r ious  geometrical  configurat ions.  These analyses  

have been f o r  "steady-state" squeeze f i lms  ( i n  t h e  sense of AC electrical 

terminology), t h e r e  being no long-term t r a n s i e n t  i n  a d d i t i o n  t o  t h e  imposed 

high-frequency squeezing motion. 

When long-term transients are present  i n  t h e  dynamic behavior of a squeeze- 

f i l m  bea r ing ,  t h e  b a s i c  d i f f e r e n t i a l  equat ion f o r  t h e  f i l m  is, of course,  

s t i l l  app l i cab le .  However, numerical s o l u t i o n  of t h i s  non-linear equat ion i s  

lapeded by the Eeresslty of following t h e  s u r f a c e  t r a j e c t o r i e s  i n  aetai l  

through each cyc le  of t h e  high-frequency squeeze a c t i o n .  To avoid excessive com- 

p u t e r  t i m e  consumption, i t  would b e  a e s i r a b l e  t o  develop some form of d i f f e -  

r e n t i a l  equat ions i n  terms of "smoothed" dependent v a r i a b l e s  which e x h i b i t  

only t h e  long-term t r ends .  Such a development is  proposed i n  t h i s  note .  

Basic Equations 

The p resen t  work is an extension of t h a t  of Pan (Ref. 2 ) ,  whose n o t a t i o n  w e  

adopt.  Thus t h e  b a s i c  Reynolds equation is w r i t t e n  as: 

pVp) = 0 . . . . . . . . . . . . . . . . .  ( B . l )  a t  12V 

For a p e r f e c t  gas: p = pf?T(t) . . . . . . . . . . . . . . . . . . . .  (B.2) 

(The bea r ing  temperature may depend on t i m e ,  b u t  no t  pos i t i on . )  Then. 

. . . . . . . . . . . . . . . . .  ( B . 3 )  a t  

For a i r  8 2, T 3 I 4  and, r a t h e r  t y p i c a l l y  f o r  p e r f e c t  gases ,  T I P  depends only 

weakly on temperature. Accordingly, Eq. ( B . 3 )  i s  reduced to: 

. . . . . . . . . . . . . . . . . . . .  * +  $ Vph (BT V h3 pVp (B. 4 )  a t  1211 



a 
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It is convenient t o  in t roduce  a new dependent v a r i a b l e ,  

Q :  (ph)2 . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B.5) 

and it  is e a s i l y  shown t h a t  Eq. ( B . 4 )  becomes: 
-f 

V *  (hVQ - 2QVh) . . . . . . . . . . . . .  (B.6) 
12lJ 

The f i l m  thickness  i s  hypothesized t o  have the  form: 

. . . . . . . . . . . . . . . .  h = ho (:,t) + 6h ( f , t )  cos(wt) (B. 7) 

Here h 

forced o s c i l l a t i o n s  of amplitude 6h and squeeze frequency "w" take place.  

i s  the  th ickness  corresponding t o  some long-term t r a n s i e n t  about which 
0 

The f i l m  response,  in  terms of Q ,  i s  hypothesized t o  have the  form: 

-+ -P -+ 
Q = Qo ( r , t )  + C qn (r , t)  coshwt  + $ (r5t)} . . . . . . . . . . .  (B.8) n n 

I n  t h e  las t  two equat ions,  even as w,  t h e  func t ions  ho, 6h, Qo, qn and $n are 

presumed t o  be  "smooth" i n  "t'". 

Smoothening of t h e  D i f f e r e n t i a l  Equations. 

In t h e  case of s teady-s ta te  squeeze f i l m s ,  Pan (Ref. 2 ) has shown t h a t ,  except 

n e a r  f i l m  edges,  Q is smooth i n  s p a t i a l  p o s i t i o n  "?*. It is  a n t i c i p a t e d  t h a t ,  

wi th  t h e  same except ion,  Q w i l l  a l s o  b e  smooth i n  t i m e  "t". More s p e c i f i c a l l y ,  

t h e r e  are two c h a r a c t e r i s t i c  t i m e s  assoc ia ted  wi th  t h e  f i lm:  

a) t h e  squeeze per iod ,  2n/w 

b) t h e  " f i l l i n g  t i m e " ,  12p(R/c) 

Pa 
where "c'. i s  a c h a r a c t e r i s t i c  f i l m  th ickness  and i'R" is  a c h a r a c t e r i s t i c  bear ing 

dimension. Those func t ions  whose f r a c t i o n a l  changes i n  one f i l l i n g  t i m e  are 0(1) 

are termed i'smooth" i n  t i m e .  



, -  

r 

I 

. 

A n  important consequence of t h e  assumption of smoothness f o r  "Q" i s  t h a t ,  i n  

t h e  bear ing  i n t e r i o r ,  

*) see footnote  
-+ 0,  a l l  n. qn 

To smoothen Eq. (B.6), w e  i n t e g r a t e  i t  from t - n/w t o  t + n/w and consider  

t h e  order  of magnitude of t h e  var ious  r e s u l t a n t s  when w is  very l a rge .  

The t ime-derivat ive term i n t e g r a t e s  d i r e c t l y  t o ;  

dQo(t+n/w) + C qn(t+n/w) cos {nw(t-n/o) + $,(t+n/w)) 
n * 

1 
-dQo(t-n/w) + qn(t-*/w) cos {nw(t-n/w) + $,(t-n/w)} = O(;) . . . (B.9) 

n 

Here t h e  average t i m e  d e r i v a t i v e  over one squeeze cyc le  i s  s m a l l  because of the 

near -per iodic i ty  of a l l  high-frequency components. 

N o  t i m e  de r iva t ives  are involved i n  t h e  second term V * VG, s o  t h a t  i n t e g r a t i o n  

y i e l d s  d i r e c t l y  

-+ 

. . . . . . . . . . . . . . . . . . . . . . . . . . (B.lO) -+ 1 v VO(;) 

---_-___________________________________-------------------..---._----._-_ ___-_____ 
Footnote 

T. Chiang observes t h a t  t h e  assumption of spa t ia l  smoothness p l u s  (B.8) s u f f i c e s  

t o  g i v e  temporal smoothness i n  t h e  i n t e r i o r .  Thus, assume (B.8) t o  be  v a l i d  

and s u b s t i t u t e  i n t o  (B.6). The r e s u l t i n g  equat ion is: 

-+ + -  V YQ] 
2 

1 :. qn = 0 {i} x 0 {Spa t i a l  d e r i v a t i v e s )  

But a l l  s p a t i a l  d e r i v a t i v e s  are 0 (1 ) ,  so  qn -+ 0. 



I -  
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The a c t u a l  magnitude of t h e  term depends on t h e  e f f e c t  of spa t i a l  d i f f e r e n t i a t i o n .  

On t h e  right-hand s i d e  of Eq. (B.6) w e  again conclude t h a t  a l l  i n t e g r a t i o n s  g ive  

t h e  con t r ibu t ions .  The process  is  aided by no t ing  t h a t :  

d e r i v a t i v e s  of terms of  0(-), 1 bu t  i t  i s  d e s i r a b l e  t o  a s c e r t a i n  t h e  o r i g i n s  of w 

1 
# ) f ( t )  (cos s i n  nwt}dt n u t  = O(7) . . . . . . . . . . . . . . . . .  ( B . l l )  a) 

I -  

f o r  any smooth f ( t )  

(B.12) 

s i n  w t  cos nwtdt = 0 

. . . . . . . . . . . . .  b, + 
cos kwt cos j o t d t  = IT 6 

kj 

The appropr i a t e  rhs  terms t o  retain are: 

Since,  i n  t h e  i n t e r i o r  of t h e  bear ing,  t h e  q 

i n  terms of zeroth-order funct ions.  Namely, 

-+ 0, w e  recover Eq. (B.6) expressed n 

G 1- + - VQo - 2 I n s i d e  Bearing: [> 
I% 

(B.14) 

This d i f f e r e n t i a l  equat ion i n  terms of t h e  smoothened v a r i a b l e s  Q 

a p p l i c a b l e  t o  most of t h e  bear ing su r face ,  and can, accordingly,  be  used t o  de- 

termine time-average load-carrying capaci ty .  However, t he  app l i cab le  boundary 

cond i t ions  are, as y e t ,  unknown. 

and h i s  
0 0 



Boundary Conditions f o r  Smoothen_ed Equation 

To f i n d  appropr i a t e  boundary condi t ions,  w e  recal l  t h a t  Pan (Ref.:! ) has shown 

t h a t  a l l  inflow and outflow during a cycle  a t  high squeeze frequency is  con- 

f i n e d  t o  a very narrow edge s t r i p  o f  width O(l/&). (See. Fig. B . l ) .  On t h e  

o u t e r  edge of  t h i s  s t r i p  (minus s i d e )  

pa = constant  

Pa 5 P a / W t )  

h = ho + bh coswt 

. . . . . . . . . . . . . . . . . . . .  (B.15) 

edge region of 
r a p i a  t r a n s i t i o n  
qn 9 0 

Fig. R . l  P lan V i e w  o 

p l u s  s i d e  of s w 

P = pa/RT(t) 

t r i p  

of s t r i p  

Squeeze-Film Bearing of Arb i t r a ry  Shape 

Q = (pah)2 = 2[ho2+ 2hobh coswt + cos2wt] 
pa 

+ 2hobh coswt + . . (2 . . . . . .  (B.16) 

Theref o r e  
J } 

= 2h bh pa2 ; COS@ = 1.0 
1 q1 0 

. . . . . . . . . . . . . . .  (B.17) 
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' -  
On t h e  inne r  edge of t h e  s t r i p  ( p l u s  s i d e ) ,  a l l  e, vanish.  It is  clear then,  

t h a t  

= O ( G )  . . . . . . . . . . . . . . . . . . . . . .  (B. 18) a 
an q l  
- 

s i n c e  Aq ac ross  t h i s  s t r i p  i s  0 (1 ) ,  and t h e  s t r i p  width is  O ( l / G ) .  I -  1 

- 

To proceed f u r t h e r ,  consider  t h e  f u l l  time-averaged equat ion c o n s i s t i n g  of t h e  

averaged t ime-derivat ive (B.9), t h e  averaged convective term (B.lO) and t h e  

averaged divergence term (B.13) .  

Take a pi l l -box w i t h i n  t h e  edge region, as shown i n  Fig.  B . l .  L e t  i t s  bottom 

border  t h e  bea r ing  i n t e r i o r ,  and l e t  i t s  top l i e  somewhere towards t h e  t r u e  

bea r ing  edge. I n t e g r a t e  t h e  t o t a l  DE over  t h e  pi l l -box volume, which is  

O( l/J;S>. The r e s u l t s  obtained are shown below. 

o( t) 
(B.13) 

+ - -  
0 a dh 

ah- 
-h- - + 24, an 

ah 
-24, - - 9 cos@l an 

an 1 

aQ, - 0  
o an . . . .  (B.19) 

Now t h e  func t ions  h and 6h a r e  s p a t i a l l y  smooth everywhere, and t h e  d e r i v a t i v e  

of Qo is  c e r t a i n l y  s m a l l  boraer ing t h e  bear ing i n t e r l o r .  Hence. 
0 

% 
-(qlcos$l) = 0 . . . . . . . . . . . . . . . .  (B.20) aQo ah a 

o an 2 an h - + -  
al though,  i n d i v i d u a l l y ,  t h e  terms may be l a r g e .  A second i n t e g r a t i o n  ac ross  

t h e  entire edge s t r i p  gives  ( t r e a t i n g  h and 6h as cons t an t ) :  
0 

+ . . . . . . . . . . . . . . . . .  (B.  21) + 6h q+ cos@ = ho Qo 
ho Qo + 2 1 1 

Reference t o  Eq. (B.17) now shows t h a t :  
- 

Qo = pa2hO2 + 3 (el2] . . . . . . . . . . . . . . . . . . . . .  (B.22) 
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A t  a given t i m e  a l l  q u a n t i t i e s  on t h e  r i g L t  'nand s i d e  of  Eq. (B.22) are known 

and i t  s u p p l i e s  t h e  boundary condi t ion f o r  DE (B. 

Incorporat ion of Bearing Dynamics 

The average local pres su re  during a squeeze cycle  

Exclusive of t h e  edge region: 

Q = Q o ( t )  . . . . . . . . . . . . . . .  

14). 

i s  given by: 

. . . . . . . . . . . .  (B.23) 

. . . . . . . . . . . .  (B.24) 

But asymptot ical ly  i n  '*u", T ,  Qo, ho, 6h can be t r e a t e d  as cons t an t  during 

one squeeze cycle  
I 

. . . . . . . . . . . . . . . . . .  (B.25) p, 2:: , 
O r  : 

po =fRT JQO . . . . . . . . . . . . . . . . . . . . . .  (B.26) 
h 2-(Sh)2 
0 

I n  t h i s  last  expression,  T ,  Q o 9  ho,  6h,  can be regarded as time-dependent d e s p i t e  

t h e  f a c t  t h a t  they w e r e  t r e a t e d  as constants  during one pe r iod  of t h e  squeeze 

cycle .  

It is now e n t i r e l y  p o s s i b l e  t o  i n v e s t i g a t e  some cases of bea r ing  dynamics. For 

example, consider  t h e  squeeze-film suspension of a m a s s ,  M y  as shown i n  Fig. 4.1. 

L e t  t h e  instantaneous e l e v a t i o n  of t h e  v i b r a t i n g  p l a t e  be: 

. . . . . . . . . . . . . . . . . . . . . . . . .  = -6h coswt (B.27) 
y, 

and t h e  instantaneous e l e v a t i o n  of t h e  lower s u r f a c e  of m a s s  M be:  

. . . . . . . . . . . . . . . . . . . . . . . . .  (B. 28) Y 2  (t) 
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uspended m a s s  

v i b r a t i n g  p l a t e  1 
Fig. B . 2  - Llementary Dynamical Problem wi th  Squeeze Film 

Then n = y ( t )  + 6h coswt . . . . . . . . . . . . . . . . . . . . . ( B . 2 9 )  

o r :  h o ( t )  = y 2 ( t )  . . . . . . . . . . . . . . . . . . . . . . . . . ( B . 3 0 )  
2 

L e t  t h e  f i l m  temperature be constant .  Then: 

1 PZT &j- 1 
- MG . . . . . . . . . . . . .  (B. 31) - 0 0 

d2h 

d t L  
M-- = A  

P a  ; 
J 1 h 2- (6h)2 

0 

where "A" is t h e  bear ing f a c e  area. I n i t i a l  condi t ions  f o r  ho and dh / d t  m u s t  be  

given. 
0 

The accompanying DE f o r  Qo is  obtained from (B.14). Thus: 

V2Qo . . . . . . . . . . . . . . . . . . .  (B. 32) - - = -  1 aQO (RThO 

12lJ 

wi th  t h e  boundary condi t ion  from ( B . 2 2 )  

, P  . . . . . . . . . . . . . . . . . . . . (B.33)  

Some i n i t i a l  d i s t r i b u t i o n  of 

The mathematical problem f o r  following t h e  m a s s  motion and average f i l m  h i s t o r y  

is  then  completely posed. 

throughout t h e  bear ing  f i l m  must a l s o  be  given. 



. 
Nomenclature f o r  Appendix B 

r 

A 

C 

h 

h 

6h 

M 

P 

Q 

0 

Q 0 9  qn 
r 

R 

@ 
t 

T 

Y 1 '  y2 

'n 

P 

w 

bearing f a c e  area 

c h a r a c t e r i s t i c  f i l m  thickness  

f i l m  thickness  

long-term t r a n s i e n t  f i l m  thickness  

amplitude of squeeze motion 

bear ing  mass 

pres su re  

(Ph) 

def ined i n  Eq. (B.8)  

space coordinate  

c h a r a c t e r i s t i c  bear ing dimension 

gas constant  

t i m e  

temperature 

displacements ( see  Fig.  B.2)  

dens i ty  

phase angle  def ined  i n  Eq. (B.8) 
squeeze frequency ( i n  t h i s  appendix) 

e 
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NOMENCLATURE 

C 

D 

f l ,  f 2 ,  f 3  

fx, f y  

Fx’ Fy 

m 

m 

M 
0 

MO 

Pa 

P 

P 

R 

R e  { 1 
t 

tr’ tz  
T 
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bearing clearance 

bearing diameter 

def ined i n  Eq. (2.39) 

def ined i n  Eq. (5.9) 

components of dynamic bear ing f o r c e s  i n  a plane per- 

pendicular  t o  t h e  z-axis 

a x i a l  dynamic bear ing f o r c e  

def ined i n  Eq. (2.21) 

def ined i n  Eq. (2.21) 

def ined i n  Eq. (2.23) 

normalized f i l m  thickness  

def ined i n  Eq. (2.9) 

J-1 
defined i n  Eq. (3.16) and (3.17) 

dimensionless mass def ined i n  (5.2) 

c r i t i ca l  dimensionless mass 

j o u r n a l  m a s s  

c r i t i ca l  j o u r n a l  m a s s  

p r e s  s u r  e 

ambient p re s su re  

PIP, 
bear ing r ad ius  

real p a r t  of { 1 
time 

r e f e r e n c e  t i m e s  

v t  

def ined i n  Eq. (2.20a) 

real and imaginary p a r t s  of g j=1,2,  . . 5 

a x i a l  dynamic s t i f f n e s s  anci damping 
j ’  



x,  Y 
z 

zxx 
Z 
Z 

XY 

YX 
Z 

YY 

T 

Y 

YO3 

coordinates  i n  Fig. 2 

coordinate  i n  t h e  a x i a l  d i r e c t i o n  
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Fig. 1 Spherical Squeeze-Film Bearing 
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