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ABSTRACT 

Measurements of the very l o w  f requency impedance o f  t h e  shea th  

which surrounds a probe i n  the  ionosphere can provide  in s t an taneous  and 

cont inuous informat ion  on t h e  e l e c t r o n  d e n s i t y  and tempera ture .  

I 

A s i m p l i f i e d  theory  of the  shea th  was developed and i ts  v a l i d i t y  

was checked i n  t h e  l a b o r a t o r y .  Var i a t ions  of t h e  s h e a t h  impedance wi th  

frequency,  e l e c t r o n  d e n s i t y  and probe p o t e n t i a l  a r e  p re sen ted .  

The ac  impedance of a d ipo le  was measured i n  t h e  ionosphere.  

The i n t e r p r e t a t i o n  o f  t h e  da t a  i s  complicated by t h e  e f f e c t  of t h e  

e a r t h ' s  magnetic f i e l d  and the wake of t h e  r o c k e t ,  bu t  t h e  t h e o r e t i c a l  

t rea tment  i s  shown t o  apply with reasonable  accuracy a t  low frequency.  

W e  conclude wi th  a d i scuss ion  of t h e  u t i l i t y  of impedance 

measurements i n  t h e  ionosphere a s  a d i a g n o s t i c  technique .  
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I. INTRODUCTION 

The de te rmina t ion  of t h e  parameters  of t h e  i o n i z e d  g a s  which l ies  

i n  t h e  upper  atmosphere i s  impor tan t  f o r  many r easons .  Fo r  example, 

t h i s  n a t u r a l  plasma profoundly a f f e c t s  t h e  propagat ion  of r a d i o  waves 

o v e r  a wide range of f r equenc ie s .  A l s o  it  p l a y s  an impor tan t  role i n  

v a r i o u s  n a t u r a l  phenomena such as  ve ry  l o w  frequency emiss ions ,  t h e  

au ro rae  and magnetic storms. 

The most impor tan t  of t h e s e  p a r a m e t e r s , \ t h e  e l e c t r o n  d e n s i t y ,  was 

first measured by i t s  e f f e c t  upon t h e  propaga2ion of an  e l ec t romagne t i c  

wave. The v e r t i c a l  sounding method, desc r ibed  by B r e i t  and Tuve, 

measures t h e  t i m e  r equ i r ed  by a s h o r t  e l ec t romagne t i c  s i g n a l ,  t r a n s m i t t e d  

from t h e  ground, t o  come back a f t e r  be ing  r e f l e c t e d  by t h e  ionosphere .  

The e l e c t r o n  d e n s i t y  can be p l o t t e d  a g a i n s t  t h e  a l t i t u d e  by va ry ing  t h e  

frequency of t h e  c a r r i e r ,  b u t  t h i s  method does n o t  a l low one t o  r eco rd  

t h e  e l e c t r o n  d e n s i t y  p r o f i l e  a t  an a l t i t u d e  h i g h e r  than  t h e  p o i n t  of 

maximum e l e c t r o n  concen t r a t ion .  

1 

2 
Propagat ion  measurements w i th  r o c k e t s  w e r e  i n i t i a t e d  by Seddon. 

I n  t h e s e  exper iments  one o b t a i n s  t h e  e l e c t r o n  d e n s i t y  from t h e  frequency 

s h i f t  of a wave which h a s  t r a v e l e d  from t h e  r o c k e t  t o  t h e  ground. 

The phenomenon of Faraday r o t a t i o n  can a l s o  be u t i l i z e d  i n  t h e  

de t e rmina t ion  of i onosphe r i c  parameters.  O n e  measures t h e  r o t a t i o n  of 

t h e  p o l a r i z a t i o n  p l ane  of a t r a n s v e r s e  l i n e a r l y  p o l a r i z e d  wave propa- 

g a t i n g  i n  a magnetoplasma. This  technique  and a l l  p ropaga t ion  e x p e r i -  

ments i n  g e n e r a l  y i e l d  a measure of t h e  e l e c t r o n  d e n s i t y  i n t e g r a t e d  

ove r  t h e  pa th  of t h e  wave and tend  t o  smooth away t h e  i r r e g u l a r i t i e s  of 

t h e  e l e c t r o n  d e n s i t y  p r o f i l e  of sma l l  s ize wi th  r e s p e c t  t o  t h e  wavelength. 

I n  o r d e r  t o  g e t  b e t t e r  r e s o l u t i o n  i n  a l t i t u d e  i t  seems advantageous 

t o  use  a probe c a r r i e d  by a rocke t  o r  a s a t e l l i t e  and t o  measure t h e  

c h a r a c t e r i s t i c s  of t h e  probe which a r e  f u n c t i o n s  of t h e  l o c a l  parameters  

of t h e  plasma. 

Following t h i s  l i n e  one may apply t o  t h e  ionosphere  t h e  method 

des igned  f o r  t h e  l a b o r a t o r y  by Langmuir and Rlott-Smith. Assuming t h a t  

t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  i s  Maxwellian, one can 

3 
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determine t h e  e l e c t r o n  d e n s i t y  and temperature  by p l o t t i n g  t h e  dc 

volt-ampere c h a r a c t e r i s t i c  of t h e  probe.  P r e d i c t i o n s  f o r  t h e  dc char -  

a c t e r i s t i c  of an ionospher ic  dumbbell probe were made by Hoegy and 

Brace.  The Langmuir technique  r e q u i r e s  t h e  l o c a t i o n  of  t h e  space PO- 

t e n t i a l  on t h e  probe c h a r a c t e r i s t i c .  T h i s  o p e r a t i o n  i s  d e l i c a t e  i n  

t h e  l a b o r a t o r y  and can be hazardous i n  t h e  more complicated c o n d i t i o n s  

of t h e  ionosphere.  A more s o p h i s t i c a t e d  d e v i c e ,  t h e  p u l s e  p r o b e ,  was 

proposed by B e t t i n g e r ; 5  t h i s  method does n o t  assume a Max- 

w e l l i a n  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  e l e c t r o n  v e l o c i t y ,  b u t  i s  more 

complicated exper imenta l ly .  Schemat ica l ly  t h e  p u l s e  probe c o n s i s t s  

of an i n n e r  c o l l e c t o r  h e l d  a t  a f i x e d  p o t e n t i a l  and surrounded by a 

screen  cage .  A l l  e l e c t r o n s  i n  t h e  i n t e r i o r  of t h e  cage a r e  d r i v e n  t o  

t h e  c o l l e c t o r  when a n e g a t i v e  p u l s e  i s  a p p l i e d  t o  t h e  cage .  Knowledge 

of t h e  c o l l e c t e d  c u r r e n t ,  t h e  cage volume and t h e  p u l s e  r e p e t i t i o n  

frequency y i e l d s  t h e  e l e c t r o n  d e n s i t y  a t  t h e  probe s u r f a c e .  

4 

a p r i o r i  

6 
Takayama, 'Ikegami and Miyasaki made an o r i g i n a l  approach t o  t h i s  

problem wi th  t h e  resonance probe.  They showed t h a t ,  i f  a c o n s t a n t  

p o t e n t i a l  i n  series wi th  an rf s i g n a l  i s  a p p l i e d  t o  a probe ,  one 

could determine t h e  e l e c t r o n  temperature  and t h e  plasma frequency by 

r e c o r d i r g  t h e  de c u r r e n t  f lowing  t o  t h e  probe a s  a f u n c t i o n  of  t h e  

frequency of t h e  a l t e r n a t i n g  s i g n a l .  I t  was shown by Harp and Craw- 

f o r d  and F e j e r 8  t h a t  t h e  resonance does n o t  o c c u r  e x a c t l y  a t  t h e  

plasma frequency,  bu t  provided t h e  form of  t h e  e x p r e s s i o n  f o r  resonance 

i s  known, t h i s  probe can provide  a u s e f u l  d i a g n o s t i c  technique  wi thout  

much complicat ion.  

7 

A d i f f e r e n t  method c o n s i s t s  of measuring t h e  impedance between two 

probes or between one probe and t h e  body of t h e  r o c k e t  or s a t e l l i t e ,  a s  

shown on F i g .  1. According t o  t h e  geometry of t h e  system and t h e  

working frequency,  t h i s  technique can be d i v i d e d  roughly i n t o  two 

c l a s s e s .  With the  f i r s t  k i n d ,  which w e  w i l l  c a l l  "plasma impedance 

probe ,"  one determines t h e  l o c a l  p e r m i t t i v i t y  of t h e  ionosphere  by 

measuring t h e  impedance of  t h e  system w i t h  t h e  plasma a s  a d i e l e c t r i c .  

The p e r t u r b a t i o n  due t o  t h e  p o s i t i v e  s h e a t h  which surrounds t h e  elec- 

t r o d e s  and t h e  e f f e c t s  of t h e  plasma temperature  a r e  n e g l e c t e d .  D e t a i l e d  

. 

9 .  
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FIG. 1. A SKETCH OF THE IMPEDAIVCE 
PROBE AX3 THE EQUIVALENT CIRCUIT 
SHOWING THE CONIFQh'EXI'S OF THE 
IMPEDAXE . 

SHEATH IMPEDANCE SHEATH IMPEDANCE 
DUE TO PROBE I DUE TO PROBE2 

IMPEDANCE 

t r e a t m e n t s  of t h e  impedance of a d i p o l e  i n  a magnetoplasma w e r e  made by 

Balmain' and B l a i r .  lo 

Jackson and Whale and Crouse. T h i s  method y i e l d s  t h e  e l e c t r o n  

Ionospher ic  exper iments  w e r e  r e a l i z e d  by Kane, 
11 1 2  

I 
d e n s i t y  and ,  p o s s i b i y ,  t h e  c o i i i s i o n  f requency .  

The second k ind  of technique i s  g e n e r a l l y  used a t  much lower f r e -  

quency. W e  w i l l  c a l l  i t  "shea th  impedance probe" because i t  i s  then  

p o s s i b l e  t o  make t h e  oppos i t e  approximation; t h e  impedance of t h e  system i 
I i s  due mainly t o  t h e  i o n  shea th  and t h e  e f f e c t  of t h e  plasma i s  n e g l e c t e d .  

Mlodnosky and G a r r i o t t 1 3  suggested t h a t  t h i s  technique  could  y i e l d  t h e  

e l e c t r o n  d e n s i t y ,  t h e  e l e c t r o n  tempera ture  and t h e  space  p o t e n t i a l .  

They p r e d i c t e d  t h e  va lue  of the  admi t tance  of t h e  p o s i t i v e l y  charged 

s h e a t h  which forms around t h e  probe .  The s h e a t h  inc remen ta l  conductance 

i s  t h e  s lope  of t h e  dc  volt-ampere c h a r a c t e r i s t i c .  They computed t h e  

capac i t ance  of t h e  p robe ,  assuming t h a t  t h e  s h e a t h  was sha rp ly  bounded 

and empty of e l e c t r o n s .  T h i s  model was modified by Grard who, app ly ing  

Bnlt7mann's l a w  to t h e  e l e c t r o n  d e n s i t y  i n  t h e  shea th .  de r ived  t h e  shea th  

capac i t ance  from P o i s s o n ' s  equa t ion .  S i m i l a r  m o d i f i c a t i o n s  and a 

14 

c 
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d i s c u s s i o n  of the l i m i t a t i o n s  of  t h i s  method w e r e  made by Crawford and 

Mlodnosky. 
15 

Compared t o  t h e  propagat ion  methods,  t h e  probe techniques  o f f e r  

h igh  s p a t i a l  r e s o l u t i o n ,  a l though t h e i r  r e s o l v i n g  power i s  n o t  l i m i t e d  

by t h e i r  s i ze ,  bu t  by t h e  d i s t a n c e  t r a v e l e d  by t h e  c a r r y i n g  v e h i c l e ,  

rocke t  or s a t e l l i t e ,  du r ing  t h e  t i m e  r e q u i r e d  t o  make one measurement. 

The common inconveniences of t h e  probes  a r e  due mainly t o  t h e  f a c t  t h a t  

t hey  p e r t u r b  the medium i n  which they a r e  moving. The t r a i l  l e f t  behind 

a s a t e l l i t e  was s t u d i e d  by Ja s t row and P e a r s e ,  and A l ' p e r t ,  Gurevich 

and P i t a e ~ s k i Y , ~ ~  who showed t h a t  t h e  wake i s  impor tan t  when the v e l o c i t y  

of t h e  body i s  l a r g e r  than  t h e  thermal  v e l o c i t y  of t h e  p a r t i c l e s .  

Photoemission i s  ano the r  source  of error, and t h e  p re sence  o f  t h e  e a r t h ' s  

magnetic f i e l d  compl ica tes  t h e  computation of t h e  plasma impedance and 

p e r t u r b s  t h e  motion of  t h e  p a r t i c l e s  i n  t h e  s h e a t h .  

16 

The p resen t  work d e a l s  mainly w i t h  t h e  s h e a t h  impedance p robe ;  

t h a t  i s ,  t h e  impedance probe i n  t h e  very l o w  f requency  approximation,  

where t h e  i o n  shea th  i s  r e s p o n s i b l e  f o r  t he  impedance of t h e  probe .  

The s tudy  which i s  p resen ted  i n  t h e  fo l lowing  c h a p t e r s  has  been 

motivated by several r easons .  F i r s t ,  t h e r e  i s  a need f o r  new ionosphe r i c  

d i a g n o s t i c  methods which can match t h e  p r e s e n t  requi rements  of space 

r e s e a r c h .  

e l e c t r o n  temperature  and d e n s i t y  could  be determined from t h e  measure- 

ments of t h e  shea th  impedance, bu t  i t  was necessa ry  t o  improve t h e i r  

t h e o r e t i c a l  model and t e s t  i t s  v a l i d i t y ;  i t  was impor tan t  t o  show t h e  

advantages of  t h i s  method b u t  a l s o  t o  p o i n t  o u t  i t s  f a u l t s  and l i m i t a -  

t i o n s .  Secondly,  t h e r e  were a v a i l a b l e  a set of  un ique  v l f  impedance 

probe measurements made i n  t h e  ionosphere  by Orsak,  Rorden, Ca rpen te r ,  

and F i c k l i n ,  but i t  was necessary  t o  improve o u r  unders tanding  of 

t h e  shea th  phenomenon be fo re  g i v i n g  an i n t e r p r e t a t i o n  of t hese  d a t a .  

F i n a l l y ,  independent of t h e  a p p l i c a t i o n s  of the s h e a t h  p r o p e r t i e s  a s  

a d i a g n o s t i c  method, an  improvement of t h e  s h e a t h  theory  was very  

impor tan t  f o r  t h e  a c c u r a t e  de t e rmina t ion  of t h e  impedance of any antenna 

i n  a plasma. E f f e c t i v e l y ,  t h e  d e p l e t i o n  of e l e c t r o n s  i n  t h e  v i c i n i t y  

of an  antenna changes i t s  impedance and may p e r t u r b  i t s  r e c e i v i n g  and 

t r a n s m i t t i n g  c h a r a c t e r i s t i c s .  

I t  had been suggested by Mlodnosky and G a r r i o t t 1 3  t h a t  t h e  

18 
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This  r e p o r t  i s  d iv ided  i n t o  t h r e e  c h a p t e r s .  I n  Chapter I1 w e  

p r e s e n t  a s i m p l i f i e d  theory  of t h e  shea th .  F i r s t ,  w e  review b r i e f l y  

Bohm' sl' t heo ry  about t h e  de t e rmina t ion  of t h e  f l o a t i n g  p o t e n t i a l ,  

because w e  w i l l  use  i t  l a t e r  on f o r  numerical  comparison. Then w e  

p r e s e n t  t h e  model given by Mlodnosky and G a r r i o t t 1 3  f o r  t h e  conductance 

of t h e  s h e a t h ,  which i s  f a i r l y  s a t i s f a c t o r y .  F i n a l l y ,  w e  p r e s e n t  

s e v e r a l  models for  t h e  s h e a t h  capac i t ance  which a r e  a l l  o r i g i n a l  bu t  

one ,  borrowed from B u t l e r  and Kino. 2o 

two c l a s s i f i c a t i o n s .  I n  t h e  f i r s t  group, w e  do n o t  t a k e  i n t o  cons ide ra -  

t i o n  t h e  a c  motion of t h e  ions  and t h e  t r ea tmen t  i s  v a l i d  a t  r e l a t i v e l y  

h i g h  frequency where t h e  i o n s  cannot fo l low t h e  v a r i a t i o n s  of  t h e  a c  

e l e c t r i c  f i e l d  a p p l i e d  t o  t h e  probe .  With one model, w e  cons ide r  a 

smooth v a r i a t i o n  of t h e  e l e c t r o n  d e n s i t y  from t h e  shea th  t o  t h e  undis -  

t u rbed  plasma, r a t h e r  t han  a s t e p  t r a n s i t i o n .  I n  t h e  two o t h e r  models 

we t a k e  i n t o  c o n s i d e r a t i o n  t h e  r a r e f a c t i o n  of t h e  i o n  d e n s i t y  due to  

i o n  a c c e l e r a t i o n  by t h e  dc e lectr ic  f i e l d  of t h e  s h e a t h .  It i s  

i n t e r e s t i n g  t o  n o t e  t h a t  a l l  the preceding  models g ive  very s i m i l a r  

r e s u l t s  i n  s p i t e  of t h e  d i f f e r e n c e s  between t h e  i n i t i a l  assumptions.  

I n  t h e  second c l a s s  o f  models,  t h e  v a r i a t i o n  of t h e  i o n  d e n s i t y  w i t h  

t h e  ac  a p p l i e d  electric f i e l d  i s  a l s o  taken i n t o  account .  T h i s  

r e p r e s e n t a t i o n  which is y ~ l i e  ir, thf: 1 n ~ a ~  +V..b* f-nn..r.---- A r . - y i u \ - ~ ~ ~ . y  ---- sauge, i s  fouiid 

t o  g ive  answers d i f f e r i n g  from those  found from t h e  t h r e e  f i r s t  models. 

The models cons ide red  f a l l  i n t o  

I n  o r d e r  t o  check t h e  v a l i d i t y  and t h e  range of a p p l i c a b i l i t y  of 

t h e  formulas  de r ived  i n  Chapter I1 under known and c o n t r o l l a b l e  condi- 

t i o n s ,  a l a b o r a t o r y  experiment was set up t o  measure t h e  s h e a t h  admit- 

t a n c e .  A s p e c i a l  t ube  was designed f o r  t h i s  purpose and f o r  t h e  f i r s t  

t i m e  w e  made a c  measurements of t h e  s h e a t h  impedance and i n t e r p r e t e d  

them. Typ ica l  r e s u l t s  of t h i s  exper imenta t ion  are shown i n  Chapter 111. 

W e  p r e s e n t  unique d a t a  on t h e  v a r i a t i o n s  of t h e  s h e a t h  admi t tance  wi th  

f requency ,  e l e c t r o n  d e n s i t y  and probe p o t e n t i a l .  These l a b o r a t o r y  

measurements a r e  impor tan t  because they a r e  t h e  only  r e l i a b l e  tests of 

t h e  v a l i d i t y  of t h e  t h e o r e t i c a l  t r ea tmen t  of t h e  s h e a t h ;  fu r the rmore ,  

they  sugges t  d i a g n o s t i c  methods i n  t h e  l a b o r a t o r y  which have never  been 

used  b e f o r e .  The l a b o r a t o r y  r e s u l t s  a r e  e x t r e m e l y  v a l u a b l e  n o t  only 
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f o r  t h e  i n t e r p r e t a t i o n  of t h e  ionosphe r i c  d a t a  b u t  a l s o  f o r  t h e  des ign  

of a new space experiment .  

Chapter  I V  d e a l s  w i t h  t h e  i n t e r p r e t a t i o n  of i onosphe r i c  v l f  imped- 
18 ance probe measurements made by Orsak e t  a l .  The a c  impedance of a 

d i p o l e  was measured i n  t h e  ionosphere  a t  f r e q u e n c i e s  of 1 .54  kc /s  and 

1 2 0  k c j s .  

s h e a t h ,  because i t  may be  shown t h a t  t h e  impedance o f  t h e  plasma i s  

n e g l i g i b l e  a t  t h a t  f requency .  

The 1 . 5 4  kc / s  d a t a  a r e  cons idered  r e p r e s e n t a t i v e  of t h e  

The 120 kc/s  r e s u l t s  a r e  n o t  cons idered  t o  c h a r a c t e r i z e  t h e  s h e a t h ,  

because t h e  plasma beyond t h e  s h e a t h  i s  be l i eved  t o  modify t h e  measured 

impedance. I t  was no t  p o s s i b l e  t o  t ake  i t s  e f f e c t  i n t o  c o n s i d e r a t i o n ,  

however, because P o i s s o n ' s  equa t ion  i s  hype rbo l i c  a t  t h a t  f requency i n  

t h e  c o n d i t i o n s  of t h e  rocke t  f l i g h t .  N o  r e l i a b l e  theo ry  a l lows  u s  t o  

compute a t  p re sen t  t h e  impedance of an antenna i n  a uniform magneto- 

plasma under  hyperbol ic  c o n d i t i o n s ,  and w e  p o i n t  o u t  t h a t  t h e r e  i s  a 

need f o r  more exper imenta l  d a t a  i n  t h i s  f i e l d .  W e  sugges t  t h a t  compli-  

c a t i o n s  may a r i s e  a t  low frequency i n  t h e  computat ion of t h e  impedance 

of a d i p o l e  when t h e  d i s t a n c e  t r a v e l e d  by t h e  p a r t i c l e s  du r ing  one 

pe r iod  of t h e  app l i ed  e l e c t r i c  f i e l d  becomes comparable t o  t h e  s i z e  of 

t h e  an tenna .  

c o l d  plasma theory  was no longe r  v a l i d .  W e  suppor t  t h i s  s ta tement  by 

computing t h i s  temperature  e f f e c t  on t h e  capac i t ance  of a p l a n a r  

condenser  f o r  t w o  d i f f e r e n t  k inds  of v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n .  

The e f f e c t  o f  a magnet ic  f i e l d  i s  also cons ide red .  T h i s  s tudy  warns 

u s  t h a t  t h e  cold plasma approximation can be mis l ead ing  a t  low 

f r e q u e n c i e s .  

Kaiser2' had a l s o  suggested t h a t ,  i n  such c o n d i t i o n s ,  t h e  

F i n a l l y ,  i n  our  conc lus ions ,  w e  d i s c u s s  t h e  u t i l i t y  of t h e  v l f  

impedance probe i n  t h e  ionosphere .  We p r e s e n t  t h e  p o s s i b i l i t i e s  and 

l i m i t a t i o n s  of t h i s  technique  and w e  use  the  expe r i ence  ga ined  through 

l a b o r a t o r y  measurements and i n t e r p r e t a t i o n  of  i onosphe r i c  d a t a  t o  show 

how t h i s  probe can be improved and how w e  can i n c r e a s e  ou r  knowledge 

of t he  s h e a t h .  
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11. THEORY OF THE L Z F  ADMITTASCE PROBE 

A .  FORMATIOS AXD DESCRIPTIO1 OF THE POSITIVE SHEATH 

In  a plasma t h e  e l e c t r o n  v e l o c i t y  i s  g e n e r a l l y  much h i g h e r  than  t h e  

4 ,-._ v e l o c i t y .  If t h e  d i f f e r e n t  s p e c i e s  of p a r t i c l e s  a r e  i n  thermal 

e q u i l i b r i u m ,  t h e  v e l o c i t y  of a g iven  p a r t i c l e  i s  i n v e r s e l y  p r o p o r t i o n a l  

t o  t h e  square  root of i t s  mass. For example, t h e  r a t i o  of t h e  e l e c t r o n  

thermal v e l o c i t y  over  t h e  i o n  thermal v e l o c i t y  e q u a l s  43 f o r  a plasma 

made of i o n i z e d  atomic hydrogen. 

Consequently,  when an uncharged probe i s  immersed i n  a plasma, i t  

c o l l e c t s  more e l e c t r o n s  than  i o n s  du r ing  a t r a n s i e n t  p e r i o d  and becomes 

more and more n e g a t i v e l y  charged up t o  t h e  p o i n t  where i t s  p o t e n t i a l  

w i th  r e s p e c t  t o  t h e  n e u t r a l  plasma i s  s u f f i c i e n t l y  nega t ive  t o  l i m i t  

t h e  flow of e l e c t r o n s .  An equ i l ib r ium regime i s  reached when t h e  f low 

of e l e c t r o n s  e q u a l s  t h e  flow of i o n s .  

Only t h o s e  e l e c t r o n s  which have a v e l o c i t y  component normal t o  t h e  

s u r f a c e  of t h e  probe h igh  enough t o  overcome t h e  n e g a t i v e  p o t e n t i a l  can 

be c o l l e c t e d .  The o t h e r s  a r e  r e f l e c t e d  a t  a d i s t a n c e  from t h e  probe 

which depends on t h e i r  normal v e l o c i t y .  

The re fo re  t h e r e  i s  a r e l a t i v e l y  low d e n s i t y  of e l e c t r o n s  i n  t h e  

immediate v i c i n i t y  of t h e  probe. This  r eg ion  i s  p o s i t i v e l y  charged ana 

i s  c a l l e d  t h e  s h e a t h .  The charge of t h e  s h e a t h  i s  e q u a l  i n  magnitude 

and o p p o s i t e  i n  s i g n  t o  t h e  charge c a r r i e d  by t h e  p robe ,  s i n c e  t h e  

medium must remain n e u t r a l  from a macroscopic p o i n t  of view. 

B .  TIIE FLOATISG POTESTIAL OF THE PROBE 

The n e g a t i v e  e q u i l i b r i u m  of t h e  probe ,  or f l o a t i n g  p o t e n t i a l ,  h a s  

been computed by Bohm e t  a l l 9  f o r  a p l a n a r  geometry, and w e  s h a l l  review 

b r i e f l y  h i s  t heo ry .  L e t  u s  assume t h a t  t h e  s i n g l y  charged  i o n s  a r r i v e  

a t  t h e  s h e a t h  edge wi th  a v e l o c i t y  p e r p e n d i c u l a r  t o  t h e  probe s u r f a c e  

and an energy which, measured i n  e l e c t r o n  v o l t s ,  e q u a l s  

a r e  a c c e l e r a t e d  i n  t h e  shea th  and ,  from t h e  c o n t i n u i t y  e q u a t i o n  and 

energy c o n s e r v a t i o n ,  w e  f i n d  t h a t  t h e i r  d e n s i t y  i s  g iven  by 

e V i .  The i o n s  

V 
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where n i s  t h e  i o n  or e l e c t r o n  d e n s i t y  i n  t h e  unper turbed  plasma and 

V i s  t h e  p o t e n t i a l  i n  t h e  s h e a t h  wi th  r e s p e c t  t o  t h e  n e u t r a l  plasma. 

Assume t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  t o  be Maxwellian,  i . e . ,  g iven  

by 

where v i s  the thermal  v e l o c i t y  of t h e  p a r t i c l e s ,  and v i s  t h e  

component of t h e  e l e c t r o n  v e l o c i t y  normal t o  t h e  probe .  I f  t h e  probe 

i s  a p e r f e c t  r e f l e c t o r ,  we can apply Boltzmann's law t o  t h e  e l e c t r o n  

d e n s i t y  i n  t h e  sheath and w r i t e  

0 

V 
n = n e x p - ,  

'e e 

l m  2 t h e  e l e c t r o n  p o t e n t i a l ,  e q u a l s  - - V m and e be ing  
'e 7 2 e 0 '  

where 

r e s p e c t i v e l y  t h e  mass and charge of an e l e c t r o n .  

However, a m e t a l l i c  probe should i n s t e a d  be  cons idered  a s  be ing  a 

The e l e c t r o n s  which have a normal v e l o c i t y  i n  t h e  p e r f e c t  c o l l e c t o r .  

s h e a t h  such t h a t  

1 2  
2 0 
- mv > el'-' ) , 

V being  t h e  p o t e n t i a l  of t h e  probe wi th  r e s p e c t  t o  t h e  n e u t r a l  plasma, 
0 

r e a c h  t h e  probe.  Therefore  they  a r e  c o l l e c t e d  and a r e  miss ing  from t h e  

v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n ,  a s  shown on F i g .  2 .  The e l e c t r o n  d e n s i t y  

becomes 
r 
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FIG. 2.  EISCTRON VELOCITY DISTRI- 
BUTiOX i N  THE SHEATH. 

n 
n - -  
e - 2  

The magnitude of t h e  e r r o r  made i n  t h e  de t e rmina t ion  of t h e  e l e c t r o n  

d e n s i t y  by Eq. ( 2 )  i s  maximum a t  t h e  s u r f a c e  of t h e  probe ,  b u t ,  when 

IV I > 2.3  Ve, 

d e n s i t y .  I t  i s  then  a good approximation t o  u s e  Boltzmann's law when 

t h e  p o t e n t i a l  of t h e  probe i s  very  n e g a t i v e .  

i t  never  exceeds 5 p e r c e n t  of t h e  unper turbed  e l e c t r o n  
0 

Fur thermore ,  u se  of Eq. ( 3 )  i n t r o d u c e s  an i n c o n s i s t e n c y  because t h e  

eiecir.on &.r,sity in ------'-.-5eZ u11pc.l L U Z  -1 y r a . 2 , r . u ,  _Crn.-. -::here ? = I), herome!? 

i n s t e a d  of  n ,  and v a r i e s  w i th  t h e  probe  p o t e n t i a l .  

I n  p r a c t i c e ,  an e l e c t r o d e  h a s  a f i n i t e  size and t h i s  i n c o m p a t i b i l i t y  

does n o t  e x i s t  because the  f u l l  Maxwellian e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  

f u n c t i o n  i s  r e s t o r e d  a t  i n f i n i t y .  

Consequently,  s u b s t i t u t i n g  Eqs. (1) and ( 2 )  i n  P o i s s o n ' s  e q u a t i o n ,  

one o b t a i n s  

where E i s  t h e  vacuum d i e l e c t r i c  c o n s t a n t .  
0 
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I n t e g r a t e d  o n c e ,  t h i s  equa t ion  becomes 

where K i s  found from t h e  boundary c o n d i t i o n  a t  t h e  s h e a t h  edge ,  

V = aV/- , r  = 0 .  Replacing for K w e  f i n d  

(g)2 = 2% [. j- - 2vi - v e (1 - exp +-)I. 
E 
0 

Expanding f o r  small  va lue  of V i n  a r eg ion  c l o s e  t o  t h e  s h e a t h  

edge w e  o b t a i n  

W e  see t h a t  (aV/'&)2 i s  p o s i t i v e  only  i f  Ve/Vi < 2 and ,  

fo l lowing  Bohm, w e  can say t h a t  t h e  s h e a t h  edge i s  l o c a t e d  where 

v. = v /2. 
1 e 

W e  can u s e  t h i s  r e s u l t  t o  compute t h e  f l o a t i n g  p o t e n t i a l  of t h e  

probe .  The i o n  c u r r e n t  a t  t h e  s h e a t h  edge i s  w r i t t e n  

I = Ane tT - - - Ane f i  , 
P 

where M i s  the  ion  mass and A i s  t h e  a r e a  of t h e  probe. 

On t h e  o t h e r  hand t h e  random e l e c t r o n  c u r r e n t  c o l l e c t e d  by t h e  

probe can be shown to  be 

= A n e \ / k  e exp - 0 . 
'e 'e 

( 5 )  

A t  f l o a t i n g  p o t e n t i a l ,  Vf, 

i s  z e r o ,  then  

t h e  t o t a l  c u r r e n t  c o l l e c t e d  by t h e  probe 
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and 

I = I  
P e  

M v = - - l n -  'e 
2nm f 2 

Th i s  formula g i v e s  V = -5.49 V f o r  mercury, V = -4.23 V f o r  f e f e 
= -2.84 V f o r  hydrogen, 

vf e oxygen and 

A more accura t e  theory  of t h e  probe p o t e n t i a l  would r e q u i r e  a m o r e  

r e f i n e d  computation of t h e  r a t i o  a t  t h e  shea th  edge,  t a k i n g  

i n t o  account t h e  gene ra t ion  of i o n s  i n  t h e  plasma. Th i s  probem was 

cons idered  by Se l f  i n  p l ana r  geometry and by Pa rke r  i n  c y l i n d r i c a l  

geometry. W e  s h a l l  n o t e  t h a t ,  s i n c e  Vf v a r i e s  l i k e  t h e  logar i thm of 

Ve/Vi, 

Ve/Vi 

22 23 

t h e  accuracy of t h e  de te rmina t ion  of t h i s  r a t i o  i s  no t  c r i t i c a l .  

C. THE AC COXDUCTAXE O F  THE SHEATH 

W e  w i l l  summarize he re  the  t r ea tmen t  given by Mlodnosky and 

G a r r i o t t  . The dc c u r r e n t  c o l l e c t e d  by a probe is  g iven  by t h e  

d i f f e r e n c e  between t h e  e l e c t r o n  and ion  f lows ,  

13 

1 = 1  - I  I P e 

There i s  no s t r a igh t fo rward  way of w r i t i n g  an expres s ion  f o r  t h e  

i o n  c u r r e n t  a s  a func t ion  of  t he  p o t e n t i a l ,  bu t  t h e  e l e c t r o n  c u r r e n t ,  

which i s  not  a f u n c t i o n  of the  probe geometry, i s  g iven  by Eq. (6) 

and can be w r i t t e n  

V I = I  e m - ,  0 

'e e se 

assuming t h a t  t h e  v e l o c i t y  d i s t r i b u t i o n  func t ion  i s  Maxwellian and 

t h a t  t h e  p o t e n t i a l  of t h e  probe with r e s p e c t  t o  t h e  space p o t e n t i a l  i s  

nega t ive .  

c o l l e c t e d  by t h e  probe a t  space p o t e n t i a l ,  i s  given by 

t h e  s a t u r a t i o n  c u r r e n t ,  o r  e l e c t r o n  random c u r r e n t  
Ise' 
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I se = A n e J k  , ( 9 )  

The a c  conductance of t h e  s h e a t h  e q u a l s  t h e  d e r i v a t i v e  of t h e  

c u r r e n t  w i t h  r e s p e c t  t o  p o t e n t i a l  

0 
V 

exp - . I se 31 
P 

G S = F ' t  0 'e 

I f  t h e  v a r i a t i o n s  of  t h e  i o n  c u r r e n t  w i t h  p o t e n t i a l  can be n e g l e c t e d ,  

w e  reach  t h e  s i m p l i f i e d  r e s u l t  

e 

'e 'e 'e 

I 
0 

V se I 
G = -  exp - - - - . 

From t h e  measurement of t h e  s h e a t h  conductance of t h e  probe a t  

f l o a t i n g  p o t e n t i a l  it s e e m s  t h a t  w e  could determine t h e  s a t u r a t i o n  

c u r r e n t  

= Gs v exp (- ?) 
e I se 

vf 
and then  compute t h e  e l e c t r o n  d e n s i t y  from E q .  ( 9 ) '  assuming t h a t  

and Ve a r e  known. T h i s  would be an awkward approach because I 

v a r i e s  e x p o n e n t i a l l y  w i t h  Vf 

m e  a suremen t of 

t i o n  of Is,. 

n e g a t i v e  probe a r e  t h e  most e n e r g e t i c  and belong t o  t h e  t a i l  of t h e  

v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n .  A Maxwellian f u n c t i o n  i s  a s u i t a b l e  

d e s c r i p t i o n  of t he  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  of e l e c t r o n s  w i t h  

an energy less than about  4eV 

t i o n  of t h e  t a i l  of  t h e  d i s t r i b u t i o n .  

se 
and t h e  s l i g h t e s t  e r r o r  made i n  t h e  

Vf 
would have t h e  worst consequences i n  t h e  computa- 

Moreover, t h e  e l e c t r o n s  which a r e  collected by t h e  

b u t  i s  n o t  a lways a valid r e p r e s e n t a -  e '  

On t h e  o t h e r  hand i t  would be convenient  t o  make t h e  maximum u s e  

of t h e  conductance measurements because ,  u n l i k e  t h e  s h e a t h  c a p a c i t a n c e ,  

t h e  conductance i s  n o t  a f u n c t i o n  of t h e  probe geometry. 
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If t h e  probe p o t e n t i a l  i s  i n c r e a s e d  bu t  kep t  less than t h e  space  

p o t e n t i a l ,  e l e c t r o n s  of lower energy a r e  c o l l e c t e d  and t h e i r  v e l o c i t y  

d i s t r i b u t i o n  f u n c t i o n  i s  more c l o s e l y  r ep resen ted  by a Maxwellian 

f u n c t i o n .  Then, i f  w e  measure the conductance and t h e  dc c u r r e n t  of 

t h e  probe w e  can de termine  the e l e c t r o n  t empera tu re ,  

f a i r  accuracy .  

Ve = G s / I e ,  w i th  

and assuming tha t  we can get t h e  e l e c t r o n  d e n s i t y  from 
'e Knowing 

t h e  capac i t ance  measurement, w e  compute t h e  s a t u r a t i o n  c u r r e n t  and 

r each  t h e  f l o a t i n g  p o t e n t i a l  through t h e  r e l a t i o n  

se 

e GsVe 

I 
v = - v  Jn-. f 

One n o t e s  t h a t  a l a c k  of  accuracy i n  t h e  determinat-Dn of 

n o t  p e r t u r b  s e r i o u s l y  t h e  value of  

va lue  of Vf 

compu t a t i on. 

Ise/Gs does 

V f .  
Then one can check i f  t h i s  

i s  c o n s i s t e n t  with t h a t  adopted i n  t h e  capac i t ance  

D.  THE AC CAPACITAYCE OF THE SHEATH 

1. D e f i n i t i o n  of t h e  Sheath Capacitance 

vO 
When one adds t o  t h e  nega t ive  p o t e n t i a l  of t h e  probe ,  

some p o s i t i v e  increment 

plasma a t  i n f i n i t y ,  t h e  shea th  becomes t h i n n e r  and i t s  p o s i t i v e  charge ,  

d e c r e a s e s  by a corresponding q u a n t i t y  m0. In  o r d e r  f o r  t h e  

@Vo wi th  r e s p e c t  t o  t h e  p o t e n t i a l  of t h e  

QO , 
medium t o  remain n e u t r a l ,  t h e  n e g a t i v e  charge borne by t h e  probe must 

a l g e b r a i c a l l y  i n c r e a s e  by t h e  same amount. The re fo re  t h e  r a t i o  

mo/Avo i s  p o s i t i v e .  

W e  d e f i n e  t h e  inc remen ta l ,  or dyna.mic, capac i t ance  a s  be ing  

t h e  p a r t i a l  d e r i v a t i v e  of t h e  charge  c a r r i e d  by t h e  probe wi th  r e s p e c t  

t o  i t s  p o t e n t i a l ,  cS = ~ Q ~ B V ~ .  
W e  w i l l  g ive  s e v e r a l  expres s ions  of t h e  s h e a t h  capac i t ance  f o r  

a p lane  s u r f a c e  i n  r ec t angu la r  c o o r d i n a t e s ,  a c y l i n d e r  of r e v o l u t i o n  

i n  c y l i n d r i c a l  c o o r d i n a t e s ,  and a sphere  i n  s p h e r i c a l  c o o r d i n a t e s  

(Fig. 3 ) .  W e  assume r e s p e c t i v e l y  p l a n a r ,  c y l i n d r i c a l  or s p h e r i c a l  
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- - - , ~  (-J- FIG. 3 .  DIFFEREXT PROBE GEOMETRIES. 

(a) W E  (b)CYUWMR fc) SPHERE 

----pll 
s r  

symmetry f o r  t h e  electric q u a n t i t i e s  on t h e  s u r f a c e  and i n  t h e  v i c i n i t y  

of  t h e s e  conductors .  W e  n e g l e c t  t h e  edge e f f e c t  on t h e  bo rde r s  of t h e  

p l ane  and a t  t he  t i p s  of t h e  c y l i n d e r .  The edge e f f e c t  i s  n e g l i g i b l e  

i f  t h e  t h i c k n e s s  of t h e  shea th  i s  much sma l l e r  than  t h e  size of t h e  

probe.  I n  a p r a c t i c a l  ca se  i t  i s  p o s s i b l e  t o  minimize t h i s  p e r t u r b i n g  

e f f e c t  by t h e  u s e  of a guard r i n g .  

W e  a r e  u s i n g  t w o  b a s i c  methods f o r  computing t h e  shea th  capac i -  

t a n c e .  I n  t h e  f i r s t  method one estimates t h e  t h i c k n e s s  of  t h e  shea th  

and assumes t h a t  t h e  e l e c t r o n  d e n s i t y  is unper turbed  o u t s i d e  t h e  s h e a t h  

and z e r o  i n s i d e .  One a l s o  assumes t h a t  t h e  i o n s  a r e  a t t r a c t e d  by t h e  

nega t ive  dc p o t e n t i a l  of t h e  probe but t h a t  t h e i r  v e l o c i t y  i s  no t  

modulated by t h e  superimposed a c  p o t e n t i a l .  Then t h e  p e r m i t t i v i t y  

of t h e  s h e a t h  i s  t h a t  of vacuum and the  capac i t ance  i s  t h a t  of two 

p a r a l l e l  e l e c t r o d e s ,  or c o a x i a l  c y l i n d e r s ,  or c o n c e n t r i c  sphe res ,  

s epa ra t ed  by a d i s t a n c e  equa l  t o  t h e  shea th  t h i c k n e s s .  

I n  t h e  second method one computes t h e  e lectr ic  f i e l d  a t  t h e  

s u r f a c e  of t h e  probe and,  u s i n g  Gauss '  theorem, w r i t e s  t h a t  t h e  charge 

borne by t h e  probe i s  

Q = A €  E 
0 0 o *  

. 

where E i s  t h e  e lectr ic  f i e l d  a t  t h e  s u r f a c e .  
0 

By d e f i n i t i o n  t h e  electric f i e l d  i n  t h e  medium sur rounding  t h e  probe 

i s  E = -W; because of t h e  symmetry i n  each  case  w e  have 5'V = & V / % r .  

Consequent ly ,  Eo = - ( a v b r )  w h e r e  (aV/&) i s  t h e  va lue  of 
0, 0 

&,hr on t h e  s u r f a c e  of t h e  probe.  
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Then t h e  expres s ion  f o r  t h e  capac i t ance  becomes 

\ 

C S = - A E ~ ~ ( $ ! ! )  . 
0 0 

Now, i t  is  convenient  to  d e f i n e  a new set of v a r i a b l e s :  

and 
r 

D 
x = 7 ,  

A 

I F  v 
where 

D ne i s  t h e  Debye l e n g t h .  

Using t h e s e  dimensionless  v a r i a b l e s  i n  

capac i t ance  w e  w r i t e :  

c 3  
y = - - ,  

A :  
s D  

0 

t h e  expres s ion  f o r  t h e  

0 
v 

- -  
yo - ve a 

where 

If, fu r the rmore ,  w e  de f ine  a t h i r d  d imens ionless  q u a n t i t y ,  

(12; 

which w e  w i l l  c a l l  normalized c a p a c i t a n c e ,  w e  f i n a l l y  o b t a i n  

y = - & ( 2 )  . 
0 0 

One must n o t e  t h a t  the p e r  u n i t  a r e a  capac i t ance  0- an i n - i n i t e  

p l ane  or c y l i n d e r  immersed i n  a plasma i s  w e l l  de f ined  because t h e  n e t  

charge of t h e  probe surrounded by i t s  shea th  i s  z e r o  and t h e  probe 

p o t e n t i a l  remains f i n i t e .  I n  f r e e  space ,  t h e  problem i s  completely 

d i f f e r e n t  because the  p o t e n t i a l  of a charged body of i n f i n i t e  s i z e  i s  

a l s o  i n f i n i t e  and t h e  n o t i o n  of capac i t ance  i s  n o t  u s e f u l .  
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2 .  T h e o r e t i c a l  Determinat ion of  the Sheath Capac i tance ,  Model I 

a. D e s c r i p t i o n  of t h e  Shea th  Model 

W e  assume t h a t  t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  

i s  Maxwellian and t h a t  w e  can  apply Boltzmann's law t o  determine t h e  

electron d e n s i t y  i n  the  shea th .  The  v a l i d i t y  of t h i s  assumption has  

been d i scussed  p r e v i o u s l y .  I n  a f i r s t  approach w e  n e g l e c t  t h e  motion 

of  t h e  i o n s  and cons ide r  t h a t  t h e i r  dens i ty  i s  unper turbed  by t h e  dc 

pntent ia l  of the probe. PO~SSOIZ'S  e c p a t i n n  i n  t h e  sheath is written 

Express ing  P o i s s o n ' s  equat ion  i n  t e r m s  of y and x w e  

have : 

,2 
for  a p l a n a r  probe ,  - -  O '2 - exp y-1,  

-, ox 

ax fo r  a c y l i n d r i c a l  p robe ,  

(16 1 f o r  a s p h e r i c a l  p robe ,  = exp y-1 

X 

b .  P l a n a r  Geometry 

Equat ion (14) i s  i n t e g r a t e d  once t o  g ive  

A t  x = 00, y goes t o  ze ro  and so does i t s  d e r i v a t i v e  

wi th  r e s p e c t  t o  x ,  t h e r e f o r e  t h e  cons t an t  of i n t e g r a t i o n  K i s  

e v a l u a t e d  t o  be 1 and 

g =  .J ~ ( e x p  y-y-1) . 
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The v a l u e  of ay /ax  on t h e  su r face  i s  found by r e p l a c i n g  y by yo: 

Using Eq. < 1 3 ) ,  we f i n a l l y  o b t a i n  

i s  nega t ive  and y m u s t  be p o s i t i v e ,  w e  choose 
YO 

Since  

t h e  minus s i g n  i n  t h e  above expres s ion  of 7 .  Having assumed t h a t  

was l a r g e  wi th  r e s p e c t  t o  1, w e  may n e g l e c t  exp yo w i t h  I yol 
r e s p e c t  t o  1 and w r i t e :  

y = [-2(y0 + 1)p 

we o b t a i n :  
YO 

Replacing f o r  y and 

-% 

c = E + [-2k + I)] , 
' 'D 

S 0 

which i s  t h e  capac i t ance  of a p l a n a r  s h e a t h .  W e  no te  t h a t  y i s  t h e  

i n v e r s e  of t h e  e q u i v a l e n t  shea th  t h i c k n e s s  measured i n  Debye l e n g t h .  
I 

The normalized p o t e n t i a l  and e l e c t r o n  d e n s i t y  p r o f i l e s ,  V/Ve l 

and 

w i t h  a computer and a r e  d i sp l ayed  on F i g .  4 .  

ne/" r e s p e c t i v e l y ,  were found from numerical i n t e g r a t i o n s  of Eq. (14) 

c .  C y l i n d r i c a l  Geometry 

I n  c y l i n d r i c a l  coord ina te s  P o i s s o n ' s  equa t ion  i s  g iven  by 

Eq. I 1 5 ) .  

i W e  cannot i n t e g r a t e  t h i s  d i f f e r e n t i a l  e q u a t i o n  a s  w e  d i d  i n  

r e c t a n g u l a r  c o o r d i n a t e s .  However, w e  assume t h a t  exp y may be neg lec t ed  

wi th  respect t o  1 w i t h i n  t h e  s h e a t h .  I n  o t h e r  words,  w e  cons ide r  t h a t  
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I DEBYE LENGTH 
c-----l 

F I G .  4 .  CHARGE DEXSITY ANI WTEhTIAL P R O F I L E S  IX THE SHEATH, 
MODEL I ,  PLASAR GEOlbETRY. 

t h e  s h e a t h  i s  empty of e l e c t r o n s  and sharp ly  bounded. W e  d e f i n e  t h e  

r a d i u s  of t h e  probe r and t h e  o u t e r  r a d i u s  of t h e  s h e a t h  r and 

we pu t  
1 0 

1 and x - - 
D 

r r 
0 x = -  

0 AD 1 - '., 

The s i m p l i f i e d  P o i s s o n ' s  equa t ion  becomes 

and i t s  s o l u t i o n  i s  

SEL-65-102 
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4 1 
X 

2 '  y = - - +  K ~ X + K  
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1 

. 
where K1 and K2 a r e  t w o  c o n s t a n t s  of i n t e g r a t i o n  e s t ima ted  from t h e  

boundary c o n d i t i o n s  a t  t h e  shea th  edge .  

These c o n d i t i o n s  expressed i n  terms of y and x a r e :  

a t  x = x y = 0 and \ oyfhx = 0 . 
1' 

They g ive :  

2 
1 1 

X 
2 2 

X X 

2 1 a n d  K = - - - l n x  
2 4 2  1 '  

K1 = - 

W e  r e p l a c e  Kl and K2 i n  t h e  above s o l u t i o n  

X 
2 

X 
1 1 r  1 
4 2 X 

y = - (xf - x2> - - dn - . 

On t h e  s u r f a c e  of the c y l i n d e r ,  a t  x = x w e  o b t a i n  
0' 

1 
X 

2 
1 

X 1 2  
Yo = 4 (x1 - xt) - a, - X 

0 

and 

2 

2 x  

X 0 X 1 1  (8) = - 2 + - - .  
0 0 

Equat ion  (13) can a l s o  be w r i t t e n  

w i t h  

X 

I X 

1 

1 0 0 

and - aYO = - x- &n - 1 . 
X a($) = -  

1 0 
ax \ U X l  X OX 
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t h a t  i s  

1 

1 x I n  - 
Y =  X 

0 X 
0 

El imina t ing  x be tween yo and y ,  w e  r each  an expres s ion  
1 

and x ; 
yo 0 

i nvo lv ing  y ,  

1 + 2 =  4y0 ( 1 - k ) e x p -  2 

X Y X 0  
0 

When x goes t o  i n f i n i t y ,  Eq. (19 )  can be w r i t t e n  
0 

y = (-2y ) -% 
0 

which i s  t h e  normalized capac i t ance  of a p l a n a r  and sha rp ly  bounded 

shea th .  Comparing Eqs.  (17) and (20)  shows how y i s  modif ied when 

one smoothes the  charge  d e n s i t y  p r o f i l e  by apply ing  Boltzmann's  law 

t o  t h e  e l e c t r o n  d e n s i t y  i n  t h e  s h e a t h .  

d .  Sphe r i ca l  Geometry 

I n  s p h e r i c a l  c o o r d i n a t e s  P o i s s o n ' s  e q u a t i o n  i s  g iven  by 

Eq. ( 1 6 ) .  W e  assume, a s  w e  d i d  i n  c y l i n d r i c a l  geometry,  t h a t  t h e  s h e a t h  

i s  sha rp ly  bounded and t h a t  t h e  r a d i u s  of t h e  probe and t h e  r a d i u s  of 

1' 
t h e  s h e a t h ,  measured i n  Debye l e n g t h s ,  a r e  r e s p e c t i v e l y  x and x 

0 

-- a ( z a y  x & ) = - l  
2 ax 

X 

which, once i n t e g r a t e d ,  g i v e s  

2 
1 

3 x  
+ -  1 2 x  

X 
y = - - - -  6 3x 2 '  
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The i o n  current c o l l e c t e d  by the  probe i s  g iven  by the 

Chi Id-Langmu ir  l a w  

where d i s  the thickness  of t h e  sheath.  
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i 

Since  t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  i s  

Maxwellian, t h e  e l e c t r o n  random c u r r e n t  is g iven  by Eq. (6). 

p o t e n t i a l  Eq. (7) a p p l i e s  and 

A t  f l o a t i n g  

3 /4 
d = - 2 h (F)” (- ?) exp ( 2). 

2ve 3 D  

The capac i t ance  of t h e  s h e a t h ,  Cs = E A/d, becomes 
0 

vf 
= E  - -  A 3 ( M  - )”(  - -  ;r’4 exp - 

2ve ‘s o A, 2 4nm 

If w e  r e p l a c e  t h e  r a t i o  

(8), w e  o b t a i n  

M/m i n  Eq. (23 )  by i t s  va lue  found from Eq. 

-3 /4 

c = E  - -  A 2-2 (- 2) o x  D 2 S 

Comparing Eqs. ( 1 2 )  and ( 2 4 )  w e  f i n a l l y  r each  t h e  r e s u l t  

-3 /4 -314 = 1 .26  (-yf) 3 2-% 
y = -  2 ( - Y f )  1 

where Yf = v /v f e ’  
The normalized p o t e n t i a l  i s  d e r i v e d  from Eq. (25) and is 

w r i t  t e n  

y = -1.365 (<r’3 
where t h e  d i s t a n c e  

probe .  

r i s  measured from the s h e a t h  edge toward the 

The normalized i o n  d e n s i t y  i n  t h e  s h e a t h  i s  g iven  by 

n 

n - -  i - (-2y)-% . 
These q u a n t i t i e s  a r e  p l o t t e d  on F i g .  5 .  
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5. CHARGE DEXSITY AZiD POTEhTIAL PROFILES IN THE SHEATH, MODELS I 1  
AND 111, P U Y A R  GECMETRY . 

c .  Cyl indrica l  and Spherical Geometries 

Simi lar ly  the radius of the sheath i s  found by equating the 

i o n  f l o w  to  the e l e c t r o n  flow. For example, i n  c y l i n d r i c a l  geometry, 

the i o n  current i s  w r i t t e n ,  

B 
r '  

3 /2 
I - -  - 

0 
p - 9  0 

where f3 has been tabulated a s  a funct ion of rl/ro by Langmuir and 

Blodgett  . 24 
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The random e l e c t r o n  f l u x  i s  a g a i n  g iven  by Eq. (6). Equat ing 

t h e  two c u r r e n t s ,  o n e  computes and f i n d s  +o from t h e  t a b l e  

mentioned above. The s h e a t h  c a p a c i t a n c e  i s  then  found from 

2n€ 2 
0 c = - ,  
1 I n  - 

S r 

r 
0 

. The s p h e r i c a l  geometry i s  t r e a t e d  i n  a s i m i l a r  way, t h e  

computations involv ing  another  c o n s t a n t  f5 which has  been a l s o  t a b u l a t e d  

by Langmuir and B l o d g e t t .  25 

4 .  T h e o r e t i c a l  Determinat ion of t h e  Shea th  Capac i tance ,  Model I11 

T h i s  model i s  borrowed from B u t l e r  and Kino.2o The i n i t i a l  

assumptions and t h e  charge d i s t r i b u t i o n  i n  t h e  s h e a t h  a r e  t h e  same a s  i n  

Model I1 and again w e  assume t h a t  t h e  i o n  c u r r e n t  t o  t h e  probe i s  l i m i t e d  

by t h e  space charge i n  t h e  s h e a t h .  

From E q .  (22 )  t h e  s h e a t h  t h i c k n e s s  i s  w r i t t e n  

when t h e  p o t e n t i a l  of t h e  probe v a r i e s ,  t h e  s h e a t h  edge moves w i t h  a 

v e l o c i t y  

t h e  i o n  c u r r e n t ,  I i s  n o t  a f u n c t i o n  of time s i n c e  i t  i s  assumed 

t h a t  t h e  i o n s  cannot fo l low t h e  a l t e r n a t i n g  f i e l d .  
P ’  

The p e r i o d i c  v a r i a t i o n  of  t h e  s h e a t h  t h i c k n e s s  i s  e q u i v a l e n t  

t o  an e l e c t r o n  c u r r e n t  given by 

0 
av ad  Ane t- = C 

O t  s a t ’  
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r e p l a c i n g  f o r  h d / b  w e  f i n d  

Computing I f r o m  E q s .  <6) and ( i ’ ) ,  w e  o b t a i n  a t  f l o a t i n g  p o t e n t i a l  
P 

Taking i n t o  account E q .  ;SI, E q .  i27) i s  w r i t t e n  

Comparing E q s .  (12) and (28) w e  o b t a i n  

(28) 

(29)  
-A  Y = !-Syf)-/” = 0.594 (-y f ) . 

5 .  T h e o r e t i c a l  Determination of t h e  Sheath CaDacitance. Model I V  

T h i s  model has  a l ready  been given  by  Crasford  arid Grard;26 t h e  

i n i t i a l  assumptions a r e  t h e  same a s  i n  Bohm’s t h e o r e t i c a l  de t e rmina t ion  

of  t h e  f l o a t i n g  p o t e n t i a l .  

of t h e  p o t e n t i a l  i n  t h e  shea th  can be w r i t t e n  

From E q .  ( 5 )  w e  know t h a t  t h e  d e r i v a t i v e  

[21Vi(Vi - V ) l %  - 2Vi - v e t  - exp  t)] /2 . 

0 

A t  t h e  probe s u r f a c e ,  w e  have 

where exp ( V  /V ) has  been n e g l e c t e d  w i t h  r e s p e c t  t o  u n i t y .  
o e  
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Assuming t h a t  t h e  i o n  d e n s i t y  can f o l l o w  t h e  v a r i a t i o n  of t h e  

ac  f i e l d  and making u s e  of Eq. (ll), w e  o b t a i n  for t h e  s h e a t h  c a p a c i t a n c e  

l SEL-65-102 

I f  w e  assume t h a t  t h e  i o n s  e n t e r  t h e  s h e a t h  w i t h  an energy 

i f  w e  make u s e  of E q .  

normalized capac i tance  

eVe/2 

( 1 2 ) ,  w e  reach  t h e  f o l l o w i n g  r e s u l t  for t h e  

and 

-% 
y = 5 1 1  [z(l - 2Yo) 3/2 - (1 - 2y0)] * 

Numerical i n t e g r a t i o n  of Eq. ( 4 )  on a computer y i e l d s  t h e  

normalized q u a n t i t i e s  V/Ve, ne/” and ni/n.  The p r o f i l e s  of t h e s e  

q u a n t i t i e s  i n  t h e  s h e a t h  a r e  shown on F i g .  6 .  

9 
I- z 
W 
I- B 
Q 

Y 
-J 

5 
CC 
0 z 

a 

- 1  

-2 - 
-3 
-4 

-5- 
-6 - 

- 

- 
- 

HORIZONTAL SCALE 
I DEBYE LENGTH 
H 

FIG. 6 .  CHARGE DENSITY AXD POTEXTIAL PROFILES IS THE SHEATH, MODEL I V ,  
PLASAR GEOMETRY. 
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E. DISCUSSIOX 

1. Comparison Between t h e  D i f f e r e n t  Models 

In  t h e  first t h r e e  models i t  is  assumed t h a t  t h e  t i m e  v a r i a t i o n  

of p o t e n t i a l  i s  too r a p i d  f o r  t h e  i o n s  to fo l low.  I n  Model I ,  t h e  

a c c e l e r a t i o n  of the i o n s  i n  the shea th  by t h e  dc f i e l d  i s  neg lec t ed  

but  t h e  e l e c t r o n  d e n s i t y  is  f a i r l y  w e l l  de sc r ibed  by Boltzmann's law. 

I n  Models TI and 111 t h e  a c c e l e r a t i o n  of  ions i s  taken  i n t o  account  

a l though t h e r e  i s  s o m e  i ncons i s t ency  a t  t h e  s h e a t h  edge because t h e  

Child-Langmuir law assumes t h a t  t h e  i o n s  a r e  e m i t t e d  wi thout  i n i t i a l  

v e l o c i t y  w h i l e  Bob's t heo ry  assumes t h a t  t hey  e n t e r  t h e  shea th  wi th  an 

energy equa l  t o  eVe/2. 

d i scon t inuous  a t  the s h e a t h  edge. 

The p r o f i l e  of  t h e  e l e c t r o n  d e n s i t y  i s  

I n  o r d e r  to see under what c o n d i t i o n s  t h e s e  assumptions a r e  

j u s t i f i e d ,  one can examine F ig .  6 which d i s p l a y s  t h e  most r e a l i s t i c  

charge d e n s i t y  profiles. 

I t  can be seen  that  Model I must be used f o r  s l i g h t l y  nega t ive  

p o t e n t i a l  when i t  is not pe rmis s ib l e  t o  adopt  a d i scon t inuous  p r o f i l e  

f o r  t h e  e l e c t r o n  d e n s i t y  and when t h e  i o n  a c c e l e r a t i o n  i s  sma l l .  Con- 
cI'e y*""= _---_- ---- &<---  

V G A  y A k c i G a  CI v c  . .L 2 7 - -  . . -A- l -  T T  ^-A T T t  __-  ---* ̂ ___  -1 *L^ ---I--. - 
C . L ~ I I L ~ ,  iuuutsAa LL aitu A L A  a le  ~I=LCI.L=U w u c ~ i  

Then t h e  r a r e f a c t i o n  of i o n s  due t o  t h e i r  a c c e l e r a t i o n  i s  impor tan t  

but  t h e  e l e c t r o n  con ten t  of the  shea th  i s  smal l  w i th  r e s p e c t  t o  t h e  

ion  con ten t .  The error made i n  t h e  computation of  t h e  shea th  capac i t ance  

by t a k i n g  a d iscont inuous  e l e c t r o n  p r o f i l e  can be e s t ima ted  by comparing 

Eqs. (17 )  and (20) .  T h i s  e r r o r  e f f e c t i v e l y  dec reases  when t h e  p o t e n t i a l  

of t h e  probe becomes more and more nega t ive .  T h i s  r e l a t i v e  e r r o r  i s  

less than  6 p e r c e n t  i n  t h e  case of a probe a t  f l o a t i n g  p o t e n t i a l  i n  a 

mercury plasma. 

I n  Model I V ,  it i s  assumed t h a t  bo th  i o n s  and e l e c t r o n s  respond 

wi thout  a p p r e c i a b l e  de lay  t o  t h e  a l t e r n a t i n g  p o t e n t i a l  when t h e  frequency 

of t h e  ac  s i g n a l  i s  s u f f i c i e n t l y  low. 

The v a r i a t i o n s  of y w i th  yf a r e  p l o t t e d  for each  model on 

F i g .  7 .  The range of y va lues  i s  s u i t a b l e  f o r  gases  of atomic masses 

between 1 and 200. 
f 
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NORMALIZED POTENTIAL (y,) 

FIG. 7 .  NORMALIZED SKEATH CAPACITANCE FOR DIFFEREXT MODELS, PLANAR 
GEOMETRY. 

I t  i s  s a t i s f y i n g  t h a t  t h e  f i r s t  t h r e e  models,  v a l i d  i n  t h e  

upper f requency r ange ,  g ive  very  s i m i l a r  r e s u l t s  no twi ths t and ing  t h e  

d i f f e r e n c e s  between t h e  i n i t i a l  assumptions.  Model I V ,  which d e s c r i b e s  

t h e  behaviour  of t h e  s h e a t h  a t  lower f r e q u e n c i e s ,  g i v e s  va lues  of y 

approximately ha l f  of t hose  found from t h e  p rev ious  models.  One must 

no te  t h a t  Eqs.  ( 2 5 )  and (29 )  a r e  on ly  v a l i d  f o r  a probe a t  f l o a t i n g  

p o t e n t i a l  while  Eqs .  (17 )  and (31) a r e  a l s o  v a l i d  f o r  a b i a sed  probe.  

W e  cannot  say a p r i o r i  what f requency d e l i m i t s  t h e  ranges  of a p p l i c a -  

t i o n  of Models I ,  I1 and I11 on one hand, and Model I V ,  on t h e  o t h e r  

hand. W e  w i l l  approach t h i s  problem from an exper imenta l  s t a n d p o i n t .  

2.  E f f e c t  of a Magnetic F i e l d  

The i n t e r a c t i o n  of a magnetic f i e l d  wi th  a moving probe was f i r s t  

s t u d i e d  by Beard and Johnson. 27 

i s  induced by the e a r t h ' s  magnetic f i e l d  i n  a c y l i n d r i c a l  probe moving 

i n  t h e  ionosphere ,  t h e  Laplac ian  of t h e  p o t e n t i a l  becomes 

For  i n s t a n c e ,  i f  an e l ec t romot ive  f o r c e  

. 
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. 

T h i s  e q u a t i o n  reduces  to  a one dimension problem only  when 
2 2 3 V,& i s  n e g l i g i b l e .  Then t h e  d i s t r i b u t e d  capac i t ance  i s  independent 

of z and t h e  t o t a l  capac i tance  i s  found by an i n t e g r a t i o n .  

Although a magnetic f i e l d  does n o t  p e r t u r b  t h e  v e l o c i t y  d i s t r i -  

b u t i o n  f u n c t i o n  of t h e  components of an i n f i n i t e  plasma, it does a f f e c t  

t h e  c o l l e c t i o n  of t h e s e  p a r t i c l e s  by a probe .  An approach t o  t h i s  

problem was under taken  by Zachary" bu t  h i s  r e s u l t s ,  which a r e  i n  i n t e g r o -  

d i f f e r e n t i a l  form, a r e  no t  yet s u i t a b l e  f o r  numerical  a p p l i c a t i o n s .  A 

more d i r e c t  a t t empt  was made by Fontheim, Hoegy, Kana1 and  sag^.^' 
assumed t h a t  t h e  p a r t i c l e s  a re  e m i t t e d  a t  t h e  shea th  edge wi th  a 

Maxwellian v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n .  T h e i r  s tudy  i s  l i m i t e d  t o  

t h e  case  of a c y l i n d r i c a l  probe i n  t h e  presence  of an a x i a l  magnetic 

f i e l d .  They found t h a t ,  i f  t h e  p o t e n t i a l  i s  r e t a r d i n g ,  t h e  random 

c u r r e n t  t o  t h e  probe i s  una f fec t ed  by t h e  magnetic f i e l d  when 

They 

= e V  /kT i s  t h e  normalized p o t e n t i a l  of t h e  probe ,  r and 
YO 0 0 

where, 

r a r e  r e s p e c t i v e l y  t h e  probe and shea th  r a d i i ,  CIJ i s  t h e  c y c l o t r o n  

angu la r  f requency  and v i s  t h e  p a r t i c l e  thermal v e l o c i t y .  
1 C 

0 
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111. EXPERIMEXTAL STUDY OF THE SHEATH I N  THE LABORATORY 

Th i s  i s  a d e s c r i p t i o n  of t h e  l a b o r a t o r y  exper iments  c a r r i e d  o u t  t o  

v e r i f y  t h e  v a l i d i t y  of t h e  theory  p resen ted  i n  t h e  preceding  c h a p t e r .  

A .  THE ARC DISCHARGE 

1. The Tube 

The tube i s  made of a s e a l e d  pyrex c y l i n d e r  one meter long  and 

s i x  cen t ime te r s  i n  d iameter .  T h i s  tank  has  been emptied of a i r  and 

f i l l e d  w i t h  a s a t u r a t e d  mercury vapor .  A t  the ends  of t h e  tube  a r e  

t h e  cathode and t h e  anode: t h e  cathode i s  coa ted  wi th  an oxide  and 

hea ted  by a tungs ten  f i l a m e n t ;  t h e  anode i s  made of a hollow c y l i n d e r .  

The tube  i s  shown i n  F i g .  8 .  The f i l amen t  i s  supp l i ed  wi th  35 w a t t s  

dc  power from a b a t t e r y  cha rge r .  The anode i s  connected t o  a r e g u l a t e d  

power supply ;  when a dc p o t e n t i a l  of about 200 v o l t s  e x i s t s  between 

t h e  e x t r e m i t i e s  of t he  t u b e ,  a d i scha rge  can be e s t a b l i s h e d  wi th  a 

T e s l a  c o i l .  Af t e r  i g n i t i o n ,  t h e  d i f f e r e n c e  of p o t e n t i a l  between anode 

and ca thode  drops t o  36 v o l t s ;  a series 2 . 5  kS., r e s i s t a n c e  l i m i t s  t h e  

c u r r e n t .  

2 .  The Plasma 

W e  determine t h e  c h a r a c t e r i s t i c s  of t h e  plasma i n  t h e  p o s i t i v e  

column by t h e  Langmuir technique .  Using Eq. ( 6 )  and n e g l e c t i n g  t h e  

i o n  c u r r e n t ,  w e  may w r i t e  t h e  logar i thm of t h e  random c u r r e n t  c o l l e c t e d  

by t h e  probe a s  

I t  fol lows 

0 
V 

& n ~ = - - + l n ~  
'e se 

h a t  an Ie v a r i e s  l i n e  r l y  wi th  t h e  probe PO 

'e and t h a t  t h e  s lope of the  curve  y i e l d s  t h e  e l e c t r o n  p o t e n t i a l ,  

Z n t i a l  

T h i s  r e l a t i o n  app l i e s  f o r  V < 0 .  When t h e  probe i s  a t  space p o t e n t i a l  

(Vo = 0 ) ,  t h e  c u r r e n t  reaches  i t s  s a t u r a t i o n  v a l u e ,  

on F i g .  1 6 .  Using E q .  ( 9 ) ,  one can o b t a i n  t h e  e l e c t r o n  d e n s i t y  from 

t h e  s a t u r a t i o n  c u r r e n t .  

0 -  

a s  i s  shown 
I se '  
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1 ,21 I 

FIG. 8 .  EXPERIMEhTAL MERCURY-VAPOR DISCHARGE TUBE. (Dimensions 
i n  cm, t ube  i n s i d e  d iameter ,  6 c m )  

Table  1 summarizes the  r e s u l t s  ob ta ined  wi th  f o u r  d i f f e r e n t  

p robes ;  t h e  dimensions of t h e  probes  a r e  g iven  by Table 2 .  The l a r g e  

c o l l e c t i n g  a r e a  of e l e c t r o d e  2 does n o t  a l low one t o  reach  the  s a t u r a t i o n  

c u r r e n t  wi thout  s e r i o u s l y  p e r t u r b i n g  t h e  d i s c h a r g e .  

Other average  parameters of t h e  plasma for an a r c  c u r r e n t  of 

100 ma a r e :  

7 
e l e c t r o n  v e l o c i t y ,  v = 8 X 10 c m / s ,  e 

9 -1 
plasma angu la r  frequency, (12 = 1.75 X 10 s , 

P 

dc r e s i s t i v i t y ,  7 = 1.27 0 x m ,  

2 7 -1 
e l e c t r o n - n e u t r a l  c o l l i s i o n  f requency ,  v = E -IC.: = 3.5 >i 10 s 

O P  

e l e c t r o n - n e u t r a l  mean f r e e  p a t h ,  -' = v /-, = 2 . 3  c m .  
C e 
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TABLE 1. PLASMA PARAMETERS DETERMINED WITH DIFFERENT PROBES 
FOR A 100 MA DISCHARGE CURRENT. 

Probe Number 2 

Ve: e l e c t r o n  p o t e n t i a l  2.3 
v o l t s  

Te: e l e c t r o n  tempera ture ,  26500 
O K  

V f :  f l o a t i n g  p o t e n t i a l ,  
v o l t s  

vf - _  
yf  - ve 

I : s a t u r a t i o n  c u r r e n t ,  
se ma 

n :  e l e c t r o n  d e n s i t y ,  
-3 

m 

: Debye l e n g t h ,  
mm ‘D 

5 1 3  6 

2.26 1.59 1.63 

-- 
26000 18300 18800 

-11.8 -8 -7.2 

- 5.2 -5 -4.4 

3.2 2.8 0.23 

15 
1.35 X 10 

15 
1.06 X 10 1.37 x 10 

0.338 0.255 0.258 

TABLE 2. DETAILS OF THE PROBE ELECTRODES 

Probe Geometry 

Probe number 

I C y l i n d r i c a l  

P l a n a r  

197 4 1 2 1  
Probe wid th ,  or 
w i r e  d i ame te r ,  
d ,  mm 20 40 I 2.54 0.254 

Length,  c m  

2 
Su r face  a r e a ,  cm 37.7 75.4 0.752 7.52 

~~ ~ 

(d/XD) a t  100 ma 

tube c u r r e n t  

Straight 

~~ - 70 - 140 

2.54 1 0.254 

SEL-65-102 

~ 

- 32 - 



. 
There a r e  some d i sc repanc ie s  between t h e  e l e c t r o n  temperature  

measurements made wi th  t h e  d i f f e r e n t  probes ,  bu t  good agreement i s  

observed between t h e  r e s u l t s  found from e l e c t r o d e s  s i m i l a r l y  l o c a t e d  

wi th  respect t o  t h e  tube a x i s ;  e l e c t r o d e s  3 and 6 a r e  on t h e  a x i s ,  

e l e c t r o d e s  2 and 5 a r e  e q u i d i s t a n t  from t h e  a x i s  and t h e  wa l l .  However, 

t h e  e x i s t e n c e  of a r a d i a l  g r a d i e n t  of temperature  i s  n o t  i n  accord wi th  

t h e  conc lus ions  of Crawford and S e l f .  For an average room tempera ture  

of 30 'C t h e  n e u t r a l  p re s su re  i n s i d e  t h e  tube e q u a l s  2 .8  microns.  The 

mercury vapor p r e s s u r e  doubles w i t h  a temperature  i n c r e a s e  of n ine  

deg rees ,  and room tempera ture  v a r i a t i o n s  a s  l a r g e  a s  5 'C dur ing  one 

day a r e  common. Then, i t  i s  p o s s i b l e  t h a t  p a r t  of t h e  e l e c t r o n  tempera- 

t u r e  d i s c r e p a n c i e s  i s  due t o  a v a r i a t i o n  of t h e  n e u t r a l  p r e s s u r e .  An 

a l t e r n a t i v e  e x p l a n a t i o n  i s  t h a t  some e l e c t r o d e s  a r e  p e r t u r b i n g  t h e  plasma 

when t h e i r  p o t e n t i a l  i s  p o s i t i v e l y  b i a sed  towards t h e  space p o t e n t i a l .  

Having a l a r g e  c o l l e c t i n g  a r e a ,  they  draw a c u r r e n t  which cannot  be 

neg lec t ed .  

30 

The v a l u e s  of  t h e  normalized f l o a t i n g  p o t e n t i a l ,  y f ,  compares 

f avorab ly  ( w i t h i n  20 p e r c e n t )  w i t h  t h e  t h e o r e t i c a l  de t e rmina t ion  of  

Bohm's. 

There i s  a 22 pe rcen t  drop i n  t h e  e l e c t r o n  d e n s i t y  from t h e  

axis of t h e  tube  : e l e c t r o d e s  3 and 6 )  to a p o i n t  ha l f -way between t h e  

a x i s  and t h e  g l a s s  w a l l  ( e l e c t r o d e s  2 and 5) .  

where t h e  r a t i o  of t h e  diameter  over  t h e  Debye l e n g t h  on t h e  a x i s  e q u a l s  

roughly 250, Pa rke r  suggested t h a t  a f a l l - o f f  of  18 p e r c e n t  should 

occur. 

I n  a c y l i n d r i c a l  tube  

23 

The e l e c t r o n  d e n s i t y  a t  t h e  shea th  edge a g a i n s t  t h e  w a l l  i s  not  

known b u t  can be computed from t h e  d e n s i t y  on t h e  a x i s .  A f t e r  Bohm, w e  

assume t h a t  t h e  i o n s  e n t e r i n g  t h e  shea th  have an energy (eVe/2) and 

t h a t ,  consequent ly ,  t h e r e  i s  a p o t e n t i a l  drop of (Ve/2) between t h e  

a x i s  and t h e  w a l l  shea th .  Applying Boltzmann's law, w e  f i n d  t h a t  t h e  

e l e c t r o n  d e n s i t y  a t  t h e  sheath edge i s  1.36 X 10 

0.825 x 10 ( m  ) ;  t h i s  e s t i m a t e  i s  about  40 pe rcen t  h i g h e r  than  P a r k e r ' s  

p r e d i c t i o n .  The e l e c t r o n  dens i ty  v a r i e s  l i n e a r l y  wi th  t h e  d i scha rge  

c u r r e n t  bu t  t h e  e l e c t r o n  temperature  does not  vary s i g n i f i c a n t l y  wi th  

the  tube  c u r r e n t .  

15 
exp (-112) = 

15 , -3 
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3 .  ImDedance of t h e  Plasma Column 

31 The impedance of  a mercury plasma column, computed by Crawford, 

i s  given by 

where R i s  t h e  dc r e s i s t a n c e  of t he  tube and (1; i s  t h e  angular  

f requency.  The va lue  of t h e  c o n s t a n t  b can be shown t o  be 
0 

where a i s  t h e  r a d i u s  of t h e  tube .  

I n  the  cond i t ions  of our experiment  w e  have approximately:  
5 -1 7 -1 6 -1 b = 1 . 5  X 10 s , v = 3 .4  X 10 s and (12 < 4n X 10 s . 

The admit tance of t h e  column can be w r i t t e n  

which can be s i m p l i f i e d  t o  

by t a k i n g  i n t o  cons ide ra t ion  t h e  o r d e r s  of magnitude of b ,  -v' and cu. 

Consequently,  ove r  o u r  range of approximat ions ,  t h e  p a r a l l e l  a c  

r e s i s t a n c e  of t h e  tube e q u a l s  i t s  dc  r e s i s t a n c e .  W e  f i n d  expe r imen ta l ly  

t h a t  t h e  p a r a l l e l  ac  r e s i s t a n c e  of t h e  column i s  f l u c t u a t i n g  between 

370 R and 490 R when t h e  frequency v a r i e s  from 0 . 1  Mc/s t o  1 . 6  Mc/s, 

whi le  i t s  dc r e s i s t a n c e  e q u a l s  roughly 360 R. Exper imenta t ion  shows 

a l s o  t h a t  t h e  p a r a l l e l  a c  r eac t ance  of t h e  column i s  a t  l e a s t  f o u r  

t i m e s  l a r g e r  than t h e  r e s i s t a n c e .  
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B.  EXPERIMENTAL EQUIPMENT 

1. The Probes 

E l e c t r o d e s  1, 4 and 7 a r e  made of  m e t a l l i c  c y l i n d e r s  l i n i n g  t h e  

i n s i d e  w a l l  of t h e  tube ;  we cons ider  t h e s e  e l e c t r o d e s  a s  being p l a n a r  

because t h e i r  width and r a d i u s  of c u r v a t u r e  a r e  much l a r g e r  than t h e  

Debye l eng th .  

avoid  p e r t u r b i n g  t h e  l o n g i t u d i n a l  g r a d i e n t  of t h e  p o t e n t i a l .  E l e c t r o d e s  

3 aiid 6 a r e  iiiade of ~ylindri~al tungsten \rlire~ p 2 ~ 2 l l e l  to the a x i s  of 

t h e  tube .  

E lec t rode  4 is  coated  w i t h  an i n s u l a t o r  (a lumina)  t o  

E l e c t r o d e s  2 and 5 have t h e  shape of  a t o r u s  centered  on t h e  

a x i s  of t h e  tube ;  t h e s e  probes w i l l  be t r e a t e d  a s  c y l i n d e r s  a l s o  because 

t h e  d iameter  of t h e  loop  i s  much l a r g e r  than  both  t h e  Debye l e n g t h  and 

t h e  d iameter  of t h e  w i r e .  

The suppor t s  of e l e c t r o d e s  2 ,  3, 5 and 6 a r e  surrounded by a 

s h i e l d i n g  c y l i n d e r  which i s  itself coa ted  wi th  g l a s s ,  a s  shown on F ig .  9. 

From a p r a c t i c a l  p o i n t  of view it has  been very d i f f i c u l t  t o  l i m i t  t h e  

glass c o a t i n g  to  t h e  suppor t  a lone and roughly one t h i r d  of  e l e c t r o d e s  

3 and 6 was a l s o  covered wi th  g l a s s .  However, t h i s  p e r t u r b i n g  e f f e c t  

is noglizihle for probes 3 and 6 and t h e r e f o r e  w e  can  expect much more 

a c c u r a t e  r e s u l t s  from t h e s e  e l e c t r o d e s .  

A 

STAINLESS STEEL 
CYLINDER (1.83mm DIAI 

WIRE 
(0.64rnm DIA) 

FIG. 9.  DETAILS OF THE 
SUPPORT OF A PROBE. 

SCREENED 
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The s h i e l d i n g  e f f e c t  of t h e  c y l i n d e r  which sur rounds  t h e  probe 

suppor t  i s  expla ined  on F i g .  10 where 

C = t h e  capac i tance  between t h e  c e n t r a l  conductor  and t h e  
0 c y l i n d e r ,  

Z = t h e  shea th  impedance of t h e  p robe ,  

Z '  = t h e  shea th  impedance of t h e  s u p p o r t ,  and 

Z = t h e  impedance of t h e  plasma column. 

S 

S 

P 

RF BRIDGE v=+l 
I+SHIELDED SUPPORT 

. "  

FIG. 10. A REPRESEKTATIOS OF THE SYSTEM UTILIZED TO SHIELD 
THE SUPPORT AND CORRESPOSDING CIRCUIT DIAGRAM. 
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a. F. 
BRID6E - 

The s h e a t h  impedance of t h e  suppor t  is e f f e c t i v e l y  s h o r t - c i r c u i t e d  

by t h e  much l o w e r  impedance of t h e  plasma column and t h e  capac i t ance  C 

can be e a s i l y  measured o r  taken i n t o  account i n  t h e  i n i t i a l  ba lance  of 

t h e  b r i d g e .  

0 

2. The Measurement C i r c u i t  

A s i m p l i f i e d  r e p r e s e n t a t i o n  of t h e  c i r c u i t  i s  shown on F ig .  11. 

The anode i s  connected t o  t h e  ground by a l a r g e  c a p a c i t o r  which o f f e r s  a 

low impedance to  t h e  a l t e r n a t i n g  s i g n a l .  The t o t a l  ac impedance 

between probe and ground i s  

w 

z z  

a 

a k  z = z  + s z + Z k ’  

- 
& S m A T H  

‘k } 
PLASMA PLASMA 

where Z and Zk a r e ,  r e s p e c t i v e l y ,  t h e  prc-e-anode and probe-cat--ode 

plasma column impedances. 
a 

The second term is  maximum when t h e  probe i s  l o c a t e d  a t  t h e  same 

d i s t a n c e  f r o m  t h e  anode as from t h e  ca thode ,  then  Z = Z = Z /2 and a k  t 
z = z  + z / 4 .  

S t 
W e  k n o w  t h a t  Z 400 Q; w e  w i l l  see t h a t  Zt/4 i s  always t 

n e g l i g i b l e  wi th  r e s p e c t  to Z . 
S 

SHIELDED SUPPORT 

FIG. 11. A SCHEMATIC REPRESENTA- 
TION OF THE MEASUREMENT SYSTEd 
AND CORRESPONDING CIRCUIT 
DIAGRAM. 
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The complete measurement c i r c u i t  i s  shown on F i g .  1 2 .  The 

p o t e n t i a l  of the probe can be swept by an a u x i l i a r y  c i r c u i t  made of  a 

v a r i a b l e  r egu la t ed  power supply i n  series wi th  a h igh  r e s i s t a n c e ,  

0 . 2 5  M R ,  connected between t h e  probe and t h e  ca thode .  

The admit tance between t h e  probe and t h e  ground i s  measured wi th  

a r a d i o  frequency b r idge .  The s i g n a l  of a v a r i a b l e  f requency g e n e r a t o r  

i s  i n j e c t e d  i n  the b r i d g e .  I t  i s  e s s e n t i a l  t h a t  t h e  ampli tude of t h e  

a l t e r n a t i n g  vol tage  a p p l i e d  t o  t h e  probe be smal l  w i t h  r e s p e c t  t o  t h e  

e l e c t r o n  tempera ture ;  o t h e r w i s e ,  a d e t e c t i o n  e f fec t  b i a s e s  t h e  probe 

t o  a more nega t ive  p o t e n t i a l  and changes t h e  magnitude of  t h e  shea th  

admi t tance .  Th i s  e f f e c t  has  been s t u d i e d  by B u t l e r  and Kino. 
20 

The br idge  e q u i l i b r i u m  i s  de tec t ed  w i t h  a spectrum a n a l y z e r .  

I t  i s  very  convenient  t o  use  a Panoramic spectrum a n a l y z e r  a s  a n u l l  

d e t e c t o r  because i t  a l lows  u s  t o  d i s t i n g u i s h  t h e  a c  s i g n a l  g iven  by 

t h e  g e n e r a t o r  from t h e  n o i s e  emi t t ed  by t h e  plasma t u b e ,  I t  i s  n o t  

p o s s i b l e  t o  e l i m i n a t e  t h i s  n o i s e  i n  t h e  b r idge  ba lance  because i t  

occur s  i n  one of t he  b r idge  arms. 

The measurement of t h e  admit tance i s  performed i n  t w o  s teps .  

F i r s t ,  when t h e  tube i s  tu rned  o f f ,  one measures t h e  admi t tance  of t h e  

system which sweeps t h e  probe vo l t age  i n  p a r a l l e l  w i t h  t h e  c a p a c i t y  C 

which e x i s t s  between the  probe suppor t  and i t s  s h i e l d .  Secondly,  when 

t h e  tube  i s  i g n i t e d ,  one measures t h e  p e r t u r b i n g  admi t tance  mentioned 

0 

ANODE SUPPLY 

HEATER 
1 7  
1 1  I I> 

16uf 

.I 

- 

MEASUREMENT OF THE SHEATH 
ADMITTANCE. 

CAPACITOR 

I 
BLOCKING 

I 

OSCILLATOR 

BY PASS 
C A P A C l T M T  FIG. 1 2 .  CIRCUIT USED FOR THE 

Jd=Gj RF BRIDGE 
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above i n  p a r a l l e l  w i th  the  admittance of t h e  probe i t s e l f .  The 

d i f f e r e n c e  between t h e s e  two measurements y i e l d s  t h e  probe admi t tance .  . 
C.  SHEATH ADMITTAYCE MEASUFEMEhTS 

1. The Sheath Conductance 

It can be seen from Fig.  13 t h a t  t h e  i o n  c o n t r i b u t i o n  t o  t h e  

incrementa l  s h e a t h  conductance i s  n e g l i g i b l e  when t h e  probe p o t e n t i a l  

i s  equa l  or s u p e r i o r  t o  t h e  f l o a t i n g  p o t e n t i a l .  I n  f a c t  the v a r i a t i o n  

of t h e  i o n  c u r r e n t  w i th  p o t e n t i a l  i s  less than 5 p e r c e n t  of t h e  t o t a l  

c u r r e n t  v a r i a t i o n  around t h e  f l o a t i n g  p o t e n t i a l .  The approximation 

made i n  o r d e r  t o  o b t a i n  Eq. (10) i s  consequent ly  j u s t i f i e d .  W e  must 

now v e r i f y  t h a t  t h e  p r i n c i p a l  f e a t u r e s  of t h i s  equa t ion  a r e  confirmed 

by exper imenta t ion .  

The shea th  conductance was measured over  a range of  f requency 

inc lud ing  t h e  ion  plasma frequency,  

t h a t  t h e  conductance remains c o n s t a n t  and equa l  t o  t h e  va lue  found by 

g r a p h i c a l  d i f f e r e n t i a t i o n  of t h e  dc Langmuir probe c h a r a c t e r i s t i c .  

f .  = 450 kc / s .  F igu re  14 shows 
1 
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PLANAR GEOMETRY (PROBE I )  
PROBE AT FLOATING POTENTIAL 

2oo a 1 ELECTRON DENSITY ~ 0 '  cm' 

l o t  f i , ,  I I 

0.5 I 185 2 0  
f (Mc) 

00 

F I G .  1 4 .  VARIATION OF SHEATH 
CONDUCTANCE AIW CAPACITAVCE 
WITH FREQUENCY. 

The sheath conductance v a r i e s  l i n e a r l y  w i t h  t h e  e l e c t r o n  d e n s i t y ,  

which i s  p ropor t iona l  t o  t h e  tube c u r r e n t .  Suppor t ing  r e s u l t s  a r e  

shown on F i g .  15.  Furthermore,  one checks t h a t  t h e  conductance i s  

geometry independent ,  s i n c e  l i n e a r  v a r i a t i o n s  are  observed i n  p l a n a r  

and c y l i n d r i c a l  geometry.  

80 160 
CYLINDRICAL GEOMETRY 

(PROBE 2) 

60 120 - - 
6 

0 A h 

O r n E Y 

400.3 "o"40- 
(jw 

.c 

ARC CURRENT (ma) ARC CURRENT (ma) 

F I G .  15 .  VARIATIO?; OF THE PROBE CONDUCTANCE ASD CAPACITANCE WITH D I S -  
CHARGE CURREST. (Working frequency 500 kc .  Probes a t  f l o a t i n g  
p o t e n t i a l . )  
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Equation (10 )  shows a l s o  t h a t  t h e  conductance i s  p r o p o r t i o n a l  

t o  t h e  probe c u r r e n t .  Experiments w e r e  c a r r i e d  ou t  t o  v e r i f y  t h i s  p o i n t  

by b i a s i n g  the p o t e n t i a l  o f  t h e  probe. R e s u l t s  a r e  shown on F i g .  16 and 

compared to  t h o s e  ob ta ined  by u s i n g  t h e  convent iona l  Langmuir technique .  

The s l o p e  of  t h e  curve  y i e l d s  V = 2.15 v o l t s  which a g r e e s  w i t h i n  less 

than  3 p e r c e n t  w i th  t h e  e l e c t r o n  tempera ture  p r e v i o u s l y  determined from 

t h e  dc  c h a r a c t e r i s t i c .  I t  must be noted  t h a t  t h e  e l e c t r o n  tempera ture  

can be determined from a s i n g l e  measurement of t h e  a c  conductance 

whi le  the Langmuir method r e q u i r e s  sweeping a p a r t  of t h e  dc c h a r a c t e r -  

i s t i c .  

mina t ion  of t h e  "breakpoin t"  g i v e s  

6 p e r c e n t  w i th  t h e  s a t u r a t i o n  c u r r e n t  ob ta ined  wi th  t h e  same probe by 

t h e  Langmuir technique .  I n  o rde r  t o  measure t h e  s a t u r a t i o n  c u r r e n t  w i t h  

accuracy ,  it i s  necessary  t h a t  t h e  impedance of t h e  plasma column remain 

n e g l i g i b l e  w i t h  r e s p e c t  t o  the shea th  impedance a t  f l o a t i n g  p o t e n t i a l .  

e 

Equat ion  (10) b reaks  down a t  f l o a t i n g  p o t e n t i a l  and t h e  d e t e r -  

= 3 ma which ag rees  w i t h i n  
I se 

4 

3 - 
E 
Y 

W 

2 

I 

OO 0.5 I 1.5 
GJrn mho) 

10.01 

c W 

1.0 

I 1 I I I 

-10 -5 0 5 
v, ( V o l t )  

FIG. 16. CCnlPARISOS OF COIDUCTASCE ASD COSVESTIOSAL LAYGXU IK PROBE 
CHARACTERISTICS. ( C y l i n d r i c a l  geometry, probe 5 ,  e l e c t r o n  
d e n s i t y  N lo9 ~ m - ~ )  
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From a p r a c t i c a l  s t a n d p o i n t  t h e r e  a r e  some advantages i n  u s i n g  

t h e  conductance measurements t o  l o c a t e  t h e  space  p o t e n t i a l .  The s h e a t h  

conductance i s  reasonably s t a b l e  i n  t i m e  whereas t h e  dc p o t e n t i a l  of 

t h e  probe s u f f e r s  small  e r r a t i c  f l u c t u a t i o n s  due t o  v a r i a t i o n s  of t h e  

plasma column r e s i s t a n c e .  Furthermore,  t h e  "breakpoin t"  i s  somewhat 

sharper  and can be  determined w i t h  b e t t e r  accuracy on a l i n e a r  conduct- 

ance p l o t  than on a semi logar i thmic  dc probe c h a r a c t e r i s t i c .  

F i n a l l y ,  w e  can compute from Eq. (10) t h e  normalized f l o a t i n g  

p o t e n t i a l  of the probes ,  Vf /Ve ,  assuming fo r  t h e  e l e c t r o n  p o t e n t i a l  

an average value V = 2 v o l t s .  The r e s u l t s  a r e  shown on Table  I11 and 

agree  w i t h i n  20 p e r c e n t  w i t h  t h e  r e s u l t s  of Table  I and Bohms' 

t h e o r e t i c a l  de te rmina t ion .  

e 

2 .  The Sheath Capaci tance 

F igure  14 shows t h a t  t h e  c a p a c i t a n c e  i s  frequency independent 

over  t h e  same range of f requency a s  t h e  conductance.  T h i s  i m p l i e s  t h a t  

rf i o n  motions a r e  n e g l i g i b l e  and s u g g e s t s  t h a t  Eqs.  ( 18 ) ,  ( 2 4 ) ,  and 

( 2 8 ) ,  which w e  know a p r i o r i  t o  be v a l i d  above t h e  i o n  plasma f r e -  

quency, apply a l s o  below t h i s  f requency.  The range of a p p l i c a b i l i t y  of 

Eq. (30 )  cannot be reached w i t h  our  exper imenta l  a p p a r a t u s .  I n  e f f e c t ,  

i t  i s  n o t  p o s s i b l e  t o  c a r r y  o u t  t h e  measurements a t  f r e q u e n c i e s  lower 

than  100 kc /s  because t h e  s h e a t h  susceptance becomes n e g l i g i b l e  wi th  

r e s p e c t  t o  t h e  conductance.  

A l l  capac i tance  models i n d i c a t e  t h a t  t h e  s h e a t h  c a p a c i t a n c e  i n  

p l a n a r  geometry must be i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  Debye l e n g t h .  

T h i s  c o n d i t i o n  may be expressed  a s  d i r e c t  p r o p o r t i o n a l i t y  of 

t h e  d i s c h a r g e  c u r r e n t .  F i g u r e  15  shows t h e  e f f e c t  of c u r r e n t  v a r i a t i o n .  

For t h e  p l a n a r  p r o b e ,  which i s  l a r g e  compared t o  a Debye l e n g t h ,  w e  see 

t h a t  t h e  p r o p o r t i o n a l i t y  i s  s a t i s f i e d .  For t h e  c y l i n d r i c a l  probe whose 

diameter  does n o t  g r e a t l y  exceed t h e  s h e a t h  t h i c k n e s s ,  t h e  r e q u i r e d  

p r o p o r t i o n a l i t y  b r e a k s  down. 

C2 t o  
S 

F i n a l l y ,  a d i r e c t  check of t h e  c a p a c i t a n c e  i s  r e q u i r e d .  Some 

t y p i c a l  measurements a t  f l o a t i n g  p o t e n t i a l  a r e  shown on Table  111. One 

n o t e s  t h a t  t h e  admit tance measurements made w i t h  e l e c t r o d e s  1 and 7 a r e  

d i f f e r e n t .  These e l e c t r o d e s  a r e  p h y s i c a l l y  i d e n t i c a l  but  they  a r e  
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Probe Xumber 

c 

5 

I .  

1 

E l e c t r o n  d e n s i t y ,  
-3 

m 

Debye l e n g t h ,  F D ,  
mm 

x 0 = ro/iD 

Measured shea th  
conductance,  

,mho 

Yf = v /v f e  

Model I 
Computed 

s h e a t h  Model I1 
r a p a r i  tnncet 

TAi3LF 3. COMPARISOS BETWEEX THE THEORETICAL A_\?) EXPERnESTAL 
DETERPIIISATIOXS OF THE SHEATH CAPACITAXE FOR A 

100 MA DISCHARGE CURRELT 

I 
I 

15 l5 1.06X10 1.06X10 

0.323 0.323 

l5 I 0-825x10 

s i x  ! 

0.825X10 

0.366 0.366 

3.93 0.393 

260 1 185  I 66.6 15 
I 
i 

I 

I 
I 
I 

-5.39 -5.75 -5.41 -4.60 

31  30 9.5 2.72 

32 27 9.35 2.8 

-- -- 

Measured shea th  32 25 6.3 
capac i t ance  , 

Pf 

l o c a t e d  a t  o p p o s i t e  ends  of t h e  p o s i t i v e  column. 

l a c k  of un i fo rmi ty  of t h e  plasma parameters  i s  r e s p o n s i b l e  f o r  t h e s e  

d i f f e r e n c e s .  

I t  i s  p o s s i b l e  t h a t  a 

2.35 

The p r e d i c t e d  v a l u e s  of t h e  c a p a c i t a n c e s  a r e  found from E q s .  (18), 

(23 ) ,  (27) ,  and (30)  i n  p l ana r  geometry ( e l e c t r o d e s  1 and 7 ) ,  and from 

Eqs. (19) and (26) i n  c y l i n d r i c a l  geometry ( e l e c t r o d e s  2 and 5 ) .  

used an average va lue  for  t h e  e l e c t r o n  t empera tu re ,  

w e  determined 

We 
.~ v e = 2 voits, and 

from the conductance measurements. The p r e d i c t i o n s  
vf 1% 
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from Models I ,  11, and I11 a r e  s l i g h t l y  t o o  l a r g e  and t h e  average  d i s -  

crepancy f o r  t he  p l a n a r  probes  e q u a l s  4pf .  The p r e d i c t i o n s  i n  c y l i n d r i -  

c a l  geometry a r e ,  on t h e  ave rage ,  50 percen t  and 18 p e r c e n t  t o o  h i g h ,  

r e s p e c t i v e l y  f o r  e l e c t r o d e s  2 and 5. The d i s c r e p a n c i e s  can be exp la ined  

by t h e  s i m p l i f i c a t i o n s  made i n  t h e  conven t iona l  Langmuir probe d a t a  

r educ t ion  on which the  comparison i s  based .  The p r e d i c t i o n s  from Model 

I V  a r e  t o o  small  and i t  seems t h a t  w e  have t o  d i s r e g a r d  t h i s  model i n  

t h e  frequency range of our  measurements. 

D. DISCUSSION 

The conductance measurements of a b i a sed  probe , which a r e  d i sp l ayed  

on F i g .  16 ,  g ive  e l e c t r o n  d e n s i t y  and tempera ture .  T h i s  method has  some 

advantage wi th  r e spec t  t o  t h e  c l a s s i c  Langmuir technique  b u t  sweeping 

t h e  probe p o t e n t i a l  i s  s t i l l  r e q u i r e d .  Measurements of t h e  e l e c t r o n  

tempera ture ,  which i s  ob ta ined  from a s i n g l e  p o i n t  of t h e  c h a r a c t e r i s t i c ,  

can be made con t inuous ly ,  however. 

The admit tance measurements a t  f l o a t i n g  p o t e n t i a l  a r e  p a r t i c u l a r l y  

s imple and a r e  a l s o  s u i t a b l e  f o r  cont inuous  measurement but  a r e  only  

a p p r o p r i a t e  where t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  i s  approxi -  

mately Maxwellian up  t o  e n e r g i e s  cor responding  t o  f l o a t i n g  p o t e n t i a l .  

The conductance measurements a r e  very s e n s i t i v e  t o  t h i s  requirement  bu t  

y i e l d  a f a i r l y  good de te rmina t ion  of t h e  space  p o t e n t i a l .  

Though w e  were a b l e  t o  p r e d i c t  t h e  magnitude of t h e  capac i t ance  from 

t h e  plasma parameters  wi th  reasonably small  d i s c r e p a n c i e s ,  i t  i s  more 

d i f f i c u l t ,  i n v e r s e l y ,  t o  o b t a i n  t h e  e l e c t r o n  d e n s i t y  from t h e  capac i -  

t ance  wi th  a good accuracy .  I n  e f f e c t ,  n which i s  p r o p o r t i o n a l  t o  
2 

C s l  
computation of the shea th  capac i t ance .  

i s  very s e n s i t i v e  t o  t h e  s i m p l i f i c a t i o n s  made i n  t h e  t h e o r e t i c a l  

2 
and C t o  n have been 

G S  S 
However, the  p r o p o r t i o n a l i t i e s  of 

checked by experiment and one can make u s e  of t h e s e  p r o p e r t i e s  t o  r eco rd  

cont inuous ly  the  r e l a t i v e  v a r i a t i o n s  of t h e  e l e c t r o n  d e n s i t y .  W e  assume 

t h a t  t h e  r e s u l t s  can  be c a l i b r a t e d  by an independent  method and t h a t  

t h e  e l e c t r o n  temperature  i s  s imul taneous ly  recorded  wi th  a b i a sed  

probe.  

I -  

. 
# 
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I f  w e  assume t h a t  t h e  sma l l e s t  capac i t ance  which can be measured 

w i t h  r easonab le  accu racy ,  s ay  10 p e r c e n t ,  i s  1 p f ,  w e  see from F i g .  15 

t h a t  t h e  s m a l l e s t  e l e c t r o n  dens i ty  urhich can be d e t e c t e d  wi th  an 

I -  

6 -3 
e l e c t r o d e  such a s  probe 1 i s  10 cm . 

Continuous measurements a re  p a r t i c u l a r l y  i n t e r e s t i n g  i n  t ime-varying 

plasmas and i n  space  a p p l i c a t i o n s  where t h e  probe i s  t r a v e l i n g  i n  a non- 

uniform medium. However, the s h e a t h  must always have t i m e  t o  a d j u s t  

i t s e l f  to  t h e  ambient cond i t ions  b e f o r e  t h e  a c  inc remen ta l  t heo ry  

a p p l i e s .  The minimum p e r i o d  of ad jus tment  f o r  sma l l  v a r i a t i o n s  of t h e  

plasma parameters  can  be e s t ima ted  from t h e  t i m e  r e q u i r e d  by an i o n  t o  

t r a v e l  a d i s t a n c e  of 3 Debye l eng ths  which i s  approximately t h e  t h i c k n e s s  

of t h e  s h e a t h  

1 

”D 3 V e 
V “ \  2Vi ’ 

3 - = - -  

i “ p i  

i s  t h e  i o n  plasma f requency .  T h i s  t i m e  has  t h e  o r d e r  of 
‘”Pi 

where 

magnitude of t h e  i o n  plasma r e l a x a t i o n  p e r i o d ,  i f  w e  assume V = 2 V .  

a t  t h e  s h e a t h  edge .  
e 1 

Continuous eva iua t io r i  01 Liie siitza iii ddmittaiicr: Cziiiivt “UZ ~:-~f . ;~ tc i2  

wi th  a b r idge  method i n  which a f i n i t e  t i m e  i s  r e q u i r e d  f o r  t h e  sampling. 

I n s t e a d ,  t h e  probe vo l t age  and c u r r e n t  a r e  recorded  on magnetic o r  

photographic  t a p e  and t h e  admittance i s  determined by subsequent d a t a  

p rocess ing .  

Another i n t e r e s t i n g  f e a t u r e  of t h e  admi t tance  probe i s  t h a t ,  i n  

p r i n c i p l e ,  measurements can be made wi thout  any probe i n s i d e  t h e  tube .  

I n  e f f e c t  one can make an e l e c t r o d e  by c a r e f u l l y  wrapping a p i e c e  of 

aluminum f o i l  around t h e  tube .  The impedance which i s  measured between 

t h i s  e l e c t r o d e  and t h e  ground i s  due t o  t h e  d i e l e c t r i c  e f f e c t  of t h e  

g l a s s  wa l l  i n  series wi th  t h e  impedance of  t h e  s h e a t h  which l i n e s  t h e  

i n s i d e  of t h e  t u b e .  Knowing the d i e l e c t r i c  c o n s t a n t  and t h e  t h i c k n e s s  

of t h e  g l a s s  a l lows  one t o  o b t a i n  t h e  s h e a t h  impedance a t  f l o a t i n g  

p o t e n t i a l .  
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I V .  IMPEDANCE PROBE MEASUREMENTS I N  THE IONOSPHERE 

A .  DESCRIPTION OF THE EXPERIMENT 

1. The Probe 

A rocket was f i r e d  from Wallops I s l a n d  d u r i n g  t h e  n i g h t  of 

Ju ly  9 ,  1963. The f l i g h t  l a s t e d  455 seconds and t h e  peak a l t i t u d e  was 

205 km. The payload, designed a t  S tanford  Research I n s t i t u t e ,  by Orsak 

and h i s  co-workers'' inc luded  a very l o w  f requency impedance probe .  

The probe was made of two f l a t  s t r i p s  a t t a c h e d  t o  t h e  o u t s i d e  

of t h e  nosecone. T h i s  nosecone was made of f i b e r  g l a s s  o f  t h i c k n e s s  

1 .6  mm.  Figure 17  i l l u s t r a t e s  t h e  c o n f i g u r a t i o n  of t h i s  s y m m e t r i c  d i p o l e ,  

t h e  l e n g t h  and width of t h e  e l e c t r o d e s  A r t ?  r e s p e c t i v e l y  L = 107 c m  and 

h = 2 .54  c m .  I n  f i r s t  approximation w e  w i l l  assume t h a t  t h e  rocke t  i s  a 

p e r f e c t  c y l i n d e r  of diameter  D = 33 c m  and t h a t  t h e  s t r i p s  a r e  

p a r a l l e l .  

A 
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The admi t tance  of t h e  d i p o l e  was found from t h e  r a t i o  of t h e  

c o n s t a n t  a l t e r n a t i n g  c u r r e n t  i n j e c t e d  i n t o  t h e  probe over  t h e  v o l t a g e  

measured between t h e  t e rmina l s .  T h i s  vo l t age  equaled  a t  t h e  most 10 mV. 

I t  always remained much smaller than  t h e  e l e c t r o n  p o t e n t i a l ,  and had no 

p e r t u r b i n g  e f f e c t  on t h e  f l o a t i n g  p o t e n t i a l  of t h e  s t r i p s .  

The r o c k e t  was r o t a t i n g  about i t s  a x i s  w i th  an angular  v e l o c i t y  

of 2.9 r e v o l u t i o n s  p e r  second. The ang le  made by t h e  rocke t  a x i s  and 

cL- C I I G  earth's m a s e t i c  field en,..aled rr\~ghly 30' d ~ r i n g  the f l i g h t .  

2. The Data 

The admi t tance  measurements w e r e  made a t  two f r e q u e n c i e s ,  

1 .54  kc /s  and 120 k c / s ,  and t r ansmi t t ed  t o  t h e  ground a t  t h e  r a t e  of 

1 4  samples p e r  second f o r  each f requency .  

The p l o t s  of t h e  measured conductance and capac i t ance  a r e  taken  

from O r s a k ' s  r e p o r t  and a r e  shown on F i g s .  18 - 21. They show a very 

s t r o n g  dependewe on t h e  e l e c t r o n  d e n s i t y ,  and o f f e r  a very good s p a t i a l  

r e s o l u t i o n  which a l lows  us t o  p i n p o i n t  t h e  s p o r a d i c  E l a y e r  and even 

t o  d i s t i n g u i s h  e lementary  l a y e r s  less than  1 km t h i c k  w i t h i n  t h e  

l a y e r  i t s e l f .  The conductance of  t h e  d i p o l e  was n e g l i g i b l e  wi th  r e s p e c t  

to  t h e  susceptance  a t  120 kc /s  and on ly  t h e  susceptance  was measured. 

ES 

One n o t e s  t h a t  t h e  c spzc i t ance  and conductance measured a t  

1.54 k c / s  below 90 km dur ing  t h e  a s c e n t  a r e  s u r p r i s i n g l y  l a r g e .  

was t e n t a t i v e l y  a t t r i b u t e d  by t h e  expe r imen te r s  t o  contaminat ion  of t h e  

nosecone du r ing  i ts  t r a v e l  ac ross  t h e  dense l a y e r  of t h e  atmosphere. 

If t h i s  e f f e c t  w e r e  due to t h e  i o n i z a t i o n  of t h e  medium, which i s  

improbable a t  t h i s  a l t i t u d e  dur ing  t h e  n i g h t ,  i t  would i n c r e a s e  wi th  

a l t i t u d e ;  i t  would a l s o  appear d u r i n g  t h e  descen t  and would a f f e c t  i n  

a s i m i l a r  way the measurements made a t  120 k c / s .  

T h i s  

I f  one d i s r e g a r d s  the measurements made a t  t h e  lower frequency 

du r ing  t h e  ascending  p a r t  of t h e  t r a j e c t o r y ,  one n o t e s  t h a t  t h e  con- 

ductance i s  n e g l i g i b l e  below 100 km; t h i s  proves  t h a t  t h e  i o n i z a t i o n  

of t h e  ambient gas  could  n o t  be d e t e c t e d  by t h e  probe .  The correspond- 

ing c a p a c i t a n c e  h a s  an average va lue  of 1 5  pf and i s  p r a c t i c a l l y  e q u a l  

to  t h e  f r e e  space  capac i t ance  f o r  t h e  d i p o l e .  
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HEIGHT kilometers 

FIG. 18. IMPEDANCE PROBE CONDUCTANCE DATA, 1 .54  KC.  
(Courtesy of L .  E .  Orsak,  L .  H .  Rorden, G .  B .  Car- 
p e n t e r  and B. P .  F i c k l i n ,  S t a n f o r d  Research I n s t i -  
t u t e ,  F i n a l  R e p t . ,  C o n t r a c t  NASr-49(01), Jan 1965. ) 
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FIG. 1 9 .  IMPEDANCE PROBE CAPACITANCE DATA, 1 . 5 4  KC. (Courtesy of L .  E .  
Orsak, L .  H .  Rorden, G. B .  Carpenter and B .  P .  F i c k l i n ,  Stanford 
Research I n s t i t u t e ,  F inal  Rept . ,  Contract NASr-49(01), Jan 1965. ) 
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H E I G H T  kilometers 
( b )  

5 I50 
0-3749-125 

FIG. 20. IMPEDANCE PROBE CAPACITANCE DATA, 120 KC. (Courtesy of L. E .  
Orsak ,  L .  H .  Rorden, G.  B .  Carpenter  and B. P.  F i c k l i n ,  S t a n f o r d  
Research I n s t i t u t e ,  F i n a l  R e p t . ,  Con t rac t  NASr-49(01), Jan  1965. )  
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a, 

H E I G H T  kilometers D-3749-130 
(b) 

F I G .  21. IMPEDbJCE PROBE CONDUCTANa AND CAPACITANCE I N  THE SPORADIC 
E LAYER. ( C o u r t e s y  01 L. E .  O r s a i r ,  L. ii. iiurcie11, G. E.  ~ai-pzi i tzr  
and B .  P .  F i c k l i n ,  S t a n f o r d  R e s e a r c h  I n s t i t u t e ,  F i n a l  R e p t . ,  C o n -  
tract N A S r - 4 9 ( 0 1 ) ,  Jan 1965.  ) 
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The e l e c t r o n  d e n s i t y  was measured d u r i n g  t h e  f l i g h t  wi th  a c w  

propagat ion  method, and i t  appears  t h a t  t h e  probe was n o t  s e n s i t i v e  t o  

e l e c t r o n  d e n s i t i e s  lower than  10 m . 9 -3 

3 .  The Components of t h e  Impedance 

The impedance of t h e  d i p o l e ,  a s  shown on F i g .  22, can schemat- 

i c a l l y  be d iv ided  i n t o  3 components. The f i r s t  one ,  Z s ,  i s  t h e  imped- 

ance of t h e  sheath which s e p a r a t e s  t h e  o u t e r  s u r f a c e  of t h e  s t r i p s  from 

t h e  plasma. The second component, Z r e p r e s e n t s  t h e  c o n t r i b u t i o n  of 

t h e  plasma which surrounds t h e  probe .  The t h i r d  impedance i s  due t o  

t h e  i n t e r n a l  c a p a c i t a n c e ,  C i ,  coupl ing  t h e  two s t r i p s  through t h e  

body of  t h e  rocke t .  

P ’  

i s  n o t  f e a s i b l e  because t h e  
‘i 

An accura te  e v a l u a t i o n  of 

rocket body i s  n o t  homogeneous. However, w e  w i l l  determine bounds t o  

i t s  magnitude a s  f o l l o w s .  

PLASMA 

FIG. 22. A SCHEMATIC REPRESENTATION 
OF THE DIPOLE SECTION AND ITS 
APPROXIMATION . 
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I n  o r d e r  t o  set an upper l i m i t  f o r  Ci ,  
w e  may assume t h a t  

every  e lectr ic  f i e l d  l i n e  ends on t h e  i n n e r  p a r t  of t h e  s t r i p s  and t h a t  

t h e  coupl ing  t a k e s  p l a c e  e n t i r e l y '  through t h e  rocke t  body. Then 

e q u a l s  t h e  t o t a l  capac i t ance  of t h e  d i p o l e  measured i n  f r e e  space .  
'i 

W e  can determine a lower l i m i t  f o r  t h e  i n t e r n a l  coupl ing  by 

assuming t h a t  t h e  charge  d i s t r i b u t i o n  on one e l e c t r o d e  i s  no t  i n f luenced  

by t h e  presence  of t h e  o t h e r  e l e c t r o d e .  Then the  charge borne by t h e  

i n n e r  s u r f a c e  of one strips equa l s  very c l o s e l y  t h e  charge  borne by i t s  

o u t e r  s u r f a c e  and 

space capac i t ance .  

equa l s  approximately h a l f  of t h e  t o t a l  f r e e  
'i 

Consequently,  w e  w i l l  w r i t e  C.  = 11 2 4 p f .  
1 

B. EVALUATION OF THE PLASMA IMPEDANCE 

1. Approach t o  t h e  Problem 

W e  must estimate t h e  c o n t r i b u t i o n  of t he  plasma t o  t h e  t o t a l  

d i p o l e  impedance measured i n  t h e  ionosphere.  W e  assume t h a t  t h e  medium 

i s  homogeneous, i .e., w e  n e g l e c t  t h e  r a r e f a c t i o n  of i o n s  and e l e c t r o n s  

i n  t h e  shea th  and i n  t h e  wake. 

One approacil io i,ilis Fi-ijblCiii is te ==.it=: f-r the p r e h ~  r ? p a , r i t y  

where S i s  t h e  probe sur face  a r e a ,  7 i s  the  s u r f a c e  charge d e n s i t y ,  

E i s  t h e  e l e c t r i c  f i e l d  d isp lacement ,  and E i s  t h e  complex pe r -  

m i t t i v i t y  t e n s o r  which inc ludes  the  e f f e c t s  of  magnetic f i e l d  and 

c o l l i s i o n s .  

CI -+ 

P 

The r a t i o  of t h e  capac i tance  with plasma p r e s e n t ,  C t o  t h a t  
P '  

i s  
cO , wi th  f r e e  space a s  d i e l e c t r i c ,  
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32 
Th i s  approach was used by Herman; u n f o r t u n a t e l y ,  he  assumed 

t h a t  t h e  e lec t r ic  f i e l d  was t h e  same i n  bo th  numerator and denominator.  

T h i s  s i m p l i f i c a t i o n  can  be employed only  if t h e  e l ec t r i c  f i e l d  i s  

everywhere p a r a l l e l  or pe rpend icu la r  t o  the  magnet ic  f i e l d ,  then  Eq. 

(33 )  s i m p l i f i e s  t o  

C E 
P 

E '  
- P 

cO 0 

where E must be rep laced  r e s p e c t i v e l y  by t h e  r e l a t i v e  p e r m i t t i v i t y  

p a r a l l e l ,  g L ,  or perpend icu la r ,  E 
P 

t o  t h e  magnet ic  f i e l d .  
T '  9 

Balmain has  developed a theory  of a d i p o l e  antenna i n  an an iso-  

t r o p i c  medium under q u a s i - s t a t i c  c o n d i t i o n s ,  and has  shown t h a t  h i s  

r e s u l t  could be simply r ede r ived  by apply ing  a p rope r  s c a l i n g  t o  t h e  

space coord ina te s  and the  charge d e n s i t y .  W e  w i l l  summarize t h i s  method 

and apply i t  t o  t h e  p r e s e n t  problem. 

In a plasma w i t h  a magnetic f i e l d  o r i e n t e d  a long  t h e  Z a x i s ,  

P o i s s o n ' s  equa t ion  i s  w r i t t e n  

where + i s  the charge  d e n s i t y .  

P o i s s o n ' s  equa t ion  i s  e l l i p t i c  when E and have t h e  same 

s i g n  and hyperbol ic  when they have oppos i t e  s i g n .  F i r s t  w e  w i l l  assume 

t h a t  E and E a r e  both  p o s i t i v e .  

T 

T L 
The charge conse rva t ion  equa t ion  i s  w r i t t e n  

-+ 
where J i s  the v e c t o r  c u r r e n t  d e n s i t y .  

I f  one a p p l i e s  t he  fo l lowing  t r ans fo rma t ion  

SEL-6 5 -102 

x' x, y '  =JEL€T y ,  2' = € z , 
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l o  

e q u a t i o n s  (34) and (35), r e s p e c t i v e l y ,  reduce to  t h e  f r e e  space 

f ormu 1 a t  i on 

2 P '  V ' V = - -  
E 
0 

(38) 

and 

. 
d 'd ;3 

where t h e  o p e r a t o r  V' s t ands  f o r  w+ay'+aZ(- 
One n o t e s  t h a t  t h i s  t r ans fo rma t ion  l e a v e s  t h e  p o t e n t i a l  and 

t h e  frequency i n v a r i a n t .  Though t h e  charge d e n s i t y  i s  transformed by 

Eq. (37), t h e  charge  i t s e l f  i s  a l s o  an i n v a r i a n t .  

I f  w e  apply t h e  space t r ans fo rma t ion  (36) t o  t h e  electric f i e l d  
-+ + 
E and t h e  element of su r face  a r e a  dS w e  o b t a i n  

~ - .  

0 o \  

where (m) = and s' i s  found from Eq. (38), 

T 0 E 

where 

0 

1 

0 
1 

. 
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+ 
Replacing E q s .  ( 4 0 )  and ( 4 1 )  i n  Eq. ( 3 2 ) ,  and n o t i n g  t h a t  E ’  

and d”s’ a r e  p a r a l l e l  w e  o b t a i n  

E’dS’ 

V c =  
P 

where t h e  space t r ans fo rma t ion  has  a l s o  been a p p l i e d  t o  t h e  i n t e g r a t i o n  

boundar ies ,  t h a t  i s  t h e  s u r f a c e  of t h e  e l e c t r o d e s .  

Therefore ,  t h e  impedance of a d i p o l e  immersed i n  a plasma i s  

the  same a s  the  f r e e  space impedance of a new d i p o l e  ob ta ined  from t h e  

f i r s t  one through the  s c a l i n g  law ( 3 6 ) .  

L T 
When E and E a r e  both  n e g a t i v e ,  t h e  space t r ans fo rma t ion  

i s  s t i l l  meaningful i f  t h e  s c a l i n g  equa t ions  a r e  w r i t t e n  

x ’  = J(-  € L )  ( -  E T )  x ,  y ’  = J(- E L )  ( -  E T )  y ,  z’ = ( -  E T )  2 ,  . -  

-F and p ’  = - 
E €  

L T  
2 -  

Then Eqs. ( 3 8 )  and ( 3 9 )  a r e  unchanged b u t ,  s i n c e  t h e  s i g n  of t h e  charge 

has  been changed, i t  i s  c l e a r  t h a t  t h e  capac i t ance  i s  n e g a t i v e ,  i . e . ,  

t h e  r eac t ance  of t h e  d i p o l e  i s  i n d u c t i v e .  

2 .  Impedance of a Dipole  Made of Two F l a t  S t r i p s  

The b a s i c  coord ina te  system xyz i s  such t h a t  t h e  magnet ic  

f i e l d  i s  o r i e n t e d  a long  the  z a x i s .  However, i t  i s  convenient  t o  

u s e  a second coord ina te  system xuv obta ined  from t h e  f i r s t  one 

through a r o t a t i o n  of ang le  6 around the  x a x i s  and such t h a t  t h e  

v a x i s  i s  a symmet ry  a x i s  f o r  t h e  d i p o l e .  

Balmain’ showed t h a t  t h e  space t r ans fo rma t ion  (36 )  becomes 
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x' =J%' x , 

s i n 2 e  f E cos23 J;, T 

2 2 
s i n  8 + e COS 8 v . 1. T 

Appl i ca t ion  of t h e  t ransformat ion  (42 )  t o  a d i p o l e  made of two 

f l a t  s t r i p s  i s  i l l u s t r a t e d  on F i g .  23. 

d i p o l e  is 

The l e n g t h  of t h e  e q u i v a l e n t  

2 
cos 8 L . 2 

E T  L' = &- jf s i n  e + 

When t h e  az imutha l  angle v a r i e s ,  t h e  e q u i v a l e n t  s t r i p s  

d e s c r i b e  an e l l i p t i c a l  c y l i n d e r .  T h e i r  s e p a r a t i o n ,  D ' ,  and t h e i r  

w id th ,  h ' ,  a r e  consequently f u n c t i o n s  of q .  
When t h e  magnetic f i e l d  i s  p a r a l l e l  t o  t h e  e l e c t r o d e  s u r f a c e ,  

q = o  and 

(43  1 2 D  
h 

D '  

When t h e  magnetic f i e l d  makes an angle  ii 
n: 

(li = - and 2 

wi th  t h e  e l e c t r o d e  s u r f a c e ,  
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F I G .  23 .  GEOMETRY O F  THE DIPOLE AND THE FREE SPACE EQUIVALENT 
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The capac i t ance  of two p a r a l l e l  s t r i p s  i n  an homogeneous medium 
33 

has  been computed by Palmer and some u s e f u l  approximate r e s u l t s  a r e  

g iven  by Terman.34 The v a r i a t i o n  of t h e  capac i t ance  p e r  m e t e r  w i th  t h e  

r a t i o  of s t r i p  s e p a r a t i o n  over s t r i p  width i s  g iven  on F i g .  24 .  
D' 

If I I >> 1 ,  t h e  s t r i p  capac i t ance  i s  g iven  by 

nE L' 
0 

D '  ' 
h 

c =  
a n 4 7  

i f  << 1, t h i s  capac i tance  becomes 

(45) 

F i n a l l y ,  t h e  s t r ip  impedance can be w r i t t e n  

where C i s  found from one of t h e  preceding  e q u a t i o n s ,  depending on 

t h e  magnitude of the r a t i o  
P 

]D'/h'i . 

FIG.  24. CAPACITANCE OF TWO LOXG 
PARALLEL STRIPS I N  FREE SPACE. 

* (XI ,,,,,,, 1.0 IO 

SEPARATION / WIDTH 
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3 .  Discussion 

One must keep i n  mind t h a t  t h e  above d e r i v a t i o n  i s  r i g o r o u s  

only  i f  c and cT a r e  r e a l  and have t h e  same s i g n .  In  t h e  case  of 

a plasma w i t h  one s p e c i e s  of i o n ,  t he  r e l a t i v e  p e r m i t t i v i t i e s  p a r a l l e l  

and t r a n s v e r s e  to  the  magnetic f i e l d  a r e  g i v e n ,  r e s p e c t i v e l y ,  by 

L 

2 

and 

where m and M are t h e  e l e c t r o n  and i o n  masses, r e s p e c t i v e l y ,  

“+e 0 ce 
t h e  e l e c t r o n  cyc lo t ron  frequency.  

2 2 
= ne /E m i s  t h e  e l e c t r o n  plasma frequency and CI) = eB/m i s  

The reg ions  of a p p l i c a b i l i t y  of t h e  s c a l i n g  method a r e  shown i n  

F i g .  25. The impedance Z i s  c a p a c i t i v e  i n  r e g i o n s  1, 4 and 8 ,  where 
P 

t‘ and E are  both  p o s i t i v e  

E and E a re  both  nega t ive  

In  reg ions  2 ,  5 ,  6 and 

L a p l a c e ‘ s  equat ion  i s  hyperbol  

imaginary and one i s  l e f t  w i th  

L T 

L T 

i t  i s  i n d u c t i v e  i n  r eg ions  3 and 7 where 

9 ,  cT and E have oppos i t e  s i g n s  and 

c .  The space t r ans fo rma t ion  (36)  becomes 

t h e  unusual  and non-physical problem of 

L 

so lv ing  Lap lace ’ s  equa t ion  i n  f r e e  space w i t h  imaginary boundar ies !  
35 

The s c a l i n g  method was a l s o  used by P y a t i  and Weil, who com- 

puted  t h e  capac i tance  of a b i c o n i c a l  antenna i n  a magneto-ionic medium. 

These a u t h o r s  mentioned t h a t  i t  was p o s s i b l e  a n a l y t i c a l l y  t o  con t inue  

t h e  e x p r e s s i o n  found f o r  Z v a l i d  i n  t h e  r e g i o n s  where Lap lace ’ s  

equa t ion  i s  e l l i p t i c ,  i n t o  the  r eg ions  where Lap lace ’ s  equa t ion  i s  

hype rbo l i c .  

P1  

The work of Balmain’ a l s o  suppor t s  t h i s  conclus ion .  

When Laplace’s  equa t ion  is hype rbo l i c ,  it can be seen from 

Eqs.  (43) and ( 4 4 )  t h a t  D’/h’ may become imaginary.  Then t h e  

I -  

- 
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I INDUCTIVE 

FIG. 25. REGIONS OF APPLICABILITY OF THE SCALING 
METHOD. 

capac i t ance  of t h e  s t r i p s ,  given by Eq. (45)  or (46)  becomes complex 

and t h e  impedance Z p r e s e n t s  a real  p a r t  i n  a l o s s l e s s  medium. 
P 

The p h y s i c a l  meaning of t h i s  r e s i s t a n c e  i s  n o t  w e l l  understood 

and t h e  v a l i d i t y  of t h i s  t h e o r e t i c a l  r e s u l t  i s  s o m e t i m e s  r e j e c t e d .  

Balmain’ sugges t s  t h a t  t h i s  r e s i s t a n c e  i s  due t o  r a d i a t i o n .  
36 W e i 1 3 5  and Walsh and Haddock 

and mention t h a t  a q u a s i - s t a t i c  approximation i s  no longe r  v a l i d  when 

t h e  wavelengths  i n  c e r t a i n  propagat ion d i r e c t i o n s  are no longe r  l a r g e  

wi th  r e s p e c t  t o  t h e  size of t h e  antenna.  

P y a t i  and 

do n o t  ag ree  wi th  t h i s  i n t e r p r e t a t i o n  

- 61 - SEL-65-102 



The de termina t ion  of t h e  impedance of an an tenna  i n  a magneto- 

i o n i c  medium i s  very impor tan t  f o r  very low f requency  r e c e p t i o n  and 

t r ansmiss ion  aboard r o c k e t s  and s a t e l l i t e s .  T h i s  problem h a s  n o t  been 

so lved  s a t i s f a c t o r i l y  y e t ;  an  a c c u r a t e  t r ea tmen t  would r e q u i r e  u s i n g  

t h e  wave equa t ion  i n s t e a d  of L a p l a c e ' s  equa t ion  i n  t h e  computa t ions ,  bu t  

t h i s  i s  no t  mathematically f e a s i b l e .  

N o  r e l i a b l e  measurements of impedance have been made so f a r  i n  

t h e  c o n t r o v e r s i a l  r e g i o n s  of F i g .  25. Such expe r imen ta t ion  would be 

very v a l u a b l e ;  it would show i f  t h e  a v a i l a b l e  impedance models a r e  v a l i d  

and a t  l e a s t  would h e l p  t o  unders tand  t h e  behav io r  of an antenna i n  a 

medium where P o i s s o n ' s  equa t ion  i s  hype rbo l i c .  

4 .  Numerical App l i ca t ion  

The d i p o l e  model used i n  t h e  preceding  computations i s  s i m i l a r  

t o  t h e  one used i n  t h e  ionosphe r i c  experiment w i th  t h e  e x c e p t i o n  t h a t  

a p o r t i o n  of space i s  occupied by t h e  r o c k e t  i n  t h e  l a t t e r  model. The 

e q u a t i o n s  which w e r e  w r i t t e n  do n o t  r e p r e s e n t  e x a c t l y  t h e  plasma imped- 

ance of t h e  r e a l  p robe ,  bu t  w i l l  g ive  an i n s i g h t  i n t o  i t s  magnitude. 

W e  have computed the  modulus of t h e  c a p a c i t a n c e  of two f l a t  

s t r i p s  for a frequency of 1 .54  kc /s  and for two va lues  of t h e  az imutha l  

a n g l e ,  q~ = o 

e l e c t r o n  d e n s i t y  i s  s i m i l a r  t o  t h a t  observed du r ing  t h e  rocke t  f l i g h t .  

The plasma i s  assumed t o  be made of i on ized  oxygen. The e l e c t r o n  and 

i o n  gyrof requencies  a r e  supposed t o  b e ,  r e s p e c t i v e l y ,  1 . 4 5  Mc/s and 

49 c / s .  Such cond i t ions  a r e  c h a r a c t e r i s t i c  of r e g i o n  7 on F i g .  25. 

T t  and y = -. C o l l i s i o n s  a r e  n e g l e c t e d  and t h e  range of 2 

The r e s u l t s  a r e  d i sp l ayed  on F i g .  26. T h i s  f i g u r e  i s  more than  

i l l u s t r a t i v e  because i t  shows t h a t  t h e  plasma capac i t ance  i s  very l a r g e  

compared t o  the  measured e x t e r n a l  capac i t ance  a t  1 .54  kc / s .  

worst  c a s e ,  when cp = 0, a r a t i o  of st l e a s t  500 e x i s t s  between t h e  

modulus of these  two c a p a c i t a n c e s .  Consequently,  i t  i s  j u s t i f i e d  t o  

assume t h a t  the  plasma i s  a p e r f e c t  conductor a t  t h e  lower f requency .  

The re fo re ,  i f  we have Z z 0, w e  see from F i g .  22 t h a t  t h e  impedance 

of t h e  d i p o l e  c o n s i s t s  of t h e  i n t e r n a l  capac i t ance  i n  p a r a l l e l  w i th  t h e  

shea th  impedance of t h e  s t r i p s .  

I n  t h e  

P 

. -  
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FIG. 26. MODULUS OF THE DIPOLE CAPACITANCE I N  A 
MAGNETO-IONIC MEDIUM, FREQUENCY 1.54 RC/S. 

Conclusions r e l a t i v e  to  t h e  upper f requency ,  120 kc / s ,  cannot  

be drawn because P o i s s o n ' s  equat ion  i s  hype rbo l i c  i n  r eg ion  5 of F ig .  

25 and t h e  s c a l i n g  p rocess  cannot be app l i ed  wi th  conf idence .  

However, t h e  magnitude of the e lements  of t h e  d i e l e c t r i c  t e n s o r  

sugges t s  t h a t  t h e  plasma impedance i s  no longe r  n e g l i g i b l e  a t  h igh  

frequency and t h a t  t h e  corresponding d a t a  a r e  n o t  c h a r a c t e r i s t i c  of t h e  

shea th  impedance. 

C .  EFFECT OF THE PARTICLE T H E W  VELOCITY ON THE PLASMA IMPEDANCE 

1. Theorv 

A t  an a l t i t u d e  of 200 km, t h e  t o p  of t h e  t r a j e c t o r y ,  and under  
37 

night t ime c o n d i t i o n s ,  t h e  e l e c t r o n  tempera ture  g iven  by Johnson i s  

700 OK. E l e c t r o n s  a r e  consequently moving on h e l i c a l  o r b i t s  a long  t h e  

magnetic f i e l d  d i r e c t i o n  with an  average v e l o c i t y  o f  140 km/s. 

t h e  magnetic f i e l d  makes an ang le  of only  30" wi th  t h e  r o c k e t  axis ,  w e  

can roughly d e f i n e  a t i m e  dur ing which an  e l e c t r o n  i s  i n t e r a c t i n g  w i t h  

t h e  electric f i e l d  of t h e  d ipo le .  Th i s  t r a n s i t  t i m e  e q u a l s  t h e  r a t i o  
-5 

of t h e  d i p o l e  l e n g t h  ove r  t h e  e l e c t r o n  v e l o c i t y ,  t h a t  i s  roughly 10 s 

I n  o t h e r  words, an average e l e c t r o n  t r a v e l s  ove r  a d i s t a n c e  of 100 m 

dur ing  one pe r iod  of t h e  1.54 kc / s  s i g n a l .  Under such c o n d i t i o n s  w e  

S ince  
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may wonder i f  t he  c o l d  plasma approximation used i n  t h e  preceding  

computations i s  s t i l l  v a l i d  a t  low f requency .  
21 

The e f f e c t  of t h e  temperature,  was a l s o  mentioned by K a i s e r ;  

w e  w i l l  t r y  t o  e s t i m a t e  i t s  importance by u s i n g  a s imple r  e l e c t r o d e  

c o n f i g u r a t i o n .  W e  w i l l  compute t h e  impedance of a s l a b  of plasma 

l i m i t e d  by two p a r a l l e l  p l a t e s  a s  shown on F i g .  27. A uniform a c  

e l e c t r i c  f i e l d  e x i s t s  a long  t h e  z a x i s  and a uniform d c  magnetic 

f i e l d  i s  app l i ed  a long  t h e  y a x i s .  We assume t h a t  t h e r e  i s  no 

c o l l i s i o n  and w e  n e g l e c t  t h e  c o l l e c t i o n  of p a r t i c l e s  by t h e  e l e c t r o d e s .  

X /  

FIG. 27. THE MODEL UTILIZED I N  THE COMPUTATION OF 
THE EFFECT OF TEMPERATURE UPON THE IMPEDANCE OF 
THE PLASMA. 

The law of  motion of a p a r t i c l e  of charge  q and mass m i s  

w r i t  t e n  

+ 
where c = t h e  v e l o c i t y  of t h e  p a r t i c l e .  

Equation (47 )  i s  e q u i v a l e n t  t o  t h e  fo l lowing  set 

m x = - q B i ,  .. 

m y = o ,  

mii  = q ( E  + BA) . 

(48 

(49)  

. 

. ^  
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. 
I n t e g r a t i n g  E q .  (48) and r ep lax ing  2 i n  Eq.  ( 4 9 ) ,  w e  o b t a i n  

2 q  z + ( u ~ = - E ,  
C m 

SB 
c m  
If w e  assume t h a t  E = E cos at, t h e  complete s o l u t i o n  of 

.&There cij = - . 
0 

Eq.  (50) is 

where A and 0 a r e  t w o  i n t e g r a t i o n  c o n s t a n t s  and z 0 i s  t h e  va lue  

of z a t  y = 0 .  

The p a r t i c l e  which is a t  p o s i t i o n  y = yo a t  t i m e  t was a t  

p o s i t i o n  y = o a t  t ime t - (y0/v) ,  v be ing  t h e  v e l o c i t y  of the 

p a r t i c l e  a long  t h e  z a x i s .  W e  can determine A and (3 by the  

boundary c o n d i t i o n s  z = z 0 and z = z 0 a t  y = 0 .  

These c o n d i t i o n s  can be w r i t t e n  

from which w e  o b t a i n  t h e  i n t e g r a t i o n  c o n s t a n t s ,  

0 
E 

cos q A = - -  
m 2  2 

and 
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where 

Then t a k i n g  t h e  d e r i v a t i v e  of Eq. (47)  w e  o b t a i n  

or 

or 

UJ 

cu 
C P u t t i n g  p = - and r e p l a c i n g  for X ,  w e  o b t a i n  

'IJc Y 
- p cos  (clJt - ?) s i n  + i cos - 

0 V 

- -  %I} + io cos "CY, - . 
V V 

1 - I-L s i n  [uJt - (1+p) 
2 
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The l a s t  term can be dropped because i t  g i v e s  no c o n t r i b u t i o n  a t  f r e -  

quency Q); it  j u s t  r ep resen t s  t h e  p r o j e c t i o n  along t h e  z a x i s  of t h e  

c i r c u l a r  motion of a charged p a r t i c l e  i n  a magnetic f i e l d .  

The t o t a l  c u r r e n t  along t h e  z a x i s  due t o  2 beam of p a r t i c l e s  

of v e l o c i t y  v i s  obta ined  from Eq. ( 5 2 )  through t h e  fo l lowing  

i n t e g r a  ti on 

I = nqa p 5 dY 
J O  

or 

(53) 

2 
where cu = - nq a and b be ing ,  r e s p e c t i v e l y ,  t h e  width and t h e  

p mE ’ 
0 

l e n g t h  of t h e  p l a t e s .  

c u r r e n t  d e n s i t y  i n  t h e  z d i r e c t i o n  j = - I i s  found t o  be 

A f t e r  i n t e g r a t i o n  of Eq. (53) and s o m e  t r ans fo rma t ions ,  t h e  

a b  

O& where u = -. 
V 
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These calculations are relative to a beam of particles which 

has a velocity v along z axis. We must now average this result 

over the velocity distribution function of the particles. For 

simplicity we assume a 

as shown on Fig. 28a. 

monoenergetic and isotropic distribution function 

a. Monoenergetic and isotropic 
distribution function 

0 V 

Fig. 28a. Garad 
65 percent 

f (v )  / f ( O )  i 
I 

b. Maxwellian distribution 
fun c t i on 

- vo 

FIG. 2 8 .  TWO KINDS OF VELOCITY DISTRIBUTION FUNCTION. 

V 
0 J = ' l  V j d v ,  

0 
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- .  

- 

. 
c 

where v i s  t h e  v e l o c i t y  of the p a r t i c l e s .  P u t t i n g  c& - - 7 ,  we 
0 V 

0 o b t a i n  

4 

1 + p 2  2 { 2 2 2  + cos c o t  
( 1 - K )  -r 

The t o t a l  c u r r e n t  d e n s i t y  w i l l  be found by adding t h e  c o n t r i -  

bu t ion  of each  s p e c i e s  of p a r t i c l e s  and t h e  vacuum disp lacement  c u r r e n t .  

Then t h e  e q u i v a l e n t  r e l a t i v e  p e r m i t t i v i t y  of t h e  medium i s  I 

2 

(54 )  

where the  summation s i g n  ind ica ie s  t h a t  O i i e  iiiii~t add the effect ef 2x1 

s p e c i e s  of p a r t i c l e s  and where 
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Jt T s i n  (1 + p )  T + COS (1 + c l )  T + S i  [(I + p ) ~ ]  - (1 + p )  z --i (1 + p ) 2  T2 

1 - 

1 - c 1  
aT - 

and 

When t h e  magnetic f i e l d  i s  p a r a l l e l  t o  t h e  e l ec t r i c  f i e l d ,  o r  

when no magnetic f i e l d  i s  p r e s e n t ,  t h e  r e l a t i v e  p e r m i t t i v i t y  i s  g iven  

b y  

2 

where a and B, a r e  g iven  by  Eqs. (55) and (56) where p h a s  been 

p u t  e q u a l  t o  zero,  t h a t  i s  
L 

+ cos T + T S i  (T) - T - aL = 1 - - 1 [? s i n  T 
2 

and 

. 

. -  

. 
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One sees t h a t  t he  equ iva len t  p e r m i t t i v i t y  of t h e  plasma i s  com- 

p l ex ;  t h e  medium appears  t o  be l o s s y  no t  because of t h e  c o l l i s i o n s ,  

which w e  neg lec t ed ,  bu t  because t h e  p a r t i c l e s  have inc reased  t h e i r  

k i n e t i c  energy du r ing  t h e i r  i n t e r a c t i o n  wi th  t h e  e l e c t r i c  f i e l d  and have 

taken t h a t  energy away f r o m  the system. 

A p l o t  of Eqs. (58) and (59) i s  made on F i g .  29. I t  can be seen 

t h a t  when T goes t o  i n f i n i t y ,  t h a t  i s ,  when t h e  product  of t h e  t r a n s i t  

t i m e  by t h e  frequency is l a r g e ,  pL goes to z e r o  and DL goes to  1, 

then Eq. (57) y i e l d s  t h e  p e r m i t t i v i t y  of a co ld  plasma. 

T 

FIG. 29. PLOT OF THE QUANTITIES OL AND p,, MONOENERGETIC 
DISTRIBUTION. 

In  o r d e r  to  check the  importance of t h e  shape of t h e  v e l o c i t y  

d i s t r i b u t i o n  func t ion  on these  r e s u l t s ,  w e  have a l s o  cons idered  t h e  case  

of a Maxwellian d i s t r i b u t i o n  f u n c t i o n  shown on F i g .  28b. Th i s  problem 

was so lved  wi th  a computer by decomposing t h i s  d i s t r i b u t i o n  f u n c t i o n  

i n t o  a l a r g e  number of monoenergetic and i s o t r o p i c  d i s t r i b u t i o n  f u n c t i o n s  

and by adding t h e  con t r ibu t ion  of each elementary group of p a r t i c l e s .  
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The v a r i a t i o n s  of t h e  q u a n t i t i e s  a and 'pL w i t h  T for a L 
Maxwellian d i s t r i b u t i o n  f u n c t i o n  a r e  shown i n  F i g .  30. The d i f f e r e n c e  

- 

between t h e s e  curves and those  d i sp layed  on F i g .  29 i s  very s m a l l .  

FIG. 30. PLOT OF THE QUANTITIES aL AND (3,, MAXWELLIAN 
DISTRIBUTION. 

2 .  Numerical ADwlication 

W e  w i l l  t r y  now t o  e v a l u a t e  Eqs .  (54)  and (57), u s i n g  t h e  

f e a t u r e s  of t h e  plasma cor responding  t o  t h e  t o p  of t h e  t r a j e c t o r y .  

3 

W e  

assume t h a t  t h e  plasma i s  made of i o n i z e d  oxygen and t h a t  i t s  tempera- 

t u r e  e q u a l s  700 OK. 

i n t e r a c t i o n  between t h e  e l e c t r i c  f i e l d  and t h e  p a r t i c l e s  i s  1 m .  

The frequency i s  1 .54  kc /s  and t h e  l e n g t h  of 

The e l e c t r o n  parameters  a r e  

6 -1 
(I) = 2n x 1.45 x 10 s , 

c e  

. -  

. 

3 6 

3 
- 1.45 x 10 

9 

1.54 x 10 'e - 
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. 

v = 140 x 10 3 m / s  oe 

and 

N 0 . 0 7  , 3 1 
3 -r = 2n x 1.54 x 10 

e 140 X 10 

The ion parameters  a re  

3 -1 
CIJ = 2n X 5 . 8  X 10 s , 

P i  

-1 
CIci = 2fi x 49 s , 

-2 
“ 3 . 2  X 10 , 4 9  

1 .54  x 10 

- 
3 vi - 

and 

v = 820 m / s  oi 

and 

3 1  T = 2fi x 1.54  x 10 - =  1 2  . 
i 820  

P u t t i n g  t h e s e  q u a n t i t i e s  i n t o  Eqs. (54 )  - (59 )  one f i n d s  

2 2 

2 
W 

E = I - -  pe (0.1 -+ j 0 . 2 )  . 
L 2 

CI) 

I n  o t h e r  words t h e  t r a n s i t  t i m e  e f f e c t  has  l i t t l e  i n f l u e n c e  

L’ on E b u t  p e r t u r b s  s e r i o u s l y  E T 
E f f e c t i v e l y ,  the l o n g i t u d i n a l  d i e l e c t r i c  c o n s t a n t  appea r s  t o  

be t h a t  01 a iossy iiiedium an:! its ~ c d c l r ? s  i s  spproximate ly  5 t i m e s  

s m a l l e r  than  i t s  va lue  computed from t h e  c o l d  plasma t h e o r y .  T h i s  
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discrepancy  i s  s i z e a b l e  but  n o t  l a r g e  enough t o  i n v a l i d a t e  t h e  conclu-  

s i o n  of t h e  preceding paragraph and w e  can c o n s i d e r  t h a t ,  under  t h e  

less f a v o r a b l e  c o n d i t i o n s ,  t h e  plasma impedance i s  of t h e  o r d e r  o f  1 

p e r c e n t  of t h e  s h e a t h  impedance, a t  1 . 5 4  k c / s .  

In  f a c t ,  because of t h e  edge e f f e c t ,  t h e  e l ec t r i c  f i e l d  a c t i n g  

on t h e  p a r t i c l e s  i s  n o t  vary ing  a b r u p t l y  from z e r o  t o  a c o n s t a n t  v a l u e ;  

t h i s  lengthens  t h e  i n t e r a c t i o n  t i m e  between t h e  p a r t i c l e s  and t h e  f i e l d  

and y i e l d s  a t r a n s i t  t i m e  e f f e c t  less impor tan t  t h a n  t h a t  which was 

computed above. 

D .  THE 

1. 

IMPEDANCE OF THE! SHEATH 

The Modulation of t h e  Data 

W e  w i l l  now c o n s i d e r  t h e  low frequency d a t a  f o r  f u r t h e r  numerical  

comparisons.  They r e p r e s e n t  mainly t h e  s h e a t h  admi t tance  because t h e  

plasma c o n t r i b u t i o n  h a s  been shown t o  be n e g l i g i b l e .  F i g u r e  3 1 ,  due t o  

Orsak e t  a l ,  d i s p l a y s  t h e  components of t h e  admi t tance  a s  a f u n c t i o n  

of t h e  azimuthal angle  of t h e  d i p o l e .  I t  shows t h a t  t h e  c a p a c i t a n c e  

and t h e  conductance a r e  modulated a t  t w i c e  t h e  s p i n  r a t e  of  t h e  r o c k e t .  

18 

Only 5 samples were t r a n s m i t t e d  f o r  each  r e v o l u t i o n  of t h e  

r o c k e t  around i t s  a x i s  and t h e  c u r v e s  a r e  t h e  r e s u l t  of  t h e  s u p e r p o s i t i o n  

of t h e  d a t a  received dur ing  8 consecut ive  r e v o l u t i o n s .  These c u r v e s  

correspond t o  t h e  top  of t h e  t r a j e c t o r y  where t h e  r o c k e t  a l t i t u d e  i s  

s t a t i o n a r y  and t h e  plasma parameters  a r e  r e l a t i v e l y  c o n s t a n t  d u r i n g  

s e v e r a l  r e v o l u t i o n s .  Elsewhere on t h e  t r a j e c t o r y  i t  i s  n o t  p o s s i b l e  t o  

s e p a r a t e  t h e  e f f e c t  of t h e  r o c k e t  s p i n  from t h a t  of t h e  e l e c t r o n  d e n s i t y  

v a r i a t i o n .  

The d i r e c t i o n s  of t h e  v e l o c i t y  and magnetic f i e l d  components 

normal t o  t h e  rocke t  a x i s  a r e  shown. I t  i s  n o t  p o s s i b l e  t o  determine 

what f a c t o r  i s  r e s p o n s i b l e  f o r  t h e  modulation because t h e  admi t tance  

shows a maximum i n  t h e  v e l o c i t y  d i r e c t i o n  and a minimum i n  t h e  magnetic 

f i e l d  d i r e c t i o n .  

The s i z e  of t h e  s h e a t h  and t h e  f l o a t i n g  p o t e n t i a l  a r e  p e r t u r b e d  

when t h e  s t r i p  i s  i n  t h e  wake of t h e  r o c k e t ,  because t h e  t r a n s v e r s e  

v e l o c i t y  of t h e  v e h i c l e  h a s  t h e  same o r d e r  of magnitude a s  t h e  i o n  
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FIG. 31. ROCKET SPIN MODULATION OF IMPEDANCE AT THE TOP OF THE 
TRAJECTORY, FREQUENCY 1.54 kc / s .  
L .  H .  Rorden, G. B .  Carpenter  and B .  P. F i c k l i n ,  S t an fo rd  
Research I n s t i t u t e ,  F i n a l  Rept . ,  Con t rac t  NASr-49(01), Jan  
1965. ) 

(Courtesy of  L .  E .  Orsak, 

thermal  v e l o c i t y .  Therefore  we can  assume t h a t  t h e  m o s t  a c c u r a t e  

r e a d i n g  of t h e  d i p o l e  admittance is made when t h e  v e c t o r  v e l o c i t y  i s  

p a r a l l e l  t o  t h e  s u r f a c e  of t h e  e l e c t r o d e s .  Then, t h e  motion of t h e  

i o n s  i n  t h e  v i c i n i t y  of the strips and t h e  size of  t h e  s h e a t h  a r e  t h e  

same a s  i f  t h e  r o c k e t  were a t  rest. Consequently,  f o r  comparisons wi th  

theore t ice l  predfc t inns ,  we c o n s i d e r  t h a t  t h e  d i p o l e  conductance and 

c a p a c i t a n c e  a r e  r e s p e c t i v e l y  0.29 pmhos and 24 p f .  
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. 

2 .  The Probe Admittance c 

Using E q s .  (8)  and ( 9 ) ,  t h e  s h e a t h  conductance i s  w r i t t e n  

G = Ane\ / - -e  exp - Vf , 
S 2rcmVe 'e 

t h e  conductance of one s t r i p ,  e q u a l s  0.58 pmhos. 
GS 2 

where 

The su r face  a r e a ,  A ,  e q u a l s  271 cm . A t  an a l t i t u d e  of 200 km, 

t h e  t o p  of t h e  t r a j e c t o r y ,  a p ropaga t ion  method gave n = 1 . 7  X 10 m . 
The e l e c t r o n  tempera ture ,  measured wi th  a Langmuir probe w a s  800 O K ,  

which cor responds  t o  V = 0.07  v o l t s ,  and i s  i n  good agreement wi th  

t h e  d a t a  g iven  by Johnson. 

10 -3 

37 

P u t t i n g  these numerical  v a l u e s  i n t o  Eq. (60 )  g i v e s  f o r  t h e  

e 

f l o a t i n g  p o t e n t i a l  

- -  - 4.30 V = - 0 . 3 1  v o l t s  , 
vf e 

which compares f avorab ly  wi th  Bohm's p r e d i c t i o n ,  Vf - -  - 4.23 Ve,  

where i t  i s  assumed t h a t  t h e  ambient plasma c o n s i s t s  of i o n i z e d  oxygen. 

The e l ec t romot ive  f o r c e  induced by t h e  e a r t h ' s  magnetic f i e l d  

i n  one s t r i p ,  which v a r i e s  from 0 t o  7 m-volt ,  i s  a b s o l u t e l y  n e g l i g i b l e  

wi th  r e s p e c t  t o  t h e  probe f l o a t i n g  p o t e n t i a l .  

'e 9 

W e  assume t h a t  t h e  

I f  w e  assume t h a t  Vf/Ve 
i s  a c o n s t a n t  and i f  w e  know 

Eq. (60)  can give t h e  e l e c t r o n  d e n s i t y  p r o f i l e .  

t empera ture  v s  a l t i t u d e  i s  g iven  by F i g .  32 .  T h i s  curve  i s  g iven  by 

Johnson37 and has been normalized t o  g i v e  a tempera ture  of 800 OK a t  

an a l t i t u d e  of 200  km. 

We used t h e  d a t a  of F i g .  18 t o  p l o t  t h e  e l e c t r o n  d e n s i t y  p r o f i l e  

on F i g .  33. The p r o f i l e  was normalized i n  such a way t h a t  a d i p o l e  

conductance of 0 .29 pmhos cor responds  t o  an e l e c t r o n  d e n s i t y  of 
10  -3 

1 . 7  x 10 m . 
The d i s c r e p a n c i e s  between t h e  a s c e n t  and t h e  descen t  d a t a  

and t h e  subsequent inaccuracy  of t h e  d e n s i t y  p r o f i l e  have s e v e r a l  

o r i g i n s .  The modulation of t h e  d a t a  due t o  t h e  r o c k e t  wake can cause  

- -  

a 

. 
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a r e l a t i v e  e r r o r  a s  h igh  a s  30 p e r c e n t  a t  t h e  t o p  of t h e  t r a j e c t o r y ;  

t h i s  e r r o r  i s  l a r g e r  dur ing  t h e  descent  t h a n  d u r i n g  t h e  a s c e n t  s i n c e  

t h e  v e l o c i t y  component normal t o  t h e  r o c k e t  a x i s  was i n c r e a s i n g  w i t h  

t i m e .  The nose cone was contaminated,  or h e a t e d ,  d u r i n g  t h e  i n i t i a l  

p a r t  of t h e  f l i g h t ,  and t h i s  r e s u l t e d  i n  an i n c r e a s e  of t h e  conductance;  

t h i s  e f f e c t ,  which d i s s i p a t e d  d u r i n g  t h e  rest of t h e  f l i g h t ,  could  

e x p l a i n  why the conductance i s  g e n e r a l l y  h i g h e r  d u r i n g  t h e  a s c e n t  than  

dur ing  t h e  d e s c e n t .  Space and t i m e  v a r i a t i o n s  of  t h e  i o n o s p h e r i c  

parameters  may a l s o  e x p l a i n  p a r t  of t h e  d i s c r e p a n c i e s .  F i n a l l y ,  t h e  

temperature  model t h a t  w e  used could be i n a d e q u a t e .  An a t t e m p t  was 

made d u r i n g  the  f l i g h t  t o  measure t h e  e l e c t r o n  tempera ture  w i t h  a 

Langmuir probe ,  b u t  no i n f o r m a t i o n  was o b t a i n e d ,  e x c e p t  a t  t h e  t o p  of  

t h e  t r a j e c t o r y ,  because t h e  r o c k e t  was t r a v e l i n g  a d i s t a n c e  of t h e  

order of 1 km during t h e  t i m e  r e q u i r e d  f o r  sweeping t h e  probe p o t e n t i a l .  

3. The Probe Capaci tance 

W e  w i l l  now a t t e m p t  t o  compare t h e  p r e d i c t e d  va lue  of t h e  d i p o l e  

c a p a c i t a n c e  with t h a t  measured a t  200 km. 

The plasma i s  an e x c e l l e n t  conductor  and t h e  s h e a t h  c a p a c i t a n c e  

of one s t r i p  i s  e q u i v a l e n t  t o  t w i c e  t h e  f r e e  space c a p a c i t a n c e  of  t h e  

s t r i p  and i t s  image w i t h  r e s p e c t  t o  t h e  s h e a t h  edge ,  a s  shown on F i g .  31. 

T h i s  equivalence i s  n o t  p e r f e c t  because t h e  s t r i p  i s  n o t  i s o l a t e d  

i n  space b u t  a t t a c h e d  t o  t h e  nosecone;  t h i s  w i l l  somewhat i n c r e a s e  t h e  

va lue  of t h e  c a p a c i t a n c e ,  b u t  n o t  d r a s t i c a l l y ,  because t h e  r o c k e t  s k i n ,  

made of f i b e r  g l a s s ,  i s  o n l y  1 .6  mm t h i c k .  T h i s  model i m p l i e s  a l s o  t h a t  

t h e  c u r v a t u r e  of t h e  r o c k e t  s k i n  can be n e g l e c t e d ;  i n  f a c t ,  w e  can u s e  

t h e  p l a n a r  approximation t o  compute t h e  t h i c k n e s s  of t h e  s h e a t h ,  

d = 1. / y ,  

i s  l a r g e r  than  10. The computed v a l u e  of AD i s  1 . 5  c m .  A s  f o r  y ,  

w e  r e a d  t h e  average of Models I ,  I1 and I11 on F i g .  7, which i s  0.412 

f o r  i o n i z e d  oxygen. Then t h e  s h e a t h  t h i c k n e s s  i s  e s t i m a t e d  t o  be 3 . 5  c m  

and t h e  s e p a r a t i o n  between t h e  s t r i p  and i t s  image i s  7 c m .  

because t h e  r a t i o  of t h e  r o c k e t  r a d i u s  over  t h e  Debye l e n g t h  D 

The width of t h e  s t r i p  be ing  2.54 c m ,  one can r e a d i l y  check on 

F i g .  24 t h a t  the c a p a c i t a n c e  of one probe and i t s  image e q u a l s  10.8 p f .  

T h i s  i s  a l s o  the t o t a l  s h e a t h  c a p a c i t a n c e  of a d i p o l e  made of  t w o  

i d e n t i c a l  probes i n  series.  

c 
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FIG. 34. SECTION OF ON3 STRIP 
AND ITS ELECTRIC IMAGE WITH 

SHEATH EDGE ------ -4- 
d 

I 
RESPECT TO THE SHEXTH EDGE. 

To t h a t  s h e a t h  capac i tance  one must add t h e  i n t e r n a l  c a p a c i t a n c e ,  

which h a s  been e s t ima ted  p rev ious ly  t o  be C. = 11 rt 4 p f ,  i n  o r d e r  t o  

f i n d  t h e  t o t a l  capac i t ance  of t h e  d i p o l e  
1 

C = C + C. = 21.8 f 4 Pf 9 

S 1 

which a g r e e s  f a i r l y  w e l l  wi th  t h e  measured v a l u e ,  24 p f .  

The cause  

d a t a  a r e  t h e  same 

t h e  f a c t  t h a t  Ci 

of errors i n  t h e  i n t e r p r e t a t i o n  of t h e  capac i t ance  

a s  t hose  mentioned f o r  t h e  conductance.  Moreover, 

i s  not  p r e c i s e l y  known adds a l s o  t o  t h e  u n c e r t a i n t y  

of t h e  s h e a t h  Capaci tance.  

E .  DISCUSSION 

The measurements of t h e  d i p o l e  impedance a t  low frequency can be 

exp la ined  by t h e  c o n t r i b u t i o n  of t h e  s h e a t h  a lone .  But t h e  i n t e r p r e t a -  

t i o n  of t h e s e  d a t a  h a s  been complicated by t h e  s i n g u l a r  geometry of t h e  

probe and t h e  l a c k  of in format ion  on t h e  e l e c t r o n  tempera ture .  Computing 

t h e  p a r t  of t h e  impedance due t o  t h e  magnetized plasma i s  no t  s t r a i g h t -  

forward even for  s imple geometr ies .  The effect of  t h e  p a r t i c l e  thermal  

motions must a lso be taken  i n t o  account .  Consequent ly ,  t h e  working 

frequency must be low enough f o r  t h e  plasma impedance t o  be n e g l i g i b l e  

wi th  respect t o  t h e  shea th  impedance. I n  t h e  p r e s e n t  ca se  a f requency 

of t h e  o r d e r  of 1 kc/s  seemed adequate .  

Working a t  l o w  frequency can make t h e  s h e a t h  susceptance  n e g l i g i b l e  

b u t  i t  seems p r e f e r a b l e  t o  l i m i t  t h e  measurements t o  the  conductance 

and be s u r e  t h a t  t h e  plasma impedance is n e g l i g i b l e .  The conductance 
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depends less on t h e  geometry t h a n  t h e  susceptance  and t h e  i n t e r p r e t a t i o n  

of t h e  capac i tance  measurements can be complicated by t h e  presence  of an 

i n t e r n a l  capac i tance  which i s  n o t  w e l l  d e f i n e d .  

The conductance measurements should be made w i t h  a probe b i a s e d  t o  

a c o n s t a n t  p o s i t i v e  p o t e n t i a l  w i t h  r e s p e c t  t o  t h e  c a r r y i n g  v e h i c l e .  

The b i a s i n g  p o t e n t i a l  can be of t h e  o r d e r  of magnitude of t h e  e l e c t r o n  

p o t e n t i a l ,  say 0.05 v o l t  i n  t h e  lower ionosphere .  T h i s  i n s u r e s  t h a t  t h e  

v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  of t h e  c o l l e c t e d  e l e c t r o n s  i s  more c l o s e l y  

r e p r e s e n t e d  by a Maxwellian f u n c t i o n .  Furthermore,  t h e  e l e c t r o n  

temperature  can be o b t a i n e d  from t h e  r a t i o  of t h e  conductance over  t h e  

d c  c o l l e c t e d  c u r r e n t .  

One must not expec t  a d i r e c t  d e t e r m i n a t i o n  o f  t h e  e l e c t r o n  d e n s i t y  

from t h e  conductance because t h e  l a t t e r  v a r i e s  e x p o n e n t i a l l y  w i t h  t h e  

probe p o t e n t i a l  and an a c c u r a t e  measurement of t h i s  p o t e n t i a l  cannot  

be made. However, an e l e c t r o n  d e n s i t y  p r o f i l e  can be  drawn i f  t h e  

probe h a s  been c a l i b r a t e d  by an independent measurement. 

The d a t a  of t h e  p r e s e n t  experiment  a r e  p e r t u r b e d  by t h e  wake of t h e  

r o c k e t .  Therefore ,  t h e  VLF impedance probe seems t o  be an i n t e r e s t i n g  

t o o l  f o r  s tudying  t h e  deformation of t h e  s h e a t h  due t o  t h e  wake. I f  

such an experiment w e r e  t o  be performed, i t  would be  more i n f o r m a t i v e  

t o  measure t h e  impedance of one s t r i p  only  w i t h  r e s p e c t  t o  t h e  r o c k e t  

body a c t i n g  a s  an e l e c t r i c  ground, i n s t e a d  of t h e  impedance of  t w o  

s t r i p s  i n  s e r i e s .  The modulation due t o  t h e  s p i n  would be more impor- 

t a n t  and t h e  da t a  could be  i n t e r p r e t e d  more e a s i l y .  I f  t h e  wake per -  

t u r b a t i o n  must be avoided,  however, t h e  l o c a t i o n  of t h e  probe should be 

changed. A c y l i n d r i c a l  d i p o l e  mounted on t h e  t o p  of  t h e  nosecone would 

g i v e  d a t a  less i n f l u e n c e d  by t h e  wake of t h e  r o c k e t .  I t  would a l s o  

e l i m i n a t e  t h e  i n t e r n a l  c a p a c i t a n c e .  
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V .  CONCLUSION 

If t h e  low-frequency impedance i s  measured between t w o  e l e c t r o d e s ,  

two extreme cond i t ions  can be d i s t i n g u i s h e d :  t h a t  i n  which t h e  impedance 

of t h e  plasma s u b s t a n t i a l l y  unperturbed by  t h e  probe d o n i a a t e s ,  and t h a t  

i n  which l o c a l  space-charge shea ths  around t h e  e l e c t r o d e s  c o n s t i t u t e  t h e  

most impor tan t  impedance components. Which of t h e s e  i s  approached i n  

an exper imenta l  situation :ill dzpezd on t h e  electrode sizes and separa-  

t i o n ,  and on t h e  measuring frequency. The impedance of t h e  shea th  

becomes n e g l i g i b l e  wi th  r e spec t  t o  t h e  impedance of t h e  plasma when t h e  

frequency and t h e  d i s t a n c e  between t h e  e l e c t r o d e s  become s u f f i c i e n t l y  

l a r g e .  

The former c a s e  can be handled u s i n g  t h e  e f f e c t i v e  plasma permit-  

t i v i t y  concept .  The theo ry  i s  r e l a t i v e l y  s imple i n  an i s o t r o p i c  and 

homogeneous medium, b u t  becomes more complicated when t h e  medium i s  no t  

i s o t r o p i c ,  f o r  example, a t  very low frequency i n  a magnetoplasma. More- 

over  w e  have shown t h a t  t h e  co ld  plasma approximation i s  no  longe r  v a l i d  

when t h e  d i s t a n c e  t r a v e l e d  by t h e  e l e c t r o n s  du r ing  one p e r i o d  of t h e  

at s igca l  5 s  lnrge w i t h  r e s p e c t  t o  t h e  s i z e  of t h e  probe .  Consequently,  

t he  plasma impedance probe must  be used a t  a f requency w e l l  above t h e  

e l e c t r o n  cyc lo t ron  and plasma f r e q u e n c i e s ;  t h i s  technique can be used 

with more confidence over a wider range of f requency i f  t h e  p e r t u r b i n g  

e f f e c t  of  t h e  shea th  i s  reduced by b i a s i n g  t h e  p o t e n t i a l  of t h e  probe 

t o  t h e  space p o t e n t i a l .  

T h i s  k ind  of measurement y i e l d s  the  e l e c t r o n  d e n s i t y .  I t  i s ,  

however, recommended t h a t  more d a t a  be ga the red  i n  t h e  frequency domains 

where P o i s s o n ' s  equa t ion  is hyperbo l i c ,  because t h e  p h y s i c a l  behavior  

of an antenna under  such cond i t ions  i s  n o t  w e l l  unders tood  y e t  and i s  

t h e  s u b j e c t  of con t rove r sy .  

Such an experiment  could be r e a l i z e d  on a r o c k e t  a t  a f requency 

s u f f i c i e n t l y  h igh  t h a t  t h e  ion  response t o  t h e  a c  f i e l d ,  t h e  C O l l i -  

s i o n s  and t h e  e l e c t r o n  thermal v e l o c i t y  could be n e g l e c t e d .  If t h e  

working frequency i s  chosen t o  be 2 Mcjs, t h e  r a t i o  

approximately c o n s t a n t  during t h e  e n t i r e  f l i g h t  and e q u a l  to  0.5. 

wiii be I \ 2  
( L O ~ ~ C I J )  
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L e t  u s  assume t h a t  t h e  e l e c t r o n  dens i ty  i n c r e a s e s  monotonical ly  
11 -3 

from z e r o  t o  about 10 m a t  t h e  top  of t h e  t r a j e c t o r y .  Then t h e  

p o i n t  corresponding t o  t h e  working cond i t ions  i n  t h e  frequency domain 

w i l l  move on a h o r i z o n t a l  l i n e  from the l e f t  t o  t h e  r i g h t  and w i l l  

r each  an a b s c i s s a  equa l  roughly t o  1 . 5 .  T h i s  i s  i l l u s t r a t e d  i n  F ig .  35, 

which i s  s i m i l a r  t o  F ig .  25, except  t h a t  now w e  n e g l e c t  t h e  e f f e c t  of 

t h e  i o n s .  The antenna impedance w i l l  be c a p a c i t i v e  i n  r eg ion  1 and 

i n d u c t i v e  i n  reg ion  3. I t  w i l l  be  t h e  most i n t e r e s t i n g  t o  observe  

i t s  behavior  i n  r eg ion  2 .  

The case  where t h e  impedance of the s h e a t h  i s  dominant h a s  been 

t h e  pr imary t o p i c  of t h i s  s tudy .  A s i m p l i f i e d  theory  of t h e  shea th  

admi t tance  was developed and checked with r e s u l t s  t o  a reasonable  

accuracy i n  the  l a b o r a t o r y .  As expec ted ,  t he  shea th  admit tance i s  

frequency independent .  A t  f l o a t i n g  p o t e n t i a l ,  t hese  measurements can 

provide  cont inuous  r e l a t i v e  informat ion  about  t h e  e l e c t r o n  d e n s i t y  . 
One should be aware t h a t  an a b s o l u t e  de te rmina t ion  of t h e  e l e c t r o n  

d e n s i t y  r e q u i r e s  t h a t  t h e  f l o a t i n g  p o t e n t i a l  be known w i t h  accuracy ,  

and t h a t  t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  be Maxwellian up 

t o  e n e r g i e s  corresponding t o  the  f l o a t i n g  p o t e n t i a l .  Both requi rements  

a r e  n o t  always s a t i s f i e d .  However, one can  cons ide r  t h a t  t h e  v e l o c i t y  

d i s t r i b u t i o n  f u n c t i o n  of t h e  e l e c t r o n s  c o l l e c t e d  by t h e  probe i s  more 

c l o s e l y  r ep resen ted  by a Maxwellian func t ion  i f  t h e  p o t e n t i a l  of t he  

probe i s  s l i g h t l y  b i a sed  toward t h e  space p o t e n t i a l .  Furthermore,  

F I G .  35 .  THE FREQUENCY DOMAIN. 

0 I 
(Wp/W)e 
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L wi th  a b i a sed  probe ,  an absolu te  e s t i m a t e  of t h e  e l e c t r o n  temperature  

can be made from t h e  knowledge of t h e  a c  conductance and t h e  dc 

c o l l e c t e d  c u r r e n t .  

The i n t e r p r e t a t i o n  of t h e  low frequency d a t a  of t h e  rocke t  e x p e r i -  

ment was complicated by t h e  probe geometry,  t h e  spin-modulation of  t h e  

d a t a ,  and t h e  l a c k  of information about t h e  tempera ture .  I n  a new 

experiment i t  would be p r e f e r a b l e  t o  mount a convent iona l  c y l i n d r i c a l  

d i p o l e  on t h e  t o p  of  t h e  nosecone; t h i s  would e l i m i n a t e  t h e  wake e f f e c t  

due t o  t h e  rocke t  body and the i n t e r n a l  capac i t ance .  On t h e  o t h e r  hand, 

i f  t h e  e f f e c t  of t h e  wake on t h e  shea th  must be s t u d i e d ,  t h e  p r e s e n t  

geometry should be preserved  b u t  t h e  impedance of on ly  one s t r i p  w i t h  

r e s p e c t  t o  t h e  rocke t  body should be measured. 

S ince  t h e  wake i s  a pe r tu rb ing  f a c t o r  i n  a number of o t h e r  e x p e r i -  

ments performed aboard rocke ts  and s a t e l l i t e s ,  w e  sugges t  t h a t  a s y s t e -  

ma t i c  s tudy  be made of  t h i s  phenomenon. The size of t h e  wake depends 

on t h e  tempera ture  of t h e  n e u t r a l s  and i o n s  ( t h e  e l e c t r o n s  which have a 

l i g h t e r  mass f o l l o w  t h e  i o n s ,  i n  o r d e r  to  keep t h e  medium n e u t r a l ) .  

The re fo re ,  by s tudying  t h e  wake, one can ,  i n  p r i n c i p l e ,  o b t a i n  

in fo rma t ion  about  t he  ion  and n e u t r a l  t empera ture .  

A s imple  experiment could be r e a l i z e d  i n  t h e  fo l lowing  manner. An 

i n s u l a t i n g  r o d ,  mounted pe rpend icu la r ly  t o  t h e  rocke t  a x i s  suppor t s  a 

number of e q u a l l y  spaced probes ,  a s  shown i n  F ig .  36 .  These probes  

a r e  n e g a t i v e l y  b i a sed  and c o l l e c t  t h e  i o n  s a t u r a t i o n  c u r r e n t ,  which i s  

p r o p o r t i o n a l  t o  t h e  l o c a l  ion d e n s i t y .  The rocke t  i s  g e n e r a l l y  sp inn ing  

around i t s  a x i s  and t h i s  conf igu ra t ion  w i l l  a l low t h e  i o n  d e n s i t y  

p r o f i l e  i n  t h e  wake t o  be measured. 

F I G .  36. EXPERIMENTAL STUDY OF 
THE WAKE. 
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An o r d e r  of magnitude of t h e  s i z e  of t h e  wake i s  g iven  by Dw/v 

where D i s  the rocke t  d i a m e t e r ,  w i s  t h e  rocke t  t r a n s v e r s e  v e l o c i t y  

and v i s  t h e  g a s  thermal  v e l o c i t y .  

T h i s  experiment ,  combined w i t h  measurements of t h e  plasma impedance 

under hyperbol ic  c o n d i t i o n s ,  w i l l  provide informat ion  about  t h e  two 

major p e r t u r b i n g  f a c t o r s  of t h e  s h e a t h  impedance measurement technique .  

However, t h e  i n v e s t i g a t i o n  made so f a r  a l lows  u s  t o  draw t h e s e  

f i n a l  conclus ions .  The unique advantage of t h e  s h e a t h  impedance probe 

l ies  i n  t h e  f a c t  t h a t  i n s t a n t a n e o u s  and cont inuous measurements of t h e  

e l e c t r o n  d e n s i t y  and temperature  can be made w i t h  a probe k e p t  a t  a 

f i x e d  p o t e n t i a l .  In  c o n t r a s t  wi th  t h e  Langmuir probe and t h e  resonance 

probe,  t h e  impedance probe r e q u i r e s  no sweeping. I t  i s  p a r t i c u l a r l y  

s u i t a b l e  f o r  continuous measurement i n  t ime-varying plasmas and f o r  

space a p p l i c a t i o n s .  I t  can be a s i g n i f i c a n t  t o o l  i n  t h e  s tudy  of t h e  

lower ionosphere,  where s t e e p  g r a d i e n t s  of e l e c t r o n  d e n s i t y  a r e  

observed,  and where t h e  c o l l i s i o n s  a r e  f r e q u e n t  enough t o  keep t h e  

e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  approximately Maxwellian. 
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