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ABSTRACT

The hydromagnetic. model of the evolution of a plasma puff in a
BZ field described by Waelbroeck has been used to analyze the character-
istics of the plasma produced by the APL conical pinch gun. The analy-
sis is based on fitting the signals induced in single turn magnetic pick-
up loops by the passing plasma. In the cases studied good fits to the
signals have been achieved and the characteristic parameters of the
plasma found. This analysis applied to plasma generated by the APL
theta-pinch gun has not been successful. In the two cases studied, the
lack of good fits is attributed to the presence of a sizeable amount of

trapped field in the puff which is present along the entire flight path
through the B_ field. ‘
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1. INTRODUC TION

This report is an elaboration of the work conducted by the fusion re-
search group (Ref. 1) at Fontenay-aux-Roses during the period 1960-1964

concerning the analysis of plasma flow through a longitudinal magnetic

. field. This report includes a more comprehensive discussion of the model

which was presented by the French scientists as well as the analysis of
plasma flow made by the Plasma Dynamics Group at the Applied Physics
Laboratory. The computer analysis, developed at the Laboratory, is

also discussed in some detail.

The model describes the plasma by means of hydromagnetic equations
with some simplifying assumptions. It is shown that the model is able to
extract the gross features of the plasma (such as temperature, density,
center of mass and local velocity) from magnetic loop signals induced by
the plasma while passing along the field. The hydromagnetic description
makes it immediately obvious that this analysis is applicable to a rather
restricted class of plasmoids. Nevertheless, in the original work (Ref.

1) it was found that whenever the model could be made to fit the experi-
mental data, the theoretical model predictions and those of more direct
diagnostic techniques were in excellent agreement. Therefore, this theory

is considered very useful, albeit to a restricted family of plasmas.

Both ihe French workers and those at APL analyzed plasmas which
were produced by a conical pinch gun. The gun coils used in both cases
were, in most respects, identical. However, whereas the French gun was
powered by a 10 yf capacitor bank, the APL gun used three 14-uf capaci-
tors and had a nominal frequency of 80 kc. The maximum allowable
charging voltage was limited to 14-kv by the current capacity of the igni-

tron switches.
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It is hoped that this analysis can be extended to the diagnosis of a
plasma puff in a multipole magnetic field. The work discussed here and the
investigation of this more complicated magnetic configuration are being sup-
ported by the National Aeronautics and Space Administration, Physics of

Fluids Branch.
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The evolution of a plasma puff as it passes through a longitudinal mag-
netic field has been described by Waelbroeck et al in Ref. 1. The hydro-
magnetic equations have been used with the following assumptions:

1. The longitudinal guide field does not impede axial motion of the plasma,
but it does eliminate radial diffusion. The density is sufficiently low that
diffusion across the magnetic field is not appreciable during the time of in-
terest. '

2. At any time, t, and for a given axial position, the plasma characteris-
tics are independent of the radial coordinate, r, up to the boundary of the
plasma, rp. ‘

3. The collision frequency is sufficiently high that the perpendicular and
parallel temperatures (with respect to the direction of the guide field) are
equal é.t every point, i.e., Tell = Te.l_’ Ti N - Ti 1

4. The plasma is electrically neutral (nic = ne) and each fluid element,
either electron and ion gas, has the same average velocity (V e " Vi)’ where
nj,n, and { are the ion density, electron density and ionic charge, respec-
tively. This assumption eliminates any longitudinal current.

5. The magnetic pressure and plasma pressure are in equilibrium at
every instant.

6. At every ihstant, the linear density of the ions in the plasma with

respect to the center of mass of the puff is Gaussian, i.e.,

N, 2
N, = —— ) PN (1)
2 ﬁ A(t) ©xp [)L(t)]

where Ni is the total number of ions in the puff, z is the coordinate rela-

tive to the center of mass of the puff and A(t) is the characteristic width

of the Gaussian distribution.
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The momentum transfer equation with scalar pressure (see Ref. 2)

can be written in the following form:

a{/: b - — - - -
p 3t VU - oW+ V (nimiViVi) + v (nemeVeVe) =
(2)
oFE + (3x é) -—V'p —p_V'.(p,

where Vi and Ve = the ion and electron velocities with respect to the center

of mass,

m, and m are the corresponding masses of these particles.

c = (nic - ne) e (charge density) (3a)
P = n.m, + n m, (mass density) (3b)
vV = > (nm, V. +n m V) (mgcroscoplc velocity) (3c)
J = (nr V,-nV )e (current density) (3d)

the total scalar pressure (electron plus ion pressufe)

the applied magnetic field, and

6 mo
"

the gravitational potential.

Neglecting the gravitational term and the electron mass compared to

the ion mass, Eq. 2 becomes:

aV., | .
nm, — - V.V (nm. V)+9* (n.m,V.V.) =
11 t i i11 i1 11
(4)
oFE + GxB) - Ip.
But,
Ynm, VV.)=nm.V * V. + VV¥(n.m,V.) . (5)
ivioii iTii i i vii
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Using Eq. 5 and assumption 4, Eq. 4 becomes

— \7p+(3x§). (6)
n,
This is the equation of motion which will be used to describe the plasma.

In a one-dimensional flow problem, Eq. 6 reduces to

2 v, >V, 3
i = i _
m +nm V, — + 2 =
nm, =3 faym Ve s, T3, 0 0

It is interesting to note that this equation describes the flow of a simple
fluid with the thermal energy density, 3/2 nik (Te + Ti)’ under the force
- —r;l— v p (where k is the Boltzmann constant).

' The basic parameters are defined as follows:

1. )\0 and A(t) are the characteristic widths of the puff along the axis
at t = o and at any time t, respectively. It should be noted that A(t) is a
function of time only. Time zero is defined as the time at which the puff
begins to expand axially and is not necessarily the time of ejection from the
gun.

2. v, is the velocity of the center of mass of the puff. v(Z,t) is the
velocity of any element of the fluid at a distance, Z centimeters, from the
initial position of the center of mass and at a time, t seconds, after the
expansion begins.

3. B0 is the guide-field intensity.

4, rs is the radius of the flux conserver on which the solenoid is wound.

5. rp is the radius of the flux tube in which the plasma travels and will

vary with position and time. ry is the radius of this flux tube when the

plasma is not present. The total magnetic flux inside the flux conserver

is constant.
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The volume density of the ions, expressed in a form similar to Eq. 1,
is given by

2
N, .
n, = — exp - l:le (8)
ST A(t)

where N A is the number of ions in an infinitely long cylinder of unit cross-

sectional area. Using this expression in the equation of continuity,

dn,

i o)
—_ + = v = s
3t 2.2 (ni i) 0 (9
one obtains
on, [o,2 1 ' vt dA
-1 _ <4 - — A A = —, 10

and

\ 2,z2ni n,
nvos oA st ] e (10b)

It can be shown (see Appendix I) that the solution for this velocity relative

to the center of mass which is anti-symmetric for + z is

V., = (11)

The equation of motion, Eq. 7, now becomes

3 n.m.z’kn
oz A
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which has the solution (see Appendix I}) expressed by

p = -]5 nimi)\l" (13)

Since it has been assumed that T" =T L for each component gas,
i

the ideal gas law is applicable, i.e.,
= “+ = + R
p=nkT,+nkT_ =nk (Ti Te) (14)

and thus

Do f=

k(T +T.) = m, Ar" . (15)

e i i
From this it may be seen that the temperature is a function of time only and
therefore is uniform in space. This implies, for a Gaussian density distri-
bution and a plasma-field equilibrium at each instant, that the plasma radius,

rp, varies with z.

The total energy of the plasma puff will be considered to exclude the
effect of external forces. This total energy is composed of the thermal en--
ergy of the ions and the electrons plus the kinetic energy of the ions' axial
motion. The kinetic energy of the axial motion of electrons is negligible

- -
since Vi = Ve and m, > m_ . The energy, W, is defined as

r .
_ 3 p= P |
w=3 I—m ‘fo n.k (T + Ti) 2 gr.drdz +
(16)
1 . P
2
5 f_w ‘fo nm. V" 2 gr drdz .
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The ideal solution would be to integrate Eq. 16 over the radius of the plasma
and thus calculate the energy per unit area. Equating the pressure, Eq. 14,
to the energy density would then give a useful relationship. Unfortunately, r
is not known as a function of z and thus the integral cannot be evaluated
exactly. However, if only an undefined low 8 plasma is considered, the
plasma radius can be said to vary slowly with z. Equation 16 may now be

written as

PRI

© 1 [- -}
W . 3 T T + = m,V 2
= 3 'J' nik( e+ i) dz 5 J‘_ n.m, i dz . (17)
mr 2 Y-» ®

2
p
Combining Egs. 11, 15, and 17 and integrating the result yields

2

W - 3 "+ 1L m N, A
— = m, NAKK . m, N, ) (18)
Tr

C o

Within the limits of the restricted B8, this expression’is equal to a

constant which can be evaluated at time zero, i.e.,

at t=o,>\=.>\0 and A!' = o,

and hence

2
Tr
p

The approximation of low 8 must be examined more carefully. The

B of the plasma is defined in the usual way as

2 2
B= p(BZ/2p9)7" =1 —[—E—] ~ 1 -[—%o] , (19)
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where B is the field inside the plasma boundary and B! is the field on the
vacuum side of this boundary. The external field, B!, is approximately
equal to the unperturbed field, Bo’ "as long as the plasma radius is small
compared with the radius of the solenoid (this is usually the case). Then,

from the conservation of flux,
] - 2
#r° B =ar° B
P o

and Eq. 19 takes the form

or

° - (1-pt. (20)

When B = 0. 6, the ratio of the flux tube radius to the plasma radius is about
0. 8. Thus even for relatively high B8 plasma, the plasma radius changes

slowly with z and the approximation used in Eq. 17 is a fairly good one.

The following reduced variables are now defined:

A - '
A= Xo , (21a)
and
ot
e - -E ’
where 32 3
m,
_ io
£€- I:Gk (Te + Tj)g ] ' (21b)
-9 -
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Differentiating Eq. 2la yields

oo d) o an ar Yo aa
dt odr dt € dr ’
and
oo L Ao A
- = 2

Equation 18 can now be written in terms of these variables as

AQ . AQ
3 o d®A 41 o {dAl . 3 +
2 NAmiA Ea Fpe 2 NAmi €2 [d TT 5 NAk (Te Ti)0 s
which reduces to
s A
d®A dA _
3A 372 + l:d*r] = 1 . (22)

This differential equation expresses the conservation of energy. The solu-

tion of this non-linear differential equation, as given in Appendix III, is

r- At A%t (23)

and : ¢

3 |
dA A%
Sr o= (1= AT (24)

These equations conibine with Eq. 15 to yield

d’A
K(T_+T) = 3k(T_+T) A —F,
e i e iy drt
andthus .
3
(T *T) 1 H . (25)
(Te + Tl)o A'Q’ X(t)

-10 -
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The information which has been gathered thus far about the plasma is
not in a useful form. These equations must be expressed in the laboratory

coordinate system rather than in the center-of-mass system and they must

be related to experimentally measurable quantities.

Beginning with the coordinate transformation, it can be seen that the
laboratory axial position (measured from the center of the gun coil to any
location, z, relative to the center of mass of the puff, see Fig. 1) is

given by

Z =z+v0to+vot = z+Z + vt (26)

where Z, = vt is the laboratory position at which the puff begins to expand.
Thus,

z = Z -1 -Vt (27)

The fact that expansion does not take place immediately can probably
be accounted for as follows:
1. Ions formed downstream are ejected earlier than other ions but with
a lower velocity. Thus, the ions tend to bunch initially.
2. Since the model does not include the possibility of a trapped field which
inhibits expansions, the analysis is applicable only after this field has been

dissipated.
Some of the expressions derived earlier may now be rewritten as

Z -7 vt Z - Z A3
Z-Z,-vt .- 2 2 - {
= ° o = AQ" Xl = XO -0 . (28)
A(t) A(t) A A

-11 -
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Defining £y [ m.v?2 %
- >0 - ie
LY LGk(T +T.) ’
o e Ti
and 7z -7
0o
Z' = x s
o

Egs. 1 and 8 become, respectively,

and
N Z' - oT
n, = — A exp - [:————-——]
Jar A A

The transverse energy per unit length of the plasma, W L1 is

N; k(T +T) 2t - a1]
Wiy N R (T + T) = —— A exp - |=— :

But from Eq. 25 we have

(T + Ti)
(T +T)-= =2
e i A3
and thus
Nirni 0 1
Ly B‘J; at
where
! -5 /3 zZ' -aT ’
f (A!,Q':Z ) = A e}£p - T
A
- 13 -
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(34)

(35)
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B may now be expressed in terms of the linear transverse energy

density. Since

B
and
then
T
T qr® B® -
p o
where A is defined as
_ "o WI.L _
- _§——-'_ -

ar° B°
o0

2 pop 2mrs B P
-2 - ﬂra B2 ’
B, p o
. . 2 =
P ﬂrp WJ“_ ,

2A | —
T
P

2

i
Do
>
—
w |
C

g Nm.v

O 1

io

612/

But B has been defined by

and

-
agroBo

= 1 - }- ,
BO

From this it follows immediately that

gzl:
B “
o

r

r

S
g] :
p

SAZFL - A

- 14 -
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(37)

(38)
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(40)
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From Eq. (32) the ion density may now be written as

| N N, 3
n(z',r)=—4 = L exp [Z—-EI-J ,
' L i :

or

. . 1 3
, Ni (VAZ2+1 -A) exp -[—Z—:—m]
v ni(ZiT) = - -

. : (41)
7 /2 )‘crz | A ,

- 4 . , ) .-
The local plasma velocity, v(Z ,7) may also be obtained. It is the

sum of the center-of-mass velomty and the ion velocity (with respect to the

enter of mass), i.e., V(Z ,T) = V + V = V + %-'- , which becomes
. A ~ Z'. QA ' ’
; Ly =2 -ar |
| w(Z ,7) ; o+ ( ~ )d‘r] , (42a)
| - or } : .
| o »Zt‘ . i
w(Z ,7) = "59‘ a+ (_____;_\__qr_) (1 - A"® /3) ] : (42b)

It can be seen from the above discussion that the evolution of the plas-
ma puff can be described 'by six parameters: v_, (T +T.)) , Z , A, N, and
o e "i0o’ 7o’ o’ i

r or, eqmvalently, by a, €, Z A s f&)- and r.. The remainder of this

>

report will discuss means of fmdmg these parameters from an analysis of

magnetic loop s1gnals. -

-15 -
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III, MAGNETIC LOOP SIGNALS INDUCED BY THE PLASMA

The work of Waelbroeck et al (Ref. 1) differs slightly from the APL
work in that the French investigators used a special type of magnetic probe,
called a compensated magnetic loop, while simple single-turn pick-up loops
have been used at APL. The compensated loops are discussed in Appendix
IV and, as can be seen, have some definite advantages over the system used
here. However, since one of the primary purposes of the present work is
to extend this analysis to the multipole magnetic configuration where only
simple loops can be used, the convenience of the compensated loops is

sacrificed.

Figure 2 is a schematic representation of the drift field and a simple
magnetic loop. The period of the field is very long compared to the transit
time of the plasma, and the field is spatially uniform inside the flux con-
server. The plasma, effectively excludes part of the field from the volume
which it otherwise occupies, In the presence of the flux conserver, this ex-
cluded flux is distributed over the volume between rp and the conserver

radius, r For a plasma whose length is long compared to g, this dis-

3"
tribution can be gonsidered uniform.

Assume BO is the drift field strength in the absence of plasma,

-Bp is the field generated by currents internal to the plasma,
and
Be is the increase in the field strength external to the plasma
caused by the presence of the plasma.
With the previous assumption that the plasma puff contains no trapped field,

the increase in flux between rp and r_ may be equated to the decrease in

3
flux inside the plasma. If A(pp represents this flux change, then

- 16 -
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A - rp ' T

@ * gfo Bprdr—. Zﬂfrp B, rdr . (43)

Since B, is assumed to be uniform between 'rp ~and ry, Eq. 43 becomes

A S

B, = _._‘ﬁRT . (44)
(r3- )

The flux, ¢(t), at any time t encircled by.our mégnetic loop (shown

in Fig. 2) may be expressed as

"

e(t) = ar? (Bo-Bp)j+ #(rf - 1) (B, + Be)J

L P L
flux inside flux outside plasma
plasma encircled by magnetic
loop

[}

- A<pp+ 7(r? - r;) Be + mr} B,

r; -rd . :
= -2, 1-———P—rg_r; + #ri B | (45)

The emf generated is then given by

3_ .2 : '
5 ri-r dA¢p,. - 9B
.0 |y —P | —2. 3 90 |
€ 3t [1 ra-rp] at LAY : (46).

If the signal is now integrated with a passive network, the detected voltage

has the form

| 2 -2’ 7r?B |
_ 1 1 ‘1‘ (o} 4
vV 7 RC [1 T3 - rpg 4¢p -~ TRC (47a)

In fact, the last term of this equation can be eliminated quite adequately -

by using a second loop far down the field, and subtracting its signal from

Eq. 47a, i.e.,

-18 -
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2 2
r -
N )
V7 RC [1 "o 2] Ag, - (47b)
.[3 Ip i

Now it is necessary to relate the probe signal (E3. 47b) to the theory
of Section II. This will be done by using A(pp.

For a straight magnetic field and hydromagnetic equilibrium (see
Ref. 2)

p+ -— = constant. (48)
2 ko

In the present case, this becomes

(B -B) (B +B)2
p + O‘ jo o (o] e (49)
24, 2u,

at the plasma-field boundary. Assuming Bo << B,, Eq. 49 shows that

—R = 1 _Vl - B = : (50)
B, 1+:§1 -B

and from Eq. 43

bp = [ B, ds = By [ T s 95 (51)
S Sp

where Sp = the plasma cross-sectional area.

But p = WJ_ v the transverse energy per unit volume, and thus
Eq. 51 yields

.- 19 -
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or, by using Eq. 40,
= B, j (1 -/1-B) ds = 7Ty By (1 -V/1-B)

2 ! B
= mr B . - —
p 0[ Bo]
ar?

B, (1+A-vA%+1) . ' (53)

The following expression then links the voltage (Eq. 47b) to the theory:

7r° B r: - r?
v = —B2.0 [ (1 +A - YA+ 1)

RC r3- rg
7B rZ2 rs - r?
o¥o
~ RC(/ETI-A) 2 (1+A - vAT+ 1. (54)
-]
r

8 " (JAZ+1 -A)

This expression gives the time behavior of the diamagnetic signal induced

by the plasma at any locdtion in space.

.- 20 -
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IV. DETERMINATION OF PARAMETERS FROM MAGNETIC SIGNALS

Since six parameters (Ao, T Zo’ (Te + Ti)o, N;, v, or their equiva-

lents must be determined, six relatable experimental quantities are needed.
As in the French work, four magnetic loop signals are used to obtain five
pieces of information:
1. Each of three loop signals gives the maximum value of the voltage,
* ok %
Vi, Va, Vg .

2. The difference in the time when the maxima of loop 1 and loop 4 sig-

e e
b4

nals occur, i.e., tg - t; , is used
3. The full width at half-maximum of the loop 3 signals, plotted as

Az vs t, which is denoted At [—éz—il .
3

st

where ~ denotes maximum of quantity and t  denotes time at which maxi-

mum occurs.

The flux tube radius, T is determined independently, giving a
total of six experimental quantities. It should be pointed out that these
are in no way unique, nor is there any reason to believe at present that
they are the best choice (in terms of being most sensitive in fitting the

data).

Determination of rj -- There are several ways of determining r,

such as electric probe measurements far down the flight path, time-inte-

grated photography, and the ratio of magnetic signals from loops with
different radii at the same axial position. These are well outlined in the

reports listed above (see Ref. 1).

The last method has been used in the present work. An axial probe
of radius r; was inserted into the vacuum system so that the probe and

one of the magnetic loops (usually number 3 or 4) were coplanar. This is

-;21 -
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shown schematically in Fig. 2. A comparison of the signals induced by the
plasma in these probes makes it possible to deduce the flux tube radius,

ros as well as the plasma radius r This method is described below:

p*
Equation 47b gives the voltage recorded by a single-turn magnetic
loop surrounding the vacuum system. Whén the axial probe islused, two
cases are to be considered: Ty > rp and r, < ‘rp. Clearly, case 1 is
covered by Eq. 47b where r, is replaced by rz'. It is equally clear that
the ratio of the recorded voltages yields no infofmation about rp, (and thus

about r).

.For case 2, however, the flux through the axial probe as a function

of time is given by

o(t) = mr3 (B, - B)),

p

" from which it follows that

I U Bl IR ———-ﬂrg %o (55)
Yaxial © RC [t,| “°p  RC |
This expression is dependent on rp From the ratio, p, of the loop
voltage, vy , to the probe voltage, v__. ., measured at the same time,
loop , axial
it is found that
. pra ra
' = s 56
P (rd- 1% +prd) (56)
and that
3
v RC rz -r?
¢ = |p2 - o0 —5) . (57)
o P 7B, ta - Iy
- 29 -
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The.question arises whether the axial probe disturbs the piasma mark-
edly in this measurement. This was investigated both in the French work
and in the present.work. In the former investigation, .r, as measured by
the above techniques was approximately 10% smaller than that found by o
other methods. In the present case, the ﬁlagnetic' loop signalé were es-
sentially unchangéd by the presence of the probe; nevertheless, the four
loop signals used in this a.né.lysis were recorded with this probe withdrawn
and a separate run was made for the purpoée of Vmeasuring Ty (see Fig.
3).

. Extraction of Data from Magnetic Loop Signals--Five quantities re-

main to be obtained from the magnetic loop signal: the maximum voltages
from loops 1, 2, and 4 (vf, VQ"‘, v: ), tf - tf , and the full width at half-
maximum of loop 3 signal plotted A3 vs t.

The first four of these items may be read directly from oscilloscope
tracings. " The last quantity is slightly more cumbersome to obtain; the
oscilloscope trace (vs vs t) must be converted into a plot of A; vs t.

Using Eqgs. 40 and 54, it can be shown that

-— 2 .
A= 3 [—ITK—] s (58)

where

(59)
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These equations permit the data (in the form of v5 vs t) to be plotted as

A, vs t from which At I_.é_j can be determined graphically. A Ag,
and A:‘ (which correspond to vl*, va* and vf ) can also be calculated.
The correspondence is due to the fact that v is a monotonic increasing

function of A.

The information necessary to carry out the analysis has now been
obtained. It should be mentioned that the calculations described in this
section (Egs. 56, 57, 58, and 59) were done on a computer as was a
large fraction of the work to be discussed in the following section. These

computer programs are described in the appendices.
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V. ANALYSIS . -

The analysis is carried out essentially by graphical methods, in

which successive approximations are used to give the best fit to the data.

The analysis procedure will be outlined first and is based on the
assumption that the necessary graphs are available. Then the means of
obtaining these curves will be discussed. The required graphs are as

follows:

1. The family of curves £* (ey Z') = constant where £* (as,Z') is the
maximum of the function (Eq. 35) with respect to 7.

2. The family of curves T = constant as a function of (a, Z') where
T* is the reduced time at which the maximum of f (A;a, Z') occurs, in-
dependent of the value of £* for the particular (ay Z', A).

3. The family of curves ATy, = constant as a function of o, z' , where
A T% is the full width at half-maximum of the function f (e, Z', A), plotted

as a function of 7.
The following ratios are constructed next:

Za - Zs Zg- Zy
le = Z4: _ Z]'_ - Z4 _ Z1 ’ (603-)

Ly - Zy

Qs = Z1- Z, Z. -2, ' (60b)

f* (O/:v‘ Zg') A2

B2 * T lmzh ~ a7 (60¢)

and
] K
f* (CY-, Z4) A.4
K, = —m—p = —=
* 7 Fle, Zp) | Ay (604)

The equality of the ratios can be seen from Egs. 30 and 37.

-~ 26 -
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It is noteworthy that the first terms to the right of the equal signs are
constructed of variables from the theory while the second terms are made
up of experimental determinable quantities. (The values Af are calculated
from the values of v: ; Zj is the distance from the center of the gun coil
to the loop positions). These are experimental values for the ratios in

1
Eq. 60 for which a best fit in the (ay Z ) plane must be found.

A starting set (q, Z,'.) is chosen arbitrarily. The corresponding

£* (e, Z; ) is found from the graphs of f* = constant. Then a value of

1

% (ay Zs ) = KEXP % (g, 2))

is calculated. (Superscript "'exp' indicates experimentally determined
values.) With this value of £ (o, Z.:, ) the coordinate ZL which corresponds
to the value [o; £¥ (a, Z4) ] is located on the graph. Since from Eq. 60a

Za = Zl' + iz (Z; - Zl' ), it is possible to find £* (a; Za' ) at the coordi-
nates (a» Zz ) and construct

o 1
fm~ (Q} Zg )

K= ezl

based on an estimate of (o, Zl' ) and compare it to ngXp derived from the
data. This procedure is repeated and the choice of (af,Z; ) is adjusted
until good agreement is achieved between K; and ngXp . In this manner

the range of (o, Zl' ) is limited.

These values of (a, Zi' ) are used with the second set of graphs, T =
constant as a function of (o, Z' ). The experimental information to be used
is the difference in the times at which the maxima v, and v, occur, i.e.,

te -t . From Eq. 21b

e e

ty -ty
g = 'T*——‘T—'—*- . (61)
4 1
— N
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sk * !
Locating T4 at (a; Z4) and T, at (a; Z; ), & may be evaluated.

It is now possible to limit further the allowable values of (a, Zi') by
using the full width at half-maximum of the signal from loop 3. A T.% at
(¢, Za ) may be found from the curves A T%_ = constant, where Eq. 60b

becomes
1 | ! '
Zg = Zy + Qs (Zg - Zy)

]
For the proper values of (a; Zi )

"
- L A
[A'r%]a— g At [z]:a : (62)

Generally it is necessary to repeat these three steps several times
in order to achieve the best fit to the data. This sequential processing per-
mits one to limit to a fairly narrow domain the allowable range into which
the characterizing parameters fall. (Waelbroeck et al, Ref. 1, find ac-
ceptable fits with A £ 8%, N; + 6% , Zo £ 1.5 cm, (Te + Ti)o + 15% ,
Vo * 5%).

As a final step these parameters are used to calculate the voltages

from Eq. 54 and compare them to the traces recorded by the oscilloscope .

- 28 -
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V. COMPUTER ANALYSIS

The computer analysis to be described below was carried out on the
IBM 7094 computer at APL/JHU. It is by no means the most sophisticated
means of conducting the analysis but is designed to eliminate some of the

mathematical drudgery which the method described in Section V requires.
The programming is divided into five parts:

1. The calculations of rp, r, Az vs t, Al*, Aa*, A4* and the ratios

KBJ K‘L: Qlas Qm, (SubSEC. V).

2. The calculation of the family of curves £* (a-,Z') = constant.

3. The calculation of the family of curves T *(a- Z') = constant.

4. The calculation of the family of curves A'r% (a-, Z') = constant.

5. The calculation of the voltages using the parameters from the anal-

ysis, the local velocity and the volume density n..
Each of these calculations will be treated in turn.

The Fortran listings of these programs are given in Appendix V.

- 29 -
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Reduction of Magnetic Loop Data-- This program is the most straight-

forward of the five. The mathematics is outlined in Subsec..IV and needs
little further explanation. In this program, the Mks system of units is used

and the indicated times are in microseconds.

The inpu:cr, data necessary to this program are:

1. Vloop; VOUT ({(the peak voltage from the magnetic loop for measure-
of ry)

2. VaxiaI; VIN (the peak voltage from the axial probe for measurements
of ro) ‘

3. rg; R2 (radius of the axial probe; «/;1 ry is used for more than one
turn)

4. R, R': R, RPR (the resistance in integrator from the loop and the
axial probe, respectively)

5. C, C'; C, CPR (the capacitance in integrator from the loop and the
axial probe, respectively)

6. rs; R3 (flux conserver radius)

7. r1; Rl (magnetic loop radius)

8. V¥, Vo', Va's va'; VMAX 1 (voltage maxima from loops)

9. t,%, ts, t:, £, TMAX 1 (time at which the voltage maxima occur)

0. Z,, Zg, Za, Zs; Z1 (location of loops from the center of the gun
coil)

11. Bo ; BO (magnetic field intensity of drift field)

12. v3 vs t (loop 3 voltage and the corresponding times)
The output data are shown in the appendix for a typical case. They are:

(1) ro, (2) Tps (3) Al*: Aa*: Aa*: A4*, (4) Az vs t, (5) Kz, Ki, Qz, Qaa

- 30 -
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~ Calculation of Curves f* (¢,Z') = Constant-- The equal-value éurves

of f* (e, Z') are obtained in the following way:

. '
f(A, o 2') = 1\—5/':a exp —[—Z—:A—QI

qz
In order to find the maximum of f with respect to T, -g% is set equal to
zero yielding _
2 ' _ ‘ ‘
Z-at] dA Z -aT| 5 dA _
2[ A ] ar +2a[ A ]-3 ar =0 . '(63)

' .
Solvipg Eq. 63 as a quadratic in [Z—A—ail , and requiring that this argument

remain finite as o - =, ij.e., [(Te + 'Ti)o - 0] gives

~-2/3
' * -a+ \éz + 1 (1 - A7
Z —oT _ 3 157 (at maximum) (64)
& - 213 2
A 2 [1-a* ]2

-2/a]
where g—:—_\— = [ _Aala] {Eq. 24).

Eq. 35 may be written in the form .

1 ‘ .
-[—Z—:A—Q—L]=lnf+-35-1nA. (65)

Equations 64 and 65, at the maximum, are combined to give

(66)

The curves f*(o,Z') = constant may be found using this expression.
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First the constant, which may range between 0 and 1 is chosen; then
a set of values of o are generated (using Eq. 66) for a series of values
A* greater than 1. The corresponding Z' is then calculated from Eq. 64

and the expression T(A) is given by

[J,a/s ][ . 2l ]%
T = |AT  +2{]A - (Eq. 23).

The restrictions on the allowable values for the pairs (f*, A*) are

readily found from Eq. 66 to be

- 8/s . % B/
e < f°A < 1. (67)

This domain is shown graphically in Fig. 4.

* ! b3
Since the equal-value curves, f (o,Z ) = constant and T (o z') =
constant, were computed in the same program, discussion of this program's

input-output data will be deferred until the end of the next subsection.

Calculation of the Curves T * (s Z') = Constant-- This calculation

is conducted in a manner similar to that of the preceding section. First,
a value A* = constant is chosen and this implies a value for T * = constant
(Eq. 23); a series of values of o are then introduced into Eq. 64 to find

t

Z'. Thus the sets (o, Z') for which 7* = constant are generated and this

process is repeated for successive values of A",

There are two parts to the input data to this program: input data for

£ (a, Z') = constant and input data for T * (a-, Z') = constant.
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A.

D W N -
L] . L ] L] . .

o O s W N =
. .

The input data for £ (ar Z') are:

Initial value of f : FMAX

Initial value of A™: XLAM

Incremental change in % (Af*) : DELFMX
Incremental change in A% (AAY) : DELAM
M, the number of values of f* to be used.

N, the number of values of A™ to be used.

The input data for ¥ (as Z') = constant are:

. Initial value of o : XALPA

Initial values of A *: YLAM
Incremental change in o,(Aa) : DELALP
Incremental change in A?(AA*) : DEYLAM

L, the number of values of A* to be used.

. K, the number of values of a to be used.

Similarly, the output data are divided into two parts.

A-.

B.

1.
2.

1.

The output data for £ (e, Z) are;
The value of f*

A listing of g, z', ‘r*, A¥ corresponding to this value of £

The output data for T (a; Z') = constant are;
The value of T*

2. A listing of ¢ and Z' corresponding to this value of 7*

For the purposes of the analysis these data were graphed. Typical

curves are shown in Figs. 3 and 5.
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Calculation of the Curves AE = Constant-- This is by far the most

complicated calculations and probably the most interesting from the pro-

grammer's point of view.

The full width at half-maximum, ATé, is given by

AT% = Tg - ﬁ I (68)

where T, and i, are the reduced times at which the function f (A, a; z")
achieves half-maximum values, ¥f*. The widths are found in the following
way: A value of A™ (and thus 7*), and a value of « are chosen; Z' is cal-
culated from Eq. 64. Next f(A¥, a~,Z') = ¥ is computed. Finally the

roots of the following equations are found:

o _5/3 Z' -af 2
£f = Ay . exp- — x| (69a)
1
with 1< A, s AF,
2
. _5/3 Z' - aTg
and 1 = Ag exp - |———| (69Db)
Az
Wlth A* < Ag s MA* )

where M is some sufficiently large multiplier. Having found A, and Aj,
Ty, Tz, and A ‘r% are found directly. In the present case, a bisectional
method was used to find the roots A, and A; of Egs. 69a and 69b to an
accuracy of 0. 001. (For this purpose, T; and T were expressed in terms

of A, and A, according to Eq. 24,

.- 36 -
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values of o used in this program were the same for each AF (A* ranged

For each value of A* , a list of o, z' and A 'r% is calculated. The

from 1 to 10).

family of curves o = constant as a function of A T3 and Z', and then

interpolating to find the curves desired. These curves are presented in

1
The graphs A T (e, Z') = constant are obtained by first plotting the

Fig. 6.

S O U e W N

© 00 3 O U W N =

The input data for this program consist of:

The accuracy to which the roots A; and Az are to be found: EPS

The initial value of o : XALFA

Initial values of A¥ : XLAM

Incremental change in a,(Aa) : DEALF
Incremental change in A*,(A A¥); DEXLM
M, the number of values of A* to be used.

N, the number of values of o« to be used.

The output data for this program consist of:

A¥ . LAMAX
. @ : ALPHA
z': ZPRME
AT%: WIDTH
Calculated value of %f° at root A, : Fl
Calculated value of #f  at root Az : F2
A, near root found by the program: XLAM1
A; for root found by the program: XLAM?2
. £¥: FMAX
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Reconstruction of Magnetic Signals--~When the curves described above

are available, the analysis of Section V can be carried out to find the five
remaining unknown parameters which describe the plasma. The final step
is to reconstruct the four magnetic~loop signals based on the theory and

using the extracted parameters.

The parameters which are found from the analysis are Ao, @, §,
b Ni' and Z,. The loop signals are reconstructed by substituting the
above data in Eq. 37 to find A as a function of t, by first calculating A(A)
and then converting A to the time domain. Using these results, vas a

function of time is then calculated from Eq. 54.

In the program used here, the volume density, ni(Z, t) and the local

velocity, v(Z,t), were also calculated.
The input data for this program consist of:

1. Value ofa : ALPHA

2. Initial value of A : XLAM

3. Incremental steps in A : DX

4. Value of Ay : XLAMO

5 Value of Z, : ZO

6 N, the number of steps in A to ‘be made
7. Value of rg: RO

8 Value of r;: Rl

9. Valueorrg: R3
10. Value of B, : BO
11. Integrator time constant, RC: RC
12. Center-of-mass velocity, v;: VO

13. Ion mass, mi: XM

- 39 ~
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14, Total number of ions, Ni: XN
15, Valueof §£: XI

16. Loop location, Z, and the last loop location: Z, ZLAST.

The output data are:
1. The characteristic parameters

2. The voltage V, the time t, A, T, A, density n;, and velocity v.
A separate listing is given for each loop location, Z.

This now makes the calculated signals available to be compared to

the oscilloscope traces.

- 40 -
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VII. RESULTS

The analyses of two plasma puffs are presented here. The initial
conditions in the two cases were significantly different, these differences

being reflected in the final plasma characteristics.

Figure 4 shows a typical set of magnetic loop signals to which the
foregoing analysis was applied. The positions of the loops relative to the

gun face are indicated.

Figure 5 shows the fit obtained for one ;:ase. The solid curves rep-
resent the loop signals while the points indicate the values computed by
the thearetical method. This plasma can be characterized as dense and
cool. As can be seen from the figure, the fit improves as the plasma ad-

vances through the drift field. The plasma characteristics arrived at

are:
(Te +Tj) = 6x10°°K
Vo = 3.45 x 10° cm/sec
N; = 2.7 x 10*° ions
Ao = 2.16 cm

and
Zo = 17.1 cm

Of some concern is the fact that the computed curve decays more
rapidly than the signal itself. No satisfactory explanation for this has been
found. A possible explanation may be that the field from the gun influences
the magnitude of the first loop signal significantly, in which case the value
of Af is different from the value which would be obtained otherwise. The
resulting ""best'' set of parameters to fit the data, especially for a low-

temperature plasma, are adversely affected.
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The low temperature and high density calculated for this case sug-
gest the possibility that the assumptions for the computation may not be
fulfilled. Initial trapped field, recombination, or diffusion may be play-
ing a role. Further experimental measurements are expected to clarify

this picture.

Figure 6 shows the fit to the second plasma puff. The fit to these

data clearly is considerably better. This plasma has the following char-

acteristics:
(T +T.) = 2.2x10* °K
e ig
Vo = 7.5x10% cm/sec
Ni = 1,07 x 10* jons
Ao = 4.45cm
Zy = 0.64cm

The fit to all four signals is quite good, with a marked improvement
in the fit to the trailing edge of the pulses. In support of the previous dis-
cussion, it can be seen that better overall fits were obtained by sacrificing

the fit to the magnitude of the first signal,

It should be noted that the 8 calculated for this case comes out to
0. 86, which though physically reasonable and not in disagreement with

the observed puff size, does cast some doubt on the numbers above.

- 42 -



-

The iohns Hopkins University
APPLIED PHYSICS LABORATORY

Silver Spring, Maryland

VIII. DISCUSSION

Further analysis of the plasmas derived from the gun is planned,
both with the longitudinal field and the magnetic octupole field using this

model.

The shifting of the pick-up loops downstream will be attempted to
establish whether the gun influences the signal from the first loop suffi-

ciently to affect the final results.

It is noteworthy that although the gun and the drift field used here
were quite similar to the arrangement used by the French investigators,
the plasmas produced here are typically denser and of lower temperature
than those produced by the prototype gun. It is quite likely that these dis-
crepancies are due to the difference in gun frequency (the present gun
has a ring frequency of 80 kc while the French gun's frequency was a

factor of two higher,
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APPENDIX I

. Solution Qf Equation 10b .

The following relationship was found:

v o [2z2 %
niV = - A [Aa n - )\] dz , (10b)
or '
AN 2 2
) A .| 2z2 ( Z ) 1 (Z)
vV = - { = o= N =N
r11 ST Jﬂl:xl €Xp Y X exp \ dZ
Let q
Z? = x, then dz = —=— .
2JX
| .Thus,

Integrating the first term on the right yields

J; X ' J}? X 1 1
I-—irexp—[xz'] dx = - N2 exp-['xg]+2—x§fx{-exp_

where C is the constant of integration.
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Equation i0c now becomes

! 2
AN N 7
niV=—T—Zexp——i' + c. (104)
A Jn
Since V is the velocity relative to the center of mass of the plasma
puff, the velocity of the particles at a distance +z must be equal to the
velocity of particles at -z. Thus, the constant C must be identically

zero.

V = —— Q. E. D. (11)
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APPENDIX II

Solution of Equation 12

nm,Z\
dp , _i i -0
dZ A
” N Xll L2
nm. ZA A Z [Z]
p = - 11 dz = - —=——m, | T exp- |3 dz .
I A v lf e P A

It should be noted that taking N, outside the integral sign is again invoking

A
the assumption that rp is a slowly varying function z.

Again letting Z°® = x,

m.N 3
i A " 7z
p= A exp - [ —X—] + c,

2
as Z = T = s p = o.
Thus, 5

p = miNA )\“ exp - [_Z__]

2 A

Using Eq. 8, we have

1"
p = 5 nm A Q. E. D.
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APPENDIX III

Solution of Equation 22

2 B
BA% +[—d—4] =

dr a7
Let ‘ p=% s
Then dp _ A = dp dA
daTr de dA dTr ’
o
s _ PP
dT
where
t_ dp
P~ A

Equation 22 now may be rewritten as follows:

3pp A +p® = 1.
-1
Multiplying both sides of Eq. 22aby A"~ yields

- -1
3An p'p+paAn1 - An )

d

But < (cpA™ = 2 ©p p' A" + n Cp? An-l ,

dA

[y

(22)

(22a)

(22b)

where C is some constant. This expression is exactly equal to the left

side of Eq. 22b if
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2C =3 and nC=1;
C=3/2 n=2/3.

Egquation 22b may be written as

d 2 4 2/a -1/a
w (3/2 p° A3/3)

i
>

Integration of this equation gives

3/2p2A%e = 3/2 AR/ + L
or

b = 1M aels

where M is the constant of the integration.

- g_{\r - (1+MA-2eyE
dr = d A
(1+ MA-2/2)?
Let x vy = A.
Then dA = 3y° dy,
and gr - S¥y°dy  _ 3y°dy

(1 +My-2)% (% + M)®

T= (-2 P+,

T = (A%2 - am) (AR mpE (22¢)
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L[]
-3

[
(=]
.’;».

[ 1]
[

at t

-lorl/2.

=

Using Eq. 22¢, Eq. 25 of the text becomes

(T, + T) .M
(T, +T) ARs
. -0 )

and since ratio must be positive, M = -1.

Thus we find

T = (A2 4 2) (A% - 1)* , ' (23)
%% = (1- A,g/a)i ) Q. E.D. (24)
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APPENDIX IV

The Compensated Magnetic Loops

The compensated loops used by the French investigators effectively
consisted of two loops of equal areas in opposition. One of these loops en-
circles the plasma while the other encloses an area outside the plasma but

inside the flux conserver. (see sketch below)

Schematic of Compensated Magnetic Loop Arrangement

The flux passing through the loop may bevcalculated by means of

= g2 - - + - 4
o(t) nrp (B0 Bp)+n(r1 rp)(Bo Be) mri (Be Bo)

where Bo = field intensity from solenoid

Bp = field generated internal to plasma
and

Be = field due to flux excluded by plasma

The first term above represents the flux through the plasma cross

section. The second term is the flux in the region between the plasma and
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the lodp which encircles the plasma, while the last term is the flux encircled

by the compensating element whose effective area-is equal #rs .

. = - 2 -
R X () Tr Bp Tr Be
But
2 2 2
rr° B = A = qg(rs -r° B
PP “ 3 p_) e.
and thus 2
Tp
o) = -Ap |1+ —5——0r
P R

The e.m.f., € , is given by

2
r %A
6: _—a_g = [1+ p ] (pp
w2
Ts

ot ot

and the integrated signal

I's - T p

2
r
1
vV Re |:1+2_—Ea_] sq
p

This type of magnetic loop has the obvious advantage of eliminating the

effect of the Bo field.
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- REDUCTION DOF SINGLE LOOP DATA'ROD CALCULATIDN

DIN[NSIDN V3({56)+T3(56),A3X(56),D03X{56)
TDXXF(SeTeUeXeY) = (LIS/T)%e2, a—((U/ttttz.i+lxlv))/((1.0(x/viot((s
1/77T) %2, )= ((U/T)%%2,))
CAXXFUX)= (le—(X¥%24))/{2.%X)
55 READ INPUT TAPE 54300, VOUT,VIN,R2,RPR,CPR
READ INPUT TAPES3004R3,R14B04ReC
READ INPUT TAPE 5,305,VMAX1,VMAX2,VMAX3,VMAX&
READ INPUT TYAPE 5.305.TMAxl.TMsz.tnAx3,rnAx4
READ INPUT TAPE 5305921922423 426

Pl= 3.1415927
RATIO=VOUT/VIN

RPSO=(R3%%2,)%(R2%%2 )% (RATIO*R4C )/ { (RPRE*CPR)*({R3*%2,)~(R1%%2,)+(
1R2%#¥2 V2L {RATIO%R%«LC ) /{(RPR2CPR})} ) )
RO= SQRTF(RPSQ‘(((R*C*VOUT)*((R3**2.’ (RPSQ’,’/(P!‘BO‘((R3'*20, (R]
1%%2.11)))
RP=SQRTF(RPSQ)
RETA=1.0-{(RO/RP)*%4,)
WRITE DUTPUT TAPE 64308,RO0;RP¢BO+BETA
XK=(PI*{RO*%2,)*R0O )}/ (R*(C)
DMX1= DXXF{R3I,RO,R1,VMAX] XK}
DMX2= DXXF(R34R0,R1,VMAX2,¢XK)}
DMX3= DXXF(R3,R04R14VMAX3{4XK)
DMX4= DXXF{R3,R0,R1,VMAX&L,XK)
AMAX1= AXXF(DMX1)
AMAX2= AXXF{DMX2)
AMAX3= AXXF{(DMX3)
AMAX4= AXXF{DMX4)
WRITE OQUTPUT TAPE 6,301,AMAX]1,AMAX2, AMAX3,AMAX4%,VMAX]1,VMAX2,VMAX3,
1VMAX4 , TMAX1,TMAX2,TMAX3,TMAXS
READ INPUT TAPE 5,302,N
READ INPUT TAPE 5,303,(V3(1)eI=14N)
READ INPUT TAPE 5¢303,(T3(1)sI=1¢N)
WRITE QUTPUT TAPE 6,304
DO S5 I=1,4N
D3X{I1)= DXXF(R3'R09R1'V3(I)'XK,
5 A3X(I)=AXXF(D3X(I))
WRITE OUTPUT TAPE 6'306"[1A3X(l)073(1)0V3(l,01319N’
Q12 ={Z22-21)/(14-21)
Q13 =1Z23~-21)/1(Z24-21)
YK2 = (AMAX2)/(AMAX])
YK4 = (AMAX4)/{AMAX1)
WRITE OUTPUT TAPE 6,307,Q12,Q13,YK2,YK4%

GO TO 55
300 FORMAT (5F10.6)
301 FORMAT (TXe6HAMAX]L1=FT7¢393Xe6HAMAX2=FTe3¢43Xy6HAMAX3I=FT7.343X,6HA

IMAXSG=FT.3/7(TXs6HVMAX]1=FT.3 y3XeO6HVMAX2=FT4393Xe6HVMAX3I=FT,393Xy6HVM
2AX4=FT43)/{TXy6HTMAX1=FT7.3 43Xy 6HTMAX2=FT.3 43X 96HTMAX3=FT7.3,3X,6HTM
3AX4=F7.3))
302 FORMAT (5X,12)
303 FORMAT(7F10.6)
304 FORMAT (2X,1HI,7Xy2HA3,8Xs2HT3,8X2HV3,//)
305 FORMAT (4F10.6)
306 FORMAT (1X,12,3X,F8.342X,F8.392X,F8,3)
307 FORMAT (7X,4HO12=FT743¢3X,4H013=FT7.3/(7X¢3HK2=FT7.3,3X,3HK4=FT7.3))
308 FORMAT(1H1,6X3HRO=F 1064 6HMETERS ¢3X,3HRP=F10.6,6HMETERS ,3X, 3HBO=F
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REDUCTION OF SINGLE LOOP DATA®RO C_ALCULAT.XON

110069 4HW/M2,3X,SHBETA=F10.6)
END(19y14090904091919040,0+09040,0)
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11

30

20

60

50

100
101

CALCULATION OF 1* = CONSTANT

XEQ

DIMUNSION XLAMX(S1), TAUWXM(SO).ALPHA(SO'SO)oZPRME(SOoSO),FMAXH(ﬁl)
LoYLAMXISI N TAUXESL1 )}, ALPALS]) 20 MX (50,50 .

ALFAF(X oY) =({(5e76)+(LUOGF(X)4(5./3. )lLUGFlY)))GSQRTF(I.-Y'G(-Z /3
1))V /Z(SURTF(=-(LOGF(X))=(54/3.)%LOGF(Y)))

TAUMXT(X)= (X##(2.734)42.)14SQRTF(X2®(2./3,)~1,)

IPRMF (KoY o2 )=X82~(XeY-Y2SQRIF(X#802,4(10./3c)0({le~Yua(-2./3.))))/(2
lo’S!JRTF‘l.’Y..( 2e /3 ’,,

READ INPUT TAPE S.IOO,FNAX.XLAM DELFHX.DELAH.H N
FMAxRtal 1 ISFMAX

XLAMX(1)=XLAM

DC 20 I=1sM

WRITE CUTPUT TAPE 6,101,1, FHAXH(!).DELFHX.DELAH

DU 30 J=1.N

TAUMXMIJ)=TAUMXF(XLAMX(J))

ALPHAL [+ J)=ALFAF{FMAXM(I ) XLAMX(J))

ZPRME(T4J) = ZPRMF(ALPHA(I.J).XLAHX(J).TAUMXM(J))
XLAMX(J+1)=XLAMX(J)+DELAM’ . ’

CONT INUE

WRITE COUTPUT TAPE 6.102.(J.ALPHA(I,J).ZPRHEII.J).TAUMXH(J).XLAHX(J

1)eJd=1eN)

FMAXM{I+1)=FMAXM(I )+DELFMX

CONT IWUE

READ INPUT TAPE S91009XALPA,YLAM,DELALP,DEYLAM,L K
ALPA(1)=XALPA

YLAMX(L1)=YLAM

DO S0 I=1,L

TAUX(T)=TAUMXF{YLAMX(I))

WRITE UUTPUT TAPE 6,203 .

WRITE OUTPUT TAPE 6.201.I.TAux(I) YLAMX(I)yDELALP,DEYLAM
DO 60 J=1sK

ZPRMX( [4J)=ZPRMF(ALPA(J) o YLAMX(I),TAUX(I))
ALPA(J+1)=ALPA(J)+DELALP ‘

CONTINUE

WRITE UUTPUT TAPE 69202, (JsALPALJ) ¢ ZPRMX{I9J) 9d=14K)
YLAMX(I+1)= YLAMX(I)*DEYLAM

CONT INUE

GO 10 11

FORMAT (4F1046,216)

FORMAT (1H1,5X2HI=1335X9 6HFMAXM=FT.3¢5X s THDELFMX=FT7e395X,6HDELAM=

LF7.3/712Xy 1HJ 95Xy SHALPHA 49Xy SHZIPRME y 9Xy 6HTAUMXM,8X o SHLAMAX ) )

102
201

FORMAT(1X9I1243X9F9e595X9F10e5¢5X9F9e4¢5XF9.4)
FORMAT (5Xy 2HI=T3,5Xy THTAUMAX=FT7<39y5Xs6HLAMAX= F7'395Xo9HDELALP

1HA=F743,5X96HDELAM=FT., 3//(ZX'lHJ'SX.SHALPHA'9X'5HlPRME))

202
203

FORMAT (1X91293X¢F9.59,5X4F10.5) "

 FORMAT(1H1+25X,30HCALCULATION OF TAUMAX=CONSTANT/(26Xy29HAS A FUNC

1TION OF ALPHA,ZPRIME))

END(15190100010'lvlvaOoOQQOOOOOOl
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MOSS = CONSTANT WITH CHECK AND TEST

DIMENS ION ALPA(bl)'YLAMX(Sl)oTAUX(Sl)oZPRME(50950)oCHECK(Slosl)oFH
LAX(S1451)9eM({51,51)
ZPRMF{X9Yo2)=Xel~(X2Y-YaSQRTF(X#22,.4(10. /3.)-11.-“0( 2.73.))))7(2
l-'S()Rﬂ'(l.‘Y"( 2 /3 ,’,
TAUIXF(X)=(X##(2./3.)42.)8SQRTF(Xne(2./73.)-1.)
FCIF{WsXeYsZ)=lWew(=5./3¢))8EXPF(-({1-XeY)/W)uea2,)
11 READ INPUT TAPC 5.lOOoXALPA.YLAMoDELQLPoDEYLAHvaK
ALPALL)I=RALPA
YLANX{1)=YLAM
00 50 I=1,L -
TAUX([)=TAUMXF(YLAMX(]I))
WRITE QUTPUT TAPE 6,203
WRITE UUTPUT TAPE 6920101.TAUX(I);YLAHX(I) DELALP.DEYLAH
B0 60 J=1,4K
ZPRME( [ J)=ZPRMF(ALPA(J) s YLAMX(T ) o TAUX(I)})
FMAX({I9J)=FCTYF(YLAMX(TI)oALPA(J), TAUX(I)+ZPRME(I,J))
CHECK(Io¢J)= FMAX{I J)e(YLAMX(])®#8(5./3.)) :
[F(CHECK({Iy,J)=1.) 51,51,52
52 M(I,J)=0
GO 70 60
53 M{I.J)=1
60 ALPA{J+1)=ALPA(J)4+DELALP _
WRIFE QUTPUT TAPE 69202y (JsALPA(J)sZPRME(I 3J) FMAX(19J) 4CHECK(I,9J
1)'M(lpJ)1J=1’K) :
SG YLAMX(I+#1)=YLAMX(T)+DEYLAM
GO Tu 11 .

100 FORMAT(4F10.64216)

203 FORMAT(1H]1,25X,30HCALCULATION OF TAUHAX—CONSTANTI(ZbX'29HAS A FUNC
1TION OF ALPHALZPRIME))

201 FURMAT(5Xs2HI=13:5Xy THTAUMAX=FTe 345X 6HLAMAX=FT 345X 9HDELALPHA=FT
1e395X96HDELAM=FT43//(2Xs1HJ 95X sSHALPHA 9 1OXySHZPRME ¢ 8X94HFMAX 28X 95H
2CHECK 8X 3 4HTEST))

202 FORMAT(1X9I2¢3X9F9e545X9F1l0e5¢5X4F9.593X4F9. 5.6x.11)

END(ltltO'OQOQO'l 1000205040, 090)
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25

51
52

41
42

49

21

3c

91
.*0

600
601

602
603
604

605

CALCULATION OF At

DIMENSION ZPRME(5,5) 2ALPHA{S) XLAMX(S) ¢ XLAML(5,5) ¢XLAMZ2(S5,5), TAUX(
15)4T1(5,5)4T2(9,5), FHAX(S-S).HlDTH(S.S)oRESULT(S)9FX2(5.5)'FX115'5
2)

COMMON ZPRME.ALPHA.FIZ.I.J

FXXFiWeXeYeZ)=tX0u{~-5./3.))2EXPF{-(((Z-WaY)/X)0e2,))

ZPKMF(X'Y'Z) Xel-(XaY- Y!SQRTF(X"Z.*(ID.I3.!C(I.°Y¢!(~Zol3o”))I(Z
1.#SQRTF(l.-Yes(=2.73.)))

TAUF(X)=(Xe®(2./3.)42.)#SQRTF(X®e(2./3.)~1.)

READ INPUT TAPE 9,602,EPS -

READ INPUT TAPE 5:600.XALFAoXLAM DEALF ¢ DEXLMoMoN

ALPHA(1)=XALFA

XLAMX(1)=XLAM

DU 90 I=1,M .

WRITE OUTPUT TAPE 6460091, XLAMXI(I)

TAUX(I)=TAUF(XLAMX{I))

DO 91 J=1,N

ZPRME(I,J)= ZPRMF(ALPHA(J) o XLAMX(I) ,TAUX(T))

FHAX(I44d) = FxxF(ALPHA(Jl.XLAMX(l).tAUXll).lPRHE(l Jh))

F12=0.5%FMAX([,J)

DUMMY

XL1=1.00001

XLM=XLAMX(I)

XL2 =(S.0)#XLAVX(I) .

CALL BROUT(XLMyXL2yRESULT EPS,DUMMY)

IF(RESULT(2)-XLM) 50,5150

IF(RESULT(3)-XL2) 50952,50

WRITE OUTPUT TAPE 6,604

GO 70 91

XLAM2(I, J)-RESULT(I)

CALL BROOT{XL1,XLM, RESULI.EPS.DUMMV)

IF(RESULT{2)-XL1l) 40,41+40

IF(RESULT(3)-XLM) 40,42,40

WRITE OUTPUT TAPE 6,606 .

GO TO0 91

XLAML{T,J)=RESULT(1)

TL{IsJ)=TAUF(XLAML(I,J))

T2(1,J)=TAUF{XLAMZ(1,J))

WIDTH(I,J)= T2(1,J)=-T1(1,J)

CHECK= FMAX(I.Jil(XLAMX(I)D!(S.I3.lI

Y=EXPF(=5./6.)

IF (Y-CHECK) 20,20,21
WRITE OUTPUT TAPE 6,603 ,CHECK

GO TOo 91 '

IF (CHECK-1.) 30,30,21

FXLUI gJ)=FXXF(ALPHA(J) o XLAMLII ¢J) o TL(I oJ) o ZPRME(I4J) )

FX2(T9J)=FXXF(ALPHA(J) o XLAM2( L ¢J) s T2(I9J)9ZPRMNE(I,J))

WRITE OUTPUT TAPE 696059JsALPHA(J) ¢ ZPRME(I 3 J) o WIDTH(L3J)oFX1(1oJ),
LFX2(I 9J) o XLAMLI( I, J) o XLAM2(I ¢J)FMAX(I,J)

ALPHA(J+1)=ALPHA(J)*DEALF

XLAMX (141 )=XLAMX(I)+DEXLM

GO T0 25

FORMAT (4F10.6,215)

FORMAT({1HL »5Xs2HI=1295X 9 6HLAMAX=F10.69/97{2Xe1HJ 95X s SHALPHA, 10Xy SH
LZPRME y9X s SHWIDTHy LOX92HF Lo LOX 9 2HF2 99X SHXLAML 9 Xy SHXLAM2 , 9X » 4HFMAX

2))

FORMAT (F10.6)

FORMAT(1X,46HCHECK DOES NOT MEET PHYSICAL CRITERION CHECK=F10.6)
FORMAT (31HND ROUT OR-EVEN NUMBER OF ROOTS)
FORHAT(IX.IZ.QK.FIO.bpSX.FlO.b.kX FlO-ﬁ,SX.F9.6'3X.F9‘6.3X.F10.6p§
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1XsF10e694XyFl0.6)
END
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BISECTIONAL ROOT FINDER FOR At PROGRAM

SUBROUY INE BROJT (X1¢X24RESULT,CPS,DUMMY)

DIMENSION ZPRMC{S5,5) o ALPHA(S) s XLAMX(5) o XLAML(5:5) XLAMZ2(5,5),TAUX(
15)3T1(545)9T2(9¢5) sFMAX(595)sWIDTH(S5S)yRESULTI(5) yFX2(5¢5)FX1(5,5
2) . ' ‘

TX1=X1 '

IX2=X2 .

Fil=DUMMY(TX1}

FZ2=DUMMY(TX2)

Q=2.=EPS

IF(F111,2,2

IF{F2)9¢3,3 .

IF(F2)13,9,9 .

U=.5#{TX1+TX2) '

F3=DUMMY{U)}

IF(F3)445,5 ST

IF{F1)74646

IF(FL)O. T, 7

F2=F3

TX2=U

GO TO 8

F1=F3

TX1=U

IF(ABSFITX2-TX1)-Q)9:3+3

RESULT(1)=.52({TX1+TX2)

RESULT(2)=TX1

RESULT(3)=TX2

RESULT(4)=F1

RESULTI{S5)=F2

RETURN

END
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FUNCTION STATEMENT FOR AT PROGRAM
MCSS

FUNCTICN DUMMY(X)

CIMENSION ZPRMt(S.S),ALPHA(S).XLAMX(S)oXLAMl(SpS)'XLAMZ(S’S)oTAUX(

15),T1(5.5)o72(5 5) s FMAX{595) yWIDTH(5,5) yRESULT(5)9FX2(5¢5) ¢sFX1(5¢5

2)
COMMCN ZPRME, ALPHA.FIZ.I'
DUMMY=F12e(X2e(5,/3.))~ EXPF(-(((ZPRHE(IoJi ALPHA(J)'((X'.(Z /3.))4¢

12.)#SCRTF{{(Xee(24/30))-10 )))/X)"Z })
RETURN
END(19190405,09049141909040,40,0,0,0)
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RECONSTRUCTION OF VOLTAGE TRACES

DIMENSIUON A(S0) oY (50) s XLAX(51) ¢F(50) 2 TAUX{50)+V(50),T{50),DENS{(50)
1.,VEL{SC)
FCTF‘H'X’Y,Z)=(w'.(“50/30’)‘EXPF("(I‘X'Y)/H)..ZQ)'
TAUF(X)=((Xen(2e/73s))+2.)%SQRTF((Xee{2,/3.))~1,.) ,
92 READ INPUT TAPE 5,900, ALPHA.XLAM.DX.XLAMO.ZO,N
READ INPUT TAPE 59901yRO9sR19R3,4BOsRC
READ INPUT TAPE 59902yV0¢XMyXNoXI
P1=3.1415927
XMu= Plesa.06=07
C= (XMU=XN®#XM*#VO)/(6.0%(Ples(3, IZ.))-ALPHAfoO(RO!-Z }=(BO=e2,))
91 READ INPUT TAPE 5,903,Z,ZLAST
ZPRME =(Z-720)/(XLAMO)
XLAX(1l)=XLAM
00 90 I=1,n
TAUX( I )=TAUF{XLAX(1))
FII)=FCTFIXLAX{(I),ALPHA,TAUX(1)4ZPRME)
A(I)=C=F(])
Y{I)= SQRTF((A(T)e=2 . )+1.)-A(I])
VII)= {((PI1#BO)/RC)I#{1le=Y(I))e{(RO%22,)/Y(I))n(((R3se2,)—-(R1wn2.))/
1{{R3=22_ )=((RO=a2,)/Y(I)})) A
DENS{I)= ((XN/((PIl#2(3,/2.))eXLAMO®(RO=®2,))})aY(I)eEXPF{~((ZPRME-A
1LPHA=TAUX{ 1))/ XLAX(I))eu2,))/XLAX(I)
VEL(I)=(XLAMO/XI)#(ALPHA+( (ZPRME-ALPHA*TAUX(I))/XLAX(I))#SQRTF(l.~
LIXLAX{I)es(=-2./3.))))
T(I)=XI=TAUX(I])
90 XLAX{I+1)=XLAX(I)+DX
WRITE UOUTPUT TAPE 6+9044ZyALPHAs XMy XN9Z0eVO s XLAMO,BO X1
WRITE GUTPUT TAPE 6,906
WRITE QUTPUT TAPE 6,905, (loV(l).T(I).A(I),TAUX(I).XLAX(I).DENS(l)o
IVEL(1)4I=1+N)
IF(Z=ZLAST) 91,92,92
900 FORMAT (5Fl0.64+15)
901 FURMAT (4F10.6¢E10.4)
902 FORMAT (4E10.4)
903 FORMAT (2F10.6)

904 FOUORMAT{1lH1y5Xy2HZ=F5.3,TH METERS y3X6HALPHA=F64.393X,5HMASS=E10.3,46
1H KGRMSy3X,SHIONS=E10.3/(6X,3HZ0=F5.3,7H METERS»3X,3HVO=E10.2,6H M
2/SEC 33X 6HXLAMO=F5.337TH METERS ¢3X93HBO=FTe%¢45H W/M243Xs3HXI=E1O0.3
34H SEC.//7))

905 FORMAT(2X9I1293XeF6e393XsE10e394X oFTe394XoFTe3 90X gFTot93XeELOa394Xy
1E10.3)

906 FORMAT(3XylHI9p6X91HVe11lXe1HT911Xy1HA39X93HTAU5Xy 6HLAMBDA»7Xy4HDEN
1S49X,43HVEL)

END(191909090¢0419190,040,000+0,0)
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““Restricted Data’’ is included. Marking is to be in accord-
ance with appropriate security regulations.

2b. GROUP: Automatic downgrading is specified in DoD Di-
rective 5200.10 and Armed Forces Industrial Manual. Enter
the group number. Also, when applicable, show that optional
markings have been used for Group 3 and Group 4 'as author-
ized.

3. REPORT TITLE: Enter the complete report title in all
capital letters. Titles in all cases should be unclassified.
If a meaningful title cannot be selected without classifica-
tion, show title classification in all capitals in parenthesis
immediately following the title.

4. DESCRIPTIVE NOTES: If appropriate, enter the type of
report, e.g., interim, progress, summary, annual, or final.
Give the inclusive dates when a specific reporting period is
covered.

5. AUTHOR(S): Enter the name(s) of author(s) as shown on
or in the report. Enter last name, first name, middle initial.
If military, show rank and branch of service. The name of
the principal author is an absolute minimum requirement.

6. REPORT DATE: Enter the date of the report as day,
month, year; or month, year. If more than one date appears
on the report, use date of publication.

7a. TOTAL NUMBER OF PAGES: The total page count
should follow normal pagination procedures, i.e., enter the
number of pages containing information.

7b. NUMBER OF REFERENCES: Enter the total number of
references cited in the report.

8a. CONTRACT OR GRANT NUMBER: If appropriate, enter
the applicable number of the contract or grant under which
the report was written.

8b, 8¢, & 8d. PROJECT NUMBER: Enter the appropriate
military department identification, such as project number,
subproject number, system numbers, task number, etc.

9a. ORIGINATOR’S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified
and controlled by the originating activity., This number must
be unique to this report.

9b. OTHER REPORT NUMBER(S): If the report has been

assigned any other report numbers (either by the originator
or by the sponsor), also enter this number(s).

10. AVAILABILITY/LIMITATION NOTICES: Enter any lim-

itations on further dissemination of the report, other than those

imposed by security classification, using standard statements
such as:

(1) “‘Qualified requesters may obtain copies of this
report from DDC.*’

(2) *“‘Foreign announcement and dissemination of this
report by DDC is not authorized.’’

(3) ““U. S. Government agencies may obtain copies of
this report directly from DDC. Other qualified DDC
users shall request through

(4) ‘'U. S. military agencies may obtain copies of this
report directly from DDC. Other qualified users
shall request through

rr
.

(5) ‘““All distribution of this report is controlled. Qual-
ified DDC users shall request through

”
.

If the report has been furnished to the Office of Technical
Services, Department of Commerce, for sale to the public, indi-
cate this fact and enter the price, if known.

11. SUPPLEMENTARY NOTES: Use for additional explana-
tory notes.

12, SPONSORING MILITARY ACTIVITY: Enter the name of
the departmental project office or laboratory sponsoring (pay-
ing for) the research and development. Include address.

13. ABSTRACT: Enter an abstract giving a brief and factual
summary of the document indicative of the report, even though
it-may also appear elsewhere in the body of the technical re-

port. If additional space is required, a continuation sheet shall’

be attached.

It is highly desirable that the abstract of classified reports

be unclassified. Each paragraph of the abstract shall end with
an indication of the military security classification of the in-

formation in the paragraph, represented as (TS). (S), (C), or (U).

There is no limitation on the length of the abstract. How-
ever, the suggested length is from 150 to 225 words.

14. KEY WORDS: Key words are technically meaningful terms
or short phrases that characterize a report and may be used as
index entries for cataloging the report. Key words must be

selected so that no security classification is required. Identi-

fiers, such as equipment model designation, trade name, military

project code name, geographic location, may be used as key
words but will be followed by an indication of technical con-
text. The assignment of links, rules, and weights is optional.
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