View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

B S mn A B ah B AaE N BN B AN G v e e

provided by NASA Technical Reports Server

NASA CR-54974
4531-6005-R0000

FINAL REPORT

AN ANALYTICAL STUDY CF LIQUID CUTFLCW
FROM CYLINDRICAL TANKS DURING WEIGHTLESSNESS

by
Leslie R. Koval and Pravin G. Bhuta

prepared for
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
June 1, 1966
CONTRACT NAS 3-7931

Technical Management

NASA Lewis Research Center
Cleveland, Ohio

Spacecraft Technology Division
Donald A. Petrash
Lynn S. Grubb

TRW SYSTEMS GROUP
One Space Park
Redondo Beach, California


https://core.ac.uk/display/85251236?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

B MR 0 Uy A W .

CONTENTS

SUMMARY ..t e et ot o eeoseesssosccoossccsas

1 INT RODUC TION. L2 ] L . o L o & o L] . L] L] LJ L L) * @ * o L]

2 MATHEMATICAL FORMULATION . ... ¢cccc0c0 0o

3 SOLUTION OF THE BOUNDARY VALUE PROBLEM.

4 THE INITIAL VALUEPROBLEM . ... .. c0ce. &

5 NON-DIMENSIONALIZATION OF EQUATIONS. .
6 VAPOR INGESTION . .. ..t e oo cecococesse
7 NUMERICAL CALCULATIONS . ... ... v ne

8 SCALING LAWS . . . . ittt et v oot osoosoaes

.

9 NUMERICAL RESULTS. & i vttt ettt e e evececoosoneess

10 EFFECT OF OSCILLATIONS ON THE DRAINING PROCESS. . ...

11 EFFECTOF VISCOSITY ©. v v et vt et oo cesnosses

12 SUMMARY AND CONCLUSIONS . . ¢t e e v oo eoeoss

REFERENCES. .ttt it vneseonnsecnesoannnnnns

APPENDIX A—PARABOLIC OUTLET VELOCITY. .

APPENDIX B—EXPANSION OF INITIAL FREE SURFACE
CONFIGURATION. . & ¢t v v v e et e o oosocssosansons

NOMENCLATURE .. ..ttt tveeceosesoococsoscssss

DISTRIBUTION LIST. o 4 ¢ e v ¢ ¢ e o o060 vooseoeoasecad

iii

Page

[

10
12
14
14
25
27
28

29

. 31

35
38

39



o A A =R M & =

AN ANALYTICAL STUDY OF LIQUID QUTFLOW
FROM CYLINDRICAL TANKS DURING WEIGHTLESSNESS

by
Leslie R. Koval and Pravin G. Bhuta
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ABSTRACT

In this investigation, a theoretical solution is given
for the configuration of the liquid-vapor interface during
liquid outflow from a cylindrical, flat-bottomed tank under
conditions of weightlessness, The study, which is intended
to complement and support the experimental drop tower
program at NASA LeRC, is an attempt to obtain an engi-
neering solution to a physical problem which is quite com-
plex because of the effects of viscosity and non-linearities
associated with the motion of the interface. The linearized
solution presented assumes inviscid, incompressible, and
irrotational flow. It is found that the interface can be ex-
pected to oscillate during outflow, and that the Weber num-
ber is the appropriate scaling parameter (for draining during
a state of complete weightlessness).
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AN ANALYTICAL STUDY OF LIQUID OUTFLOW
FROM CYLINDRICAL TANKSDURING WEIGHTLESSNESS

By Leslie R. Koval and Pravin G. Bhuta
TRW Systems Group

SUMMARY

In this investigation a theoretical solution is given for the liquid-vapor
interface configuration during liquid outflow from a cylindrical, flat-bottomed
tank under conditions of weightlessness. The study is intended to complement
and support the experimental drop tower program at NASA LeRC. The actual
problem is quite complex due to the effects of viscosity and nonlinearities as-
sociated with the dynamics of the liquid-vapor interface. Because of the need
for engineering design information, a linearized solution is presented which

assumes inviscid, incompressible, and irrotational flow.

It is found that the interface can be expected to oscillate during outflow,
and that the Weber number is an appropriate scaling parameter* The results
of this study indicate that to scale the phenomenon one must preserve the
values of Weber number, the ratio of the fill depth to the tank radius, and the
ratio of the outlet and tank radii, For small Weber numbers and large fill
depths, several oscillations of the liquid-vapor interface take place and this
can affect the vapor ingestion time and the amount of liquid remaining in the
tank when it occurs. For larger Weber numbers and smaller fill depths, the
interface oscillations are unimportant in regard to the draining process. Sev-
eral numerical calculations have been made.

An attempt has been made to assess the importance of viscosity in differ-
ent size tanks by examining the ratio of the thickness of the boundary layer to
the tank radius. It is found that viscous effects could be important in small
diameter tanks.

{. INTRODUCTION

Withthe progress in space exploration, there will soon arise the need to
transfer propellants and other liquids during orbit or coast phases in space.
The transfer of liquids may be required from an orbital tanker to a spacecraft,
or within a space vehicle such as a manned space station. The present inves-
tigation was undertaken to complement the experimental work being conducted
at NASA Lewis Research Center and concerns the draining of a liquid under
zero gravity conditions., However, the formulations given are sufficiently gen-
eral to enable one to consider the effects of rigid-body tank motions or the
low acceleration levels which may be present during drainage. The analysis
is also capable of treating the filling of tanks, although the numerical results
given concern only the drainage problem.

* If draining takes place in low-g, the Bond number also enters as a parameter.




The experimental work currently conducted in drop tower tests is limited
to the use of small tanks because of the limited zero-g test time available.
Hence, one of the objectives of the present analysis was to investigate the ef-
fects of tank size and liquid properties on the draining phenomenon with a view
to developing scaling laws,

In this investigation, a theoretical solution is given for the propellant out-
flow from a cylindrical tank with a flat bottom during conditions of weightless-
ness. The actual physical problem is quite complex because of the effects of
viscosity and the nonlinearities. This investigation is an attempt to formulate
a simplified mathematical model by assuming the liquid to be inviscid and by
considering the linearized problem. Rather than to attempt to solve the com-
plicated nonlinear problem, the purpose of this investigation is to obtain the
linearized solution and to compare the theoretical results with those from ex-
periments, If the results of the comparison indicate a need, a nonlinear solu-
tion will be suggested to obtain further insight into the draining phenomenon,

The limitations of the linearized solution are recognized at the outset, It
is important to emphasize that an engineering solution is sought to provide
guidance in the design of space systems. Such a procedure is frequently em-
ployed in technology where a linearized solution is used as a first approxima-
tion to a nonlinear problem. For example, if one is interested in the vibrations
of a simple pendulum for large amplitudes, the problem is nonlinear and its
solution is somewhat involved. However, the linearized problem is quite
simple and does provide a good engineering estimate of the oscillation fre-
quency for amplitudes as large as 30 degrees™ which are certainly beyond the
limits for which the linear solution is rigorously valid. Similar situations
also arise in other problems in mechanics,

Although the linear solution would not be valid near vapor ingestion, it is
used to study the theoretical trends predicted by extrapolating the linearized
solution in this regime in an attempt to obtain engineering information needed
for the design of future systems.

It should be noted here that the problem of draining of liquid from a tank in
a weightless environment differs from other zero-g sloshing problems in that
there is no stable equilibrium shape of the liquid-vapor interface about which
one can perturb as is done in sloshing problems,

2. MATHEMATICAL FORMULATION

Although the basic mathematical model has been previously formulated in
Reference 1, it is given hexre for the purpose of making this report self-
contained. Attention is restricted to axisymmetric draining in a circular tank
with a flat bottom having a drain hole in the center. The analysis of Reference
1 is extended to the case of a parabolic velocity distribution at the tank outlet
and an initial quiescent hemispherical liquid-vapor interface has been assumed.

“The linearized solution agrees with the nonlinear solution to within 7-1/2
percent at 30-degree amplitude, ’

. ..



- G o p W .

Consider the cylindrical coordinate system (R, 8, Z) attached to the bottom
of the tank as shown in Figure 1. The mean free surface height is denoted by
H(t). The radii of the outlet and the tank are denoted by d and a, respectively.
The liquid is assumed to be inviscid and incompressible and the flow irrotational.
Hence, within the liquid a velocity potential ¢ exists and satisfies Laplace's
equation

.8__2.4..1_ 9¢ +__%a = 0 (1)
ar®> ROR 45

z

T MEAN FREE

SURFACE HEIGHT

|
mwmm)
R
) d

FIGURE 1. —Geometry of the Problem

The components of the liquid velocity relative to the tank in the radial and
axial directions are obtained from

u=a%%, w=%% (2)

The requirement that the normal component of the velocity vanishes at the wall
gives

0
= = 0 (3)



The boundary condition to be satisfied at the bottom of the tank is

W(R)(t), 0 = R < d
l = (4)
Z=0 0,b, d < R < a

The kinematic free-surface condition, which requires that a particle on the
free surface moves with the velocity of the free surface in the vertical direc-
tion (Reference 2), yields

I = w (5)
Z=H+{

where [ is the free-surface wave height measured from the mean free-surface
height H(t), t is the time, and the components of velocity (u, w) are evaluated
on the free surface, The dynamic condition to be satisfied on the free surface
is obtained from the integral of the equations of motion, viz.,

R0 1 .22
p+8t+ (v +w) + g2

- = F(t) (6)

Z =H+g

where p is the pressure, and F(t) is an arbitrary function of time. If surface-
tension effects are included, the pressure on the free surface is related to the
surface-~tension forces in the linear theory by

2
p = - aVPy = a<if2+%%%> (7)

where 0 is the surface tension force per unit length. On the free surface

Zpg(Rot) = H(t) + L(R, 1) (8)

and the kinematic free-surface condition, Equation (5), when linearized under
the assumption that slopes of the free-surface waves and the radial component
of the velocity on the free surface are small, takes the form

0Z

% -+ (9)
Z=H

. R O . =



where the dot denotes differentiation with respect to time and 9¢/8Z is evaluated
on the mean free surface height, H(t). Substituting Equations (2) and (5) into
Equation (6) gives

2 . 2
p o 1 (9.2> +<H+?-£+2ﬁ2£> + gz = F(t) {10)
p ot  2|\8R 8t ' 9R R Z =H+L

Neglecting squares of 8¢/3R, 81/dt, etc., in Equation (10), substituting from
Equation (7), and rearranging gives

<%?>ZH+ﬁ%%-%VZL+gL = F(t)-%ﬁz(t)-gH(t) (11)

where 8¢/0t is evaluated at z = H due to the linearization. Since the right-
hand member of Equation (11) is a function of time alone, it may be set equal
to zero by incorporating it into the definition of ¢. Hence, the dynamic free-
surface condition of Equation (11) becomes

% +H% 902 4 = 0 (12)
(Bt)Z:H ot p

Equations (1), (3), (4), (9), and (12) define the boundary-value problem to be
solved. The initial-value problem is formulated in a later section.

3. SOLUTION OF THE BOUNDARY VALUE PROBLEM

In this section the differential equations governing the time variation of
the free-surface motion and the velocity potential are derived for the axisym-
metric problem under consideration. The derivation of the equations will
involve Bessel functions of the first kind and orders 1, 2, 3 and an expansion
into a Fourier-Bessel series.

For the axisymmetric case a solution of Equation (1) which is regular at
the origin may be written as

9, = J (k_R) [An(t) coshk Z + B _(t) sinh k_Z ] k_ # 0 (13)




where A_(t) and B_(t) are undetermined functions of time, kn is a constant,
and J i8S the Bessél function of the first kind and order zero. When kn =0,
a solution of Equation (1) which is regular at R = 0 is

o, = Ao(t) +B_(t) Z (14)

where A (t) and B (t) are to be determined. The total potential ¢ is given by
summation of ¢, afld ¢n over n from one to infinity. Application of the
boundary condition of Equation (3) to Equation (13) yields

Tk a) = 0 (15)

which determines the values of k,. It should be noted that k, = 0 is a solution
of Equation (15). Equation (14) identically satisfies the condition of Equation (3).
Let the free-surface wave height { be given by

L(R,t) = i C,(t) I (k R) (16)
n=

To make the problem more realistic, the outlet velocity is assumed to
have a parabolic variation at the tank outlet.T Accordingly, the boundary con-
dition of Equation (4) takes the form

R
a6 |z w t -, 0 = R < 4
87 =

d (17)
0, d £ R £ a

where W_ is the average outlet velocity, To satisfy the boundary condition of
Equatiqn?l?) we expand the parabolic velocity distribution in a Fourier-Bessel
series™

) |
W d w J.(k d)J (k_R)
3 = O £(t) + 8W _£(t) 2 n_on (18)
82 )z-0 a2 ° T Ak a)Z[J (k a)]2
n o} n
where
2
T,k d) = -Er-l-aJl(knd) -3 _(k_d) (18a)

TSuch an assumption improves the convergence process also because the
discontinuity now occurs in the derivatives of the function rather than in
the function itself.

Details are given in Appendix A.
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From Equations (13), (14), and (18),

. w_d’
B1) = - —5— £ (19)
and
. 8W J,(k_d)f(t)
Bt = - 3T——77 (20)
' k. a [J (k a.)]
n o n
Use of the kinematic free-surface condition of Equation (9) yields
B () = H (21)
and
A k sinhk H+ B k coshk H = C (22)
n n n nn n n

Equations (19) and (21) show that the continuity requirement relating the rate
of change of mean free-surface height, H(t), to the outlet velocity is satisfied.
The dynamic free-surface condition of Equation (12) requires

A = -B_H (23)

and

A coshk H+ B _sinhk H+ HC +[2k2+g]c =0 (24)
n n n n n p n n

Eliminating An in Equations (22) and (24) results in an uncoupled equation for
C_, viz.,
n

. 2kHC_ [, k_Bn B_k°H
Cn ~ sinh anH + ;kn + gkn tanh ancn = Cosh an " sinh an (23)

By the use of Equations (19) to (21), Equation (25) may be written as

N anH&: .3 8J2(knd)H
C -—— i =k +gk tanh k HC = )
n sinh anH p n n n n kzdz [J (k a)] 2 cosh k H
n o n n
* 2 (26)
8J2(knd)H

k_d’sinh k H[Jz(k a)] 2
n n o] n



To evaluate the free-surface distortion { one needs to solve Equation (26) for
given initial conditions, for various values of kn given by Equation (15), and
for the prescribed outlet velocity. One then uses Equation (16) to sum the
modes., From Equations (19) and (21},

w 4%

H(Y) = - —S— £(t) (27)

a

In the particular problem under consideration, the outflow rate is taken as
constant, so that Equation (27) takes the form

Wd2

HY) = - —%— (28)
a

and the second derivative term in the right-hand side of Equation (26) vanishes.
In addition, the environment in the problem under consideration is weightless
so that g = 0.

4., THE INITIAL VALUE PROBLEM

It was shown in Reference 1 that specifying the initial displacement and
velocity of the free surface and the liquid outflow rate is sufficient to permit
the computation of the subsequent behavior of the free surface. For the particu-
lar problem under consideration, the environment is one of weightlessness so
that the free surface may initially be approximated as a hemisphere and is at
rest when the tank begins to drain. Thus, the initial values for Cn are

C (29)

Cn( 0) no

]
o

C,,(0)

where Cno. is the Fourier-Bessel coefficient in-the expansion of the initial
hemispherical configuration in a series of Jo(k,R). The details of the expansion
are given in Appendix B, and the result is

Za\/Z_f' (%) J 3/2(kna)
(k_2)°/ 2 [Jo(kna)] 2

C (0 = - (30)

where I (3/2) is the Gamma function of argument 3/2 and J3/2(k ‘a) is the
Bessel function of the first kind of order 3/2. n




The expression for H(t) isT

H(t) = H_ - At

where A = Wodzla2

5. NON-DIMENSIONALIZATION OF EQUATIONS

For purposes of computation and presentation of the results, it is con-
venient to non-dimensionalize the equations.
dimensional quantities:

B

R
r = —
a
6:g
a
yn=kna
h(T) = ho-a'r
H
h :—9
o a
a
a = aJBF
Bo = Bond No. =
cn
bn T 7
z = Z/a

7

Constant outflow rate is assumed.

Accordingly, we define the non-

(32)




Introducing Equation (32) into Equations (8), (16), (26), (29), (30) the key
equations become

Zpg = h(T) +§l £.(1) T (v ) (33)
2(27(3/2)35,,(v,)
§ (0) =- (34)
n 3723'2( )
Yn Yo'¥n
£(0) = 0 (35)
and
2y_h' 3
1
5; - sinh(Zynh) En+ (Yn + Ban)tanh Ynh 6n
83,(v,0) [1']? 87 (Y. 8)h"
- 2'Yn 2''n
ST N w3 (36)
' sinh ynh Jo(yn) yné Jo(yn) cosh ynh
where Z is the height of the free surface at location r at time T, and

primes dgnote differentiation with respect to 7. In the case of a constant
outflow rate indicated in Equation (32), the second term in the right hand side
of Equation (36) is zero. Also,

2
T8 = 75 7108 - To(v®) (37)

Equation (36) will be integrated numerically, subject to the initial conditions
given in Equations (34) and (35). Then the summation indicated in Equation (33)
gives the free surface shape. The result gives the height of the free surface
above the bottom of the container at any time 7. In the numerical computations,
the series is truncated at N terms.

6. VAPOR INGESTION

Of prime concern in this draining study is the determination of the time
when vapor ingestion occurs and the amount of propellant remaining in the tank
when the vapor blowthrough takes place. Vapor ingestion will occur when the
liquid free surface intersects with the edge of the outlet, as pictured in Figure

10




2. Once vapor injestion has occurred, the outflow will be a two phase mixture

of liquid and pressurant or ullage gas.

A

T

|
LIQUID-VAPOR
o |NTERFACE

FIGURE 2. —Free Surface Configuration at Vapor Ingestion

Vapor ingestion will occur at time t = T when
[0 0]
Zpgld T) = (H, - AT) + ,;1 C_(T)J _(k d) = 0

The volume of propellant remaining in the container at this time is

Vor - Z'n'j: Z (R, T) R dR

or
a2 _ dZ Q0 a
Vg = 2WH_ - AT) =5 +2m nZ=:1 C_(T) J; J (k_R)R dR
which integrates to
c (T)
3| H - AT 32 o (d/a) na
Vpr = ™ a 1-=5)-22 K a J { (k)
a n=1 n

(38)

(39)

(40)

(41)

11
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The percent volume of propellant remaining at blowthrough is thus

-aT* & (T%)

ho 2 2 2 n
%VRBT = 1004 —3——) (1 - 8%) - = _5__ —— 71,9 (42)
o o n=1 n

where the result has been cast into non-dimensional form, and T% is the value
of T when vapor ingestion occurs and is determined from

Q0
0 = (h_-0T) + > ¢ (T% J_(y_6) (43)
(o] n o' 'n

n=1

In the computations, Z (5, T) is computed for different values of T until
it decreases to zero., This détermines 7%, and %VRBT is then computed.

7. NUMERICAL CALCULATIONS

In this study, numerical calculations have been made for the following
cases:

GrouEI
We = 0.2, 0.4, 1, 3, 10, 100

:)—’ = 30 cm3/sec2, § = 0.10

e}

g - 39 cm3/sec2, h = 3
p (o]
& = 0.05, 0.20

GrouB II1

= 10, 70 cm3/sec2

o vlq

= 0.10, h = 3
o




Additional calculations were made for the following larger initial depths:

we oo
0.2 2, 4

9
3 18
10 2,4,5,21
100 21

for a/p = 30 cm?’/sec2 and 6 = 0. 10

The quantity We denotes the Weber mJ.mberT and is given by
Aza
we = £22 (44)

This is directly related to the non-dimensional draining rate parameter, g, by

2 2
We = %(A\/?) - %— (45)

Thus, larger values of We correspond to faster non-dimensional draining
rates. Further, because of the non-dimensionalization employed, the non-
dimensional times T* at which vapor ingestion occurs and the percentage o{
propellant remaining in the tank are independent of the radius of the tank. 1
Thus, for given values of 6 and ho' all runs at the same value of We are
identical.

It should be remarked at this point that the free surface was assumed to
be initially quiescent and hemispherical in shape. In an actual space vehicle,

there will be many small disturbances to which the free surface will be subjected

so that it will very likely have an initial velocity and it may not be perfectly

hemispherical when the draining process is started. This will, of course, affect

the draining time as well as the volume of liquid remaining in the tank at blow-
through. However, results for any given set of initial conditions can easily

TThis definition of Weber number is used to represent the results of this
study in a manner consistent with the presentation of the experimental results
to be reported by NASA Lewis Research Center.

TTThis can be seen by inspection of Equation (36). The time in seconds will,
of course, be affected by the value of tank radius.




be obtained by making the appropriate changes in the initial conditions of the
program.

In all cases (except where noted), calculations were made for a liquid in
a state of complete weightlessness (B, = 0) and the series in Equation (38)
was truncated at 6 terms.

8. SCALING LAWS

Based on the non-dimensionalization employed, scaling laws for the draining
problem can now be formulated. Two draining problems will be completely
identical if the following quantities for the model and the prototype are maintained.

2
we = E22 5 - 2, (46)
H
h :——9, T=t —03
o a
pa

B - pga (47)

must also be preserved.
9. NUMERICAL RESULTS

The quantities of interest in this study have been the displacement of the
centerline of the free surface, the time to vapor ingestion and the percent of
the original liquid volume remaining in the tank when ''blowthrough', or vapor
ingestion, occurs.

Figures 3 through 8 represent the time history of the vertical position of
the free surface centerline as the tank drains. The six values of We represent
six different values of non-dimensional draining rates, with the larger values
corresponding to faster rates. The initial fill depth in each case has been
chosen such that the draining time corresponds to more than three cycles of
the fundamental sloshing motion. For this reason, there are oscillations
about the instantaneous position of the mean free level. If the draining time is
fast and the initial fill level is small, there will be less than one cycle of
sloshing motion, as is illustrated in Figure 9. The time at which vapor ingestion
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took place in Figure 9 was about 1/7 of the fundamental sloshing perioed, Very
little free surface oscillations are present. Figure 10 illustrates the case of
We = 10 with h = 3. The blowthrough time is about one-half of the period of
the fundamental’slosh mode. For h_= 3, a Weber number of 0.2 corresponds
to about 3 cycles of the fundamental %eriod, We = 0.4 to about 2.5 cycles,

We = 1 to about 1.7 cycles, and We = 3 to about 1 cycle. This is discussed in
more detail in the next section.

In view of this, it is apparent that, in the absence of any dissipative
mechanism, there will be appreciable oscillations of the free surface as the
liquid drains from the tank. Only for a very high draining rate will there be
a negligible amount of free surface oscillation. This is illustrated in Figures
11 and 12. Figure 11 shows the shape of the free surface at different times
until vapor ingestion occurs. The curve at T = 0 also compares the result of
truncating the series at 6 terms with the initial hemispherical shape. The
representation of the initial shape is seen to be adequate for the purposes of
this study. Figure 12 shows the corresponding time history of the position of
the centerline of the free surface.

Since the series, Equation (33), must be truncated at a finite number of
terms, it is of interest to examine how the results are affected by the number
of terms. An indication of this is presented in Table I in which the percent
volume of liquid remaining (%VRBT) and the time for vapor ingestion are
given for truncation of the series at different terms. In the numerical work,
six terms were nominally used, and Table I is evidence that this has provided
adequate accuracy.

TABLE 1. —Effect of Truncation of Series in Equation (33)
at Different Numbers of Terms

hy = 3, 2= 30 cm>/sec?, & = 0.10, We = 0.2
No. of Terms 4 6 10
»VRBT 25. 81 25.75 25.72
T 2.489 2.491 2.493
[4 3 2
ho = 3, E’- = 28,5cm  /sec, 6§ = 0.10, We = 3.6
No. of Terms i 2 3 4 5 6 9
%VRBT 16. 31 14,61 13,59 13,76 13,73 13, 89 13, 81
T 0.663 0.677 0. 685 0.683 0. 683 0. 682 0. 683

Tables II, III, IV, and V give the results for the cases listed in Section 7.
Inspection of the tables fails to reveal any significant trend to the value of
%VRBT as related to We.
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3.6

HEMISPHERICAL
FREE SURFACE

h =3
o]
8 =0.10
T* = 0.044
% VRBT = 21.6
N = 6 TERMS

FREE SURFACE HEIGHT, IN RADII

0.6 0.8 1.0

alm &

FIGURE 11. —Typical Free Surface Distortion During
Draining for We = 700
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POSITION OF qQ OF
FREE SURFACE, ZFS(o,'r)

VAPOR
INGESTION

0.01 0.02 0.03 0.04 0.05
NON-DIMENSIONAL TIME, T

FIGURE 12, —Time-History of Position of Centerline of

Free Surface. We = 700, h_ =3, 6 = 0. 10,
%VRBT = 21.60, T* = 0.044, o/p = 28.4




Table II gives %VRBT and T* for two different initial fill levels, The re=
sults appear to be somewhat sensitive to different values of h_, but it is
difficult to deduce trends. This is so because of the oscillation of the free
surface about the mean free surface as the tank drains. Depending on the
initial fill level, the free surface will intersect the outlet at different phases of
the cycle. If the central region of the surface has a downward velocity as it
nears the outlet, then vapor ingestion will occur earlier than it would if the
free surface had an upward velocity at this time. In this situation, more liquid
would be left in the tank in the former case than in the latter case. This is
further demonstrated in Table IIL

TABLE II. —Results for Group I; 6 = 0.10, -g = 30 cm'?’/sec2

h = 3 h = 6

We %VRBT T* %VRBT T
0.2 25.75 2.49 30. 56 6. 50
0.4 9. 89 2. 14 11,61 4.19
1.0 9.36 1.36 16.36 2. 51
3 16.92 0. 72 11. 68 1.53
10 12. 46 0. 42 14. 22 0. 81
100 20.21 0. 12 6.41 0. 28

TABLE IIl. —Variation of %VRBT and T* with Different Initial Fill Depths

We = 0.2, & = 0.10

h 2 3 4 6

o
%VRBT 30,2 25,8 9.3 30.6 (a)
T* 1. 56 2.49 4. 06 6.50

h 2 3 4 5 6

o
%VRBT 21.5 12,5 12.9 10. 1 14. 2 (b)
T* 0. 25 0.42 0. 55 0.71 0. 81
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In Table IV are presented the results for different outlet diameters. Again,
it is difficult to discern trends. The results appear to be somewhat sensitive
to the value of 8. This is true because of the presence of oscillations of the
free surface during draining, Depending on the size of the outlet, the free
surface may contact the edge of the outlet during one, or may not intersect
until the next, cycle. This effect of outlet diameter is especially critical
depending on whether the oscillation of the centerline of the free surface about
the mean free surface is on a downward or an upward cycle at the time the
free surface is near the edge of the outlet diameter. In addition, the larger
outlet has an inherent tendency to delay vapor ingestion because the curved
free surface would have to drop lower to contact the outlet. This is illustrated
in Figure 13,

TABLE IV. —Effect of Outlet Diameters

Results for Group II; h0 = 3, % = 30 cm3/Sec2
& = 0.05 5 = 0.10 6 = 0,20
We %VRBT T* %VRBT T %VRBT %
0.2 25, 84 2,49 25,75 2,49 6.58 3. 14
10.39 1,34 9. 36 i. 36 8. 49 1. 37
16. 74 0.72 16,92 0,72 16,72 0.72
10 12.60 0. 41 12, 46 0.42 11, 81 0.42
Results for Group III; ho = 3
o 3
L = 70 cm™ /sec
p
6 = 0.10 6 = 0.20
We %VRBT T %VRBT T
0.2 25,75 2.49 6.59 3.14
9. 36 1, 36 8. 49 1, 37
3 16.92 0.72 16.91 0.72
10 12,46 0. 42 11.81 0.42

24



{c) SMALLER OUTLET, EARLIER VAPOR {b) LARGER OUTLET, VAPOR iNGESTION
INGESTION, LARGER % VRBT DELAYED, SMALLER % VRBT

FIGURE 13. —Effect of Qutlet Diameter

The effect of varying o/p is shown in Table V. The non-dimensional
results appear to be independent of the value of d/p. This follows from the
fact that the non-dimensionalization has removed 0/p as a separate parameter
of the problem. Thus, the non-dimensionalized equations are independent of
0/p. The corresponding dimensional results will, of course, reflect changes
in this quantity.

TABLE V. —Effect of Different Values of £
forho=3,6=0.10 P

Eq = 10 crn3/sec2 g = 30 c:m3/sec2 g = 70 cm3/sec2
We %VRBT T* %VRBT T* %VRBT Tk
0.2 25.75 2.49 25,75 2. 49 25.75 2.49
9. 36 1. 36 9. 36 1. 36 9. 36 1. 36
3 16,92 0.72 16.92 0.72 16.92 0.72
10 12.46 0.42 12.46 0.42 12, 46 0.42

10. EFFECT OF OSCILLATIONS ON THE DRAINING PROCESS

In the previous section, the oscillations of the free surface during draining
were discussed. There will always be the presence of oscillations, but whether
or not they will appreciably affect the draining process depends on the draining
rate and the initial fill level. In general, the faster draining rates (large Weber
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number) and lower fill levels are associated with fewer oscillations, and the
slower draining rates (small Weber number) and larger fill levels are associated

with many oscillations.

The question arises, then, as to how to determine, a priori, whether or
not the designer need be concerned with the oscillations. From Equation (36),
in the absence of gravity, the period of fundamental mode of oscillation may be
approximated as

T = L 2l » (48)

i y::/z‘/tanh Yy h

where vy is the first root of J¢(yn) = 0, i.e., yq = 3.83, Since tanh x = 1 for
x > 2, the factor

tanh Ylh

is virtually unity except when h < 0.5. Hence, for present purposes, we can
set tanh ylh = 1 in Equation (48) and get

2T

T 2 )
t

An estimate of the draining time can be obtained from

- ho _ _ho (50)

sk
Test a 2/We

From Equations (49) and (50), an estimate of the number of oscillations of the
liquid-vapor interface can be obtained from

3/2
% h h
Test _ 0Y1 _ [e)
=S - = 0.59 —=2 (51)

f 4r /We Jﬂ

If this number is small, then there are few oscillations during outflow; a large -
number represents many oscillations. The designer must determine the im-
portance of the oscillations for the particular application involved. While many
oscillations may introduce difficulties in some cases, it should be remembered
that at low fillings even one oscillation can greatly affect %VRBT and T* depending
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on whether the interface is on an upward or downward cycle at the tire of
vapor ingestion.

11, EFFECT OF VISCOSITY

In the foregoing analysis the viscosity of the liquid has been neglected.
In any physical problem, the liquid will have some viscosity, although for many
situations its effects may be small and can be neglected outside the boundary
layer. It is of some interest, then, to estimate the thickness of the boundary
layer to check if our results are consistent with the inviscid assumption. If
the thickness is small in comparison with the radius of the container, then it
is reasonable to neglect viscosity and treat the liquid as inviscid. If the boundary
layer thickness is appreciable, then the assumption of an inviscid liquid is not
appropriate and the results obtained in this study may not apply for certain
cases (as in small sized tanks).

¥

The thickness 0% of the boundary layer can be estimated from

5%
T = (52)

where L is a characteristic length, Re is Reynolds number given by Re =UL/v
U is a characteristic velocity, and ¥ the kinematic viscosity.

For purposes of illustration, a representative case from the experimental
work described in Reference 5 is considered. For this case,
U = 14,27 cmm/sec = velocity of mean free surface
a = 2cm., = radius of container
> (53)
vV = 0.0152 cm /sec
L = 6 crm = liquid depth

These numbers correspond to a typical drop test conducted at NASA Lewis
Research Center and are discussed in Reference 5. Corresponding to (49),

Re = %E = 5630 (54)
and

§%= 0.067L = 0.40 cm
T

Reference 4, p. 24, Equation (2.2). This is Blasius' formula for the flow of
a viscous fluid over a flat plate.
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Actually, the boundary layer thickness builds up from zero to the maximum
of 0.40 cm, so that an average value of the boundary layer in this test could be
taken as 0.20 cm. This is appreciable when compared with the container radius
of 2 cm and suggests that the effects of viscosity may be important in a container
this small. For a large tank, the effects of viscosity would be less significant
because the ratio of the boundary layer thickness to the tank radius would be
small. It may be remarked that in the above method of estimating the thickness
of the boundary layer, the thickness is independent of the tank radius.

Equation (52) was based on steady flow considerations, whereas the draining
problem is a transient one. Another estimate of the boundary layer thickness
can be found from '

6% = 4./vt (55)

which is based on the theoretical solution for a suddenly accelerated plane wall.
The value for t can be taken as the time to vapor ingestion, For the case of
Equation (55),

_ L _ __6 _
t =% = 1227 ° 0.42 sec (56)
Then
&% = 4‘/0.0152(0.42) = 4(0.0064) = 0.32 cm (57)

Hence, the above conclusions concerning viscosity appear to be valid. Both
methods of estimating the boundary layer thickness give results which are

of the same order of magnitude. These estimates indicat e a boundary layer
thickness ranging from 10 to 16% of the tank radius for the numerical example
considered in this section.

12, SUMMARY AND CONCLUSIONS

The results obtained in this study can be summarized as follows:

(1) A linearized solution to the problem of draining a liquid from a con-
tainer in a zero-g environment has been formulated and numerical
cases examined,

(2) Scaling laws have been derived. For dynamical similarity between
two draining problems, one must maintain the values of Weber number,
initial fill depth to tank radius ratio, and outlet radius to tank radius
ratio. TT The times are then relatable through Equation (46).

1-Reference 4, p. 65

TTBond number must also be preserved if the draining is under conditions
of low gravity rather than in a state of complete weightlessness.
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(3) As the liquid drains from the tank, the free surface oscillates about
its downward-moving mean position.

(4) For slow draining rates (corresponding to small values of Weber
number), there may be many oscillations of the liquid-vapor interface

before vapor ingestion ends the draining process.

(5) The %VRBT and the time for vapor ingestion appear to be sensitive to
outlet diameter and to the initial fill level because of the free surface
oscillations during draining. Depending on whether or not the center-
line of the free surface is moving down or up at the time when the free
surface is near the outlet, then blowthrough will be accelerated or
delayed and the value of %VRBT will be larger or smaller.

(6) Further, the larger outlet diameter has the inherent tendency to delay
vapor ingestion (because the mean free surface must drop lower),
thereby permitting more complete drainage from the tank.

(7) Because of the nature of the non-dimensionalization employed, the
numerically given results are independent of the tank radius and the
ratio 6/p. The dimensional quantities, of course, reflect these
parameters.

(8) The effect of viscosity on the draining process is generally small and
has been neglected in the analysis. However, if the tank has a very
small radius, then the effects of viscosity may become important.

(9) A criterion has been developed to assist the designer in determining
whether or not the oscillations during the draining process will be
important in a particular case of interest.

The above results have been obtained from a linear analysis and demonstrate
all of the significant features of the phenomenon that have been experimentally
observed. There are limitations, however, in the linear theory employed. Should
it be desirable to remove these limitations, then a nonlinear analysis would be
in order. It might also be possible to include, in an approximate manner, the
effects of viscosity so that a more detailed comparison of theory with experiment
might be obtained.
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APPENDIX A
PARABOLIC OUTLET VELOCITY

In this appendix, the analysis of reference 1 is extended to the case of
parabolic velocity distribution at the tank outlet.

e d >
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FIGURE 14. —Outlet Velocity Profile

The variation in the velocity is given by

RZ
V(R.) = Vo 1 - —;z ’ OSRSd
=0 , d<R<a (A1)
In terms of an average outlet velocity, W,
RZ
v(R) = 2W (1 - EZ—), 0<R<d
=0 , d<R<a (A2)
Equation (17) requires that
r
RZ
-ZWOI -(-1-2— » 0<R<d

|

S
.

(A3)

31




32

and we wish to expand the right hand side of Equation (A3) in a Fourier-Bessel

series of J (knR). Accordingly,

v(R) = A +f A_J_(k R)

n=1
where
a 2
2 RZ Wof(t)d
AO = —2- R ZWOf(t) 1 - E-z- dR = ——a-z—-—
a o
and
d 2
1 R
An =T R ZWOf(t) 1 - - J'o (knR) dR
n jo d
where

a 2

2 a 2

C, = j; U (knR) RAR = > J_ (kna)

The integral in Equation (A6) can be evaluated from the integral
d

g
2\ 2t n+i 2
z 2" (nt1) ! 4
<1'—Z> J (kZ) 2dZ = 5 T (k)
o a (kd)

which is given in McLachlan, Reference 3, page 63, Picking n=0,
d

22 2
-——Z)Jo (kZ) zazZ = : T, (kd)
o

a 4
Combining Equations (A6), (A7), and (A9),

. 8W_f(t) T (k_d)

n

gt 1 %)

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)




where

2
JZ (knd) = Enq Jl (knd) - JO(knd)

Finally, the expansion of the outlet velocity is

2
w_a°f(t) J,(k_d) J_(k_R)

v(R) = —T—° + 8W_£(t) 2 LSz
a o n= (kna)r.]’o2 (kna)

and Equation (18) in the text follows.

(A11)

(A12)
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APPENDIX B
EXPANSION OF INITIAL FREE SURFACE CONFIGURATION

In this section, the analysis of reference i is extended to consider the
hemispherical quiescent free surface at the inception of draining.

’
I z QUIESCENT FREE SURFACE
a
t MEAN FREE SURFACE
% _&l /
H(o) | 1 Zgs
1 .

ft— ©

win

wia

FIGURE 15. —Geometry of Initial Free Surface

In a weightless environment, the quiescent free surface may be approxi-
mated by a hemispherical shape given by

Zpg(R)=H(0) + 2a-Va? . R® (B1)
Writing

Zpg (R) = H(O) +L (R, 0) (B2)
then

L (R,0)= §-a -Vaz - rR? (B3)

describes the initial shape of quiescent free surface. Expanding
Equation (B3) in a Fourier-Bessel series,

¢ (R,0) = 2 Coo Jo (K R) (B4)
n=
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the coefficient, Cno’ is given by

a
fo <-§a - ¢a®- R2> J_ (k_R) RAR

Cho ° 2, (B5)
. 7% (k_R) RdR

The integral in the denominator of equation (B5) is

: 2 a2 2
] 7,7 (k R) RAR = 3 J_“(k a) (B6)

The numerator includes the integral

a
f T (k R) RdR = i‘: J (K a) (B7)
o

and the integral

a

I-= '/az - R® J_ (k_R) RdR (B8)

o

To evaluate Equation (B8), let R = a sin8., Upon substitution into
Equation (B8),

w/2

3
I= a J'o(kna sin @) sin © cosZO de (B9)




-----------«

From McLachlan, Reference 3, page 194, Equation (63).

/2
vt 2ut
T (Zsin®) sin & cos © <=2 Ll¥) 5 (Z) (B10)
o pty+t
Zp:H

o

where I'(x) is the gamma function. Letting v=0, p=1/2, z=k a in
Equation (B10) yields

/2
2
I, (2 sine)sinecosze de :[_r.(-;-;-;) J3/2(kna) (B11)
(k a)
o
Then
3 N2 11(3/2)

Combining Equations (B5), (B6), (B7), and (B8), yields

24J2ar(3/2) T35 (kya)
Coo=- > (B13)
(k22 3,% (k a)

Introducing the nondimensional terms from Equation (32), Equation (13)
takes the form

L __2\2 I'(3/2) I3/2{Yq) (B14)

no 372 2
v, T ()

where y are the roots of J, (Yn) = 0.
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NOMENCLATURE
Outer radius of tank
Constant velocity of mean free surface (draining rate)
Function of time, Equation (14)
Function of time, Equation (13)
Function of time, Equation (14)
Function of time, Equation (13)

Bond number = pgazlcr

Generalized coordinate for free surface distortion, Equation (16)

Outlet radius

Time variation of outlet velocity
Gravitational acceleration

Mean free surface height

Nondimensional mean free surface height
Initial value of h(T)

Bessel function of first kind and order m
Separation constant for Laplace's equation
Pressure

Nondimensional radial coordinate
Dimensional cylindrical coordinates
Reynolds number = inertial forces/viscous forces
Time

Components of liquid velocity
Characteristic velocity, Equation (47)

Volume liquid remaining in tank at blowthrough (vapor
ingestion)




\
|
|
r
|

% VRBT

NOMENCLATURE (Concluded)

Average outlet velocity
Weber number = inertial forces/surface tension forces
Nondimensional vertical coordinate

Vertical coordinate of free surface
Nondimensional draining rate

Gamma function

Root of Ji(Yn) =0

Nondimensional outlet radius

Thickness of boundary layer

Free surface displacement from the mean free surface
Kinematic viscosity

Nondimensional generalized coordinate
Liquid density

Surface tension

Nondimensional time

Nondimensional time for vapor ingestion
Period of fundamental slosh mode
Velocity potential

Percentage volume of liquid remaining in tank at blowthrough
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