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In t rodwt  ion 

One of  the oldest  problems i n  the h is tory  of mechanics 

i s  t o  f ind  functions of the coordinates which s a t i s f y  a 

simpler (lower order) system of d i f f e r e n t i a l  equations. I n  

pa r t i cu la r ,  t o  f ind  functions of the coordinates which s a t i s f y  

a first order d i f f e r e n t i a l  equation. 

the  in t eg ra l s  of angular momentum a r e  examples of such func- 

The energy i n t e g r a l  and 

t ions:  they a re .a lgebra ic  functions of the coordinates and 

t h e i r  der ivat ives  which satisfy,the simplest of a l l  f irst  

order d i f f e r e n t i a l  equations, Yf = 0. 

I n  1887 Bruns [l] proved that i n  the three body problem 

the only algebraic  functions of the coordinates and t h e i r  

der ivat ives  which s a t i s f y  the  equation Yf = 0 a r e  those 

generated by the known integrals .  These r e s u l t s  were l a t e r  

extended t o  the n-body problem 

and t o  the r e s t r i c t e d  three body problem, f o r  s m a l l  values 

of a parameter 

[ 3 ,  vol. 1 ch. V I .  

(n  > 2)  by Painlev6 [23 

p, which appears i n  the problem, by Poincar6 

I n  t h i s  paper w e  extend these negative r e s u l t s  of Bruns 

and Poincar6. One consequence of our results, f o r  the n-body 

problem, i s  that no algebraic funct ion of the  coordinate& 

and t h e i r  der ivat ives  i s  an exponential. S imi l a r  r e s u l t s  a r e  

obtained f o r  a la rge  class  of problems i n  mechanics. 

We use the too l s  and ideas  of d i f f e r e n t i a l  algebra de- 

veloped by R i t e  [43. 

notat ions and r e s u l t s  that we use frequently.  

The following i s  a summary of def in i t ions ,  
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A d i f f e r e n t i a l  f i e l d ,  d i f f e r e n t i a l  r ing,  d i f f e r e n t i a l  

i d e a l  i s  a f i e l d ,  r ing,  i d e a l  which i s  closed under a given 

derivation. I n  t h i s  paper the  cha rac t e r i s t i c  of the  f i e l d  

is zero and the derivation is the derivative with respect to 

the  time t. By K < e ,  K(x] we mean the d i f f e r e n t i a l  f i e l d ,  

d i f f e r e n t i a l  r ing respect ively of K and the elements x = 

( x ~ ,  ..., xn). 

junct ion,  respect ively . 
K ( x ) ,  K[x] i s  used f o r  f i e l d  and r ing  ad- 

Let K be a d i f f e r e n t i a l  f i e l d  and l e t  S be a s e t  of 

d i f f e r e n t i a l  polynomials P ( X )  c HEX).  The per fec t  ( r a d i c a l )  

d i f f e r e n t i a l  i dea l ' I  generated by S, i n  the d i f f e r e n t i a l  r ing  

K [ X ) ,  is  the in te rsec t ion  of a f i n i t e  number of prime d i f f e r -  

en t i a1  idea ls  nl, . . . y  T T ~ .  Each ni has an i r reducib le  

manifold of zeros and the manifold of zeros of S i s  the  

union of the manifolds of ni, i = 1, k?. A zero x of  

ni i s  cal led generic i f  every d i f f e r e n t i a l  polynomial 

P ( X )  e KCXI,  which vanishes f o r  X = x, belongs t o  ni. Every 

prime d i f f e r e n t i a l  i d e a l  has a generic zero. Let y be any 

zero of S , then the degree of transcendency o f '  K<y> over 

K i s  ca l led  the order of y. The order of a prime differen-  

t i a l  idea l  TT i s  the order of  i t s  generic zero. We shall 

c a l l  the order of S the  max.(order ni)l<i(a . I f  S i s  - -  
a system of d i f f e r e n t i a l  polynomials def ining a mechanical 

system of n degrees of freedom,then order of S i s  2n 

which agrees w i t h  t he  usual def in i t i on  of order  of S. 
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The problem t h a t  concerns us may now be r e s t a t ed  as 

follows: Let x be a solut ion of max. order of a mechanical 

system S, what a r e  the  d i f f e r e n t i a l  subfields  of K<x> 

which a r e  of order one over K?  For the n-body problem, the 

theorems of B r u n s  and Painlev6 give the subfield of constants 

of IC<*, where K = Q(M1, ..,, M n ) ,  Q stands f o r  the reals 

and 'i,i=l,. . .n are the  masses, 

These r e s u l t s  a r e  possible t o  obtain without f inding the  

decomposition of S i n t o  i t s  prime components, because a l l  

the i r reducib le  manifolds of S, of maximal order, are isomor- 

phic (Theorem three)  , 

Theorems one and two prepare the background f o r  the  

appl ica t ion  of f o r k 1  power series ' ,  i n  an a r b i t r a r y  parameter, 

t o  our problem. I n  [ 4 ]  R i t t  proved tha t  i f  a i s  any zero of 

the highest  or lowest degree terms P* of a s ing le  differen-  

t i a l  polynomial P ( X ) ,  then there  e x i s t s  a formal  f r a c t i o n a l  

power s e r i e s  of the form 

-1 i f  P* i s  highest  degree 

+1 i f  P* i s  lowest degree 
ki 00 

x = a c j  + C. a . c  1 i= j+l 

such that P ( x )  = 0. That t h i s  theorem does not hold i f  S 

cons is t s  of more than one d i f f e r e n t i a l  polynomial can be 

shown by the  following example which a r i s e s  i n  problems of 

coupled springs: 



I 1  - 
x1 - 

x2 - 
I1 - 

X1 = X2 = a f 0 

(X2 - X1)3 = 0. 

fractional power series solution of S except in the case 

&s a solution of the highest Gegree "errns 

This solution cannot be extended to a formal 

where y + B, = a2 + f3, . However, any solution of the low- 

est degree terms i.e. of 
I 1  

11 

x2 = a x + B2X2 2 1  

can be extended to a formal power series solution of S. The 

fact that the highest order  terms appear to the first degree, 

among the highest degree terms or lowest degree terms of the 

system, makes it possible to find a formal power series solu- 

tion in an arbitrary parmeter, where the first term of the 

series is a solution of a linear system of the same order. 

This is, precisely what occurs in a large class of mechanics 

problems which includes practically a l l  the problems arising 

in celestial mechanics. 
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. 

. I. Fornal Power Series for ,  Algebraic Systems 

Let K be a field. Let 

OD 
integers, and si = c x c j  ; i = 1, ..., n; ij j = si xi 

c transcendental 

Xn) = K(X1, ..., 

are algebraically independent over K, 

over the field K( q .) . Any element u c K(x) 

has the form 
J 

u = C ukcA , l an integer and 
k =  l 

uk K ( x .  .) for l < k < 00 . .- 1 J  
00 

Lemma 1. Let u = C uk ck K [ x ] .  Then 
k =  l 

f o r  all r 2 0 ,  

a U. 
i f  k < l .  - K  

where we set = o  

Proof: Let S be the set of all elements u E K[x] 

f o r  which ( A )  holds. S is not empty, since xi e S, i = 1, ..., n. 
Also, let (A), hold for u, v c K[x]  and let 

k u =  C u c  , v =  C v k c ,  then w = u + v  = 
00 k (33 

k = a,, k k = a, 
I 

03 
= C (Uk + 
k = a, 

L 

vk)ck . Without loss of generality we assumed 

set v = 0 f o r  k < 12. k 
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avk + NOW, awk - auk 
9 

,s.+r axi axi 
1 

axi, s 1 . +r , si+r 

So that (A) holds for u + v. Similarly, let w = uv = 

k- k?* 
au . avk- j 

= -z V + u  awk 
bxi, s 1 . +r j = k-j axi,s.+r 1 j aXi,s.+r 1 

avk * -J-r au k- 
= c  + u  j-r 

j = k?,  vk-j ax i, s ,  j axi,s. 7 

I I I 

k-r-12 

+ c  U. 
au avk- j -r 

k- i2 
j-r = c  

j = a,+r vk-j axi,s j = J ,  J ax i, s; 
I I I A 

k-r-k?, 

1 j = k ?  

So ( A )  holds f o r  uv 

xl, ..., x and S = K[x]. n 

and hence S is a ring containing 
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Lerma 2. L e t  Uk be as i n  Lemma 1, then uk 6 K(xij)i<i<n - -  
s.<j<si+k-k? 

3.- - 
f o r  a l l  u C: K ( x ) .  

Proof. For any u K[x], by Lemma 1, auk = 0 for 
b x i ,  s, +r 

3 I: w,c 
00 k 00 

c VkC = c 1 a l l  r > k - A?. Let v =T; = 
K = -a  -- j = o  J 

where w j c: K(ua, ..., u a + j )  E K(xim)i<i<n - -  
si<m<si+j+l?-.l - -  = si+j 

& 

I 
~ 

Hence Tiemma 2 holds f o r  all u K(x) . 
Theorem 1. Let P(X, Y)  c K[X, Y].  

l e t  r, s be in tegers  such that  
P* f kY; k c K, and 

P(Xcs, Yer) = P*(X, Y)c a + higher power of c,  where, (/ t he  d i s -  

criminant of P*, considered as a polynomial i n  Y w i t h  coef f ic ien ts  ~ 

i n  K r X ) ,  i s  not zero.  Then there  exis ts  

k 01) k 03 

ykc xi = C xikc , i = 1, ..., n; y = C 
k =  r k =  s 

such that  P(X,  y )  = o and the  set  ( X i k ) l ( i < n  are a lgebra ica l ly  

independent while yk i s  algebraic  over ( x ~ ~ ) ~ < ~ < ~  

sxkTm 

- -  
s<m<k+s-r - -  

Proof. L e t  (xik) be a se t  of a lgebra ica l ly  independent 

elements over K i n  some f i e l d  extension of K and l e t  

- 03 - 
Y = Y =  c Ykck , then 

k =  r 



. 

a3 

if j = R + k - r 

- ap . 
and 2 - = 0 if j < l? + k - r. Hence Yk first appears 

ayk 
ap 

in PQ+k-r' Also, = 0, if j < s + k - r. NOW, let 
'xi, k 

- 
be a zero of pR(.xis, Y,), yr f 0, (such zeros exist because Yr 

P* is not a pcwer of Y). Since 

I .  I 

Let yk be a zero of 

- -  
s<m< k+s - r 
r?j?k - -  

t 

is a zero of P(X, Y) with i 00 

then X = x, Y = y = C YiC 
i = r  

the stated properties. 

Def. A polynomial P(X, Y) satisfying the conditions of 

Theorem 1 will be called non-singular. 
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11. Algebraic Mechanical Systems 

A mechanical system of n-degrees of freedom is given- 

by a system of second order  dlFFeren=kWl e?quatforre of the 

XI' = F(X, XI) 

where X, XI, X" are n-vectors and the derivatives are w i t h  

respect to the time - t. 
functions (Fi) = F are algebraic functions of X, X1 . More 

precisely, the system is of the form: 

If the system is algebraic, the 

Ui C Qi(X, X', Y) Xl + Pi(X, XI, Y) = 0 

A.(X, X', Yj) = 0 
J 

i = 1, ..., n 
j = 1, ..., m 

and 

Pi, Qi, A. E: KCX, XI, Yl , where K is some differ- 
J 

entia1 field of functions of t. 

and let A* be non-singular, j = 1, ..., m. Then, by 

Theorem 1,there exist formal power series solution of the form: 
3 



S 
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a3 xi = x. = j 
I 1 j = s  

i = 1, ..., n 

I 
h that  A.(x, x I , y . )  = 0, Since the (x i j ) , (x i j )  a r e  J J 

I 11  co 
Ui(X, x , x , y) = c 

j = f i  
uijcJ = 0 ,  i = 1, .,,, n 

~ L U L v - t s - r  < r  + j - f i + s - r  = j - f i + s  g -  g g 

a r e  ra t iona l  i n t e g r a l  i n  (x jp) ,  I1 algebraic  
Thus the "ij 

over (xjP) ,  (xjP) t 1 .i? 2 n , s p L s + j - fi. If we 

l e t  degree of y = r./s ; j = 1, ..., m then every element of 

KCx, y> has highest  and lowest degree terms. (xi,); 1 i 5 n 

i s  of order 2n i f  and only i f  uif i s  of order 2; that  i s  
1 1  i 

if x appears among the lowest degree terms of Ui when i 

s 2 0, o r  among the highest degree terms when 

j J 

s < 0. 



11  Therefore, the relative degree of the term, in which 

appears, is determined by the degree assigned to the y It 
xi 

3. 
may, of course, happen that the system A = 0 ' j = 1, ..., m 

11 j " 
has more than one formal power series solution and 

among the lowest (highest) degree terms for one determination 
xi appears 

"ucI not for  A'-- Gf t h c  yi L7-L w e  other. it may, aiso, happen that 

xi 
of the yi 

determination of yj , j = 1, ..., m, as the following 
example illustrates. 

11 

appears among the lowest degree terms f o r  one determination 

and among the highest degree terms f o r  amther 

Example : 
I I  2 Yxl + A x -t h2X2 = 0 1 1  

x 2 = (x 2 + x2) 2 2  + 1 
11 2 1 

YX2 + X X + A4X1 = 0 
(SI 

4 2 2  

3 03 
J Y = y = l +  c yjc 

OD 

1 i j = 1  xijc j = 1  
We may let X. = x = 2 

the degree of y is zero, and xllJ x21 is a solution of 

the linear system 
11 x1 + hlXl = 0 J X l + h X  3 1  = O  

co 
y = y =  ' YjC 

OD 

xijc j = -2 j = -1 
- or we .may set Xi - xi = C 

the degree of y is two and xll, xZ1 is a solution of the 

linear system 
I I  x1 = 0 

11 x2 = 0 



t 
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Theorem 2. Let (S) be an algebraic mechanical system. 

Let Aj(X, XI, Y.) = 0 ;  j = 1, ..., m have a formal power 
3 

series solution 

x . = x  = c i = 1, ..., n, 1 i k =  s 
a0 

r I r k  
k =  s Xik x. = x. = c 

1 1 

CIS 

j = 1, ..., m, k .  Y. = y. = c Yjk 7 J k = r  
J 

as aescribed in Theorem 1. 

Let n 
%kC u. = c 

1 k = fi 
where 

1< - -  j<m 
I and Li is linear homogeneous in (xjs), (xas) with coef- 

ficients in some algebraic extension of K. Then the system 

(S) has a formal power series solution where the xik are 

generic solutions of 

and the pi belong to an algebraic extension of K<(xjI1)> ; 

1 Proof. By Theorem 1 the Xiky xik are indeterminates. 

r Hence we may specialize xis, X is to be generic solutions of 



- 13 - 

the horr,ogeneous linear system 
11 xi + Li(X, x') = 0 i = 1, ..., n 

j = 1, ..., n We may extend this specialization to yjrj 

I J 

we may successively specialize ~ i , ~ + k  to be a generic solution 

of the linear system 
11 - 1 

X i, s+k + Li(x,l,s+k' - Pi 

and then extend the specialization to yjtri+kY - This is pos- 
J 

sible, for by Theorem 1 Y~,,,+~ is algebraic over 
J 

= S, s+l, ..., s + k - 1 

X I  are algebraically independent over K. 
all' JP 

and the set x 

Tnis proves our assertion. 

Theorem 3 .  Let (S) be an algebraic mechanical system 

with n degrees of freedorn. Let K(X, XI, Y) be a field ex- 

tension of degree r over K(X,  XI). Then (S) has r 

irreducible manifolds of order 2n. Any two such manifolds are 

isomorphic. 



4 

Pp(X, x',ar> 
, so that (S) has manifolds of order 2n. Qiix, X\ Y) 

Since K(X,  X', Y) has r distinct isomorphism in sorne dif- 

ferential extension fiele or" K<X, X'> it follows that (S) 

cas r distinct irreducible xanifoids of order 23. iLow, 

let M1, X2 be any two such  manifolds and let (x, y), (x, 7) 
be a generic point of M1, M2 respectively. The isomorphism 

can be extended to an isomorphism of 

K ( x ,  x , y) by letting y = a(y ) .  Tnis clearly defines an 

isomorphism of K<x, y> onto K<F, T> ; for the successive 

derivatives of x, y are given by the same equations as those 

given for x, y with the substitution of x, y for x, y. 

K(x, x', y) onto 
- - 1  - 

- -  
- -  

Remark 1. ,The statement that (S) has r irreducible 

manifolds of order 2n means that the field K ( x ,  x r )  belongs 

to a differential field T such that T contains r differ- 

entia1 subfields Tl, ..., T r j  n Ti = K(x, X I )  and each 
r 

i = l  

Ti is generated by a solution of the system (S) with 



Rer‘ark 2. For t k s  n-body prcblen, t h i s  theorex ic?iies 

:hat i t  i s  irrjaaterial wkether the forces  between t h e  bodies 

are a t t r e c t i v e  or repulsive; the  algebraic  propert ies  of the 

,enera1 soiLxion a r e  tze same. 
m h e o r e n  4. L e t  ( S )  be an algebraic nechanical system 

with n Cegrees of freedon. Let A , ( X ,  X’, Y.) j = l,.. ., m 

be non-singular. L e t .  U. = C 
GO J J 

ck (as i n  Theorem 2) U i k  1 
i k = f  

3 c X <  5 ,  F,> where x = 5 ,  y = q i s  a so lu t ion  o f  order 

2n Of ( s ) .  Let 2 be a s012ti~n of a d i f f e r e n t i a l  equation 

1 < j < m, i s  a solut ion of B*(O) = 0 ,  where - - 

the  lowest (h ighes t )  degree terms of B i f  CI 

J 

c and B* i s  

> 0 ( a  < 0 ) .  - 
Proof. Since the A , ;  j = 1, ..., n, a r e  non-singular, 

d 

by Theorem 1, X = x J  Y = y i s  a so lu t ion  of the algebraic  

sys tea  A ,  = 0 and by Theorem 2 X = x, Y = y i s  a solut ion 

of  the  system (S)  w i t h  ;(<(xjs)> of order 2n over K. 

Therefore I(<x,y> i s  of order 2n. By Theorem 3 there  

exists an isomorphism a: x 5 

J 

Y - T  

Therefore, a(x, y )  i s  a solut ion of B ( O )  = 0 .  NOW, 

J 

* * Eence ;I i s  a solut ion of B = 0.  



'J 

i = 1, ..., n 

11 X i ( Y .  d *  - Yi) 

j f i  F? 
Y. = c 
1 

1 3  

I t  X < ( Z j  - Zi) z,= c 3 

T h i s  is a system with 3n degrees of freecorn. Tine 

differential field I( is C(Nl, ..., Mn); C is the field 

of corqlex nmjbers and the (Mi) are n transcendental con- 

s tants . 
This system, clearly, satisfies the conditions of 

Theorem 1, 2. Therefore: 

k GO 

k = - 1  Xikc x:= x. = c 
1 1 

03 1, 

k 00 

ri j kC c 
k =  - 1 

- - 
Ri j 

k k=-l  

k =  - 0  'ikC 
z. = z; = c 

A 1 
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is E solution of (S), where (xi,-l), (yi -1), (ziy-l ) is 
J 

a generic solution of tne homogeneous linear system 

I 1  I 1  
I t  

x. = 0 ,  Y, = 0 ,  z = 0; i = 1, ..., n. 1 I i 

Let X = g J  Y = r,, = 5 be any solution of order 6n 

~f the n-body problem. Le; 6 -ae a polyr,oxial in c r ,  r , ' ,  j', 

with coefficients in the field X(<, q, c y  (r..)) such that 
1 J  

1 )  6 D. i, -1 a ' =  0. 3y Theorem 4, 6*((x >, (Y 1, ( 2  i, -1 i, -1 

Zence the nighest degree terms of 0 are polynomials in ! I ,  

TI, < I ,  (uku2 - ukua) with coefficients in K. Thus, the 

hlghest degree terms of t h e  energy integral is a polynomial in 

< ' ,  q , c ' ,  and the integrals of angular momentum are of the 
form 

t 1 

1 

UkUl  - u 1 u 
kl?' 

Theorem 5. Let X = 5 ,  Y = q. Z = 5 be any solution 

(real or complex), of order 6n, of the n-body problem. Let 

e E K <  sJ  T, 5 > and let $ be a solution of P(6)  = 0 ;  

P(G) X i s ] ,  P or oraer 1. Then ?*(8) (the highest degree 

terms cf ? ( 6 )  of degree if Q > 0, the lowest degree terms 

cf P ( 2 )  if degree 6 < 0) is divisible by 0 ' .  



2 .  
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Prooi". By theorem 4, ?*(xi,-l),  (yi ) ,  ( z ~ , - ~  ) i s  
9 -1 

which i s  homogeneous and of order  1. a s o l u t i o n  of 

i f  P*(C3) i s  no% d i v i s i b e l  by O ' ,  every zero o f ,  P*(O) = 

€'*(a) = 0 

8' - kiO (ki E t o  a n  a lgeb ra i c  ex tens ion  of  K ) ,  i s  an  expon- 

e n t i a i ,  bu t  

elements f o r  K <  (xi ), ( Y ~ , - ~ ) ,  ( z ~ , - ~  ) >  = 3< t > . Eence 

p"(3) is diT"risi3Le 3 T T  3 ' .  

IC< (xi -1 j , ( yi, -1 j , ( zi, -1 ) >  has no exponent ia l  
Y 

J -' 
Y 

Cor-  Let 5 ,  T, c J  e be as i n  Tneorem 5. Tnen 3 can- 

no t  be an  exponent ia l .  

3 e s t r i c t e d  Three-Body Problem. 

R1= 2 ( X + p )  2 + Y  2 , R 2 =  2 ( X + p  -1)  2 + Y 2  

Let I( = C(p)  where C i s  the f i e l d  o f  complex numbers 

and p i s  a t ranscendenta l  cons t an t  over C. 

It follows from Theorems 2,  3 t ha t  (S )  has a s o l u t i o n  

x = x =  c, k 00 

'kc , Y = y =  c, k cE3 

xkc k =  - 1  k = -  1 
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x-1' Y-1 is a generic solution of the honogeneous linear 

system: 

x" - 2y1 - x = 0 

Y" + 2X' - Y = 0 

2 = r  2 
i- j- 

2 - ..r - 2 
1,-1 "1,-1 1, -1 2,-1 i" 

is any solution Kote that if 

of (s) then 
X = 5 ,  Y = q, R1 = pl' R2 = p2 

K < S ,  7-b p y  P2> = K<<, ?l> 

Lemma 3 .  Let X = a, Y = b, R = p be a generic solutlon 

of the system: 

2 2 2 R = X  + Y  

c1 = aI2 + b'2 - (a2 + b2) 

1 2 C = ab - arb + a2 + b 2 

Proof. Ci = 2(a1a" + b'b" - aal - bb') 
= 2(a1[2b' + a] + bl[b - 2ar] - aar - bb') = 0 

1 c = ab" - a"b + 2(aa1 + bb') 2 

= a[b - 2ar] - [2b' + a]b + 2(aa1 + bb') = 0 
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2 1 2  = C1 + 2C2 implies A l s o ,  u t u 

U since a, b is generic, s o  t h a t  U" = - 

v = -  a - c2 U '  then 
u c, + 2c, 21 l e t  

2 12 c; u + C2 v' = - c2 
+ 

U 2 c1 + 2c2 (c1  + 2c2) UL 

c*(cl + 2c2 - u 2 ) 

2 + = 1 - -  c2 + c2 

U c1 + 2c2 ( c 1  + 2c& 

= 1  

1 
Since s < a ,  b >  = K(C1, C2) < u ,  V >  , 

c2 u' 
a = (v + (Ci + 2c2)u > u  for 

b = a ' - u ,  
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aria K ( C ~ ,  c2) <u, V >  i s  isomorphic to 

K(C1, C 2 )  < /C, + 2C2 s i n e  t, t > ,  we have f i e l d  of cons tan ts  
A 

of K< a,  b >  equals  f i e l d  of  cons tan ts  of 

K(Cl, C2> < JC, + 2C2 s ine  t, t > equals  K(Cl9  C 2 > .  

Now l e t  a f: K < a .  b ,  p > ; p 2 = a* + b2 and l e t  a' = 0. 

L e t  a =  y + b p  ; y', 6 % - K <  8 ,  b >  

2 
cxl = y' + 5 ' p  + 6 9 '  = 0, y l p  -I- 6 ' ( a 2  + b ) + b(aal + bb') = 0 

1 ... 6 2 2  p e K(CIJ  C2)  = K ( a t 2  + b l 2  - a2 - b2, a b '  - a ' b  -t- a2 + b2)  

It i s  c l e a r  that a r a t i o n a l  func t ion  i n  t h e  polynomials 

2 1 
aI2 + b I 2  - a2 - b , a b '  - a b + a2 + b2 

by a2 + b2. Therefore 5 = 0 an6 CL = v e K(C1, C 2 ) .  

cannot be d i v i s i b l e  

Tieorem 6. Let X = 5 ,  Y = T, Rl = pl, R2 = p2 be any 

( r e a l  or complex) s o l u t i o n ,  of order  four, of t h e  r e s t r i c t e d  

t h r e e  body problem. Let 8 c K(<, q, pl, p 2 ) [ 5 ' ,  7 '1 ana 

l e t  8 = 0. Then 6" i s  a polynomial i n  P1 = <'*-I- - 5 - , I 12 2 2 

I 2 P2 = Sq - s ' q  + 52 + q . 

Proof. There i s  no loss i n  g e n e r a l i t y  i n  assuming degree 

- -  degree of 6 and (z) = 21. of 8 2 . 0 ,  s i n c e  degree of - - 

By theorem 4, 8 (a ,  b). = 0, so  that  

1 1  1 
a 

* 

2 1 
@*(a, b )  F: K ( a f 2  + b ' *  - a2 - b , ab - a ' b  + a2 + b2)  . 
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9ut a i s  8 golynomial i n  5 '  r,' s o  t h a t  S S E ( a ,  b) i s  a 

polynomial i n  

1 P2(a,  b )  = ab - a '  b $. a2 + b2 

Therefore e * ( < ,  q) i s  a polynomial i n  PI(<, q ) ,  P2(: r,). 
J 

-. 'I'neorem 7. Let X = 5 ,  Y = q,  R1 = pl,  Ti2 = s2  Se any 

r e a l  s o l c t i o n ,  of o r d e r  fair, of t h e  r e s t r i c t e d  three-body 

proSlem. Let  e e K < 5 ,  > ; K = C(+) where C i s  t h e  

f i e l d  Of r e a l  nurhers .  6 is no t  a r e a l  exponent ia l .  

Proof. Same argunent as f o r  t h e  n-body problem. For, 

t h e  d i f f e r e n c i a 1  f i e l d  K <  a, 3 > does no t  con ta in  any r e a l  

exponent ia ls .  
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