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32/27 
Tie Froblem of a t e s t  p a r t i c l e  2oving through a _nlssc1a, causinq i n  

t h e  9rocess  t h e  emission of r ad ia t ion  bp t h e  plasm2 e lec t rons ,  i s  t r e a t e d  

f o r  r e l a t i v i s t i c  con i i i t i cns .  Xxprressions f o r  lonzi tuci inal  a d  trpmsverse 

e l e c t r i c  field conpoaents as x e l l  as f o r  t n e  ~ z m ~ t ~ a i  s.;ecCr-~~- are 2erived. 

I t  i s  found t h a t  r e l s t i v i s t i c  e f f e c t s  &re only y m n t i t a t i v e  i n  ga ture  wLd 

50 not  a l t e r  t h e  general  behavior o f  the  s?ectrum. I n  p a r t i c u l a r ,  no neu 

resonances are found. If t h e  plasma ensei3bl.e i s  non- re l a t iv i s t i c  and 

i n t e r a c t s  w i t h  a si i igle  r e l a t i v i s i i c  test p a r t i c l e ,  tile Location of t h e  

resozzrce i s  t h e  sazie as i n  Lie case 9: z non- re l a t lv i s t i c  t e s t  F z r t i c l e .  

_.. . . 
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There 1s a n w b e r  of t reatr lents  of -arecsstrahlung ex iss ion  f r o 3  ?lsssr,as 

- a g a i  ---I- 7 able j.2 t h e  l i t e r e t i j r e .  3nb-F Pines1 iLspd the k iZe+ i iC  ZrqyQqCb, - -  
whereas l a t e r  : lajwdar* vho a l s o  discussed t h e  inf luence of raagnetic f i e l d s  3 , 

4 and Cohen s t a r t e d  f r o g  t h e  hydrodynmic equations.  -A- recent  sunnary was 

given by Servein anci fuernse2- . Altschuler , and DuIJree and T i b a n  

coaputed t h e  resonance eg iss ion  i n  t h e  neighborhood of t h e  p l a s m  frequency. 

It i s  t h e  purpose of tkis r e3c r t  t o  h-vestigate t h e  s a e  p-oclerri i n  t h e  

r e l a t i v i s t i c  f r m e  work, i n  p r t i c u i a r ,  t s e  in f luence  of r e l a t i v i s t i c  s>eeds 

on t h e  behavior of t h e  rescnance loca t ion  near  t he  glasm frequeccy. Tle 

base our ana lys i s  on Al t schuler ' s  fomalisn,  s ince  it aDpears t o  -De t h e  

s h p l e s t  w-d most str&@t-forward q2roach. Xe v i l l  thus  obta in  expressions 

f o r  t h e  ra&iation emit ted by a slnzle r e l a t i v i s t i c  tes t  p i r t i c l e  i n  t h e  

?resence of E ?ias.-.a. vie assuTe t n z t  nc e x t e r n d  m a g x t i c  f i e l i  i s  >resent .  

5 6 7 

'de f i r s t  review t h e  der ivat ior ,  of t h e  =iyiirodpgaic e p 1 e t i n r s  imder 

r e l a t i v i s t i c  condi t ions (Sect ion 11). +*:e then der ive  t h e  e l e c t r i c  f i e l d  

d i s t r i b u t i o n s  ana t h e i r  sgectrum (2ec t i cns  III ar~d I V ) .  The ana lys i s  of t h e  

r ad ia t ion  spectrum i s  given i n  Section V. F ina l ly ,  i n  Sect ion V I  t h e  r e s u l t s  

of t h e  averaging procedure over c o l l i s i o n  parane ters  are obtained. 

11. TEE BASIC EQUATIOXS OF A REL4TIVISTIC FLUID 

- _  \&,e denote t n e  s p a t i a l  coordinates by xl, x2, x3, and l e t  xb = i c t .  

m- Ine  s - m a t i o n  convention i s  used, Lat in  su3scr iF ts  t ake  t h e  values  1, 2, 3, 4; 

Greek subsc r ig t s  t h e  values  1, 2, 3. 
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Since i n  E fluici tine n w 3 e r  o f  ? a r t i c l e s  riust be conserved ( 2 - i s r e p r d i n g  

ion iza t ion  and recozbination processes) ,  w e  have 

a n / a t  i a(nv )/axa = 0 ,  
a 

where n i s  t h e  p a r t i c l e  densit: , v the fluid velocity vector. The c o v a r i m t  a 

formulation of Eq. (1) can be w r i t t e n  as 

a ( p o  vi)/axi = 0, po = nom0. (2) 

po i s  t h e  2roTer a e n s i t y  of  ?roner lass, no i s  t h e  proser nudoer demit?.. 

m i s  t h e  res t  aass of each p e r t i c l e ,  and Vi i s  t h e  usual r e l a t i v i s t i c  

four-ivelocity vec to r  defined as 

0 

= [ v /J(l-v2/c2), ic/J(1-v2/c2) I .  'i a ( 3 )  

The set of equations describing conservation of QornentuT and energy 

i n  a r e l a t i v i s t i c  f l u i d  i n  t h e  presence of an electromagnetic fie16 reads i n  

usual no ta t ion  

where8 

and 
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&re,  2 i s  t h e  pressure,  E' is the  i n t e r n a l  energy p e r  u n i t  proper mass i n  a 

reference frme which aoves 1 5 t h  t h e  l o c a l  ve loc i ty  of t h e  f l u i d ,  Z and 3 
-5 -b 

are e l e c t r i c  and magnetic f i e l d  vectors.  

7Jha-e f i  is  t n e  Lorentz fo rce  densi ty  m i t t e n  as four-dimensional vector ,  viz . ,  

f = F 2 / e ,  i i j  j 

wi th  

Fi5 = aAi/axj - aA. / ax i ,  J i  = ( J  , i c e n o ) ,  Ai = (Aa,  i $ ) .  
3 " o 

The fou r  equations represented bg t h e  t enso r  equation ( 1 2 )  descr ibe 

conservation of e n e r g  and nomentuq i n  a r e l a t i v i s t i c  glasrna i n  t h e  gresence 

of tm electrornaznetic f i e l d .  Yiey are inva r i an t  ; r i t n  r e s2ec t  to ;orentz 

trmsfomztims. Tire four equations can '=e sepa ra t ea  i n  t h e  follovin.1: t;ro 

sets of eqaations:  



r 

-;:;ere T-. ai12 n denote tile m i C o m  p e s s w e  and derisi tp d i s t r l 2 a t i o n  of 
0 

.L b L ~ e  7,- sys ten  i n  e q u i l i b r i m .  "Tetner t'r,e;- 3escri.De t h e  r e l a t i v F s t i c  t 5 e r r s l  

xo t ions  i n  the  plssnna. <sing ':75. ( 15 )  and (16) i n  ~ q . ( ~ 3 ) ,  ' E  oktzizi 

xoa2n0 ( a y a t )  = - en - a?/3x6, 

t e q e r a t u r e  of  t h e  21asca. ?or a non- re l a t iv i s t i c  ensn l~k le ,  a = 1. It i s  

Forth no t ins  t h a t  c ief ini t ion (1s) does riot 11015; i z  an exterrizl  regr ,e t ic  

f i e l d  t h a t  would int roduce adcii t ional t e r n s .  

Addea t o  t h e  equations o f  i o t i o n  are the l i n e a r i z e d  ,:axt:ell 3Ta . t i ons  

f o r  t h e  field vectors  3 and 3, h c l a G i n 5  z u n i f o m l y  xovin:; t e s t  ? a r t i c l e :  
-t 

-t 



1J i s  t h e  uniform speed of t h e  t e s t  F a r t i c l e  moving p a r a l l e l  t o  t h e  x -axis. 

The t e s t  p a r t i c l e  i s  represented by t h e  two terms containing G-fw-ctions on 

1 

t h e  r i g h t  of  32s. (20)  and ( 2 1 ) .  T b e i r  invar iance groper t ies  a re  &iscussed 

li by Landau and L i f s h i t z  . Zqs. (ll), (17) ,  (IF) t o  (22)  are t h e  %sic  

e-,vlstions of our 2robiez. -iovever, E ~ S .  (L> SAO ( 2 2 )  Gre not icde>endent, 

but  can be obtained fro= E'qs. (19) t o  (21). Tiius, t k e  s e t  of bas ic  equzitions 

i n  t h e  a3sence of i n i t i a l  piasma xot ions reduces t o  (17), (l?), (20) , and (21). 
The r e l a t i v i s t l c  changes are txofold: i f  t h e  mean speed of t h e  enselnble 

is r e l a t i v i s t i c ,  a2 # is arlci uiay go as  IAigh as 5 for v -+ c and T 3 4/3. 

iieve carrieci a* along to 3ocu;rent tile i n f l u e i c e  of r e l a t i v i s t i c  ener-;fes 

of' the ense=bLe 03 ti?e s t ruc tu re  of  t h e  e?uation;, ~ l t ; i m z 3  zlsssiezl ra3.istion I 

theory breaks doki  I n  t h i s  Goxiin as can 3e  seen, for  i n s z m c e ,  f ro= t h e  

behavior of t h e  breaasstrahiung cross sec t ions  f o r  t r q e r a t u r e s  o? t h e  ord2r 

1 keV and above; c.f. i3ster . 

I 

i 2  

O f  n a j o r  i Iqortance for our gur9oses i s  t h e  case wnere t h e  enserfole i s  

2 n o n - r e l a t i v i s t i c ,  i.e., a = 1, but t n e  t e s t  p a r t i c l e  has a r e l a t i v i s t i c  

speed u -+ c. I n  c o q a r i s o n  with Altschcler ' s  t reatment ,  terms of order u2/c2 

may not be neglected any longer and i n  Gar t icu lar  t h e  t ransverse  e l e c t r i c  

f i e l d  derived i n  the next Section xust  be incluired i n  t h e  m e c t r u ?  ca lcu la t ions .  
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,a, 

+ + 
i.F:i.ere dii = dk .d.k dir . Tne vector k i s  the :mve vector ,  w i s  the an7ula.r 

f r e  Zuency . 
x Y =  

Applying t h e  Fourier transformations (24)  and (25)  on ?qs. (17), (191, 

(ZO), and (21) results i n  

It i s  r e a d i l y  seen t h a t  a s ide  from t h e  ap?earance of a2 i n  Eq.(26) t h e  

r e l a t i v i s t i c  case i s  formally i d e n t i c a l  t o  t h e  non- re l a t iv i s t i c  case. 

These fou r  vec to r  equations c o n s t i t u t e  t e n  l i n e a r  equations. I n  
* 

wri t ing  these  equations w e  a s s u - e  t h a t  t h e  vave vector  k i s  L2L- - r a l l e l  t o  t h e  

_ _  xl-aJcis. .ve now s p l i t  the e l e c t r i c  f i e l d  i n t o  a 1on;itudinal cozmonent 

p r d l e l  t o  t’ne propagation vector k ,  end a t r ansve r se  f i e l d  c o m m e n t  ( L 2 )  

13eqendicular t o  k. .),-e then f i n d  

-+ 

+ 
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where 

represeii ts  t h e  $as?ia f r e o p n c y  5s i n  t n e  n o n - r e l a t i v i s t i c  case. Xote, hoirever, 

t h z t  m i s  tile r e s t  nass, The vectors 7 ( ~ , o >  and' (k,o) denote t:ie 

Fourier conponents of t he  longitudinal and t ransverse  electric fie113 

cxipcnents. T Q ~  correspnding sp t i a f  e o n y n e z t s  c m  5 e  m i t t e n  Cioisn 5:;. 

usi.22 ~ q s .  (24) and (251, v iz . ,  

+ +  + 
0 -2 !-'2 

I n  i e r iv ing  t k e s e  e.,ira,tions ve b v e  in tegra ted  over frezuency . 



In the  las t  Sect ion longi tudina l  and t r ansve r se  f i e l d  comyonents were 

derlved. Using these  expressions,  w e  n0-d o3tair;  t h e  s g e c t r m  conponents 

n e d e d  t o  c o q u t e d  t h e  emission c o e f f i c i e n t s .  

It follows 5-02 t h e  theory o f  ?'oxrim t r a n s f o r m  t h a t  we can wr i te  

for Zq.(24) 

Then, from Z;o_s. (33) nnd (31) , "e ge t  

E Q S ~  ( 3 8 )  and (39j  a r e  w r i t t e n  for a tesi ,  p a r t i c l e  moving q a r a i i e i  t o  the 

xl-axis. L e t  It,, yo, z 

a Cartesian coordinate  systen.  Tien, ~ q s .  (35) and (39)  gfve 

* a  

denote t h e  u n i t  vec tors  along the t k r e e  axes of 
0 
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-f In these equations,  kx, k k, are the t h r e e  components of t h e  wave vec tor  k,  Y' 
-+ 

x, y, z a re  t h e  t h r e e  conponents of the veTtor r. IE derivin.; 57s .  ( 4 0 )  

and (41) w e  have used t h e  i2ent i t ; r  

(42) 
G ( w - k . p )  = u -1 S(kx-w/u) . 

We now talce our e l ec t ron  t o  be fixed i n  t h e  G l a s m e ,  i.e., we nake t h e  

10 s t r a i g h t - l i n e  a9xoximation 

Then, we can write f o r  Eq.(40): 

. Let t h e  e l ec t ron  thus be a t  t h e  point (o,b,O). 

(b,w) = - [2qiw/u2(2w) 3 / 2  ] I1 , 
illx 

??hereas f o r  the transverse..coqonents frcn Eq. (41)  w e  ge t  
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, 

The i n t e g r a l s  I,, I,, I, are defined by 
A L J  

I = jj[l -(u2 -w2(a2-l)?/(w 2- (w2/u2)(a2u2-v2) + (k,r2+k,2))] x 
-53 2 2 1 

b i s  t h e  i q a c t  Ta rme te r .  

Tne i n t e g r a l s  (49) - (51) are discussed i n  t h e  A2yendix. Their so lu t ions  

are grouped i n  t h e  S lowing  according t o  t h e  cases au < v and au > v. 

C~ISE (1): au v 

I n  t n i s  case the i n t e g r a l s  (43) t o  ( 4 5 )  caE be so lved 'sy coilto-a- k i tegra t ion ;  

c. f .  A22endi.x. Cn solving :?e obtain 



i .e . ,  only for frequencies below the  resonance to be cierived present1y. 



.. . 
, .  8 .  - -  . 

-~ 
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and (58)  are v a l i d  for c 2  > 0. I." we define a resonance frequency w 131' y " 

-\gain it i s  ezsy t o  show t n a t  Bqs. (62)  and (63) are continuous a t  w = w 
9' 
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We a r e  now ready t o  c o m p t e  the  r a d i a t i o n  esli t ted by t h e  plasma. The 

E conceptual approach, as out l ined  by Altschuler  , i s  t o  consider sn  a r b i t r a r y  

e l e c t r o n  i n t e r a c t i n g  w i t h  t h e  combined f i e l d  of t n e  (2os i t i ve )  t e s t  ? a r t i c l e  

znd i t s  shielding cloud, as exgressed by t h e  f i e l d s  vliic:? -+Te derived i n  

t h e  2revious Sections. 

-t 
Tne acce lera t ion  of t h e  e lec t ron  a t  pos i t ion  r and t h e  t due t o  t h e  

e l e c t r i c  f i e l d  i;f(?,t> i s  

(65)  
-b -+ 
a(b,w) = -(e/m) E(b,w).  

where s t a r r e d  quan t i t i e s  a r e  corciplex conjugates. Zq .  ( 6 6 )  wes slso used 

by Altschuler  i n  h i s  non-re la t iv i s t ic  der ivat ion.  Since w e  have assuned t h a t  

t h e  p a r t i c l e  i s  i n  t h a t  system of reference i n  which it i s  at rest at a 

given rzoment, Eq.(66) s t i l l  holds in our r e l a t i v i s t i c  context. 

5q.(66) can be j u s t i f i e d  i n  s t i l l  m o t h e r  m.y. I n  t h e  reference f r aze  

i n  :zThich t h e  e lec t ron  i s  i n i t i a l l y  2t rest ,  an& t h e  t e s t  ? a r t i c l e  zoves bg 

w i t n  a speed u ?r c ,  t h e  corresnonding not ion i s  Don-re la t iv i s t ic  throughout 

t he  in t e rac t ion .  This 3eans t h a t  i n  t h i s  frm,e of  reference t h e  r a d i a t i o n  

y o c e s s  can be t r e a t e d  non-relativist icall :r ;  c.f. Jackson, 9.5111~'. Tilus, 
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r e l a t i v i s t i c  e f f ec t s  xi11 e n t e r  through t h e  t r ansve r se  conpooent of t ke  

e l e c t r i c  f i e l d  a d ,  possi3ly, r e l e t i v i s t i c  thermal rootions. I 
i 
I 

From Eqs. ( 6 5 )  and (66) :.re obtain 

where we have s u b s t i t u t e d  f o r  t h e  e l e c t r i c  field i t s  long i tud ina l  (E1) and 

t r ansve r se  coqmnent s. 1 
~ 

As one expects,  the spectrun funct ion degen2s on whether u < (v / a )  , 

(subsonic case ) ,  o r  u > v/a (scgersonic case ) .  ke nou cilscuss t5ese  <YO 

i 

i 
I cases s eparat  el::. 

To ob ta in  t h e  spectrum function i n  t h i s  case, ve s u b s t i t u t e  C q s .  ( 5 2 1 ,  I 
I (>2), (53) ZZG (;Ob) i n t o  ?q.(67) mci finzl 

Tie f irst  two brackets  cn the rigilt-:;aCd s i d e  denote t h e  terEs due t o  t i e  

I 

i 
i longituainai electric %el5 d i s t r i - m t i c n ,  t k e  las t  t-\ro braclrets 2re due t o  

t k e  t r ansve r se  e l s c t r i c  f i e l d ,  - j .p in ,  ire %zve t-TO r e 2 a t i v i ; t i c  efYect,; x e s e a i  

i3 ~q.(%): one i s  Ziven 33- t::e E>:jemar,ze of t:ie f a c t o r  a t k a t  ciescri5es 

r e l a t i v i s t i c  t n e r n a l  ao t ions ,  whereas t h e  second one refers t o  t h e  t es t  ;?,rticle 



. .  
.I- 

an5 s z n i f e s t s  i f ,sel f  ?~y t h e  f z c t  th t  t k e  ar ,yzent  of t h e  ’esse1 f ~ c t i o n s  

d e r i v e d  f ro? the trecsverse e l e c t r i c  f i e l d  6s-encrir c11 y = 1 / J ( L - u 2 , ‘ c 2 ) ;  

c.f. ’:q.(a)* 

It i s  convenient t o  exiress E%.(%) i n  terns oz” tlie fo l lov in f ;  Ciizension- 

less parmeters: 

9 = w/u2; q = u/v; B = u j c ;  x = :s/(v/w ) = b / L ,  
2 

(69) 

where 

( 2 )  SU’F’ERSOM~C TEST ?.~XTICLE (u z v/a) 

Ict h i s  case, ve imert  the su-sersonic so lu t ions  o f  t5;e l ong i tud ine l  

e l e c t r i c  f i e l d ,  t h a t  i s ,  Zqs.  ( 5 5 )  a d  (59 ) ,  i n t o  ?q.(b7), and o5tain 

t ae  z2ectrmi func t ion  



. .  
8 .  

I 

- l a  - 

Again, t h e  last two brackets  on the  r i g h t  are cue t o  t h e  trmsverse e l e c t r i c  

field d i s t r i b u t i o n  and contain t>e  r e l s t i v i s t i c  e f f e c t s  of t h e  t e s t  p a r t i c l e ’ s  

motion. All other  term are aerived f r o 3  t h e  long i tud ina l  f i e l d  6 i s t r i S u t i o n .  

sewri t ing 3q. (74 ) i n  terns of dimensionless 2armeters r e s u l t s  i n  

Q9(X,0) = (8&/3nc) (qe/mc2I2[c2w 2/v4q4(azfi2-1)2] x 
P 

(75) 

( 7 6 )  

The tL-0 s g e c t r m  funct ions ( 7 0 )  an6 (75) are t:ie z e n e r a l i z e i  f o m  of 

eiluations. For n o n - r e l a t i v i s t i c  s i t u a t i o n s ,  i.e., for e = 1 
I; 

:-ltschuler’s 
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Zq.(77) agrees term 55 tern with 3 s t e r ' s  r e s u l t  11 . 
nor Esylicsitfons, t:is c o i l i s l a n  : Ja rme te r  gust Se i n t e z a t e d  out.  '*!e 

t:ix discuss  t h e  various su5czses a f t e r  i n t r o d - x i n z  t h i s  " r s d i a t i c n  CTCSS 

section" i n  t h e  next cieztioi?. 

So far, xe have derived t h e  r a d i a t i o n  s:2ectr*m t o r  one f ixed  p o s i t i o a  

of t;ie r e d i a t i n g  e l e c t r o n  v i t h  res2ect to t 3 e  t es t  p r t i c l e .  ?:e averr,ge 

:;xre 5(1;21n) a m i  b(z zx )  are n i n i m n  a 3  naxinu.x h p c t  ;a.rl,n,eters. The 

Iicrsical dimension o f d w )  i s  erg cx2 / see-1. 

!;e w i l l .  ob ta in  t h e  r ad ia t ion  c ros s  s e c t i o n  f o r  the following cases: 

(1) i n  t h e  ajsence of :?lasxz, ( 2 )  i n  t h e  gresence oo ?$es!~la, su-ssoric case,  

( 3 )  i r i  t h e  I r e s e x e  of Jiaszia, su -e r son ic  case. I n  ezcl-i of  t h e s e  ceses ,  the 

li zits of iiigh and 10;; frequency T r i l l  be discussed. 
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e re  

n of t h t  ion.  

as before.  The f irst  t:To t e r n s  on t h e  r i g k t  Iqhich ase due t o  t h e  longi tudice l  

f i e l d  d i s t r i b u t i o n  do not contain r e l a t i v i s t i c  quant i t ies .  %e r e m i n d e r  of 

t h e  two brackets  contains t h e  influence of t h e  t ransverse  e l e c t r i c  f i e l d  

and, thus, t h e  r e l a t i v i s t i c  p s r m e t e r y  fron t h e  nct ion of the  ion.  I n  t h e  non- 

r e l a t i v i s t i c  l i r n i t  y = 1, ~q.(~g) reduces t o  ( 7 7 ) .  - 

'..Json n.lulti?lyinZ bo t2  si5es ;;; 2a5Ys 5x16 i r i t ez ra t ing  -(:e F+ d - "  

X 

+ 

4- 

re e have set b (n in )  eGual t o  t h e  9O0-6eflection '7araJieter b as i s  
0' 

cusGonarg i n  t h e  strai.ziz,-iine ayxoxirnation 1 >ster12~.  Zince b(T7z.x) 7 m ,  

have x(w) + 3 a t  the u?>er oounc?.ary. ~ = q . ( E l )  is tine :;mere1 fo-m of  t h e  

r a d i a t i o n  cross sec t ion  i n  the  absence of plasx-iia. 



Our s t r a igh t - l i ne  m2roxinat ion i s  xost accurate  at  lo;^ ,"rerj_llencies, i n  

? a r t i c u l a r ,  a t  radio frequencies.  For s c d l  sr;ments t h e  r.ilodified 3essel- 

func t ions  I; (x) and (x) can Se  a>x-oxhated  by 
0 iL1 

where y3 = 1.756,,. i s  S d e r ' s  constant. - 
Inserting (82) i n t o  Eqt(81) l eads  t o  

x(o)  = (16e2/3c) (qe/nc2)2 (e2/u2) x 

ZAuatiou ( 8 3 )  Geuotes tile ra3iatiou cross  beetioil  for- iou  &t;uencies, 

t o  be Trecise ,  f o r  a << yu/bo. Using t h e  d e f i n i t i o n  of 

w e  ge t  

i n  E ~ , ( 8 3 ) ,  

where 

Since Zq.(83) holas for x >> 1, where x i s  Oefined by 3q.(85), we see  

t h a t  t h e  t h i r d  term on the right-hand s ide  of ~ ~ ~ ( 8 4 )  i s  s m a l l  f o r  a l l  

p r a c t i c a l  purposes, This behavior of x ( w )  vs. /vu agrees with Jackson's 

result  (2.524)''. 
0 

rn  t h e  non- re l a t iv i s t i c  case, where = 1, f i n a l l y ,  ~ q . ( i 3 3 )  gives 



f .  
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For nigh frequencies ( w  >> y u/bo) ,  Eq.(81) gives 

x( w>>yu/bo) = (16ne2/3c) ( qe/iric2) ( c2/u2) x 

x (3/2)exp(-2bodu) - ~ - ~ / ~ e x p ~ - 2 b ~ ( w / u )  (l+l/v) 1 , 

where we  have used the  following asynptot ic  values f o r  I 

;c0(x) = i( (x) = (a/2x) e-x, x >> 1. 1 

and agrees w i t h  Jackson's formula (~.511)~* by taking b = E / m .  
0 

For n o n - r e l a t i v i s t i c  s i t ua t ions ,  f o m u l a  (87) reduces t o  

X( W) = ( 8e2s/3c) ( qe/mc2) ( c2 /u2 )  exp[-2bow/u], 

6 which agrees with Altschuler ' s  r e s u l t  . 
The discussion shows t h a t  our results reduce i n  t h e  absence of ylasma 

t o  t n e  expressions t h a t  are available i n  t h e  l i t e r a t u r e .  

We nave o j ta ineu  two d i f f e ren t  s p e c t r m  funct ions (68) and (74) 

depending on the  thermal speed and t h e  ve loc i ty  of' t h e  tes t  p a r t i c l e .  We 

f i r s t  discuss  t h e  subsonic case where u < v/a. 

To obtain t h e  r a d i a t i o n  cross sec t ion ,  w e  i n t e g r a t e  Eo_.(68) over a l l  

i n sac t  p a r a e t e r s  and f i n d  
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The aetails are t h e  s a e  as i n  deriving ~~.(81). Zxpess ion  (90) r ep resen t s  

t h e  r a 6 i a t i o n  cross  sec t ion  i n  EL ?lama vhen t h e  tes t  2 a r t i c l t ' s  speec? i s  

s3aller tnan t h e  t h e r m s t l  sseed o? t h e  e l ec t rons  i n  t h e  systerL. %+e r e l a t i v i s t i c  

e f f e c t s  due t o  t h e  t e s t  ?a r t ic le  are included i n  t h e  p a r m e t e r  X 2 which i s  

def ined (c.f. Eq.(64)) as 
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As before,  

T'nis expression agrees com2leteljj wi th  t n e  low-frelzuency a2proxina.t i on  

given by Oster l*  for a s2hericall-y s p m e t r i c ,  sLieided 2 o t e n t i a l  of t h e  t e s t  

o s r t i c l e .  Xe see  t n a t  t he  r e l a t i v i s t i c  s i t u a t i o n  leads to t he  sanie r e s u l t  

as t n e  n o c - r e l a t i v i s t i c  one. 

( 3 )  Ili TEE P-SESKiCE OF PI&:%: 

The case of a supersonic 

S'jPL:RSOxI c 

e s t  p a r t i c  2 can be t r e a t e d  i n  a r m n e r  

c o q l e t e l y  analogous t o  the last  subsection. The elementary, j u t  lengthy 

c a l c u l a t i o n  results i n  tne expression 
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where t h e  p a r m e t e r s  are def ined 2s before. I n  g a r t i c u l a r ,  

<2=J [a2 /v2  - l / u2 ]  - o 2/v2 , (91  1 
P 

whicn d O e S  not contain any e f f e c t  of the  r e l a t i v i s t i c  zo t ion  of the t e s t  

p a r t i c l e ,  and hence leads t o  t h e  same resonance behavior as t h e  non- re l a t iv i s t i c  

case,  although t h e  amplitude and t h e  width of t h e  resonance are, of course, 

d i f f e r e n t ,  A ca l cu la t ion  of these  details  can be r ead i ly  c a r r i e d  out w i t h  t h e  

a id  of ~a_ . (96 ) ,  but  requi res  extensive n m e r i c a l  vork. 

The major r e s u l t  i s  t h e  s i m i l a r i t y  of  t h e  resonance behavior of the 

r e l a t i v i s t i c  and of t h e  Eon-re la t iv i s t ic  case,  I n  p a r t i c u l a r ,  no new resonances 

a22ear due t o  t h e  r e l a t i v i s t i c  notion of t h e  test  p a r t i c l e ,  and t h e  loca t ion  

of t h e  only resonance t h a t  does occur i n  a non- re l a t iv i s t i c  ensemble i s  

independent of t h e  magnitude of t h e  relative speed between t e s t  p a r t i c l e  and 

r a d i a t i n g  e lec t rons  , 

I am indebted t o  Prof, L. Oster fo r  suggesting t n l s  p o ' o l e n  t o  m e  and 

for h i s  c r i t i c a l  reading of t h e  zsnuscr ipt .  
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_ _  
iie write t h e  i n t e g r a l  3 from 3q. (49 )  as sua o f  two coaponents: 

(si) 

and 

The integral Ill can easily be solved [Altschufer  6 ] and be 

I11 = 27 E;o(bw/u) 

me 

The i n t e g r a l  112 i s  s b i l a r  t o  X t s c n u l e r ’ s  i n t e g r a l  I. The only d i f fe rence  

i s  t h e  d e f i n i t i o n  of 

6 Thus, t h e  i n t e g r a l  reads [c.f, Utsc’nuler ; Appendix A] 

112 = (2n/a2[w2-w 2J) {K (bhl) - IC (bw/u)) (~6) P 0 0 

On corzbining (Al), (A&), and (A61 one g e t s  Sqs. (52)  and (53). 

I n  t h e  citse au > v we uefine 
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and, following Altschuler ' s  b 2 e n d i x  3 ,  obtain 

where w,,,~ i s  defined i n  Zq.(55). 
r- 

I n  t r e a t i n g  the i c t e g r a l  I defined by ~ ; q . ( 5 0 ) ,  we note  timt c > u, 2 

and f i n d  

The i n t e g r a l  I i s  similar t o  i n t e g r a l  112, except t h a t  :?e iiwe t o  
3 

rep lace  v by c i n  i t s  solut ion.  Hence, 
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