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DIFFERENT SCREENING CONSTANTS FOR DIFFERENT PHYSICAL PROPERTIES, I* 

by 

W i l l i a m  A .  Sanders' and Joseph 0. Hi r sch fe lde r  

Un ive r s i ty  of Wisconsin Theore t i ca l  Chemistry I n s t i t u t e  
Madison, Wisconsin 

ABSTRACT 

Expectat ion va lues  of p r o p e r t i e s  o the r  than  energy are c a l c u l a t e d  

f o r  t h e  ground s ta te  of the  two-electron atom w i t h  a r b i t r a r y  nuc lear  

charge.  The c a l c u l a t i o n s  are designed t o  test  t h e  use  of simple wave 

func t ions  w i t h  embedded screening cons t an t s ,  where d i f f e r e n t  sc reen-  

ing  cons t an t s  are used f o r  d i f f e r e n t  p r o p e r t i e s .  

compared w i t h  t h e  p e r t u r b a t i o n  expansion of Scherr  and Knight, who 

The r e s u l t s  are 

have determined a l a r g e  number of p r o p e r t i e s  c o r r e c t  through s i x t h  

order .  

Dalgarno has  suggested t h a t  a screening  cons t an t  be chosen so as 

t o  make the  f i r s t  order  pe r tu rba t ion  c o r r e c t i o n  vanish  f o r  t h e  

p rope r ty  under cons ide ra t ion .  Robinson has  shown t h a t  t h i s  choice  is 

equ iva len t  t o  t h e  requirement  t h a t  t he  ze ro th  order  wave func t ion  

s a t i s f y  a h y p e r v i r i a l  r e l a t i o n ,  where t h e  h y p e r v i r i a l  generator  i s  

r e l a t e d  t o  t h e  p rope r ty  through a d i f f e r e n t i a l  equat ion.  This  procedure 

g ives  e x c e l l e n t  numerical  r e s u l t s  fo r  p r o p e r t i e s  having p o s i t i v e  

d e f i n i t e  ope ra to r s .  

For one-e lec t ron  p r o p e r t i e s  wi th  p o s i t i v e  d e f i n i t e  ope ra to r s ,  

Dalgarno's method g ives  expec ta t ion  va lues  which are too  s m a l l .  When 



applicable, slight improvements are obtained by maximizing the 

expectation value calculated with the zeroth plus first order 

wave functions. 

* T h i s  research was supported in part by National Aeronautics and 

Space Administration Grant NsG-275-62. 

t National Science Foundation Post-doctoral Fellow 1963-65. 



I. INTRODUCTION 

One of t h e  most important problems i n  quantum mechanics i s  t h e  

c a l c u l a t i o n  of accura te  expec ta t ion  v a l u e s  of p r o p e r t i e s  o the r  than  

energy. It remains an open ques t ion  whether i t  i s  necessary  t o  use  

Hartree-Fock wave func t ions  for such c a l c u l a t i o n s .  

t he  p o s s i b i l i t y  of u s ing  simpler wave func t ions  w i t h  embedded sc reen ing  

cons t an t s ,  where d i f f e r e n t  sc reening  cons t an t s  are used f o r  t h e  

W e  have explored  

c a l c u l a t i o n  of  d i f f e r e n t  p rope r t i e s .  

o f  two-electron atoms (and ions)  provide a convenient t es t  of t h e  

numerical  accuracy of d i f f e r e n t  methods of c a l c u l a t i o n .  A s  a b a s i s  

ot comparison we use ihe calculations zf Scherr ar?d ! ?a igh t j ( l )  which 

are based on a p e r t u r b a t i o n  expansion i n  powers o f  one over t he  nuc lear  

charge.  They have determined a l a r g e  number of p r o p e r t i e s  accurate 

through the  s i x t h  order .  

The p r o p e r t i e s  of t he  family 

Dalgarno") has  suggested t h a t  a screening  cons tan t  be chosen 

so as t o  make t h e  f i r s t  order  p e r t u r b a t i o n  c o r r e c t i o n  van i sh  f o r  t h e  

p rope r ty  under cons ide ra t ion .  Robinson(3) has  shown t h a t  t h i s  choice  

i s  equ iva len t  t o  t h e  requirement t h a t  t h e  ze ro th  order  wave func t ion  

s a t i s f y  a h y p e r v i r i a l  r e l a t i o n ,  where t h e  h y p e r v i r i a l  genera tor  i s  

r e l a t e d  t o  t;he proper ty  through a d i f f e r e n t i a l  equat ion.  The Dalgarno 

procedure g ives  e x c e l l e n t  numerical  r e s u l t s  when appl ied  t o  t h e  

c a l c u l a t i o n  of p r o p e r t i e s  represented  by p o s i t i v e  d e f i n i t e  ope ra to r s .  

I f  t he  wave func t ion  conta ins  two or more embedded sc reen ing  

cons t an t s ,  a d d i t i o n a l  c o n s t r a i n t s  are necessary  i f  t h e  choice  of 

s c reen ing  cons t an t s  i s  t o  be unique. Many such c o n s t r a i n t s  sugges t  

themselves, such as minimizing t h e  energy, s a t i s f y i n g  t h e  v i r i a l  

1 



theorem, e t c . ,  bu t  a t  the  p re sen t  t i m e  w e  can suggest  no sys temat ic  

method fo r  choosing the  b e s t  set of c o n s t r a i n t s .  

For those  one-e lec t ron  p r o p e r t i e s  a s soc ia t ed  wi th  p o s i t i v e  

d e f i n i t e  opera tors ,  t h e  Dalgarno procedure gave expec ta t ion  va lues  

which were too small. This  suggested maximizing the  expec ta t ion  

va lue  ca l cu la t ed  wi th  the  ze ro th  p lus  f i r s t  order  wave func t ions .  
i 

I n  some cases  s l i g h t  improvements were obtained i n  t h i s  way, bu t  

t h e  amount of a d d i t i o n a l  work r equ i r ed  c a s t s  some doubt on the  

p r a c t i c a l i t y  of t he  method. 

The idea  of u s ing  d i f f e r e n t  s c reen ing  cons t an t s  f o r  d i f f e r e n t  

p r o p e r t i e s  d a t e s  back t o  the  e a r l y  days of quantum mechanics. 

1927 Pauling") proposed a sys temat ic  procedure f o r  determining t h e  

I n  

screening  cons t an t s .  H i s  method w a s  a p p l i c a b l e  t o  any p rope r ty  

which, for  a hydrogen-like atom, would va ry  as some power of Z 

and as some o ther  power of t he  p r i n c i p a l  quantum number. He 

p red ic t ed  r a t h e r  a c c u r a t e l y  t h e  mole r e f r a c t i o n ,  diamagnet ic  

s u s c e p t i b i l i t y ,  atomic s c a t t e r i n g  f a c t o r s ,  e t c . ,  f o r  atoms and ( 5 )  

i ons  throughout the  whole p e r i o d i c  t a b l e .  Unfor tuna te ly ,  P a u l i n g ' s  

method of a d j u s t i n g  the  sc reen ing  c o n s t a n t s  does not  seem t o  be 

c u r r e n t l y  app l i cab le .  However, t h e  p r i n c i p l e  s t i l l  remains v a l i d  

t h a t  t he  screening  i s  small  near the  nuc leus  and becomes l a r g e  a t  

l a r g e  sepa ra t ions .  Thus, as i s  shown i n  F ig .  1, t h e  optimum 

screening  cons t an t  fo r  c a l c u l a t i n g  the  e x p e c t a t i o n  v a l u e  of  l /r 2 

i s  much smaller than  the  sc reen ing  c o n s t a n t  r e q u i r e d  f o r  t h e  

expec ta t ion  va lue  of r . 2 
,- .' 2 ' ' 1 1  ! !  : ! I ' .JJ ! ! , I : : ?  ' ' 1 ) J : l l  , ' ~ j l i ; ; ( , ; \  ,,I; ( , :  :. , ,. I , ,  , I . ,  ; ( I 1  I . ! J c  

I 
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11. THE PERTURBATION EXPANSION 

The Hamiltonian opera tor  for the  two-electron atom wi th  nuc lear  

charge 2 i s  

where the  u n i t  of length is  the Bohr r ad ius ,Q ,  , and the  energy i s  

measured i n  u n i t s  of e /ao (e i s  the  e l e c t r o n i c  charge) .  

In t roducing  a "screening parameter", S , t he  Hamiltonian may be 

w r i t t e n  i n  t h e  equiva len t  form 

2 

I f  w e  make the  change of v a r i a b l e  PZ (2-s)r 
2 2  

and measure t h e  

energy i n  u n i t s  of (z-3) e / &  

t h e  reduced form 

, Eq. (2) may be expressed i n  

where 

I \ 
H, = -i(qz+v:)-j-, - pz 9 

1 q =  - 9 
P I  2 

and 



4 .  

E q .  (3 )  def ines  a double pe r tu rba t ion  problem(6) w i t h  the  n a t u r a l  

parameters ’ / ( Z - s ]  and ‘ /(Z-s) . The t o t a l  wave func t ion  i s  

expanded i n  t h e  double power s e r i e s  

where the unperturbed func t ion  i s  simply 

do not  depend upon t h e  va lue  of t he  parameter s . The yKW 

We wish t o  c a l c u l a t e  t he  expec ta t ion  va lue  <w)  of an  

operator  w which i s  a homogeneous func t ion  of t h e  coord ina te s  

of degree d . Since t h e  screening  cons t an t  s does not  occur 

e i t h e r  i n  the  unreduced Hamiltonian, Eq.  (l), or i n  w i t s e l f ,  t h e  

va lue  of (w> cannot depend upon the  va lue  of s . I n  the  reduced 

u n i t s ,  w is  des igna ted  by W , so t h a t  

The expec ta t ion  va lue  of W 

which s t r e s s e s  i t s  dependence upon the  va lue  of s . The 

expec ta t ion  va lue  <w) i s  then given by the  double power ser ies  

i s  expressed by t h e  symbol < W ; S )  3 
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. 

where 

The <&J>i ,k  are independent of s ( s ince  s does n o t  occur i n  

e i t h e r  g(jaK1 or  N 1. 

A l t e r n a t e l y ,  we can rewrite Eq. (10) i n  t h e  form 

. 

where 

I n  Sec. 111, t h e  ( W ; S ) -  

order  t e r m s  i n  <u;s> , where s i s  regarded as a cons t an t  and 

t h e  p e r t u r b a t i o n  is + s v ~  . 

are obtained d i r e c t l y  as t h e  n- th  

I n  order  t o  compare the r e s u l t s  of the  vi -t s v z  p e r t u r b a t i o n  

( Ib)  c a l c u l a t i o n s  w i t h  the  1/2 expansions of Scherr and Knight, 



6 .  

i t  i s  convenient t o  expand Eq. (10) i n  a double power series i n  

and 112 . Thus 

s 

where 

and 

The prime i n d i c a t e s  t h a t  t h e  summation i s  taken  only over t e r m s  

involving non-negative f a c t o r i a l s .  

Since <w> i s  independent of s , we see immediately from 

(14) t h a t  

which i s  i n  agreement wi th  t h e  r e s u l t  obtained by s e t t i n g  s = 0 

i n  Eq. (10). Furthermore, 

K 

. 

independently of t h e  va lue  of s , s o  t h a t  
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These condi t ions  make i t  poss ib le  t o  express  a l l  t h e  <W>,-,,K 

i n  terms of the  <ul>,,~,o . For example, fo r  t h e  case d < 0 

w e  have, from Eq. (15b), 

so  t h a t  

Repeated a p p l i c a t i o n  of Eq. (20) then  l eads  t o  t h e  r e l a t i o n  

and t h e r e f o r e  Eq. (10) may be r e w r i t t e n  i n  t h e  form 

The c a s e &  >, 0 i s  somewhat more complicated.  However, by us ing  

Eq. (15a) or Eq. (15b), as appropr ia te ,  i t  i s  p o s s i b l e  t o  show t h a t  



8 .  

Therefore,  i n  order  t o  ob ta in  t h e  expansion of t h e  expec ta t ion  va lue  

<\h/) i n  e i t h e r  of t he  a l t e r n a t e  forms (12) o r  (16), it i s  only  

necessary t o  eva lua te  the  mat r ix  elements 

9 c p )  
Scherr and Knight'') have computed t h e  func t ions  through 

y =  6 by a v a r i a t i o n a l  method and have t abu la t ed  the  matrix elements 

<Ur>j,oN for  a number of ope ra to r s  through I n  s e v e r a l  ca ses  

they were a b l e  t o  check t h e i r  r e s u l t s  wi th  c o e f f i c i e n t s  obtained by 

a n a l y s i s  of t he  b e s t  a v a i l a b l e  v a r i a t i o n a l  wave func t ion  and the  

agreement was found t o  be very  good. 

* 
j = 6. 

e - - - -  

* The values  of t hese  ma t r ix  elements fo r  mobt of t h e  p r o p e r t i e s  

they considered a r e  included i n  Table V .  



. 
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111. DALGARNO'S METHOD 

I n  order  t o  determine d i r e c t l y  the  c o e f f i c i e n t s  <W;S>, i n  

Eq. (12) ,  i t  i s  convenient t o  r e w r i t e  t he  Hamiltonian (3)  i n  t h e  form 

where s is  assumed cons t an t  and ' / (Z-s) is  t h e  p e r t u r b a t i o n  

parameter.  I f  t h e  t o t a l  wave func t ion  i s  expanded i n  t h e  power series 

t h e  expec ta t ion  va lue  (M;s) may then  be w r i t t e n  i n  t h e  form 

so  t h a t  

Kso 

g W) by t h e  The $'"', which are r e l a t e d  t o  t h e  func t ions  

express  ion  

may be obtained,  i n  p r inc ip l e ,  by t h e  methods of s tandard  

pe r  t ur  b a t ion  t h e  or  y . (6 1 



10 . 
I f  t h e  series i n  Eq. (12)  i s  t runca ted  a f t e r  a f i n i t e  number of 

terms, t h e  r e s u l t i n g  expec ta t ion  va lue  i s  a func t ion  of t he  screening  

parameter s . As discussed i n  t h e  in t roduc t ion ,  t h e r e  i s  a b e s t  

va lue  of s f o r  each operator  w 
ing  cons t an t ) .  Unfortunately,  t h e r e  i s  no gene ra l  v a r i a t i o n  p r i n c i p l e  

for  the  expec ta t ion  va lues  o f  ope ra to r s  o ther  than  the  Hamiltonian, 

so  t h a t  we  do not  have a f i rm b a s i s  fo r  choosing S . 

(usua l ly  not  t h e  energy-optimized screen-  

I n  t h e  o rd ina ry  v a r i a t i o n a l  c a l c u l a t i o n  of t h e  energy, t he  

expec ta t ion  va lue  of t he  Hamiltonian (25) i s  made s t a t i o n a r y  w i t h  

r e s p e c t  t o  f i r s t  order  v a r i a t i o n s  of t h e  wave funct ion.")  This  i s  

equiva len t  t o  choosing the  screening  cons t an t  so  t h a t  the  f i r s t  order  

pe r tu rba t ion  energy 

i s  zero .  For cases  i n  which the  f i r s t  order  c o r r e c t i o n  t o  the  

expec ta t ion  va lue  of t he  observable  v\/ can be obta ined  e x p l i c i t l y ,  

Dalgarno and Stewart") have suggested t h a t  t h e  appropr i a t e  va lue  of 

t he  screening  parameter t o  be used i n  c a l c u l a t i n g  (w) 
t he  one which makes the  f i r s t  order  c o r r e c t i o n  < U , ; S ) ,  van i sh .  

From Eq. (28), t h e  f i r s t  order  c o e f f i c i e n t  < U f ; s > t  i s  

i s  simply 

<w;s> ,  - - <q( ' ) \ lJ$\q( '~}  + <4"'1urIP0'>, 

(pll 
where i s  a s o l u t i o n  of the  d i f f e r e n t i a l  equa t ion  
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( H o 4 0 ) q t 1 ’  + (v l+Sv~-€ l )q (o ’=  0 

w i t h  t h e  o r thogona l i ty  condi t ion  

Because of the  form of , Eq. (32) cannot be solved e x p l i c i t l y .  

However, according t o  t h e  Dalgarno Interchange Theorem, Eq. (31) 

may be rep laced  by 

where w‘”is a s o l u t i o n  of  the equat ion  

w i t h  an  o r thogona l i ty  condi t ion  s i m i l a r  t o  (33). 

I f  i s  a one-electron opera tor ,  Eq. (35) can o f t e n  be solved 

a n a l y t i c a l l y .  

w r i t t e n  i n  t h e  form 

Following Dalgarno, i t  i s  assumed t h a t  y(l)may be 

where i s  some func t ion  of t h e  coord ina tes .  From Eq. (35) it  

fol lows t h a t  F must s a t i s f y  the  d i f f e r e n t i a l  equat ion  



1 2  . 

I f  tc( is  a func t ion  only o f  the  r a d i a l  coord ina te  pi 
i s  separable  and F may be obtained by d i r e c t  i n t e g r a t i o n  of t he  

equat ion 

, Eq. (37) 

Gordon(9) has c a r r i e d  out  t h e  e x p l i c i t  d e r i v a t i o n  of <U; s>, 
f o r  t he  case  i n  which U i s  a p o s i t i v e  i n t e g r a l  power of t h e  

r a d i a l  coord ina te .  He was a b l e  t o  so lve  Eq. (38) r e a d i l y  f o r  

u =  p: , ob ta in ing  the  express ion  

where <f),n>o,, = (n+21!/2n+' . He could then  c a l c u l a t e  t h e  

expec ta t ion  va lue  <r,") e x p l i c i t l y  through f i r s t  o rde r .  

o rd inary  u n i t s  def ined  i n  the  f i r s t  paragraph of Sec.  11, the  

I n  the  

r e s u l t  i s  

n(S,-S) 
2-5 I +  - 

where the s u b s c r i p t  0 i s  used t o  des igna te  an e x p e c t a t i o n  v a l u e  

which i s  c o r r e c t  through f i r s t  o rder  and where 
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The f i r s t  order term i n  Eq. (40) vanishes  i f  s i s  set equa l  t o  s,, 
The va lue  of 3, increases  monotonically from 317 

toward a l i m i t  of ' /g a s  n becomes i n f i n i t e .  These r e s u l t s  are 

t o  be compared wi th  the  energy-optimized va lue(7)  SE = ' / / 6  . 

f o r  n s  I 

The same procedure may a l s o  be appl ied  t o  o ther  one-e lec t ron  

opera tors .  For example, f o r  W='/P, , i n t e g r a t i o n  of Eq. (38) y i e l d s  

so t h a t  

The value of t he  screening  cons tan t  which s a t i s f i e s  t he  Dalgarno 

c r i t e r i o n  i s  S-, = 5 / \ 6  

value.  Note, however, t h a t  the expec ta t ion  va lue  of ' / r ,  is  

independent of s 

, i n  agreement wi th  the  energy-optimized 

through f i r s t  o rder .  

s i m i l a r l y ,  fo r  w = '/p: , 

where 7 = 0.577216 i s  Euler ' s  cons tan t ,  and 
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The value of s which makes the first order term vanish is 

I7 3 
8 s . . ~  13 - - I n 2  = 0.27132. (46 

(47 

The value of s determined by Dalgarno's method is 

(49 

I n  Sec. 11 it was shown that the coefficients < W ; S ) n  of the 

'/(Z-S) expansion of the expectation value < W)  

terms of the coefficients < W > K , O  of the '/Z expansion. Through 

first order, Eqs.  (22)  and (23) both give 

may be written in 



Dalgarno's choice  of the  screening  parameter is, the re fo re ,  

and t h e  expec ta t ion  va lue  c o r r e c t  through f i r s t  order i n  t h i s  

approximation is simply 

The r e l a t i o n  (52) makes i t  p o s s i b l e  t o  e v a l u a t e  t h e  accuracy 

of t h e  f i r s t  order sc reening  approximation for a l l  t h e  o p e r a t o r s  

t r e a t e d  by Scherr  and Knight without  having t o  so lve  Eq. (35). 

Expanding Eq. (52) i n  powers of '/Z , w e  o b t a i n  

and 

15 

The c o e f f i c i e n t s  of '/ZK i n  Eqs. (53) and ( 5 4 )  may then  be compared 

wi th  t h e  <W&,, t abu la t ed  by Scherr  and Knight. I n  a l l  cases t h e  

f i r s t  two c o e f f i c i e n t s  a r e  given e x a c t l y .  

It is easy  t o  v e r i f y  t h a t  t h e  Dalgarno c r i t e r i o n  makes t h e  

f i r s t  o rder  expec ta t ion  value s t a t i o n a r y .  

w i th  r e s p e c t  t o  S ,  

D i f f e r e n t i a t i n g  p a r t i a l l y  



The f i r s t  d e r i v a t i v e  i s  zero if S i s  given by Eq. (51) and vanishes  

i d e n t i c a l l y  for  a= I . Furthermore, d i f f e r e n t i a t i n g  once aga in  

and s e t t i n g  S = 3, , 

This  expression i s  nega t ive  i f  <id>oJo i s  p o s i t i v e  and v i c e  v e r s a .  

Therefore,  Dalgarno’s method maximizes the  f i r s t  order  expec ta t ion  

va lue  of any p o s i t i v e  opera tor  which i s  a homogeneous func t ion  of 

t he  coord ina tes .  

Expectat ion va lues  c a l c u l a t e d  by the  methods d iscussed  i n  t h i s  

s e c t i o n  a r e  t abu la t ed  i n  Sec.  V I .  There i s  one i n t e r e s t i n g  r e s u l t ,  

however, which should be mentioned a t  t h i s  p o i n t .  For t h e  case  i n  

which v\/ is  a p o s i t i v e  power of t he  r a d i a l  coord ina te ,  w i th  

a = - n  , a l l  t h e  c o e f f i c i e n t s  t abu la t ed  by Scherr  and Knight 

s a t i s f y  t h e  i n e q u a l i t y  

(see Table V ) .  Therefore ,  Dalgarno’s c r i t e r i o n  a p p a r e n t l y  y i e l d s  

a v a l i d  lower bound fo r  t he  expec ta t ion  va lue  fo r  p o s i t i v e  

i n t e g r a l  n . This  obse rva t ion  forms the  b a s i s  of t h e  a l t e r n a t e  

method discussed i n  Sec.  V. 

(T:> 
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I V .  EQUIVALENCE OF DALGARNO AND HYPERVIRIAL METHODS 

As Robinson has shown,(3) t he  Dalgarno method of r e q u i r i n g  

t h a t  <W; S), 2 0 i s  equivalent  t o  s a t i s f y i n g  a c e r t a i n  h y p e r v i r i a l  

Here L i s  an ant i -Hermit ian opera tor  a s soc ia t ed  wi th  the  

proper ty  W .. 
For a system perturbed by a p o t e n t i a l  v , we have, from 

Eq. (341, 

where 

y("= FQ'"', where F i s  a func t ion .  

well t ake  V["Z Lqc8' , where 

u/'" i s  def ined by Eq. (35). I n  the  Dalgarno method, 

However, we might equa l ly  

L i s  an ant i -Hermit ian opera tor ,  

Eq. (59) can be w r i t t e n  as 



18 . 
Dalgarno 's choice of t he  screening  cons tan t  i s  such t h a t  ( U ;  s>, = 0, 

and the re fo re  the  corresponding h y p e r v i r i a l  theorem i s  s a t i s f i e d .  

The s a t i s f a c t i o n  of t he  h y p e r v i r i a l  theorem (58) has  the  

i n t e r e s t i n g  consequence t h a t  t he  wave func t ion  

s t a b l e  wi th  r e s p e c t  t o  v a r i a t i o n s  of the type 

qCo) i s  e n e r g e t i c a l l y  

(11) 

t h a t  i s ,  the  e n e r g e t i c a l l y  optimum value  of i s  zero ,  

Given t h e  func t ion  F , t he  h y p e r v i r i a l  opera tor  i s  

determined by the  equat ion  

I n  order t o  be an t i -Hermi t ian  and r e a l ,  L 
of odd order wi th  r e s p e c t  t o  the  coord ina te s .  I f  we are not  

concerned wi th  the  <W;S)j  

t o  be a l i n e a r  func t ion  of the  f i r s t  d e r i v a t i v e s  w i t h  r e s p e c t  t o  

t h e  coord ina tes .  The most genera l  opera tor  of t h i s  form i s  

must involve d e r i v a t i v e s  

f o r  which j >  \ , i t  s u f f i c e s  t o  t ake  L 

(11) 

where ft 
genera l ized  coord ina te s  $ K  

t h e  tK . Eq. (62) then  reduces t o  a d i f f e r e n t i a l  equa t ion  f o r  

t h e  fk : 

i s  the  product  of the  m e t r i c  s c a l e  f a c t o r s  of t he  

and the  'fK m a y  be fku ic t ions  of  a l l  



L i t t l e  can be s a i d  about the s o l u t i o n  o f  Eq. ( 6 4 )  i n  general .  

However, t he  one-dimensional case i s  p a r t i c u l a r l y  simple,  s i n c e  

Eq. ( 6 4 )  theii reduces t 9  

which has the  genera l  s o l u t i o n  

The h y p e r v i r i a l  opera tor  i s  then obtained by s u b s t i t u t i n g  i n t o  the  

appropr i a t e  form of Eq. (63). 

H, 
Eq. ( 5 8 )  s i m p l i f i e s  t o  

Since 9" is an e igenfunct ion  of 

, however, i t  i s  unnecessary t o  f ind  L e x p l i c i t l y  because 

For t h e  s p e c i a l  case  o f  t he  two-electron atom, we have 

s o  t h a t  
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The func t ion  f may be determined r e a d i l y  f o r  t h e  cases 

n discussed i n  Sec. 111. For t h e  proper ty  u(= fl, w i t h  n p o s i t i v e ,  

t h e  func t ion  f i s  given by E q .  ( 3 9 ) ! 1 2 )  I n t e g r a t i o n  of E q .  ( 6 6 )  

then y i e l d s  t h e  express ion  

Therefor e,  t h e  hypervir  ial operator  corresponding t o  PIn may be 

cons t ruc ted  much more d i r e c t l y  than would seem apparent  from t h e  

d iscuss ion  of Bangudu. (13) 

Simi la r ly ,  f o r  u T = ’ / f l  , with  given by Eq. ( 4 2 ) ,  we f i n d  

f = - p ,  * 

Note t h a t  Eq. 

screening parameter is such t h a t  t h e  p e r t u r b i n g  p o t e n t i a l  makes 

no c o n t r i b u t i o n  t o  t h e  usua l  Clausius  v i r i a l  of t h e  f o r c e .  

( 6 7 )  then  implies  t h a t  t h e  optimum choice  of t h e  

For W z  ‘/p: t h e  express ion  for  f i s  somewhat more complicated.  

I n t e g r a t i o n  o f  Eq. ( 6 6 ) ,  wi th  F from E q .  ( 4 4 ) ,  y i e l d s  

- I  

. 

A similar express ion  i s  obtained f o r  t h e  case U s  &(PI) . 
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Using Eq. (47) for  F , w e  find 

I :  

I -  
t -  

I *  
I -  

Example showing equivalence of Dalgarno and h y p e r v i r i a l  methods: 

The r e l a t i o n s h i p s  discussed above may be i l l u s t r a t e d  convenient ly  

by the  fol lowing simple example: 

e l e c t r o n  atom whose Hamiltonian i s  

Consider the hydrogen-l ike one- 

1 2 0 .  
H , = - - , V  - 7 .  

The ground state e igenfunct ion  i s  

(74) 

and t h e  corresponding eigenvalue is  E,= - a2/z 

be per turbed  by a p o t e n t i a l  of t h e  form \ / = t 3 - T '  and suppose we 

wish t o  c a l c u l a t e  t h e  expec ta t ion  va lue  of t h e  opera tor  w= r .  

. L e t  t h e  atom 

Following t h e  method of Dalgarno, we so lve  t h e  d i f f e r e n t i a l  

equat ion  



where <w>,, = 3/2a obtaining 

The constant of integration has been fixed by the orthogonality 

condition (f=>,,,= 0 . 
value {w> is then 

The first order correction to the expectation 

This quantity is made to vanish by the choice a = 25/6 q 

The function f is determined from Eq. (66) to be 

and the corresponding hypervirial operator is 

It is easily verified that Eq. (65) is satisfied for this choice 

of L . We then have 
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This quantity vanishes i f  a =  25/6 

determined by Dalgarno's cr i ter ion.  

completely equivalent to  requiring that the wave function 

the hypervirial theorem w i t h  respect to the operator defined by Eq.  (80). 

, which i s  the same as the value 

Therefore, Dalgarno's method i s  

9, s a t i s f y  
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v. MAXIMIZED EXPECTATION VALUES 

In Sec. I11 i t  was seen t h a t  Dalgarno's method provides  apparent  

lower bounds f o r  t h e  expec ta t ion  v a l u e s  of t h e  p o s i t i v e  powers o f  t h e  

r a d i a l  coordinate .  We surmise t h a t  t h i s  method may give a lower 

bound for t h e  expec ta t ion  v a l u e  of any p o s i t i v e  d e f i n i t e  operator  w. 
This  suggests  t h a t  i t  might be p o s s i b l e  t o  r e a l i z e  f u r t h e r  improvement 

by maximizing t h e  e x p e c t a t i o n  va lue  

where 3 i s  t h e  t o t a l  wave func t ion  c o r r e c t e d  through f i r s t  o rde r .  

From Eq. (7 ) ,  t h e  func t ion  may be w r i t t e n  i n  t h e  s p e c i f i c  

form 

where z'= z - s . The func t ions  ~ ( ' " )  and Lp ') a r e  s o l u t i o n s  of  

t h e  d i f f e r e n t i a l  equat ions  

and 



where \/I and vz are def ined  by E q s .  (5) and ( 6 ) .  E q .  (84 )  has 

been solved v a r i a t i o n a l l y  by Scherr and Knight, (la) who g ive  t h e  

func t ion  g(l'O' as a 100-term power series. Eq.  (85 )  may be 

i n t e g r a t e d  d i r e c t l y  t o  y i e l d  

Making use of (83), t h e  numerator of t h e  express ion  

w r i t t e n  i n  t h e  e x p l i c i t  form 

82) may 

whi l e  t h e  denominator becomes 

25 

The f i r s t  o rder  t e r m s  i n  t h e  i n t e g r a l  <%I%} drop out  because t h e  

func t ions  yriao' and lf(o'') are  both or thogonal  t o  yroDo' . Using (861, 
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together  w i th  t h e  r e s u l t s  of Scherr and Knight fo r  ~ ( ‘ ” ) ,  a l l  t he  

ma t r ix  elements of (87)  and (88) may be eva lua ted  e i t h e r  a n a l y t i c a l l y  

o r  by simple numerical  c a l c u l a t i o n s .  Most of t he  i n t e g r a l s  r equ i r ed  

may be taken d i r e c t l y  from t h e  r e s u l t s  of Sec. I11 or from re fe rence  

( l b ) .  The screening  parameter may then be va r i ed  t o  maximize the  

expec ta t ion  va lue  ( 8 2 ) .  
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V I .  RESULTS AND DISCUSSION 

Some of the expec ta t ion  values  computed by t h e  v a r i o u s  methods 

d iscussed  above are summarized i n  Tables  I, 11, and 111 f o r  He, 

i+ Li+, and B e  , r e s p e c t i v e l y .  The ze ro th  and f i r s t  order  hydrogenic 

( = 0) va lues  are included for  comparison. The f i r s t  o rder  

per turbed  Hartree-Fock va lues  included i n  Table I are taken  from a 

paper by Weiss and Mart in .  ( 1 4 )  

The improvements obtained by a d j u s t i n g  t h e  sc reen ing  parameter 

are ev ident  i n  all cases. Var ia t ions  of s become less s i g n i f i c a n t  

as Z i nc reases ,  bu t  t h e  improvement i s  s t i l l  n o t i c e a b l e  f o r  Be , 
For a l l  t h e  observables  e s p e c i a l l y  f o r  t h e  higher  powers of 

l i s t e d  i n  Tables  I, 11, and 111, t h e  expec ta t ion  va lues  c a l c u l a t e d  

by Dalgarno's method are bounded from above by the  va lues  wh2ch are 

c o r r e c t  through s i x t h  o rde r .  

i+ 

r l  * 

For t h e  p o s i t i v e  powers of r1 , t h e  r e s u l t s  are improved 

apprec iab ly  by maximizing t h e  expec ta t ion  va lues  c a l c u l a t e d  w i t h  

t h e  approximate e igenfunct ion  of Eq. (83) .  For the  observables  

l/f, , and as might be expected, t h e  maximization 0-f t h e  

expec ta t ion  va lue  l ed  t o  the  condi t ion  s=o . This  g ives  t h e  

l a r g e s t  p o s s i b l e  amplitude of t h e  wave func t ion  a t  t h e  nucleus.  

I n  t h e  l a s t  columns of Tables I, 11, and I11 are l i s t e d  t h e  

percentages of t he  higher order c o r r e c t i o n s  which are recovered i n  

t h e  b e s t  f i r s t  order  screening approximation. For t h e  p o s i t i v e  

powers of r , more than  n ine ty  per  cen t  of t h e  discrepancy (with 

r e s p e c t  t o  the  va lues  obtained by Scherr and Knight) has been 

1 
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removed by vary ing  the  screening  parameter i n  the  f i r s t  order  

func t ion  (83).  I n  t h e  other  cases,  Dalgarno’s method accounts  f o r  

approximately e i g h t y  per  c e n t  of t h e  d i f f e rence .  The accuracy of 

t he  f i r s t  order  approximation increases  as Z i nc reases .  However, 

i t  i s  i n t e r e s t i n g  t o  no te  t h a t ,  f o r  a given Z, t h e  percentage 

improvement i s  s u b s t a n t i a l l y  cons tan t  Lor 7: thrn~gh r! . Thus 

the  expec ta t ion  va lues  of r: and r: 

probably of t he  same order  o f  accuracy as the  lower powers. 

5 

included i n  Table I are 

The va lues  of t he  screening  parameter determined by Dalgarno’s 

c r i t e r i o n  f o r  t h e  observables  r,” are p l o t t e d  i n  F ig .  1. 

the  va lue  p l o t t e d  i s  the  one obtained f o r  t h e  de l t a - func t ion ,  A(%). 
For t h e  p o s i t i v e  powers of 1, , t h e  screening  cons t an t  i s  given 

e x p l i c i t l y  by Eq. (41). This  func t ion  inc reases  from a va lue  of  

3/8 f o r  n = 1 toward a l i m i t  of 5/8 fo r  i n f i n i t e  n . For 

l a r g e  n , t h e  sc reen ing  parameter i s  given approximately by the  

re  l a  t i o n  

For n Z - 3 ,  

5 0.519 I 3 S,,=:y + - - -  - - - I n n  m2 4n n 

It shouid be poin ted  pu t  t h a t  t he  l i m i t i n g  va lue  s, = 5/8 i s  

d i f f e r e n t  from the  va lue  s= 2 -m ( zz 0.3 fo r  He)  which i s  

obta ined  by r e q u i r i n g  t h a t  the screened wave func t ion  d i s p l a y  t h e  

c o r r  ec t asymp t o t  i c  behavior . 
The t r ends  i n  t h e  values  of t he  screening  cons t an t  ob ta ined  i n  

t h e  opt imiza t ion  procedure may be understood on t h e  b a s i s  of a 

comparison of t he  behavior of t h e  screened func t ion  wi th  t h a t  of t h e  
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FIGURE CAPTION 

Fig. 1 Variation of the screening constants Sn 

n 
corresponding to the observables r 1  J as 

determined by Dalgarno's method. 

n = -3 corresponds to the delta-function & (rl). 
The czse 

& 



34 

exac t  wave func t ion .  A s  pointed out  by Dalgarno,(2) t h e  energy- 

optimized func t ion  has too much of the charge d e n s i t y  concent ra ted  

near the nucleus.  The inc rease  i n  the  va lue  of t he  sc reen ing  parameter 

f o r  higher powers of r decreases  the r a t e  of decay of the  wave 

func t ion  and inc reases  the  con t r ibu t ion  from reg ions  f a r t h e r  f r m  

t h e  nucleus.  

1 

For t h e  obsepvables ‘/r: and & ( T I ) ,  on t h e  o ther  hand, 

t he  bes t  sc reening  cons t an t s  a r e  l e s s  than the  energy-optimized 

va lue ,  i n d i c a t i n g  t h a t  t he  amplitude of the  approximate func t ion  

s t a r t s  out too  s m a l l  a t  t he  o r i g i n  and f a l l s  o f f  too  s lowly.  
- 

For H , v a r i a t i o n  of the  expec ta t ion  va lue  E q .  (80) d id  no t  

y i e l d  phys ica l ly  reasonable  r e s u l t s .  The maximization procedure 

led  t o  the condi t ion  s = 1 , corresponding t o  complete s h i e l d i n g .  

Dalgarno’s method s t i l l  produces marked improvement, as may be seen  

from Table I V ,  bu t  t he  optimum screened va lues  a r e  apprec iab ly  

smaller than the  Scherr  and Knight va lues ,  Moreover, t he  1 / Z  

expansion converges slowly when Z = 1, e s p e c i a l l y  for  the  higher 

powers of r and the  e r r o r s  involved i n  t r u n c a t i n g  a t  s i x t h  order  

are probably q u i t e  l a r g e .  

1 ’  

Coef f i c i en t s  of t he  1 / Z  expansions of expec ta t ion  va lues  i n  

t h e  Dalgarno approximation, E q s .  (53)  and (54),  are  given i n  Table V.  

The corresponding va lues  obtained by Scherr  and Knight a r e  included 

fo r  comparison. The sc reen ing  cons t an t s  are given by E q .  (51) .  

T o t a l  expec ta t ion  va lues  obtained b y  Dalgarno‘s  method f o r  t h e  case  

Z = 2 a re  l i s t e d  i n  the  t h i r d  column, toge ther  wi th  the  va lues  

c o r r e c t  through s i x t h  o rde r .  I n  genera l ,  t h e  b e s t  r e s u l t s  a r e  

obtained for  ope ra to r s  involv ing  only the  r a d i a l  coord ina te  r l  , 
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bu t  t he re  a r e  some s u r p r i s i n g  except ions.  I n  p a r t i c u l a r ,  t h e  1 / Z  

expansions of t he  expec ta t ion  va lues  of r,2 and r , i  a r e  reproduced 

very  we l l  by Dalgarno's method. 

because of t he  wide v a r i a t i o n  of the  importance of t h e  higher terms, 

t h e r e  is r e l a t i v e l y  l i t t l e  c o r r e l a t i o n  between the  o v e r a l l  accuracy 

of Dalgarno's method and i t s  success  i n  reproducing t h e  ind iv idua l  

c o e f f i c i e n t s  of the  1 / Z  expansions.  The poores t  r e s u l t s  a r e  

obtained for  the  ope ra to r s  conta in ing  the  f a c t o r  

Here the screening  cons t an t s  obtained by Dalgarno 's  c r i t e r i o n  a r e  

nega t ive  and the expec ta t ion  va lues  are s i g n i f i c a n t l y  d i f f e r e n t  

from those ca l cu la t ed  by Scherr and Knight. The inadequacy of t he  

method i n  t h i s  case  i s  probably due t o  the  s p h e r i c a l  symmetry of 

t he  zero th  order func t ion .  For ope ra to r s  whose only angular  dependence 

i s  i n  the f a c t o r  ~ 0 ~ 3 , ~  , t he  c o e f f i c i e n t  <W>,,,,vanishes and 

Dalgarno's method cannot be used a t  a l l .  

r e s u l t s ,  t h e r e f o r e ,  i t  seems c l e a r  t h a t  Dalgarno 's  c r i t e r i o n  should only 

be appl ied t o  t h e  c a l c u l a t i o n  of p r o p e r t i e s  a s s o c i a t e d  wi th  

p o s i t i v e  d e f i n i t e  ope ra to r s .  

2 

It i s  i n t e r e s t i n g  t o  note  t h a t ,  

- I  r,2  COS^,, . 

On t h e  b a s i s  of our 

I n  general ,  t he  sc reen ing  cons t an t s  determined by t h e  

Dalgarnv c ' r i t e r i o n  d i f f e r  apprec iab ly  from the  energy-optimized 

va lue .  Therefore,  the  improvements i n  t h e  expec ta t ion  va lues  of 

the var ious  observables  a r e  obtained a t  t he  expense of t h e  t o t a l  

energy of the  atom. The magnitude of t h i s  energy s a c r i f i c e  i s  a 

matter of i n t e r e s t .  Energies c a l c u l a t e d  through f i r s t  order  w i th  

t h e  values  of s determined from Dalgarno 's  c r i t e r i o n  by opt imiz ing  

( T I )  through (f:) a r e  l i s t e d  i n  Table V I ,  t oge the r  w i th  t h e  r e s u l t s  
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obtained by minimizing the  expec ta t ion  va lue  of t h e  Hamiltonian. 

The minimum ene rg ie s  i n  the  screening  approximation d i f f e r  from 

the  most exac t  va lues  ( l a )  by 10.4 per cent  f o r  H-, 1.9 per cen t  for  

He, 0.8 per  cen t  fo r  L i +  , and 0.4 per  cent  f o r  Be*. 

t he  energy loss due t o  t h e  v a r i a t i o n s  of 5 

cen t  i n  a l l  cases .  As 2 increases ,  of course,  changes i n  the  

screening cons t an t  become less important .  

t he  energy l o s s  i n  the  most unfavorable  case  shown i n  Table V I  i s  

only about one-half  t he  e r r o r  of the  b e s t  energy i n  t h e  screening  

Except for H-, 

i s  less than one per 

It should be noted t h a t  

approximat ion.  
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