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ASSOCIATIVE RETRIEVAL BY DYNAMIC TRANSFORMS 

I n  t h o s e  problems where t h e  number of retrieval o p e r a t i o n s  from memory 
exceeds t h e  number of  s t o r a g e  ope ra t ions ,  extra t i m e  can  be allowed f o r  
s t o r a g e  i f  a s u f f i c i e n t  time can be saved by a s s o c i a t i v e  retrieval.  I n  
t h i s  paper  a t echn ique  is  descr ibed  which u s e s  dynamic t ransforms t o  
achieve  a s s o c i a t i v e  retrieval. 

The concept o f  s imul taneous ly  searching  a set o f  s t o r e d  informat ion  
items f ~ r  B desfred word is generally c a l l e d  e i t h e r  a s s o c i a t i v e  re t r ieval ,  
con ten t  addressed ,  o r  Ifkey-to-address transform." S e v e r a l  b i b l i o g r a p h i e s  
are a v a i l a b l e  d e s c r i b i n g  e a r l i e r  work. 
d i f f e r e n c e  i n  techniques  ( le t  u s )  cons ider  SLIDE 1. Consider  t h e  problem 
of  f i n d i n g  t h a t  an item i s  n o t  i n  the  l ist .  
r e q u i r e s  N retrieval t i m e s .  But 
t o  use  dynamic t ransforms r e q u i r e s  only  tiall which i s  no t  a f u n c t i o n  of N. 

To g r a p h i c a l l y  d e n o n s t r a t e  t h e  

To use  s e q u e n t i a l  search ing  
To use b ina ry  s p l i t t i n g  r e q u i r e s  log2N. 

Various p o r t i o n s  o f  some problems can b e  formula ted  i n  terms of a set 
of  r eco rds ,  each of  which may have several i d e n t i f y i n g  i t e m s  c a l l e d  rlkeysll 
a s s o c i a t e d  wi th  it, as i l l u s t r a t e d  i n  F igu re  1.2.1. To f a c i l i t a t e  r eco rd  
manipula t ion  t h e  con ten t  of a record  i s  r e p r e s e n t e d  by t h e  address  t o  
t h e  a c t u a l  r eco rd  where t h e  informat ion  r e l e v a n t  t o  a p a r t i c u l a r  app l i ca -  
t i o n  i s  s to red .  

The r e a l i z a t i o n  o f  an  a s s o c i a t i v e  memory o r g a n i z a t i o n  i s  e i t h e r  of t h e  
s p e c i a l  c i r c u i t r y  type  u s u a l l y  c a l l e d  ! 'content  addres sab le  memory1' (CAM) 
o r  of  t h e  i n t e r p r e t i v e  program type which may b e  c a l l e d  "a lgo r i thmic  
a s s o c i a t i v e  memory" (AAM). Only t h e  AAM t y p e  can  be  r e a l i z e d  on a 
g e n e r a l  purpose computer equipped with a s t anda rd  "random access mernoryll 
(RAM) . 
I n  AAM systems p a r a l l e l  comparisons wi th  a l l  keys s t o r e d  i s  achieved by 
us ing  t h e  same sea rch ing  algori thm. The r e f e r e n c e  key i s  t h e  inpu t  
d a t a  t o  a program segment which computes an  address .  
computed addres s  d i r e c t l y  (o r  i n d i r e c t l y )  leads t o  a l l  of  t h e  s t o r e d  
r e c o r d s  which are a s s o c i a t e d  with t h e  r e f e r e n c e  key. Thus, i t  i s  p o s s i b l e  
f o r  one  key t o  r e f e r  t o  m u l t i p l e  records  a n d . f o r  one r eco rd  t o  be i d e n t i f i e d  
by many keys.  
c a l l e d  t h e  "mapping algorithm." 

The con ten t  of  t h e  

The a lgo r i thm f o r  t ransforming  a key i n t o  an address  i s  

L e t  u s  have t h e  n e x t  S l i d e  (Figure 1.2.2). 
- p h y s i c a l  adjacency impl ied  i n  dimension a r r a y s  each member of  t h e  l i s t  
can  c o n t a i n  t h e  addres s ,  c a l l e d  a f l l i n k T l ,  t o  t h e  next  member. A list 
c o n s t r u c t e d  wi th  i t s  members l inked  t o g e t h e r  i s  c a l l e d  a " l i n k e d  list." 

To remove t h e  c o n s t r a i n t  of  

The t o p  member (i.e., t h e  member with no p redecesso r )  i s  t h e  "headlt o f  t h e  
l i s t  .and t h e  addres s  s t o r e d  t h e r e  is  c a l l e d  t h e  "head link.!' The terminology 
s u g g e s t s  an analogy between a l inked  l i s t  and a log chain.  Assuming one 
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l i s t  rnember could  b e  s t o r e d  p e r  memory ce l l ,  t h e  memory ce l l s  a r e  l inked  
t o g e t h e r  l i k e  a chain.  
cel ls  i n  t h e  c h a i n  i s  i l l u s t r a t e d  i n  F igu re  1.2.2. Xote t h a t  t h i s  i s  l i k e  
LISP. Although s t o r a g e  i s  v e r y  f a s t  i n  a s imple l i s t  system, r e t r i e v a l  
r e q u i r e s  a maximum of  N l i s t  step-and-compare o p e r a t i o n s ,  where N i s  t h e  
number of  keys s t o r e d .  
needed t o  e x t r a c t  an element from a RAM, compare it wi th  t h e  r e f e r e n c e  
key, and perform any necessary  l i s t  ope ra t ions .  By a r r ang ing  t h e  l i s t  
nf keys i n  ascending (or  descending) o r d e r  t h e  s t o r a g e  i s  on ly  s l i g h t l y  
complicated but  re t r ieva l  t i m e  i s  improved wi th  b ina ry  s p l i t t i n g  t o  a 
maximum of  log N retrieval t i m e s ,  

By in t roduc ing  a t r ans fo rma t ion  f u n c t i o n  as t h e  c e n t r a l  p a r t  of an 
a l g o r i t h m i c  a s s o c i a t i v e  memory, a more d i r e c t  r e a l i z a t i o n  i s  p o s s i b l e .  
L e t  us assune  t h a t  t h e  machine r e p r e s e n t a t i o n  of  each of t h e  N keys i s  a 
p o s i t i v e  i n t e g e r  chosen from a l a r g e r  set  of p o s i t i v e  i n t e g e r s  1 t o  M y  
where M i s  t h e  maximum s i z e  of any one key, Then i f  M i s  smaller than  
t h e  maximum a v a i l a b l e  memory working area ( I A ) ,  a one-to-one l i n e a r  
t r a n s f o r m a t i o n  can  b e  made from t h e  r e f e r e n c e  key t o  a memory l o c a t i o n  
i n  I A  which c o n t a i n s  a 'Itag" t o  i d e n t i f y  which member of a s imple l i s t  
c o n t a i n s  t h e  key, 
space  (IA) i n t o  which t h e  keys a r e  mapped. 

The r e l a t i o n s h i p  of t h e  head l i n k  t o  t h e  succeeding 

One u n i t  or' r e t r ieva l  t i m e  i s  t aken  t o  be  t h e  t i m e  

2 

I n  p r a c t i c e  M is  much l a r g e r  t han  t h e  t a g  memory 

F i r s t  a n o n l i n e a r  squeezing func t ion  i s  app i i ed  t o  t h e  key, g e n e r a t i n g  
a new key c a l l e d  ( k e y ) ' ,  i n  o r d e r  t o  reduce t h e  magnitude as much a s  
p o s s i b l e  wi thout  causing a loss of informat ion ,  
of t h e  form, 

Next a l i n e a r  t r ans fo rm 

IA(key=(tag width)a(key)  1 +( th resho ld  of I A )  (2.2.3) i s  performed, where 
" t a g  width" i s  t h e  number of c h a r a c t e r s  used f o r  a t a g  i n  v a r i a b l e  word 
l e n g t h  komputers and l l threshold of IA1I i s  t h e  lowest addres s  i n  t h e  I A  
block .  

I n  f i x e d  word l eng th  machines t h e  t a g  width i s  1. Usual ly  t h e  th re sho ld  
of I A  w i l l  be  t h e  f i r s t  add res s  a5ove t h e  program a rea .  %e s i g n i f i c a n t  
f e a t u r e  of  t h i s  t r ans fo rm i s  t h e  aspec t  which performs zhe non l inea r  
squeezing.  

L e t  u s  cons ide r  t h e  requiremencs p laced  on t h e  squeezing f u n c t i o n  t o  
make i t  most s u i t e d  f o r  a s s o c i a t i v e  memory a p p l i c a t i o c s .  Since each of 
t h e  N keys t o  be  s t o r e d  a s soc iak ive ly  comes from a lar,er c lass  of M 
i n t e g e r s ,  t h e  s i z e  of each key must i n  gene ra l  be reduced t o  a szal ler  
v a l u e  (key) !  such t h a t  no two d i s t i n c t  keys have a comnon ( k e y ) ' .  
p r o c e s s  of reducing  t h e  key s i z e  unambiguously i s  c a l l e d  l l squeez inglT,  
and t h e  set  of keys t h u s  uniquely t ransformed i s  s a i d  t o  be lliilapped.ll 
S i n c e  t h e  (key) '  va lue  i s  used i n  t h e  above equat ion  (2.2.3) t o  compute 
an a d d r e s s ,  t h e  m a x i m u m  s i z e  of t h e  t a g  memory r e q u i r e d  i s  p r o p o r t i o n a l  
t o  t h e  l a r g e s c  (key' .  Thus, minimizing t h e  maximum (key)!  conserves  memory 
space.  

This 
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There are many p o s s i b l e  f u n c t i o n s  which w i l l  squeeze a set  of s c a t t e r e d  
i n t e g e r s .  Typica l  o f  t h e s e  a r e  number system convers ions ,  weighted 
column t r ans fo rms ,  and modulus a r i t h m e t i c .  

I n  o r d e r  f o r  t h e  system t o  be  cons idered  a s s o c i a t i v e  i n  t h e  p r a c t i c a l  
s ense  of t h e  word, t h e  f e t c h i n g  t i m e  must be  s m a l l .  This  i m p l i e s  t h a t ,  
w i th  a g e n e r a l  purpose computer, t h e  c a l c u l a t i o n s  necessa ry  f o r  squeez ing  
must be few and simple. The requirement t o  ma in ta in  unvnbigui ty  du r ing  
s t o r a g e  impl i e s  t h a t  t h e  squeezing f u n c t i o n  must have a t  least  one parameter  
t o  a d j u s t .  
N i npu t  keys  i s  t a k e n  as t h e  '!time!! ( t)  f o r  s to rage .  
nuiiber of  i n p u t  keys t o  t h e  t a g  neaory r e q u i r e d  i s  de f ined  as t h e  t a g  
e f f i c i e n c y  (v) . Thus, 

The number of s t o r e  o p e r a t i o n s  r e q u i r e d  t o  s t o r e  uniquely  a l l  
The r a t i o  of  t h e  

v = N/IA.  (2.3.1) 

The r a t i o  of t h e  s t o r a g e  t i m e  t o  the  t a g  e f f i c i e n c y  is t aken  as a rough 
f i g u r e  f o r  t h e  c o s t  (c) : 

c = t f v .  (2.3.2) 

The t r ans fo rm which meets t h e  above requi rements  and minimizes the c o s t  (c) 
i s  cons ide red  t h e  b e s t  squeezing func t ion .  

O f  t h o s e  s t u d i e d  t h e  most promising was t h e  modulus a r i t h m e t i c  t ransform.  

Modulus a r i t h m e t i c  r e f e r s  t o  a r i t h rne t i c  o p e r a t i o n s  i n  number systems 
manipulatir ig t h e  i n t e g e r  remainder a f t e r  d i v i s i o n .  For example, an 
i n t e g e r  i i s  s a i d  t o  be  congruent t o  ano the r  integerj ':modulo" k, denoted 
by: 

i = j(mod k )  

i f  t h e  remainder of t h e  d i v i s i o n  i / k  i s  t h e  szne as t h e  remainder of  t h e  
d i v i s i o n  j /k.  

C e r t a i n l y  t h e  s i z e  of a key i s  reduced i f  

(key) 1 = key (nod YfI) (2 .4.2)  

where EM is less t h a n  key. 
f u n c t i o n .  
i s  a v a i l a b l e .  For i d e n t i f i c a t i o n  purposes  a mapping a lgo r i thm us ing  
t h i s  t r ans fo rm i s  r e f e r r e d  t o  as a ' ! va r i ab le  m o d u l u s - t r a - s ~ o ~ . ! '  

Thus, we  have a cand ida te  f o r  a squeezing 
By a l lowing  MN t o  be a v a r i a b l e ,  a "dynanic z r m s f o r m  func t ion"  

A s  new keys are added t o  t;lz l l s t  t o  be  a s s o c i a t i v e l y  s t o r e d ,  t h e  value 
of t h e  d i v i s o r  (X4) i s  ctzr,zed from one v a l u e  t o  ano the r  as  necessa ry  
i n  o r d e r  zo nap a l l  S keys uniquely. A sequence of d i v i s o r s  which w i l l  
map a l l  p o s s i b l e  combinations of  N keys  o u t  or' M p o s i t i v e  i n t e g e r s  i s  
s a i d  t o  !!converge.:! To i l l u s t r a t e  t h e  manner i n  which t h e  argument of 

* I  
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t t e  v a r i a b l e  modulus-transform is c'r.apged, an e x m p l e  i s  g iven  i n  
F igure  2.4.3 w5ich ilses a sequence of priil.2 n.;r;..bers f o r  t r i a l  d i v i s o r s  
i n  s t o r i n g  a p a r t i c u l a r  set of 17  keys ,  w'nsre each key i s  i t s  0x1 record .  
T5e sequence of d i v i s o r s  used f o r  t h i s  p a r r i c z l a r  exaiiple where K=17 and 
M49,  i s  sho.c*.n above a set of coluiins of r e s i d u e s  g e n e r a t e d  f o r  each i n p u t  
a m b e r  u n z i l  an a 3 b i g u i t y  r e s u l t e d  d i s q u a l i f y i n g  t h a t  t r i a l  d i v i s o r .  Con- 
vergence i s  i n d i c a t e d  i n  F i g u r e  2.L.3 by a s o l i d  l i n e  t r a c i n g  t h e  success-  
f u l l y  s t o r e d  keys o f  t h e  ordered  input  l i s t .  I n  t h i s  exmiple 41 i s  t k e  
f i r s t  s u c c e s s f u l  d i v i s o r  and seven t r l a l s  w e r e  r e q u i r e d  b e f o r e  i t  was  
found. Suppose it i s  d e s i r e d  t o  r e t r i e v e  key 47. F i r s t  (key) '  i s  
computed g i v i n g  47 mod (41) = 6. From t h e  TA area (not shown) t h e  t a g  
i s  fouzd t o  b e  16.  Thus t h e  s i x t e e n t h  key i s  47. 



Evaluat ion 

( 3 . 2 . 8 )  

To determine an optimum between rneiilory r e q u i r e d  and s t o r a g e  tine reqi i i red 
a s tudy  of d i v i s o r s  was made. 

The d e c i s i o n  a s  t o  what v a l u e  t h e  d i v i s o r  should be must b e  made e x t e r n a l  
t o  t h e  v a r i a b l e  modulus-transform. Once a d i v i s o r  h a s  been found which 
w i l l  s u c c e s s f u l l y  map a g iven  l ist  of N keys,  it need not  b e  changed u n t i l  
more keys need t o  be recorded  g lv ing  a new v a l u e  o f  K. The s u c c e s s f u l  
d i v i s o r  i s  determined by s e q u e n t i a l l y  t r y i n g  a set of d i v i s o r s  one a t  a 
t i m e  u n t i i  a i i  ii keys can be mapped u r i i q u e l y .  Iii tkls sectlor; c r f t e r i a  
are developed f o r  choosing t h e  f i r s t  d i v i s o r  s o  as t o  minimize t h e  c o s t  
of t h e  record ing  opera t ion .  

The r e s u l t s  are d i s p l a y e d  on t h e  next s l i d e  (3.1.18)* 

Note optimum l o c u s  impl ied  f o r  f i r s t  guess .  Now t h a t  f o r  second guess? 

S i m i l a r l y  t h e  expected space (se)  is computed by 

where t h e  sane upper l i m i t  i s  de iern ined  5.;. the n c i 5 e r  of t r i a l s  t o  
g e t  p=l, 

Tine r e s u l t s  f o r  s e v e r a l  c o n b i z a t i o n s  (S,Yi) are s.;i;l?lcr:ized i n  F i g c r e  3.2.4 
as a p o l y - p a r m e t e r  two-dinexsional  r e p r e s e n t a t i o n  sf t k e  expected space,  
se, 
l o c a t e d  by ( N , X )  t h e  v a l u e  of  ( s e )  i s  gLven f o r  each of t h e  s ecp rces  
t r i e d .  Note t h e  i n c r e z s l n g  r rend .  

a s  a f u n c t l o n  of t h e  ccr?.Slnation (iL7,M). Az eacc  coord inare  box 

S i n i l a r l y ,  t h e  expeczed cosz (c,) f o r  v a r i o u s  conbina t ions  ( S , X )  ace 
d i s p l a y e d  i n  F i ~ u r e  S.2. iO f o r  e a c l  of t h e  sequesces  t r i e d .  
be  expec ted  f o r  azy row (<.e. ,  S), Lhe cos; i n c r e a s e s  wiirh i n c r e a s i i g  M 
f o r  a l l  ways of chooslng sequences;  and, s i m i l a r l y  f o r  any colcmr, ( i . e . , X ) ,  
t h e  c o s t  i ~ c r e a s e s  -,~it3 increasi-ng :i. It i s  s i g n i f i c a n t  t h a t  no g e z e r a l  
advantage i s  0 3 t a i ~ e d  froi;: e i t h e r  the "prime w2y11 ( i .e . ,  t h e  next  d i v i s o r  
i s  t5e  next  p r i n e  nimber) o r  t h e  "L-way'l 
chosen when L i s  zero  o r  or,e), where 

As - i o ~ l d  

(i.s., t h e  next  d i v i s o r  i s  

as might  3 -  Zmected .  ?or  larzer v a l u e s  of N s!cip>j;-., every o t h e r  i n t e g e r  
a.id ;ener----g che sequence X+2, W-4, ***X ( i . e . ,  s 2 way), shows a 
s l i g ' n t  advar.czze over  2 sequence of s u c c e s s i v e  inte;,:s. The " s k i p  1 way" 
:s 2 coritizLo;1s seq.-z-ce of successors  s t a r t i n g  wi::-.  AT^. me d i f f e r e n c e  
Between t h e  lls:.tip 1 way" and t h e  successors  i s  d i r e c t l y  accounted f o r  by 
t;:s b e t t e r  c 'roice of t h e  f i r s t  d i v i s o r .  

. .  

_ _  

. .  (cont inued)  



- > o r  worst c a s e  c o n s i d e r a t i o n s  (le: 3s) c o n s i d e r  t h e  n e s t  s l i d e  ( 3 . 3 . 1 ) .  

1 7  

P,OW c o n s i d e r  zhe qaestior? of ~ k 2 t  problem s o l v i z g  c a p a b i l i t y  does such a 
f m c t i o n  g i v e ?  

Compactly s t a t e d ,  i t  a l lows  a h igh  level lar.gTiage ii.. I n f o m a t i o n  R e t r i e v a l  
t o  have a very d i r e c t  t r a n s l a t i o n .  CoEsequently, a s n s i d e r a b l e  savis2 
i n  searching  t h e  i s  r e a l i z e d .  

To observe some f e a t c r e s  of t h e  la:?gnzge l rsferred t o ,  let c s  c o n s i d e r  t h e  

soxrce  state;Tent i s  s50xm with an in te rmedia te  ou~pu:  i n  a Polis'r.  s t r i n g .  
1 .  n i x  h l i d e  ( 4 . 2 . 3 ) .  %te t5-t- ?-ie~-2~t-- ' -y o f  o p e r a t o r s  i s  allowed. Each 

Tze i z : e r , e d i a t e  oc tpuz  i s  t h e n  i i lpi i t  t o  an IR i n t e r p r e t e r ,  2s s k o m  i n  
t h e  next  s l i d e .  
fom-at i s  t h e  saTe a s  t h e  input  so tha: a i i s e r  c a n  r e t u r c  t h o s e  s t z t e n e n z s  
whicn w i i i  update  t h e  s y s t a .  

The Ti?. systeirt outppct i s  showr! a t  t h e  bottorn. The ou:pxt 



C o rx 1 u s i a  n s 

-1 zne r e a l i z a t i o n  of a s s o c i a t i v e  ~ e . o r y  tec::r.ic;es on convent iona l  d i g i t a l  
coxputers  i s  d m o n s t r a t e d  using only  ;i s ' _ n ~ l e  s e a r c h  c y c l e  w:?ich al lows 
f ~ r  cwFi2 t tqg  a11 address  and b i n a r y  coxparlson.  A c l a s s  of d y n m i c  
fu i i c t ions  &ich  u t i l i z e  t h e  a p r i o r i  I n f o x x a t i o n  a v a i l a b l e  dur ing  t h e  
record ing  a p e r a t i o n  i s  eir;ilxated. ::-e f l e x i S T l i t y  of a t rade-of f  between 
p ropa rc  r u n n i r g  r i m e  and compczer -;-err.ory 2s  I l l z s t r a t e d .  A coixparison 
o f  v a r i o u s  a s s o c i a t i v e  nenory o r g a n i z a t i o c s  i s  made by c o r s i d e r i n g  a p p l i -  
c a t i o n s  t o  t h e  f i e l d  of i n f o m a r i o x  r z t r i e v a l .  
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t; 

Example of 5 records to be recorded associatively 

which are designated by subscripted (A's) each followed 

by the keys (K's) with which it is associated. Each 02 

the 5 groups of adjacent boxes represent collections of 

information which may be assmed to be available in the 

applica%ion concerned. 

Figure 1.2.1 



. 6 
Sequential l i s t  of 
cells contairing able storage with a record 
keys and head links and a If& t o  the next c e l l  

Distributed cells f rom avail- 

The sfrrple list implementation shows reorganizztior of 
the example in Figure 1.2.1. 
t h e  W4 location of the next cell. 
curved e r r o w  p o i n t s  to the next c e l l  in the chair as deslg- 
nzted  by the link in the preceding cell. Each chain of 
cells is terminated by a blank label. 

2ach "Li" is a l i n k  designating 
Dlagramxatically a 

Figure 1.2.2 

Simple List Implementation 
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Divisor 

1 9  23 29 31 31 41 

9 7~ 40 

Pigure 2.4.3 

Prime Divisors Sequence Used 
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